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ON THE FLAT GEOMETRY OF THE CUSPIDAL EDGE

RAGL OSET SINHA* and Farip TART*

(Received March 9, 2016, revised December 21, 2016)

Abstract

We study the geometry of the cuspidal edge M in R?® derived from its contact with planes and
lines (referred to as flat geometry). The contact of M with planes is measured by the singulari-
ties of the height functions on M. We classify submersions on a model of M by diffeomorphisms
and recover the contact of M with planes from that classification. The contact of M with lines is
measured by the singularities of orthogonal projections of M. We list the generic singularities
of the projections and obtain the generic deformations of the apparent contour (profile) when
the direction of projection varies locally in S2. We also relate the singularities of the height
functions and of the projections to some geometric invariants of the cuspidal edge.

1. Introduction

Let ¢ : U c R> — R3 be a parametrisation of a surface M, where U is an open set
and ¢ is an infinitely differentiable map. The surface M is called a cuspidal edge if it
admits a parametrisation ¢ which is A-equivalent to f(x,y) = (x,y%, ), that is, there exist
diffeomorphisms % and k such that ¢ = ko f o h~!. Our study is local in nature so we
consider germs of parametrisations of a cuspidal edge. Observe that the cuspidal edge is
singular along a curve and its trace on a plane transverse to this curve is a curve with a cusp
singularity, see Figure 1 (middle figure).

Cuspidal edges occur naturally in differential geometry. For instance, given a regular sur-
face M in R?, one can consider its parallel M, which is the surface obtained by moving the
points on M along a chosen unit normal vector to M by a fixed distance d. The parallel M,
can become singular and is, in general, a cuspidal edge with its singularities correspond-
ing to points on the surface where d = 1/x;, i = 1,2, «;’s being the principal curvatures.
(The singularities of M, can become more degenerate than a cuspidal edge on some special
curves on the surface M.) Another example is the focal set (caustic) of a surface in R3. If we
take a parametrisation where the lines of curvature are the coordinate curves x; = constant,
i = 1,2, then the focal set is a cuspidal edge at generic points on the curves dk;/dx; = O,
i=1,2.

Because cuspidal edges occur naturally and in a stable way in some cases, it is of interest
to study their differential geometry. There is already work in this direction, see for example
[9, 17, 18, 19, 22, 24, 27].

In this paper, we study the geometry of the cuspidal edge M derived from its contact with
planes and lines (which is referred to as the flat geometry of M as planes and lines are flat
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objects, i.e., have zero curvature). Consider parallel planes orthogonal to v € S2, where S2
denotes the unit sphere in R?. These planes are the fibres of the function hy(p) = p-v, where
“.” is the scalar product in R3. The contact of M with the above planes at py = $(0,0)
is measured by the singularities of &y o ¢ at the origin. By varying v, we get the family of
height functions H : U x §> — R on M given by

H((x,y),v) = ¢(x,y) - V.

In the above setting the model (flat) surfaces in R? are planes and the parametrisation ¢ is
taken in general form. In this paper, we follow the approach in [8] and invert the situation:
we fix the .A-model X of the cuspidal edge as the image of the map-germ f(x, y) = (x, y*, y°)
and consider its contact with fibres of submersions.

We classify in §3 submersion R>,0 — R up to changes of coordinates in the source
that preserve the model cuspidal edge X. Such changes of coordinates form a geometric
subgroup R(X) of the Mather group R (see [11]). In §3.1, we deduce from that classification
the generic geometry of a cuspidal edge M derived from its contact with planes. We study
the duals of these generic cases. Other results on duals of cuspidal edges can be found in
[24].

The contact of M with lines is measured by the .A-singularities of orthogonal projections
of M to planes. Here too we fix the model cuspidal edge X and classify in §4 the singularities
of germs of submersions R3,0 — R2,0 under the action of the subgroup y A = R(X) X
L of the Mather group A. This approach has an important advantage to considering the
A-singularities of the orthogonal projections on M (or the R-singularities of the height
functions on M). Using a tansversality result from [8] adapted to our situation, we can state
that only the singularities of x.4,.-codimension < 2 can occur for a generic cuspidal edge M.
Furthermore, we associate a natural 2-parameter family of submersions R3,0 - R2,0 on
the model X obtained from the family of orthogonal projections of M to planes. This family
is an y.A,-versal unfolding of the generic singularities of the submersions on X. This allows
us to obtain in §4.1 the generic deformations of the apparent contour (profile) of M when
the direction of projection varies locally in S 2.

2. Preliminaries

We review in this section some aspects of the geometry of the cuspidal edge (§2.1) and
establish some notation (§2.2) for the classification of germs of functions and mappings on
the cuspidal edge.

2.1. Geometric cuspidal edge. Let M be a general cuspidal edge in R* which we shall re-
fer to (following the notation in [8]) as a geometric cuspidal edge. In [18] a local parametri-
sation (at the origin) of the cuspidal edge is given by allowing any changes of coordinates
in the source and changes of coordinates in the target given by isometries. That parametri-
sation, which we shall adopt in the rest of the paper, is the following

1
(1) ¢(x,y) = (x,a(x) + Eyz, b1(x) + y?*ba(x) + Y’ b3(x, ),

with (x,y) in a neighbourhood of the origin and a(0) = a’(0) = 0, b1(0) = b(0) = 0,
b>(0) = 0, b3(0) # 0. Following the notation in [18], we write
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alx) = %azoxz + %a30x3 + ﬁamxd’ + 0(5),
bi(x) 1boox® + $hyox® + s2bsoxt + O(5),
by (x)

%blzx + %bzzxz + 0(3),
b3(x,y)

%b03 + éb]g.x + 0(2).

The tangential direction of M at the origin is along (1,0, 0) and its tangent cone is the
plane w = 0, where (u, v, w) are the coordinates of R*. The singular set £ of M is the image
of the line y = 0 and is parametrised by a(x) = ¢(x,0) = (x, a(x), b1 (x)).

If we denote by «s and 7y the curvature and the torsion of X as a space curve, then

ks(0) = \Ja2, + b}

20°
_axbso — byazo
72(0) = T2 1
a4y * by
, 1 2
75(0) = ———5 | @20ba0 — baoaao — ———=(ax0b30 — baoazo)(azoaso + baob3o) |-
ay + b3 ay + b3

The osculating plane of X at the origin is orthogonal to the vector (0, —b,g, azp). It coin-
cides with the tangent cone to M at the origin if and only if b9 = 0. It is worth observing
that this happens if and only if the closure of the parabolic curve of the regular part of M
intersects the singular set X.

Recall that a smooth curve has contact of type As; at a point p with any of its tangent
planes at p, of type A, if the plane is the osculating plane at p and of type Aj if furthermore
the torsion of the curve vanishes at p but the derivative of the torsion is not zero at that point
(see for example [2]). In [22] other invariants of the cuspidal edge are defined. These are:

The singular curvature «; (k4(0) = a);

The limiting normal curvature &, («,(0) = byo);

The cuspidal curvature «. («.(0) = bg3);

The cusp-directional torsion «; (k,(0) = b13);

The edge inflectional curvature «; (k;(0) = b3p).

The contact of M with lines and planes is affine invariant ([4]), so we can allow affine
changes of coordinates in the target without changing the type of contact. Given a parametri-
sation ¢ : R?,0 — R?, 0 of a cuspidal edge, we can make a rotation in the target and changes
of coordinates in the source and write j¢(x,y) = (x, Q1(x,y), Q2(x,y)), with Q;, Q> ho-
mogeneous polynomials of degree 2. We can consider the G = GL(2,R) X GL(2,R)-action
on the set of pairs of quadratic forms (Q1, Q,). Following [18], we can set (Q1, 07) =
(“—;‘)x2 + %yz, b%xz) by isometric changes of coordinates in the target and any smooth changes
of coordinates in the source, and this is G-equivalent to

(2, x%) if and only if by # 0 (hyperbolic)
(+x* +y%,0) ifand only if byg = 0, ayp # 0 (inflection)
(1%, 0) if and only if by = a9 = 0 (degenerate inflection)

The above G-classes are the only ones that can occur for the pair (Q;, Q) associated to
a parametrisation of a cuspidal edge. In particular, most points on X are hyperbolic points
for the pair (Q1, 0»), and we have an inflection point if and only if the osculating plane of
coincides with the tangent cone to M.

Following the above discussion, we can take (Q;, Q) associated to ¢ in (1) in one of
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the G normal forms above. However, we shall work with the parametrisation (1) so that the
interpretation of the conditions we get here match some of the invariants in [18].

2.2. Classification tools. Let &, be the local ring of germs of functions R”,0 — R and
M, its maximal ideal. Denote by £(n, p) the p-tuples of elements in &,. Let A = R X L
denote the group of pairs of germs of diffeomorphisms of the source and target, which acts
smoothly on M,,.E(n, p) by (k1,k2).G =k, oG o kl‘l. The tangent space to the .A-orbit of F
at the germ F is given by

LA-F = My{F,,.....Fy}+ F (M) der.....ep),

where F,, are the partial derivatives of F' with respect to x; (i = 1,...,n), eq,...,e, denote
the standard basis vectors of R? considered as elements of £(n, p), and F*(M,,) is the pull-
back of the maximal ideal in &,. The extended tangent space to the A-orbit of F' at the germ
F is given by

LoA-F = EF,,,....Fy )} + F* (&) der,....ep),

and the codimension of the extended orbit is d.(F, A) = dimr(E(n, p)/L. A(F)).

Let k > 1 be an integer. We denote by J*(n, p) the space of kth order Taylor expansions
without constant terms of elements of £(n, p) and write j*F for the k-jet of F. A germ
F is said to be k-A-determined if any G with *G = j*F is A-equivalent to F (notation:
G ~4 F). The k-jet of F is then called a sufficient jet.

Let G be one of the groups R, L, A. Let G; be the subgroup of G with elements with
k-jet the identity. The group G is a normal subgroup of G. Define G¥ = /G, which is
a Lie group. The elements of C¥) are the k-jets of the elements of G. The action of G on
M,,.E(n, p) induces an action of G* on J*(n, p) as follows. For j* f € J*(n, p) and j*h € ¢,
Jhjf = Jp).

Our goal in §3 and §4 is to classify germs of functions and mappings on X C IR, where
X is the germ of the smooth model of a cuspidal edge. This means that we require that the
diffeomorphisms in R? preserve X. Such diffeomorphisms are obtained by integrating vector
fields tangent to X and form a subgroup R(X) (xR in some texts) of the group R. We denote
by x A = R(X) X L the subgroup A where the diffeomorphisms in the source preserve X.

3. Functions on a cuspidal edge

Given the .A-normal form f(x,y) = (x,y%,y>) of a cuspidal edge, we classify germs of
submersions ¢ : R3.0 - R,0 up to R(X)-equivalence, with X = f(RZ,O). The defining
equation of X is given by h(u, v, w) = v° — w?.

Let @(X) be the £3-module of vector fields in R? tangent to X. We have ¢ € @(X) if and

only if éh = Ah for some function A ([8, page 21]).

Proposition 3.1. The &-module O(X) of vector fields in R? tangent to X is generated by
the vector fields

0
é‘:l - %a
& = 21)ﬁ + 3wi,

ov ow
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o _,0
§3—2w%+3v %

Proof. The defining equation A(u, v, w) = v*> —w? of X is weighted homogenous in v and w
with weights 2 and 3 respectively. The result follows by applying Proposition 7.2 in [7] for
isolated singularities to the cusp v* — w? = 0 in the (v, w)-plane and adding the trivial vector
field & in R3. |

Let ©;(X) = {6 € O(X) : j'6 = 0}. It follows from Proposition 3.1 that

O1(X) = M3{é1) + M3.{ér, 63
For f € &;, we define

OX)-f = M3 A&1(H} + E3.462(). &N}

We define similarly ®(X)-f and the following tangent spaces to the R(X)-orbit of f at the
germ f:

LR(X)-f = 0(X)-f

LR(X)-f = 01(X)-f

LR(X)-f = &.461(f), &2, &3()}-

The classification (i.e., the listing of representatives of the orbits) of R(X)-finitely deter-
mined germs is carried out inductively on the jet level. The method used here is that of the
complete transversal [5] adapted for the R(X)-action. We have the following result which is
a version of Theorem 3.11 in [8] for the group R(X).

Proposition 3.2. Let f : R3,0 - R,0 be a smooth germ and hy, . .., h, be homogeneous
polynomials of degree k + 1 with the property that

MY C LR(X)-f + Rodhy, .. )+ MET2

Then any germ g with j*g(0) = j*f(0) is R(X)-equivalent to a germ of the form f(x) +
i uihi(x) + ¢(x), where ¢(x) € Mﬁ*z. The vector subspace R.Ahy, ..., h,} is called a
complete (k + 1)-R(X)-transversal of f.

Theorem 3.3. A germ [ € Mj is k-R(X)-determined if and only if
METL C LR (X)-f + MEP2,

Proof. This is Theorem 2.5 in [6] applied to our setting. m|

We have the following concepts, similar to those in Definition 3.8 in [8]. A germ of a
smooth 1-parameter family of functions F : R3 xR, (0,0) — R, 0 with F(0, 1) = 0 for ¢ small
is said to be k-R(X)-trivial if there exists a germ of a 1-parameter family of diffeomorphisms
H : R* xR, (0,0) —» R3, 0, with H, preserving X, such that H(x,0) = 0, H(0,f) = 0 (for
small 7) and F(H(x,1),t) = F(x,0) + ¥(x, t) for some ¢ € M’;” C &. If y =0, then F is
said to be R(X)-trivial.

We need the following result about trivial families.
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Proposition 3.4 ([8, Proposition 3.9]). Let F : R? x R, (0,0) = R, 0 be a smooth family
of functions with F(0,1) = 0 for t small. Let &y, ...,&, be vector fields in ©(X) vanishing at
0 € R". Then the family F is k-R(X)-trivial if

oF
= € ELMENF), .. ENF)) + MET C &y

Here, when deforming germs of functions we are interested in locating the singularities
of the deformed germs but not their levels. For this reason, we use the following definition
(see for example [2] for the notion (p)-unfoldings).

Two families of germs of functions F and G : R3 x R/,(0,0) — R,0 are P-R*(X)-
equivalent if there exist a germ of a diffeomorphism @ : R? x R/, (0,0) — R?> x R/, (0,0)
preserving X x R/, (0, 0) and of the form ®(x,u) = (e(x, u), ¥(u)) and a germ of a function
¢ : (RY,0) — R such that G(x, u) = F(®(x, u)) + c(u).

A family F is said to be an R*(X)-versal deformation of Fy(x) = F(x,0) if any other
deformation G of Fj can be written in the form G(x, u) = F(®D(x, u)) + c(u) for some germs
of smooth mappings ® and c as above with @ not necessarily a germ of diffeomorphism.

Given a family of germs of functions F, we write F;(x) = ffi(x, 0). The following result
is a version of Theorem 3.6 in [8].

Proposition 3.5. A deformation F : R?> xR/, (0,0) — R, 0 of a germ of a function f on X
is R*(X)-versal if and only if

LR.X)- f+RALFy, ... F} =&

Following Proposition 3.5 and the discussion preceeding it, we define the R}(X)-
codimension of f as d(f, R} (X)) = dimr(M3/LR.(X)(f)). It is the least number of pa-
rameters needed to have an R*(X)-versal family.

We also use the following lemma.

Lemma 3.6 (Mather’s Lemma). Let @ : G X M — M be a smooth action of a Lie group
G on a manifold M, and let V be a connected submanifold of M. Then V is contained in a
single orbit if and only if the following hold:

(@) T,VCT,(Gv),YveV,

(b) dim T,(G,) is independent of v € V.

We can now state the result about the R (X)-classification of germs of submersions.

Theorem 3.7. Let X be the germ of the A-model of the cuspidal edge parametrised
by f(x,y,2) = (x,y%,y°). Denote by (u,v,w) the coordinates in the target. Then any R(X)-
finitely determined germ of a submersion in Mz with R} (X)-codimension < 2 (of the stratum
in the presence of moduli) is R(X)-equivalent to one of the germs in Table 1.

Proof. To simplify notation, we write complete k-transversal for complete k-R(X)-
transversal, equivalence for R(X)-equivalence and codimension for R} (X)-codimension.
In all the proof, &1, &, &; are as in Proposition 3.1.

The linear changes of coordinates in R(X) obtained by integrating the 1-jets of vector
fields in ®(X) are
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Table 1. Germs of submersions in M3 of R} (X)-codimension < 2.

Normal form d(f,R}(X)) R*(X)-versal deformation
u 0 u
2 2
*o+u 0 *o+u
+0+ u’ 1 +0+ U + au
+v + u* 2 +0+ u* + au® + aju
w + u? 1 w+ u* + av
w+uv+au3,a¢0,—% 20 W+ uv + au’ + aru* + ayu

(*): a is a modulus and the codimension is that of the stratum.

m(u,v,w) = (au+pv+yw,v,w),a#0
mu,v,w) = (u, X, e3“w), o €R
mu,v,w) = (U, v+ aw,w).

Consider a non-zero 1-jet g = au + bv + cw. If a # 0, then ¢ is equivalent to u and its
codimension is 0.

Suppose thata = 0. If b # 0, weuse 3 tosetc = Qandn, toset b = 1. Ifa=5b =0
but ¢ # 0 we can set ¢ = +1. Observe that (u, v, w) — (u, v, —w) preserves X, so we can set
¢ = 1. Thus, the orbits of submersions in the 1-jet space are u, +v, w.

e Consider the 1-jet g = v (the results follow similarly for g = —v). Then &,(g) = 0,
é(g) = 2vand &(g) = 2w, so for any integer k > 2, M4 C LR (X) - g + R.{u*} + M5, that
is, a complete k-transversal is given by g = v + Auf. Using 17, we canset 1 = £1if 1 # 0
(if k is odd we can set 1 = 1). For the germ g = v + u*, we have &,(g) = +ku*~', & (g) =
20,&(g) = 2w. Now ME™ € LR (X) - g+ M&*2, so v+ u* is k-determined. Its codimension

is k — 2, and clearly, v + uk + agouF? + ...+ ayuy is an R (X)-versal deformation.

e We consider now the 1-jet g = w. We have &,(g) = 0, &(g) = 3w and &3(g) = 3v°.

A complete 2-transversal is given by g = w + A;u® + Auv + A3v*>. We can consider g
as a 1-parameter family of germs of functions parametrised by A3. Then dg/04; = v* €
E4{MBE1(9), £(9), £3(9)} + M3, so by Proposition 3.4, g is equivalent to w + Au* + Ayuv.
We proceed similarly to show that g is trivial along A, if 4; # 0. Thus, if 4; # 0 we can take
g = w+ Au’. We can now set 4; = +1 by rescaling. For the germ g = w + u?, we have
£1(g) = £2u,&(g) = 3w, &(g) = 307, so Mg C LR ((X) - g+ M?, thatis, g is 2-determined.
The germ has codimension 1 and an R*(X)-versal deformation is given by g = w + u? + av.

If 4, = 0but A, # 0 we can set 4, = 1 and consider g = w + uv. Then &;(g) = v,
&(g) = 2uv + 3w and &3(g9) = 2wu + 307, so M3 C LR(X) - g + R.{u’} + M3, that is, a
complete 3-transversal is given by g = w + uv + au’. Here a is a parameter modulus.

For g = w+ uv+au® we have &,(g) = v+ 3au?, £&(g) = 2uv+ 3w, &3(g) = 2uw +3v”. Using
the vectors u’&>(g) = 2u’v + 3uw, ués3(g) = 2uw + 3uv?, uvé (g) = uv’ + 3avu® which are in
Ri1(X)-g, we get w?w, w? and v if a # —4/27. Then, using wéi(g) we get w if a # 0. Now
using &) and &, we get all monomials divisible by v and w of degree 5 in LR (X) - g + Mg’.
Therefore g is 5-determined if a # 0, —4/27.

A complete 4-transversal of g is § = g + Au*. We use Mather’s Lemma 3.6 with G =
RW(X)and V = {g + Au*, A € R}. We have T;V = R.{u*}. The vectors &(g), vé1(g), ué(g)
give uw, v*, u?v in T;G.g = JYLR(X).g) for a # —4/27. Then u’&(g) gives u* in T;G.§
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if a # 0. Therefore, T;V C T;G.g for all g € V (provided that a # 0,-4/27). It is clear
that dim 7;G.g is independent of §. Thus, by Mather’s Lemma, g + Au* is R(X)-equivalent
to g, for all 4 € R. It follows that g is 4-determined (provided that a # 0,—-4/27). It has
codimension 3 (the codimension of the stratum is 2) and an R*(X)-versal deformation is
given g = w + uv + au® + axu® + ayu. |

3.1. The geometry of functions on a cuspidal edge. We consider the .4-model cuspidal
edge X parametrised by f(x,y) = (x,y?,y°) and with equation v® — w?> = 0. The tangential
line at a singular point is parallel to (1,0, 0) and the tangent cone to X at a singular point is
the plane w = 0.

Given a deformation F : R* x R?2,0 — R of a germ g on X, we consider the family
G(x,y,a) = F(f(x,y),a) and define the discriminant of the family G as the set

0G 0G

D1(F) = {(a,G(x,y,a)) e R xR : — = — =0 at (x,y,a)}
ox Oy

and the discriminant of the family G restricted to the singular set X as the set
) 0G
D (F) ={(a,G(x,0,a)) e R" xR : i 0 at (x,0,a)}.
x

It is not difficult to show that for two P-R*(X)-equivalent deformations F; and F, the
sets Z1(Fy) and 2,(F,) are diffeomorphic and so are 2,(F;) and %,(F,). Therefore, it is
enough to compute the sets &, (F) and %,(F) for the deformations in Table 1.

e The germ g = u.
The fibre g = 0 is a plane transverse to both the tangential line and to the tangent cone to
X. Here an R*(X)-versal deformation is F(u, v, w, a;,a>) = u and both Z;(F) and %,(F) are
the empty set.

o The germs g = +v + uk, k = 2,3, 4.

The fibre g = 0 is tangent to the tangential line of X at the origin but is transverse the
tangent cone to X. The contact of the tangential line with the fibre g = 0 is measured by the
singularities of g(f(x,0)) = £x*, so it is of type Ay_;.

(i) k = 2. Here an R*(X)-versal deformation is F(u,v,w,a;,a,) = +v + u>. Then
G(x,y,a;,a;) = +y*> + x*, and both 2,(F) and Z,(F) are planes (Figure 1, left).

(i) k = 3. We have F(u,v,a;,a;) = +v + u® + ayu and G(x,y,a) = +y*> + x> + a; x. Thus

6 %—i = 0 when y = 0 and a; = —3x>. The set 2,(F) is a surface parametrised by

ox
(x,ay) — (=3x%,ay,-2x%), i.e., is a cuspidal edge. The set Z,(F) is also a cuspidal edge and
coincides with Z,(F) (Figure 1, middle).

(iii) k = 4. Here F(u,v,w,a;,a) = +v + u* + apu® + ayu and G(x, y,ai,a) = iyz + 3+
a) x> + ax, SO % = % =0wheny =0and a; = F4x3 — 2a,x. The set 2,(F) is a surface
parametrised by (x,a2) = (F4x> — 2a»x, ap, ¥F3x* — ax*), which is a swallowtail surface.
The set 2,(F) is also a swallowtail surface and coincides with Z;(F) (Figure 1, right).

e The germ g = w + u’.

The tangent plane to the fibre g = 0 coincides with the tangent cone to X at the origin
(and contains the tangential direction to X at that point). The contact of the fibre g = 0 with
the tangential line is an ordinary one (of type A;) as g(f(x,0)) = +x>.
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R

Fig.1. The discriminants Z;(F) of versal deformations of +v+ u¥, from left
to right: k = 2, 3,4. Here 2,(F) coincides with Z,(F).

74

Fig.2. Left: discriminant 2, (F) of a versal deformation of w + u?, which is
the union of two smooth surfaces having an A,-contact along a curve. Right:
the discriminant 2, (F) of a versal deformation of w + uv + au®, which is the
union of two cuspidal edges. In both figures the discriminant %,(F'), which
is a subset of Z,(F), is the surface in gray.

We have F(u,v,a1,a,) = w+u>+av and G(x,y,a,,a) = x> +y> +a >, so Z—(; = g—(; =0
when x = 0 and y(3y + a;) = 0. When y = 0 we get the plane (a,, a;,0) and for 3y +a; =0
we get a surface parametrised by (x,a2) — (=3y,as, —2y>). The set Z;(F) is the union of
these two surfaces, and these have an A,-contact along the a,-axis, see Figure 2 (left). The
set 2,(F) is the plane (ay, az, 0).

o The germg = w + uv + au’, a # 0.

Here too, as in the previous case, the tangent plane to the fibre g = 0 coincides with the
tangent cone to X at the origin. However, the contact of the fibre g = 0 with the tangential
line is of order 3 as g(x, 0,0) = ax’.

We have F(u,v,w,a;,ax) = w+ uv + au’ + aru” + ayu and G(x, y,ai,a) = xy2 + y3 +

ax® + a,x* + a; x. Differentiating we get

G _ 2 2
% =y +3ax2+2a2x+a1
a—y:2xy+3y.

We have %—(; = 0 when y = 0 or y = —(2/3)x. Substituting in % = 0 gives Z;(F) as the

union of two surfaces parametrised by
2 3 2
(ap, x) > (=3ax” —2axx,a,, —2ax’ — ax°)

and

4 8
(ap, x) > (— (§ + 3a) X - 2arx,as, — (ﬁ + Za) x - azxz) .
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Both these surfaces are cuspidal edges and are as in Figure 2 (right). The set %,(F’) coincides
with the first cuspidal edge.

3.2. Contact of a geometric cuspidal edge with planes. The family of height functions
H:MxS?— Ron M is given by H(x,y),v) = Hy(x,y) = ¢(x,y) - v. The height function
H, on M along a fixed direction v measures the contact of M at p with the plane 7y through
p and orthogonal to v. The contact of M with 7y is described by that of the fibre g = 0 with
the model cuspidal edge X, with g as in Theorem 3.7. Following the transversality theorem
in the Appendix of [8], for a generic cuspidal-edge, the height functions Hy, for any v € S2,
can only have singularities of R} (X)-codimension < 2 (of the stratum) at any point on the
cuspidal edge. We shall take M parametrised as in (1) and write v = (vy, v2, v3). Then,

1
Hy(x,y) = H((x,y), V) = xv; + (a(x) + Eyz)vz + (b1(x) + 1o (x) + ¥ b3 (x, y))v3.

The function Hy is singular at the origin if and only if v; = 0, that is, if and only if the
plane 7y contains the tangential direction to M at the origin.

When 7y is transverse to the tangential direction to M at the origin, the contact of M with
1y at the origin is the same as that of the zero fibre of g = u with the model cuspidal edge X.

Suppose that the plane 7y is a member of the pencil of planes that contains the tangential
direction to M at the origin (in particular, 7y is a tangent plane of the curve X). If 7y is not
the tangent cone to M at the origin, then the contact of a generic M with &y is the same as
that of the zero fibre of g = +v + u¥, k = 2,3, 4 with the model cuspidal edge X. The integer
k is determined by the contact of 7y with the singular set X (see §3.1). The restriction of Hy
to X is given by

1 1 1
Hy(x,0) = E(Clzovz + bvs)x® + g(asovz + b3gu3)x® + ﬁ(amvz + byou3)x* + O(5).

Therefore, the plane 7y has an Ay, k = 1, 2, 3, contact with X if and only if

Al 1 vaany + v3byy # 0;
Ay i vaasg +v3by = 0, axgbzg — azobyy # 0;
Az 1 vax + v3by = 0, axbzy — azbyy = 0, asobry — axbay # 0.

Geometrically, this mean that the plane 7y has an A, k = 1,2, 3, contact with X if and only
if

A : 7y is not the osculating plane of X;

Ay :  my is the osculating plane of X, 75(0) # 0;

Az @ myis the osculating plane of X, 75(0) = 0, 75(0) # 0.

If the plane &y coincides with the tangent cone to M at the origin (i.e., v = (0,0, 1)) but
is not the osculating plane of X (i.e., x,(0) = byy # 0), then the contact of M with my is the
same as that of the zero fibre of g = w + u?> with the model cuspidal edge X, that is, the
height function has an As-singularity.

When 7y is the tangent cone to M and coincides with the osculating plane of X (x,(0) =
byo = 0) but 75(0) # 0 (i.e., x;(0) = b3y # 0) its contact with M is described by the germ
g = w + uv + au® with the model cuspidal edge X. Here, the corresponding height function
has a Dg-singularity. (Compare with Theorem 2.11 in [17] and Lemma 4.2 in [24].) We
observe that the case when the tangent cone to M and the osculating plane of X coincides at
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a point where 75(0) = 0 is not generic.
We have the sets
OHy, _ OH,

D1(H) = {(v, Hy(x,y)) € S* X R : =
0x oy

=0at (x,y,v)}

and
2 aHv
Dr(H) = {(v,Hy(x,0)) € S“ xR : s =0at (x,0,v)}.

If my is a member of the pencil containing the tangential direction of M but is not the
tangent cone to M, then the set Z,(H) coincides with Z,(H) and describes locally the dual
of the curve . When ny is the tangent cone to M, then the set &;(H) consists of two
components. One of them is Z,(H) (the dual of X) and the other is the proper dual of M
which is the surface consisting of the tangent planes to M away from points on X together
with their limits at points on X, i.e., the tangent cones at points on X.

If the contact of M with my is described by that of the fibre g = 0 with the model cuspidal
edge X, with g as in Theorem 3.7, then Z,(H) (resp. Z»(H)) is diffeomorphic to Z;(F) (resp.
D5(F)), where F is an R*(X)-versal deformation of g with 2-parameters. In particular,
the calculations and figures in §3.1 give the models, up to diffeomorphisms, of &;(H) and
2,(H). We have thus the following result.

Proposition 3.8. Let M be a generic cuspidal edge in R3. Then any height function on M
has locally one of the singularities modeled by the submersions in Table 1. The proper dual
of M together with the dual of its singular curve X are as in Figure 2, left, when the tangent
cone to M is distinct from the osculating plane to ¥ and as Figure 2, right, otherwise.

4. Orthogonal projections of a cuspidal edge
The family of orthogonal projections in R? is given by
II: RPxS* -  TS?
(p.v) = (V.1(p))

where Ily(p) = p — (p - v)v. Given a surface M, we denote by P the restriction of II to M.
Thus, for M parametrised by ¢, the family of orthogonal projections P : U x §? — TS? is
given by

P((x, y),v) = (v, Pyv(x, 1)),

with Py(x,y) = IIy(d(x, y)) = ¢(x,y) — (¢(x,y) - v)v. The map Py is locally a map-germ from
the plane to the plane and measures the contact of M with lines parallel to v.

We take M parametrised as in (1). Consider, for example, the projection along the tangen-
tial direction v = (0, 1,0). We have Py(x,y) = (x, by (x)+y*b2(x)+y°b3(x,y)). If k; = by = 0
and «, = by, # 0, the singularity of Py at the origin is .A-equivalent to (x, 5> — x*y) and has
A.-codimension 3 (see §4.1 for even higher A,.-codimension cases). Thus, it cannot be
A.-versally unfolded by the family P. For this reason, the group A is not very useful for
describing the singularities of the projections of M and the way they bifurcate as the direc-
tion of projection changes in S2. We follow here the same approach as that for the contact
of the cuspidal edge with planes. The projections are germs of submersions, so we fix the
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A-model X of the cuspidal edge and consider the action of the group x A = R(X) X L
on M3.£(3,2). We classify germs of submersions g in M3.£(3,2) of x.A,.-codimension
d,(f,xA) = dimg(EQ3,2)/LxA.-f) < 2. We need the following results from [5] and [6]
adapted to our group, where

LxAi-g
LxIC'g

LRI(X) - g + g"(M3)fer, €2},
LR(X) - g + g"(M3)fer, e}

Theorem 4.1 ([5]). Let g : R3,0 — R2,0 be a smooth germ and hy, ..., h, be homoge-
neous maps of degree k + 1 with the property that

METLE@B,2) € LyA-g + Rihy, ... h) + MEP2E3,2).

Then any germ h with j*h(0) = j*f(0) is x.A,-equivalent to a germ of the form g(x) +
iy uihi(x) + ¢(x), where ¢(x) € M§+2.8(3, 2). The vector subspace R.{hy, ..., h,} is called
a complete (k + 1)-x A-transversal of g.

Theorem 4.2 ([6]). If g satisfies
MLEB,2) C LyK-g
MELEB,2) C LyA;-g+ MYHLER,2)
then g is k-x A-determined.

We can now state the classification result for submersions in Mj3.£(3,2) of xA.-
codimension < 2 (of the stratum).

Theorem 4.3. Let X be the germ of the A-model of the cuspidal edge parametrised by
f(x,y,2) = (x,y%, y°). Denote by (u,v,w) the coordinates in the target. Then any germ of a
submersion in M3.E(3,2) of xA.-codimension < 2 is x A-equivalent to one of the germs in
Table 2.

Table 2. x.A-finitely determined germs of x.4.-codimension < 2.

Name Normal form d,(f.x A)  xA,.-versal deformation
Type 1 (u,v) 0 (u,v)
Type2 (u,w + uv) 0 (u, w + uv)

Type3  (u,w + uv) (u,w + v + av)

1
Type 4 (u,w+ u’v) 2 (u,w + v + aruv + a,v)
Type5 (v+u’,w+u?) 1 W+ +ayu,w+ u?)
Type 6 (v+u’,w+ u?) 2 W+ 1 + e’ + ayu, w + u?)
Type 7 g7 = (v + au® + u*, w + uv + bu® + P), 20 g7 + (0, a1u + axu?)

P = cu* + dw + eu®

(¢): the codimension is of the stratum; a, b, ¢, d, e are moduli and are in the complement of
some algebraic subsets of R>.

Proof. We follow the complete transversal technique and classify germs of submersions
inductively of the jet level. Consider the 1-jet g = (aju + byv + ciw, axu + byv + cow). If
a; # 0 or a; # 0 then g is equivalent to (u,av + bw), with a # O or b # 0 (g is a germ
of a submersion). For g = (u,av + bw), &,(g) = (1,0), &(g) = (0,2av + 3bw), j'é(g) =
(0, 2aw), so if a # 0, by applying Mather’s Lemma, we get g equivalent to (u, v), otherwise
it is equivalent to (u, w). If a; = a, = 0, then changes of coordinates in the target give g
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equivalent to (v, w). Thus, we have three orbits of submersions in the 1-jet space represented
by (u,v), (u,w), (v, w). The germ (u, v) is 1-determined and is stable.

e For g = (u,w), we have &,(g) = (1,0), &(g) = (0,w), &3(g) = (0,3v%). Using these
vectors and the left group, we can show that a complete (k + 1)-transversal is (1, w + Au*v),
k > 1. We have two orbits in the (k + 1)-jet space, namely (u,w + u*v) and (u,w). For
g = (u,w + uv), we have £,(g) = (1, ku*"'v), &(g) = (0, 3w + 2ukv), &(g) = (0, 3v* + 2ufw).
Using the above vectors and the left group, we can show that M%.é’ (3,2) c LxK -g. To
prove that the germ is k + 1-determined we need to prove that

) ME2.£(3,2) c Ly A, - g+ M5H.E3,2).

For this, we first show that all monomials of degree k + 3 are in the right hand side of
(2). Using &;, i = 1,2,3, we show that all the monomials of degree k + 3 of the form
(P(u, v, w),0), (0, wP(u, v, w)) and (0, v” P(u, v, w)) are in there. We use the left group to show
that (0, 4*) is also in there. If we write g = (g1, ¢»), then (0,¢g>) = (0, u'w + u**'v) and
wé(g) = (0,3u'w + 2uM*'v). For i > 1 these vectors are in Ly.A; - g, so (0, u**?v) is in the
right hand side of (2). We proceed similarly for the monomials of degree k + 2 working now
with vectors in Lx.A; - g modulo elements in M’;*S.E (3,2) to get all monomials of degree
k + 2 in the right hand side of (2). Therefore, (2) holds. The germ g has x.4.-codimension
k — 1 and an x.A.-versal unfolding is (u, w + u*v + a;_u*v + . .. ayuv).

e For g = (v,w), we have &(g) = (0,0), &(g9) = (2o, 3w), &(g) = (2w, 3v?) and a
complete 2-transversal is given by g = (v + ajuv + aru®, w + byuv + byu?). Then &(g) =
(a10+2axu, biv+2bsu), €:(g) = Qu+2a1uv, 3w+ 2buv), (g) = Qw+ 2auw, 3v” + 2b uw).
Now j2wé | (g) = (ajvw + 2aruw, byow + 2byuw) and j2ué3(g) = (2uw, 0) and we have (vw, 0)
and (0, vw) from the left group in the 2-jet of the y.4 tangent space to the orbit of g, so if
b, # 0, we obtain (0, uw). From this and jué>(g) = (2uv, 3uw), we also get (uv,0). Then
J20é1(g) = (a10*+2aruv, biv* +2bruv) together with (v?, 0) and (0, v?) from the left group also
gives (0, uv) if b, # 0. Therefore, by Mather’s Lemma ¢ is equivalent to (v + au®,w + bu?),
with b # 0. Using the vectors (w + bu?,0), &(g) = (2w, 3v?) and (0, v?) from the left group,
shows that ¢ is equivalent to (v, w + bu?) if b # 0. We can then set b = 1 by changes of
scales. If b, = 0 and b; # 0, then g is equivalent to (v + au®, w + uv), with a a parameter
modulus. If b, = b, = 0, the orbits are (v + u, w), (v + uv, w) and (v, w) and all yield germs
of submersions of codimension (of the stratum) greater than 2. Thus, the 2 jets to consider
are (v, w + u?) and (v + au?, w + wv).

Consider the germ g = (v, w + u?). Then &(g) = (0,2u), &(g) = (2v,3w) and &(g) =
(2w, 3v?). Using these vectors and those from the left group we can show that a complete
3-transversal is g = (v + Au?, w + u?) and the orbits in the 3-jet space are (v + u>, w + u*) and
(v, w+ u?). The germ (v + u®, w + u?) is 3-determined and has codimension 1. An x.4,-versal
unfolding is given by (v + u® + aju, w + u?).

The complete 4-transversal for (v, w + u?) is empty and the orbits in the 5-jet are (v +
w,w+ u?) and (v, w + u?). The germ (v + w,w + u?) is 5-determined and has codimension
2. An x A.-versal unfolding is given by (v + W+ axu® + aju,w + u?).

For the 2-jet (v + au?, w + uv) a complete 3-transversal is given by g = (v+au® + 1;u, w +
uv + Au’). Using Mather’s Lemma, it can be shown that g is equivalent to g = (v + au®, w +
uv + bu?), where b is also a modulus. A complete 4-transversal is g = (v + au® + u*,w +
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uv + bu® + cu*). The complete 5-transversal is not empty and the orbits in the 6-jet space
can be parametrised by g7 = (v + au® + u*, w + uv + bu? + cu* + du® + eu®). We can then
show that the germ g7 is 6-determined provided the moduli are not in the zero set of some
polynomial. The codimension of the stratum of g7 is 2 and an x.4.-versal unfolding is given
by g7 + (0, aju + aru?). ]

RemaARrk 4.4. The computations for obtaining the complete transversals and checking fi-
nite determinacy for the case Type 7 in the proof of Theorem 4.3 are carried out using the
computer package “Transversal” developed by Kirk ([15]).

4.1. Apparent contour of a cuspidal edge. The singular set of an orthogonal projection
of a smooth surface in R? along a direction v is the set of point where v is tangent to the
surface and is called the contour generator. The image of the contour generator by the
projection in the direction v is called the apparent contour (profile) of the surface along the
directions v. (See for example [12, 20] and also [10, 14, 16] for more on apparent contours
of smooth surfaces, [3] for surfaces with boundary, [23] for those with creases and corners,
[10] for applications to images (involving shade, shadow and contours) and [1, 26] for those
of a surface with a cross-cap singularity.)

For a geometric cuspidal edge M, the projection is always singular along the singular
curve X, so X is always part of the contour generator and its image is part of the apparent
contour of M along v. We call the proper apparent contour (profile) of M the projection
of the closure of the set of points where v is tangent to M at its regular points. We seek to
describe the apparent contour of M and how it changes as the direction of projection changes
locally in S2.

Theorem 4.5. The bifurcations on the proper apparent contour of M together with those
of the projection of the singular set of M are, up to diffeomorphisms, those in the following

figures:

Type 2: Figure 3
Type 3: Figure 4
Type 4: Figure 5
Type 5: Figure 6
Type 6: Figure 7
Type 7: Figures 9, 10, 11, 12, 13 for some cases.
For Type 1 singularities, the proper apparent contour is empty and the projection of the
singular set is a regular curve.

Proof. The apparent contour is the discriminant of the projection (that is, the image of its
singular set). For a generic surface, the family of projections is an x.4.-versal family of the
singularities of its members. Therefore, the diffeomorphism type of the bifurcations of the
apparent contour can be obtained by considering the bifurcations of the discriminants in the
xA.-versal families restricted to X in Theorem 4.3. We treat each case in Table 2 separately.

e Type 1: The germ g = (u, v). We denote by 4 the composite of g with the parametrisation
f(x,y) = (x,y% ) of X. Then h(x,y) = (x,y*) which has a singularity of .A-type fold. The
critical set of & is the x-axis, i.e., is the singular set of X, and the discriminant is a regular
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curve.

e The germ g = (u,w + u*v), k = 1,2,3. Here we have h(x,y) = (x,y> + x**y*) and its
singular set is given by y(3y + 2xX) = 0. It has two components, one of which (y = 0) is
the singular set of X. The other component (the proper contour generator) is a smooth curve
and has k-point contact with the singular set of X.

Type 2: k = 1. The germ h(x,y) = (x,y°> + xy*) has a singularity of A-type beaks (which
is of A.-codimension 1 but g is x.A.-stable). The discriminant is the union of the two curves
(x,0) and (x, (4/27)x>) which have 3-point contact at the origin (Figure 3).

Fig.3. Proper apparent contour (thin) and the projection of the singular set
(thick) of M at an y.A-singularity of Type 2.

Type 3: k = 2. We consider the versal deformation g = (1, w + u?v + a;uv) with parameter
ai, so h(x,y) = (x, y3 + xzyz + alyz). (When a; = 0, h is A-equivalent to (x, y3 - x4y)
which is a singularity of A-type 44, see [20].) For a; fixed, the critical set is given by
y(3y + 2x% + 2a;) = 0 and consists of two curves y = 0 and y = —(2/3)(x*> + a;). The
discriminant if the union of the two curves (x, 0) and (x, (4/27)(x*> + a;)?). See Figure 4 for
the bifurcations in these curves as a; varies near zero.

Fig.4. Bifurcations in generic 1-parameter families of the proper apparent
contour (thin) and of the projection of the singular set (thick) of M at an
xA-singularity of Type 3.

Type 4: k = 3: We consider the versal deformation g = (u, w + o + auv + av) with
parameters a;,az, so h(x,y) = (x,y° + X’y* + axxy®> + a1y?). (Ata; = a; = 0, fis A-
equivalent to (x,y> — x%y) which is a singularity of A-type 4¢.) The critical set is given by
y(3y + 2(x* + axx + ay)) = 0. The family x> + a,x + a; is a K-versal deformation of the
Aj,-singularity, so the bifurcations in the critical set are as in Figure 5 (left) and those in the
discriminant are as in Figure 5 (right). Singularities of Type 3 occur when (a;, a;) are on the
cusp curve 27a% + 4ag = 0 (middle figures in Figure 5).
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Fig.5. Bifurcations in generic 2-parameter families of the critical set (left),
and of the proper apparent contour (thin) and of the projection of the singu-
lar set (thick) of M (right) at an x.A-singularity of Type 4.

e Type 5: Here we have a versal family g = (v + u® + aju, w + u?), so h(x,y) = (y* +
x> +ajx,y’ + x?). (When a; = a, = 0, f has an A-singularity of type I;:;, see [21].) The
critical set is given by y(4x — 3y(3x*> + a;)) = 0 and is the union of two transverse curves.
The image of the curve y = 0 is the A,-versal family (x> + a;x, x*) of a cusp curve (Figure
6, thick curve). The image of the other branch is a cusp when a; = 0, and when a; # 0, we
write y = 4x/(3(3x% + a;)) so its image can be parametrised by

16 x? 64 x? 5

e ——— 3 e —
oG rap X TNt Gy T

A short calculation shows that it has always a cusp singularity near the origin for all values
of a; # 0 near zero. The origin is a Type 2 singularity for any a; # 0; see Figure 6.

(

Fig.6. Bifurcations in generic 1-parameter families of the proper apparent
contour (thin) and of the projection of the singular set (thick) of M at an
xA-singularity of Type 5.

e Type 6: The versal family g = (v + ° + au’ + ayu, w + u) gives h(x,y) = P+ X+
a)x> + ayx,y® + x*) (which has a singularity of A-type Ié% at a; = ap = 0). The critical set
is given by y(4x — 3y(a; + 3a,x* + 5x*)) = 0 and consists of two transverse curves for any
(a1, ay) near the origin. The image of y = 0 is the A,-versal family (X + arx® + ayx, x%) of
the ramphoid cusp curve. The .A.-deformations in this family are obtained in [13, 25] and
are as in Figure 7, thick curves. One can show that there are no other local or multi-local
singularities appearing in the deformation.
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Fig.7. Stratification of the parameter space (central figure) and bifurcations
in generic 2-parameter families of the proper apparent contour (thin) and of
the projection of the singular set (thick) of M at an x.4-singularity of Type
6.

e Type 7: The versal family (v + au® + u*, w + uv + bu® + cu* + dw’ + eu® + aru® + ayu)
gives h(x,y) = (y* + ax®> = x*, y* + xy? + bx® + cx* + dx> + ex® + a,x® + a;x) (which has
a non-simple corank 2 singularity when a; = a, = 0; these are yet to be classified). We
shall stratify the parameter space (a;, a,) near the origin by the loci of codimension 2,1,0
local and multi-local singularities of /. The stratification depends on the five moduli of g7 in
Table 2. However, as shown by the calculations below, the configuration of the strata (up to
homeomorphism R?,0 — R?,0) depends only on the two moduli a and . We also obtain a
(partial) stratification of the (a, b) plane into strata where the configuration of the bifurcation
set of /1 is constant.

The singular set of 4 is given by

y (a1 +2a,x — (2a — 3b)x* = 3axy + y* + dex® + (5d F 4)dx* F 6yx’ + 6ex5) =0.

It consists of the singular set of the cuspidal edge y = 0 and another component given by the
function

S @ran(Xy) = ai + 2arx — 2a — 3b)x* = 3axy + y* + 4ex’ + (5d F 4)dx* F 6yx® + 6ex’.
The image of y = 0 gives an .A.-versal family
(ax2 + X b +ext +dX +ex® + azx2 +apx)

of a cusp curve. (We require a # 0 and b # 0 which are also conditions for finite determinacy
of the germ g7 in Table 2. We observe that we get a self-intersection in the image of y = 0 if
and only if a;b < 0.)
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a

1 tacnode curve

3 tacnode curves

3 swallowtail ! 1 swallowtail
curves curve

Fig.8. A (partial) stratification of the (a, b)-plane.

The lips/beaks stratum
The function S (4, 4,)(%, y) has a Morse singularity at the origin if and only if 9a* +8a—12b #
0. We obtain a stratum in the (a, b)-plane given by the curve

(3) 94> + 8a — 12b = 0,

where the singularity of S ) is more degenerate. The parabola (3) splits the (a, b)-plane
into two regions. For (a, b) inside (resp. outside) the parabola, we have a birth of a lips (resp.
beaks) singularity on one of the regular sheets of the cuspidal edge (see Figure 8). We call
the singularities of Type 7 lips (resp. beaks) type if lips (resp. beaks) singularities appear in
its bifurcations.

The lips/beaks stratum in the (ai, a;)-parameter space is given by the set of parameters
(ai, ap) for which there exists (x, y) near the origin such that S 4, 4,)(x, ¥) = 0 and the function
S (a,.4,) has a Morse singularity at (x,y). Eliminating variables, we find that the lips/beaks
stratum is a regular curve parametrised by

4
9a2 + 8a — 12b

where O3 (here and in the rest of the paper) is a family of smooth functions in a, depending
smoothly on a, b, ¢, d, e and has a zero 2-jet as a function in a,.

“) a, = @ + 05,

Swallowtail stratum
Using the recognition criteria in [22], we find the stratum where swallowtail singularities
occur is given by

43a*> + (3b — 4a)a — ) 2
5 - 0.
) N @+ 2b—aa-atay 2T

where a is a solution of the cubic equation

P(@) = 2(a - b)a® = 3d’* - a® = 0.

The discriminant of P is 6p = a® + (a — b)>. It is a cusp curve tangent to the lips/beaks
parabola at (—‘9—‘, —%) where both curves have a horizontal tangent (dotted curve in Figure
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8). There are thus three swallowtail curves in the bifurcation set of 4 for (a, b) inside the
cusp curve 0p = 0 and one swallowtail curve for (a, b) outside this curve (see Figure 8). In
particular, when lips singularities occur on the profile, only one swallowtail curve is present
in the bifurcation set of 2. From (5) we have two additional strata in the (a, b) plane given
as follows:

(i) the swallowtail curve is inflectional, so « is also a root of 3a*> + (3b — 4a)a — o>.
Calculating the resultant of this polynomial and P we get 243a* + 4(4a — 3b)* = 0 (gray
curve in Figure 8).

(ii) the swallowtail curve is singular, so « is also a root of @ +2(b—a)a —a’a. Calculating
the resultant of this polynomial and P we get a*(a® + (a — b)*)> = 0, which gives curves that
are already present in the stratification.

Type 3 singularities stratum

These occur when S (4, 4,) = 0 is tangent to y = 0. This occurs when

1

" 3b-2a
Here we require 3b — 2a # 0, so we have another stratum in the (a, b)-plane given by

3b — 2a = 0. This is precisely the tangent line to the lips/beaks stratum at the origin.

ap a + 0s.

Type 5 singularities stratum
These occur when the image of the singular set /(0, y) is singular, and this happens when
a; = 0 (for any value of the moduli).

The above strata exhaust all the possible codimension 1 local singularities that can occur
in h. We turn now to the multi-local singularities.

Douple point + fold stratum

Here a proper profile passes through the point of self-intersection (the double point) of the
image of the singular set of the cuspidal edge. Thus we have h(x;,0) = h(x,0) for some
X1 # X2, S (a1.40)(%, y) = 0 and h(x1,0) = h(x,y).

From h(x;,0) = h(x,0) we get x, = —x; and a; + bx} + dx} = 0, s0 a; = —bx} — dx].
We have now a system of five equations S (cbmdit (X y) = 0 and i(x;,0) = h(x,y) in
X1, X, Y,a. A necessary condition for the existence of a solution is a® + (a — b)> > 0 and
a # b. Thus, there are no “douple point + fold” singularities for (a, b) inside the cusp
Sp = @ + (a — b)*> = 0 where 3 swallowtail curves appear. When a® - (a-b)? <0,
calculations show that the “douple point + fold” stratum is a regular curve parametrised by

Double point + Type 2 stratum

We have a double point on the image of the singular set of the cuspidal edge and a fold
tangent to one of its branches at the double point. Thus A(x1, 0) = h(x,, 0) for some x, = —x;
(from above stratum) and S (4, 4,)(x1,0) = 0 (or S (4, 4,)(—x1,0) = 0). The stratum is again a
regular curve parametrised by

2
a, + 0.

ay =

(a-b)?
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Type 2 + fold stratum
Here we a have a Type 2 singularity together with another piece of the proper profile in-
tersecting the two tangential curves transversally. Thus, we have a Type 2 singularity at
(x,0) and there exists (x1,y1), with y; # 0 such that § 4, 4,)(x,0) = S(4,4,)(x1,y1) = 0 and
h(x,0) = h(x1, y1).

This stratum consists of 1 or 3 regular curves depending on whether the polynomial

0 = (@ + (a - b)) =3 + (a— b))% +3(a - b)*A + 4a® — (a - b)*

has 1 or 3 roots. The discriminant of Q is —108a%(a — b)*(a® + (a — b)?). In particular, we
have 1 (resp. 3) regular curves if and only if the swallowtail stratum consists of 1 (resp. 3)
regular curve(s).

The initial part of the parametrisation of the curve(s) is

4 - 1)((3b - 3a)A> — Bap + 3b — 2a)A + a)
= a, + 03,
((3b — 3a)A% — 3aud — 3b + 3a)?

with u = —4/a(1 — 2?) and A a root of the polynomial Q.

Triple point stratum

We have three pieces of the proper apparent contour intersecting transversally at a given
point, so we need to solve h(xy, y1) = h(x2,y2) = h(x3,y3) in (a1, az), with (x;, y;) # (xj,y;)
for i # j. The stratum is empty in the examples in Figures 9, 10, 11, 12 and consists of a
regular curve in the case of Figure 13. For the general case, the equations are too lengthy to
reproduce here and eliminating variables leads to equations of very high order.

ai

Tacnode stratum
This consists of a multi-local singularity where the proper apparent contour has an ordinary
tangency with the image of the cuspidal curve. The stratum consists of one regular curve if

b > —% and 3 regular curves if b < —24—7 (and ab # 0) parametrised by

= (—ad* + 2623 + (au + 2a = 3b)A> —ap — a + b)(A - 1)? 210
" -a)B - au? + Bap +3a - 3b)A - 2ap +2b—2a)2 2

with A a solution of

(@ = @+DHVP +BP +40> = (a - b))V +Ba® =3* +(a+b)H)A+d> +(a-b)* =0

and u = —/—a(1 — 22).
Cusp + fold

We have a cusp on the proper apparent contour on the image of the singular set of the
cuspidal edge. Here we get two regular curves given by

_43a®+Bb-4aB-BP , 40
O @+2b-ap-appR 2T

with S one of the two real roots of

ai

3a° —4d’(a — b)B + 68%a* — 12d%(a — b)B® + (4(a — b)* — a*)B*.

We draw in Figures 9, 10, 11 three possibilities for the bifurcations of the proper apparent
contour and of the projections of the singular set for the lips Type 7 singularity. Figures 12,
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13 are for the bifurcations of a beaks Type 7 singularity with one figure having one swal-
lowtail stratum and the other 3 swallowtail strata. As Figure 8 shows, there are various open
strata in the (a, b)-plane and in each stratum we have distinct bifurcations of the apparent
contour. We observe that the stratification in Figure 8 is a partial one as we have not in-
cluded, for instance, where the various curves in the stratification of the (a;, a;)-plane are
inflectional nor where their relative position changes. Figures 9-13 and Figure 8 show the
richness of the extrinsic differential geometry of the cuspidal edge. O

REMARK 4.6. In the calculations in the proof of Theorem 4.5 for the Type 7 singularity,
we eliminate variables using resultant (using Maple) until we get get an equation g = 0
involving only two variables. The function germ g is finitely R-determined and has a well
understood singularity (in the cases involved), so we can deduce the smooth structure of
g = 0 and, in particular, the number of its branches and the initial parametrisation of each
branch. We reverse the process until we get the initial part of the local parametrisation of
the desired stratum.

Finally, we consider geometric criteria for recognition of the generic singularities of the
orthogonal projections of the cuspidal edge M. We denote by TC, M the tangent cone to M
at a point p on the singular set X and by v,, the tangential direction at p.

Proposition 4.7. For a generic cuspidal edge, the projection Py can have one of the local
singularities in Table 2 and these occur at a point p € X when the following geometric
conditions are satisfied.

(1) If v is transverse to the tangent cone TC,M, then Py has a singularity of Type 1.

(i1) If k,(p) # O, for all directions in TC,M \ {v,} except for one v, the singularity of
Py is of Type 2. The singularity of Py, is of Type 3 at generic points on X and becomes of
Type 4 at isolated points on X. The two types Type 3 and Type 4 are distinguished by the
contact of the proper contour generator with X, two for Type 3 and three for Type 4.

If k,(p) = 0 but k(p) # 0O, the singularity of Py is of Type 2 for all v e TC,M \ {v,,}. If
kn(p) = ki(p) = 0, the singularity of Py is of Type 3 for all v e TC,M \ {v,,} except for one
direction where it becomes of Type 4.

(iii) The singularity of Py, is of Type 5 if ts(p)ka(p) # O, generically of Type 6 if Tx(p) =
0 and k,(p) # 0, and generically of Type 7 if k,(p) = 0.

Proof. Following the transversality theorem in the Appendix of [8], for a generic cuspidal
edge only singularities of x.4,.-codimension < 2 (of the stratum) occur in the projection Py
(i.e., those listed in Table 2).

The kernel direction of (dPy), is parallel to the direction of projection v. The relative
position of the kernel direction with respect to the tangent cone and the tangential direction
is invariant under diffeomorphism, so can be considered on a submersion g on the model
X. It follows from the classification in the proof of Theorem 4.3, that g has a singularity
of Type 1 at p when the kernel direction of dg, is transverse to the tangent cone 7C,X, a
singularity of Type 2,3,4 if the kernel direction is in 7C,X but is not the tangential direction
at p, and of Type 5,6,7 if the kernel direction is parallel to the tangential direction.

We take the cuspidal edge parametrised as in (1). Suppose that v = («,5,0) € TC,M
with a? + 82 = 1 and take p to be the origin. Consider the projection IT(u,v,w) = ((1 —
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a@®)u — afv, —aPu + (1 — %), w). By rotating the plane of projection TyS? to the plane u = 0
and rescaling we get Iy (u, v, w) ~, 4 (Bu — av, w). We shall modify the family of projections
and take Iy (u, v, w) = (Bu — av, w).

Suppose that v # v, (i.e., B # 0; we can then set § = 1). Following the proof of Theorem
4.5, the singularities of Type 2, 3 and 4 are distinguished by the contact of the proper contour
generator with the singular set £. We have

1
Py(x,y) = (@x = (@(x) + 57, b1(0) + 5*ba(x) + y ba(x, ).
The singular set of Py is given by yS,(x,y) = 0 with

So(x,y) = (aby +bp)x + 3bpy+
+(3absg + by — @axbin)x* + 3(biz — aaxby)xy + 3abiy’+
+a(3bso — Fasobiz — axbn)x® — $(asobos + 2axb13)x*y + abyxy’+
+gabizy’ + 0(4).

The singular set S, = 0 is transverse to X unless abyy + b1p = 0. If byg = k,(p) # 0,
then there is a unique direction vy parallel to (—b12, byy,0) where transversality fails (so
a = ag = —b12/by). The singular set S, = 0 has contact of order 2 with X at the origin if
2b%26120 — bi2bsg + 2bynbyg # 0. The contact is of order 3 if 2]9%2612() — b1absg + 2bnbyy = 0
and ao(3ba — azobiz — azbxn) # 0.

Suppose now that by = k,(p) = 0. Then transversality of S, with X fails if and only if
b1 = k,(p) = 0. In this case the singularity of Py is of Type 3 unless @ = ag = —2by,/b30,
where it becomes of Type 4.

When v # v, = (1,0,0), we have Py, (x,y) = (a(x) + 35, b1 (x) + y*br(x) + y*b3(x, y))
and its critical set is given by ySy, (x,y) = 0 with

1 1 1
Sy, (X, y) = —=bx + (b12az — 51730))62 + zazobmxy - Eblzyz + 0(3).

From the proof of Theorem 4.5, the singularity of Py, is of Type 5 (resp. Type 6) if
Sy, = 0is a regular curve and the image of X by Py, is an ordinary (resp. ramphoid)
cusp. Now Xy is a regular curve if and only if byy = k,(p) # 0. The image of X is
Py, (x,0) = (a(x), b1(x)). It has an ordinary cusp if and only if b3pazy — azoba # 0, that is
7s(p) # 0. When 75(p) = 0, the singularity is generically a ramphoid cusp. When b,y = 0,
Sy,, 18 singular so we have generically a singularity of Type 7. m|
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