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AUTOMORPHISM GROUPS OF CERTAIN DOMAINS
IN C" WITH A SINGULAR BOUNDARY

KANG-TAE KM

In this paper, we show how to use the so-called scaling technique
to prove the compactness of the automorphism groups of bounded
strictly convex circular domains in C” whose boundaries are not en-
tirely smooth, in case the singular locus of the boundary is globally
complicated but locally simple in some topological sense.

1. Introduction. We develop a certain scheme of computing the au-
tomorphism groups of the bounded circular convex domains in C”
whose boundary is not entirely smooth. As an application, we com-
pute the automorphism group of the unit open ball with respect to
the minimal complex norm in C” introduced by K. T. Hahn and P.
Pflug [3], thus answering their question raised there. In this paper,
we restrict ourselves to the automorphism groups of Hahn-Pflug ex-
amples. However, we believe that all the ideas and complexity of our
technique are clearly shown in this somewhat special case.

Hahn and Pflug ([3]) showed that the complex norm N* in C”
defined by

1 n n
N*(zi,..., 2p) = —= Z|zj|2+ Zzz.
V2 =

j=1

is the smallest complex norm in C”, that extends the real Euclidean
norm in the following sense: For any complex norm N in C" that
extends the real Euclidean norm and satisfies the inequality N(z) < |z|
forany z € C", N*(z) < N(z) holds for all z € C".
Denote by
B, ={zeC"|N*(2) < 1}

the unit open ball in C" with respect to the norm N*. Let O(n, R)
denote the set of all n x n real orthogonal matrices. Notice that the
boundary 9B; is not entirely smooth. It was shown in [3] that this
domain is not homogeneous, but no explicit description beyond that
was known except when n = 2. Moreover, the method used in [3] to
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show that
AutB; = {e%4|0 R, A€ 02, R)}

is indeed very special to the case of n = 2. However, our method in
this paper applies in all dimensions. Consequently we are able to give
an explicit description of Aut B, forany n > 2.

We would like to point out that our method here is closely related
to the results of [1], [S] and [11]. Moreover, we express our special
thanks to A. Browder, K. T. Hahn, P. Pflug and J. Wermer for their
interest and helpful comments.

2. Compactness of certain automorphism groups. In this section, for
simplicity, we will work on compactness of Aut Bj in most of our
arguments with respect to the usual topology of uniform convergence
on compact subsets. Then, at the end of our arguments, one ought to
be able to observe that the same method will work for any » > 2. Fur-
thermore, one can also observe that the technique we introduce here
can be applied to a broader class of domains than the one consisting
onlyof B}, n>2.

ProrposITION 1. Aut B3 is compact.

To prove the statement, we first observe the following facts on B;
for n > 2 (see [3], e.g.):
(2.1) By is not biholomorphic to the open ball

{(ziy .oy zn) €CHY |12+ +za)? < 1}

for n>2.

(2.2) B; is convex.

(2.3) 9B, is smooth (C) strongly pseudoconvex everywhere ex-
cept along

aQ=aB;m{z|Zz§=o} .
J=1

(2.4) 0B; does not admit any non-trivial analytic subset.

Due to the theorem of B. Wong ([12]) and J.-P. Rosay ([13]), we
may deduce that there do not exist a point ¢ € B} and a sequence
{fj} C Aut B;; such that

lim fj(q) € 95;\0Q.

Consequently, if we suppose that Aut B} is non-compact, then there
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exist a point py € B;; and a sequence {g;} C Aut B such that
(1) lim g;(po) € Q.
Jj—00

Then from this we expect to derive a contradiction to prove Proposi-
tion 1.
Let us denote by
p= jlingo gj(po) €0Q.
Then the version of the scaling technique used in [5] applies as follows:
LEMMA 1. Assuming that (1) above holds, there exists a sequence

{4;} ¢ GL(n, C) with A; — 0 as j — oo such that the sequence
A;l(B; — D) of convex sets converges to a convex domain in C", say
By, which is biholomorphic to B}, with respect to the local Hausdorff
set convergence.

Now we apply this scaling technique on B;. We will first try to
scale By at p=(1,i,0) € Q. The notation B, —p stands for the
Euclidean parallel translation of B, by —p in C". Hence it can be
represented by the inequality

lzy+ 12+ |z + i+ z3P + (21 + D)2+ (za+ i)+ 23| < 2
ie.,
(2) 0> 2 Re (z1—izp)+|z1+| 22> +|z3* +| 23 + 23+ 23+ 2(z1 +iz))|.-
We perform a C-linear change of coordinates by
Gi=z1-iz3, {=z1+iz3, (3=z;.
Then the domain B;—p is still convex and bounded and is represented
by the inequality

(3) 0>2Re {;+ %(|Cl|2 + |C2|2) + |C3|2 168+ 53% +20,]
with p = (0, 0, 0) the reference point for scaling. Now the domain
A7\ (B3 - p)

is represented by
(4) 0>2 Re(aj'zi+a}’zy+al’z;)
+3((a)' 21 + 0’22 + a2 + |a} 21 + af 22 + 0 23) )
+ |aj3'121 + aj3-222 + 6113»32312
+1a)' 21+ ajz2 + ajz3) - (af' 21 + a2y + 0] z3)
+(@)'zy + a2y + a2 + 2a3 2, + 0Pz + aP )|

where 4; = (alF).
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Without loss of generality, we may assume
V]

(5a) all/al' ol as j— o0
and
(5b) ajzl/ajzk —a? asj—o oo

for some k fixed, and forany /=1, 2, 3.
Comparing (5a) and (5b) above, we may assume further that

(5¢) a¥fa}' - o asj— oo

holds together with (5a). Moreover, replacing A; by (ﬁ}l/ Ia}ll)A j

and choosing a subsequence if necessary, we may assume that a}‘ >0
for any j.

Now consider the speed of convergence (or, divergence) of each
coefficient. Then Lemma 1 above forces us to conclude that B} is
defined by the inequality

0> 2 Re (z; + a8 + a383) + |03y + 0328 + o333
+ (@181 + ¥l + a®33)? + 2(a?18) + a?2 + a?3)|

where
a3l
31 : J
o’ = lim for/=1,2, 3.
J—00 all
J

This follows because it is the only possibility that the local Hausdorff
set limit of the sequence of the convex domains A;I(Bg — p) rep-
resented by (4) can be a domain in C3 which could be hyperbolic

in the sense of Kobayashi ([6]). Again, since Eg‘ is biholomorphic
to a bounded domain, it cannot contain a complex line. Hence in

particular
1 alz a13
det [ a?! a2 a?3 | #£0.
3l o322 o33

Hence, by an obvious change of coordinates, we have a new defining
inequality for Bj:

(6a) 0>2 Re z; + |z;3* +]23 + 23|
Now we apply the biholomorphic mapping ¢: §§ — C3 defined by

(212, 2y = (LE25 __4m 223
9(z1, 22, 23) = 1-2z,° (1 -2z2)2° (1=2z))
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to deduce that ﬁ; is biholomorphic to the domain, which we again
call B3, defined by

(6b) {(z1, 22, z3) | |z1]* + |23 + |23 + 22| < 1}
which is again biholomorphic to the domain defined by
(6¢) |z1)2 + |22 + |23 < 1.

For an arbitrary n > 3, one obtains that E,*, is biholomorphic to the
domain defined by

(6¢) lz12 4+ |Zaa P+ 2] < 1

by an identical argument. According to Lemma 1, this domain has
to be biholomorphic to Bj,, since we assumed that B,; admits a non-

compact automorphism group. We will try to derive a contradiction
from this to complete the proof of Proposition 1. First, we have

LEMMA 2. The set
(7) BQ ={zeC"||zi)?+|z3)* + - +|zp_1* = | and z,, = 0}
is homeomorphic to the real 2n — 3-dimensional sphere for any n > 3.

The proof of this is trivial. Now we look at the points where 9B;
is not smooth. They form a set

00={zeC" | z}+--+z:=0}noB;
which turns out to be topologically different from the sphere as follows:

LemMA 3. 8Q, for any dimension n > 3, is diffeomorphic to the
Stiefel manifold O(n)/O(n - 2).

Proof. 1t follows directly from the fact that Q is in fact homeo-
morphic to the unit tangent bundle of the 2n — 1 dimensional sphere.

Now, notice that both B} and E; are completely circular. Hence,
they are linearly equivalent ([5]). However, two lemmas above then
yield a contradiction. Consequently, we obtain

THEOREM 1. Aut B} is compact for any n > 2.

One may also notice that the argument we used above to show the
compactness of Aut B, n > 3, could lead us to obtain the com-
pactness of the automorphism group of any strictly convex bounded
circular domain in C” with a singular boundary in case its singular
locus of the boundary possesses a topology globally complicated but
locally simple.
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3. An explicit description of Aut B; . Now we focus more into
Aut B;, n > 3. We begin with the following statement:

ProPosITION 2. Let Q be a convex bounded domain of holomorphy
in C" that is circular, meaning that Q is invariant under the circular
action

(215 .0, 20) (€921, ..., e%2,), VOeR.

Assume further that Aut Q is compact. Then every automorphism of
Q is complex linear.

To deduce this, we start with the following result due to L. Lempert
([10]).

THEOREM A. For any convex bounded domain in C", every Koba-
yashi metric ball is convex.

Then following the proof of Cartan’s fixed point theorem (e.g., see
[7], p. 111), we get

THEOREM B. Every compact biholomorphic group action on a con-
vex, bounded and complete hyperbolic domain in C* has a common

fixed point.

Therefore, all the automorphisms of € have a common fixed point.
On the other hand, note that the circular action is a part of Aut Q.
It has one and only one common fixed point that is the origin. Conse-
quently, every automorphism of  fixes the origin (0, ..., 0). Then
Proposition 2 directly follows from the following classical theorem by
H. Cartan (e.g., see [8]):

THEOREM C. Let Q be a circular domain in C" containing the
origin. Then every f € Aut Q with f(0) =0 is complex linear.

Therefore, we have
COROLLARY. Aut Bj, for any n > 2, consists of linear maps only.
In fact, one can say more than Corollary above. Since all the au-

tomorphisms of B; are complex linear, they extend smoothly across
the boundary of B;, which is singular. Hence the singular locus 0Q
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of OB, must be preserved by all the linear automorphisms. On the
other hand, the singular locus 9Q is precisely the set

{(zeC" ||z} + 4|z =2)n{z€C" |z} +---+ 22 = 0}.

Then we have the following lemma:

LEMMA 4. Any n X n unitary matrix of complex numbers which
preserves the quadric

{zeC"|z}+. .-+ 22 =0}
is in fact A- A" for some A' € O(n, R) and some A€ C with |A|=1.

Proof. Let BT denote the transpose of B for any m x n matrix
B of complex numbers. Then the fact that 4 preserving the quadric
given above is nothing but

zTAT4z = 0, for any column vector z = (z¢, ..., z,,)T

with z7z = 0.

Now let U = ATA. Then it is a symmetric matrix satisfying the
relation above. Applying the values of z such as

©,...,1, ..., %i,...,0

to the relation, one easily gets the conclusion that U = A-1. Thus the
lemma follows.

Therefore, we can deduce the following

THEOREM 2. Aut B = {e/® - 4|6 € R, 4 € O(n, R)}, for any
n>2.

We would like to express special thanks to B. Cole for suggesting
such a short proof of Lemma 4 above to us.

REFERENCES

[11 S. Frankel, Complex geometry with convex domains that cover varieties, Acta
Math., 163 (1989), 109-149.

[21 1. Graham, Holomorphic maps which preserve intrinsic metrics or measures,
Trans. Amer. Math. Soc., 319 (1990), 787-803.

[3] K. T. Hahn and P. Pflug, On a minimal complex norm that extends the real
Euclidean norm, Monatsh. Math., 105 (1988), 107-112.



64

(4]

(3]
[6]
[7]
(8]
9]
[10]
[11]
[12]

[13]

KANG-TAE KIM

W. Kaup, R. Von Braun and H. Upmeier, On the automorphisms of circular and
Reinhardt domains in complex Banach spaces, Manuscripta Math., 25 (1978),
97-133.

K. T. Kim, Complete localization of domains with noncompact automorphism
groups, Trans. Amer. Math. Soc., 319 (1990), 139-153.

S. Kobayashi, Hyperbolic Manifolds and Holomorphic Mappings, Marcel-
Dekker, New York, 1970. .

S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Inter-
science Publishers, New York, Vol. I, 1963, Vol. 11, 1969.

S. Krantz, Function Theory of Several Complex Variables, Wiley-Interscience,
New York, 1982.

N. Kritikos, Uber analytische Abbildungen einer Klasse von vierdimensionalen
Gebieten, Math. Ann., 99 (1928), 321-341.

L. Lempert, La métrique de Kobayashi et la représentation des domaines sur la
boule, Bull. Soc. Math. France, 109 (1981), 427-474.

S. Pincuk, Holomorphic inequivalences of some classes of domains in C" , Math.
USSR Sbornik, 39 (1981), 61-86.

J.-P. Rosay, Sur une caractérisation de la boule parmi les domaines de C" par
son groupe d’automorphismes, Ann. Inst. Fourier (Grenoble), 29 (1979), 91-97.
B. Wong, Characterization of the unit ball in C" by its automorphism group,
Invent. Math., 41 (1977), 253-257.

Received April 20, 1990 and in revised form August 29, 1990.

BROWN UNIVERSITY
PRrROVIDENCE, RI 02912





