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Abstract
In this paper we show that stochastic differential equatiovith jumps and
non-Lipschitz coefficients haves (W, Np)-pathwise unique strong solutions by the
Euler—Maruyama approximation. Moreover, the Euler—Maruyatisaretisation has
an optimal strong convergence rate.

1. Introduction

Consider the following stochastic differential equati@DE) with jumps inRY:

@ Y =é+/0t b(s, Ys) o|s+/ot (s, Ye) dWS+/Ot+ f(s, Yo, u)Np(ds du),

Uo

whereb: R, xR% — RY, o: R, x RY > R>™ f: R, x RY x U — RY, are Borel
measurable functiongW,;, t = 0} is an m-dimensional standard Brownian motion de-
fined on some complete filtered probability spa€e F, {Fi}i=0, P) and {p, t = 0}

is a stationary Poisson point process of the class (quascdetinuous) defined on
(Q, F, {F}t=0, P) with values inU and characteristic measurg £ is an R%-valued
Fo-measurable square integrable random variable. Heie a o-finite measure de-
fined on a measurable normed spatg &) with the norm|| - |y. Fix Ug € U with
v(U — Ug) < oo and fU0||u||u2Jv(du) < 0o. Let Np((0, t], du) be the counting measure
of py such thatEN,((0, t], A) = tv(A) for A €Y. Denote

Np((0, t], du) := Np((0, t], du) — tu(du),

the compensator ofy.

In this paper, we study existence and uniqueness of sotutmfquation (1) under
non-Lipschitz conditions. Firstly, introduce some corisepGiven W and N, on a
probability space, we recall that a strong solution to Eigmafl) is a cadlag process
Y which is adapted to the filtration generated Wyand N, and satisfies Equation (1).
A weak solution of Equation (1) is a tripler{W, Np) on a filtered probability space
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(2, F, {Ft}t=0, P) such thaty; is adapted taF;, W, and Np((0, t], du) are F;-Wiener
process andF-Poisson process, respectively, an] \(V, Np) solves Equation (1). We
say that £, W, Np)-pathwise uniqueness holds for Equation (1) if for any réte prob-
ability space Q', F',{F}i=0, P’) carrying&’, W and Ny such that the joint distribution
of (¢, W, Np) is the same as that of the givel, W, N;), Equation (1) withg’, W’
and Ny instead oft, W and N, cannot have more than one weak solution.

Let us recall some recent results. By Euler—Maruyama appration, Skorokhod
[12] proved that Equation (1) has a weak solution. And by dimcepproximation
of the coefficients, Situ [11, Theorem 175, p.147] showed tBquation (1) has a
weak solution. However, by successive approximation Caoahkd Zhang [2] obtained
that Equation (1) has a pathwise unique strong solution.e ke use the Skorokhod
weak convergence technique and Lemma 1.1 in [3] to show thatktion (1) has a
(¢, W, Np)-pathwise unique strong solution. Our approach is vergelm spirit to the
Yamada—Watanabe theorem. As we know, it seems the first tinghdw solutions to
stochastic differential equations with jumps by the method

Next assume the following non-Lipschitz conditions for Btjon (1): for all
(t,x,y) e Ry xRY x RY,

(Hp) [b(t, x) — b(t, V) < A(t)Ix — ylra(lx = yI),

where| - | stands for Euclidean norm iRY,

(Ho) lo(t, X) = o (t, YIZ < A(1)1x = yPea(lx = 1),

where || - || is the Hilbert—Schmidt norm fronR™ to RY,

(H}) /U £t %, u) = f(t, y, W)[Pu(du) < At)x — yIP (X = yl),
0

holds for p’ = 2 and 4,
(H?) t|1i2~.0/m0|f(t+h,x, u) — f(t, x, u)2v(du) = O,
)
(How.1) [ (|b(t, 0% + ot O + [ 110 u)|2v(du)) dt < oo,

for any T > 0, wherei(t) > 0 is locally square integrable ang is a positive contin-
uous function, bounded on [&p) and satisfying

. Ki (X) _
) leig logx~1
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REMARK 1.1. In [2]b, o, f satisfy forx, y € D(R,, RY)

Ib(t, x) — b(t, y)|2 + |lo(t, X) —o(t, y)||? +/U | (t, x, u) — f(t,y, u)|?v(du)

(3 °

<Aty (suqxr —yrlz).
r<t

and

T
2 2 2
/o (|b(t, 0)“ + |o(t, 0)]~ + [U0| f(t, 0,u)] v(du)) dt < oo,

forany T > 0, wherey: R, — R, is concave nondecreasing continuous function such
that ¥(0) = 0 and fo+(1/y(u)) du = oo, and D(R., RY) stands for the space of all
cadlag mappings fronR., to RY.

Comparing our conditions with (3), one will find that in ournzlitions the modu-
lus of continuity forb in x is different from that foro, which is convenient to control.
In Section 4, we give an example to demonstrate it. Besioles,and f do not depend
on all the path but only on the value &t Therefore, our conditions are more general.

One of our aims is to prove the following result.

Theorem 1.2. Suppose thatlimU < oo and the coefficients,br and f satisfy
(Hp), (Hy), (H%), (Hzf) and (Hp, ). ThenEquation (1)has a (&, W, Np)-pathwise
unique strong solution.

To prove Theorem 1.2, we construct the Euler—Maruyama appedion Y" for the
solution of Equation (1). In [6], Higham and Kloeden also stoacted the Euler—
Maruyama approximation of the solution to Equation (1) armhsd the Euler—Maruyama
discretisation has a strong convergence order of one haliveMer, they required thdit
satisfies a one-sided Lipschitz condition an@nd f satisfy global Lipschitz conditions.
Our other aim is to prove that under our non-Lipschitz cdodg the Euler—Maruyama
discretisation still has a strong convergence order of @iie h

We shall also consider the more general equation

t t t+
Xy =&+ [ b(s, Xs) ds + / o(s, Xs) dWs + / f(s, Xs, u)Np(ds du)
0 0 0o Ju,

(4) t+
+ /O\ /{[\J_UO g(S! XS*! u)Np(dS du)’

whereg: R, x RY x U — RY is a Borel measurable function.

In Section 3 we show Equation (4) has& v, Np)-pathwise unique strong solu-
tion. In Section 4 an example is given to illustrate our resBection 5 is Appendix
to justify some conditions.
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Throughout the pape€ with or without indices will denote different positive con-
stants (depending on the indices) whose values are not fergor

2. Proof of Theorem 1.2

Before proceeding to our proof, we first prepare a crucialniem

Lemma 2.1. Under (Hy), (H,) and (H%), pathwise uniqueness holds f&qua-
tion (1).

Proof. Consider any filtered probability spac®, (F, { Fi}i=0, P) carrying &, W
and Ng such that the joint distribution ofE(W, Nj;) is the same as that of the given
(8, W, Np). Assume thatv!, Y2 are two weak solutions to Equation (1) with W and
N; instead ofé, W and Np. SetZ; := Y} —Y?Z. Then

t t
Z = / (b(s, Y3) — b(s, Y2)) ds + / (0(s, YD) = a(s, Y2)) dWs
0 0
t+ .
+/ (f(s, Y2, u)— f(s, Y2, u))Np(ds du).
0 Uo

By I1t6's formula we have that

1Ze)? =: AL+ ME+ AZ + MY + A3,

where
t
Al=2%" f Zy(b'(s, ) — b'(s, Y2)) ds,
; 0
I
t
ME =23 [ 26 ) - o' (s Y2 oV,
ij
t
A= / o (s, Y2) — o (s, Y2 s,
0
t+ v
M¢ =/0 (1Zs- + f(s Yo, u) = f(s, Y2, )I” = |Zs-[) Ns(ds du),
Uo
t+
w=] (lzs 1 YE )= (s Y2 - 12
0 Uo

—2) ZL (f'(s, Y&, u)— fi(s, Y2, u))) v(du) ds.
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For Al, AZ and A%, by (Hp), (H,), (H}) and Taylor's formula it holds that

E(supmﬁ)w(sup|Af|)+E(sup|A?|)
te[0,T] te[0,T] te[0, T]
T T
<2E / 1221066, ¥2) = (s, YAl ds + B [ Jo(s. ¥2) - (s, V2 2 o5
0
—HE//H(S L) — (s, Y2, u)[2v(du) ds
Uo
}
<2E / M9 ZsPrr(|Ze]) ds + E / 19 ZsPrcal1Zo]) ds
0 0
T
L E / 19 ZsPrca(1Z6]) ds
0

g
<CE [ 9p (12 ds
0

‘
<c [ xom (E( sup |zu|2)) ds,
0 uel0,s]

where

xlogx~2, 0<x<n,

Po(X) = {(Iog ni—1x+n x>n,

for 0 < n < 1/e.
Using H,), Burkholder’s inequality and Young's inequality givesath

T 1/2
E( sup IMEI) < CE( [ 1Z4Plo(s, YA o s, Y3)|2ds)
0

te[0,T]

T 1/2
< CE SUIOIZsIZ/0 IIU(S,Ysl)—U(S,YsZ)IIZdS)

s€[0,T]

s€[0,T]

;
sup |ZS|2) + C/ A(S) oy (]E( sup |Zu|2)) ds
s€[0,T] uel0,s]

E

-l>||—\ -bll—‘

(
]E( sup |Zs|2) + CE /(;T A(8) py(1Zs)?) ds
<3l
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By (Hlf), Burkholder’s inequality, Young's inequality and the meealue theorem
we obtain that

& ( sup|m)
te[0,T]
T+ 12
<C]E(/ (1Zs- + f(s, YE, u)— f(s, Y2, u)?>— |ZS|2)2NF~)(dsdu))
Uo
T+
sCIE(/ |Zs_ 2| f(s, Y2, u)— f(s, Y2, u)|>N 5(ds du)
0o Ju
T+ 1/2
+/ |f(s Lu) - f(s, Y2, u)|4N,~)(dsdu))
0

1/2

T+
C]E(/ |Zs | | f(s, Yo, u)— f(s, Yszvu)|2N,~)(dsdu))
! 1/2
+C]E(/ +/ |f(s, Y2, u)— f(s Y2, U)|4N,~)(dsdu))
Uo

T+ 1/2
< CIE( sup |Zs_|2/ |f(s L u)— f(s, Y2, ) Np(dsdu))

s€[0,T]
T+ (s, YL, u)— f(s Y2, u) 12
—I—C]E( sup | Zs_ |2/ / Al ) 2( 5 Yl I{ZS¢0}N5(dsdu))
s€[0,T] Ug |Zsf|

< 28( sup|zaf) + f o (B (sup|z ?))es
s€[0,T] uel0,s]

The above estimates give that

.
( sup |Zt|2) < C/ A(s)pn(lE( sup|Zu|2)) ds.
te[0,T] ue[0,s]

Applying Lemma 3.6 in [8] yields the conclusion. ]
We now give

Proof of Theorem 1.2. We divide the proof into four steps.
Step 1. We define two processes.
Let

O=tl <t <tf < - <t <ty <.+

be a sequence of partitions &, such that for everylT > 0

sup (", —t") —0

it
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asn — oco. We define the Euler—Maruyama approximation as the procgyssatisfying

t t
Y =&+ / b(s, Yiq(s) ds + / (8, Yig(g) dWs
5) to+ ?
n / / £(s, Y, 1) Nip(dls du),
0 Up

wherekq(s) :=t" for s e [t", t", ,).

Set
t+ - t+
G ::/ / uNp(dsdu)+/ / uNp(ds du).
0 Uo 0 U-Ug

STEP 2. \We obtain some sequences.

Now take two subsequencd¥'}, {Y™} of the approximation{Y"}. To four se-
quences of processé¥'}, {Y™}, (W"; W" =W} and {¢"; ¢" = ¢} on (Q, F, P), by
Appendix and [12, Corollary 2, p.13] there exist subsegashgj), m(j), a probabil-
ity space 2, F, P), carrying B([0, T]) x F-measurable sequenc¥s!), YN, Wi and
1, whereB([0, T]) denotes Boreb-algebra on [0T], such that for every positive in-
teger j finite dimensional distributions off{®), YM) Wi, i) and /'), Y™, W, ¢)
coincide, and for any € [0, T]

YW v, W W,
?{n(j) - Y, Etj - Et.
in probability asj — co, whereY, Y, W and ¢ are someB([0, T]) x F-measurable

stochastic processes. By [12, Lemma 4, p.65] and [11, Rert28k p. 94] there exist
Poisson point processg$'} and p such that

Npi (ds du) = Ngi(ds du) — v(du) ds,
Np(ds du) = Np(ds du) — v(du) ds,

N t+ B t+
¢ :=/ / uNﬁJ(dsdu)—k/ / U N (ds du),
0 Uo 0 U—-Up

. t+ " t+
Gt ::/ / uNp(ds du) +/ / uNp(ds du).
0 Uo 0 U-Ug

A= o (YD, WL, Ngi((0, 8], du), s < t),
Fii= o(Ys, Ws, Np((0, 8], du), s < t).

Set

Then for everyj, (\/A\/tj, Ni ((0, ], du), ]:'tj) and W N;((0,t], du), f}) are Wiener pro-
cesses and Poisson processes.
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STEP 3. We show thaty satisfies Equation (1).
{\?'t(”} satisfies the following equation

VIO YD) /b(s Y'(J)(S))ds—Ir/ a(s, V) o) aWl

(6) t+ 5
/ / f(s, Y'kfj)(s), u) N (ds du).
By (15),
]fﬂ( sup|\?'t(”|2) = IE( sup |Yt'(”|2) <Cr.
0<t<T O<t<T
BecauseY'“) converges toY; in probability for everyt, we can choose a subsequence

which is denoted by(j) again, such that P-a.s. as— oo
YO S, t=r,k=1,2,...,

where{ry, k=1, 2,...} C [0, T] are rational numbers in [(0;]. By Fatou’s lemma, it
holds that
)

Iﬁ:( Sup |?t|2) = ]E(Suld\?rklz) < E(sup{lim i
O<t<T Kk K |i—o0

< liminf ﬁ(sum?'w) = lim inf 1@( sup |Y'<”|2)
]—o00 Kk j—00

O<t<T

< Cr.

Thus it follows from Chebyshev’s inequality that

Jim P{ sup |YL.J)(3)| > N} < lim I5{ sup Y| > N} =0,
M N—oc

N—o00 0<s<T 0<s<T

lim I5{ sup |Ys_ | > N} < lim I5{ sup |Ys| > N} =0.

N—o0 0<s<T —>o0 0<s<T

Therefore for anye > 0 there exists @ such that

| &
{ suplka(”)(s)| > N} { sup |Ys| > N} <3

0<ss<T 0ss<T

If we prove for anys > 0

t
/ b(s, V) ) ds— /0 b(s, Ys)ds

)
>— 0 <=
3

7) PJ1 1
( ) SURJ<3<T‘Y|<|()(S)|<N SURy<s<r [Vs|<N
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1) e
>—¢<—,
3 6
1) e
>—5 <=,
3 6

t ) t+ -
/ b(s, V! ) ds + /O (s, Vi) o) AW + / / f(s, Vi > W) N (ds du)

t
/ (s, Y o) WL — /0 o (s, Ys)dWs
/ / f(svh()(s),u)Np,-(dsdu)

t+ -
— / f(s,Ys—,u)Np(dsdu)
0 Uo

(8) P {1SUR><S<T IVLE?)(S) <N ]‘sup)<S<T [Ys|<N

Pl1 1
SUR<s<T |Yk|(J)(5) |sN SUR<s<T |Y5\< N

©)

then

t
N b(s, Ys) ds + / o (s, Ys) dWs + / f(s, Ys_, u) Np(ds du)
0 0 0 Ju,

in probability. Taking the limit in (6) aj — oo, one sees thaY satisfies Equation (1).
Making use of Hy) and H,) and the convergence O?ﬂ(” and\f\ltj to Y; and W,
respectively, we can, by the same way to the proof of the #raeasf Section 3, Chap-
ter 2 in [12], show that (7) and (8) hold.
To (9), we insert a stochastic integrﬁ}+ U f(s, Vs, U)Nﬁj (dsdu) (adapted to the

filtration (F)i=0) and obtain

t+ ) B
/O / f(s, Vi o) )N (ds du)
Uo

t+
- / f(s, Yo_, u) Np(ds du)
0 Uo

P { 15UR)<5<T \\A(L(Ig)(s) <N 1supJSSg [Ys|<N

)
y
3

t+ B
/ / f(s, ka(s), u) N (ds du)
8}
> 2
6

t+
- / f(s, Ys_, u)Ny (ds du)
0 Uo
o
> [—
6

t+ ~
/ / f(s, Ys—, U)Ng (ds du)
0 Uo
For I, by Chebyshev’s inequality and Burkholder’s inequality algain that

=B
=P {1SUR)<5<‘ ‘Ykl( )(s)‘<N lSUFb<s<1|st|<N

A

+P { 15URJSSst Még)(s) I<N lSUFbssst Vs-I<N

t+
- / f(s, Ys_, u) Np(ds du)
0 Uo

=:11+ Io.

36, 17) o 2
I1 < ?ElsuRqulYk'()(s)‘<N15uR)<s<t‘st‘<N / / (s, Yk‘j)(s), u) — f(s, Ys_, U)|“v(du) ds.
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We claim that for everys € [0, t]

i) u) — f(s, Y, U)[2v(du) — O

1SUR]<5<t‘YkI(J)(S)‘<N1SUR)<S<t|YS’|<N / & Ykl()(S)’

in probability asj — oo. In fact, for anyn > 0

A () v, 2
P{lsumsqwh)xs)<N1sun><s<tvs<N/ IS Yiggyio W = TS, Yoo, W)v(du) > "}

<Plloon v 1 i 1 ,
=~ { D Ve |<h SURJssst\Yk(,J(})(s)KN SUR<s<t|Ys-|<N

ki(j)©)

/ I(s, Y'kf(’))(s), — f(s, Ys, U)|2v(du) > n}
+ PV g = Ys | > ).

Take a small enough > 0 and then byf(llf) the claim is justified. Thus by dominated
convergence theorem it holds that< ¢/12.
1)
> —
18

To I,, we calculate. For any > 0,
t+ n ~
/ / f(s,Ys_,u)Np(dsdu)
0 JUoN{0<|lullv<e}
t+ R _ EY
/ / f(s,Ys—,u)Np(dsdu) >—}
o Junio<july <) 18
t+ N _
/ / (s, Ys—,u)Np (dsdu)
0 JUoN{|lullv=e}
5)
>_
18

t+
- / / f (s, Ys_,u)Np(dsdu)
0 JUoN{llullu=e}

<P " 5
l<P {1sufbssst|YL58)(s)<N 1sun)ss$t [Ys-|<N

Pl1 1 .
+ SUR<s<t ‘Ykm)(s) |<N TSUpcs<tYs-I<N

+P { 15uRusssx ‘YAL(IJ.(;)(S) |<N lsufbssg Vs-I<N

=121+ 122+ l2a.
And by Chebyshev’s inequality and Burkholder’s inequality

l21+ 122

18 t+
<2. E1 1 f(s, Ys, U)|?v(du) ds.
( 8 ) SUR)<S<I|YI<|( )(S)l N 5u’b<s<t‘YS—‘ N / x/Uoﬂ{O<|Ullu<Q}| ( S )| ( )

<N fS’L onﬂ{o<‘|U”U<Q}|f(s, Ys_, u)l2v(du)ds < oo, by Fubini's

BecauseEly,, v, |<

theorem

t+
Ry [£(5, Yaru W20(cli) ds
o 0 JUeN{0<|luflu <o}

t+
_ / (IE / Lo el G5, YS_,u)|2ds)v(du).
UoN{0<|ully <o} 0 o
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Noting {0 < |juljy < o} | @ for o | O, by absolute continuity of the Lebesgue integral
one can take a small enough> 0 such thatly; + I, < ¢/24.

Finally, we treatl,s. Consider the partition sequence ont[0,0 =t} <t! <--- <
th =t, such that lim_. max(t{,; —t) = 0.

<P - .
l23 < P{lsu[;bssSdkaj(;)(S)lesUR)SSStYSsN

t+
/ / f(s, Ys, u) Npi (ds du)
0 JUoN{llully=e}

g, S
- Z / / f (ka(S), Yia(s)» U) Npi(ds du)
k=0 Y& UoN{fullu=e}

8
>_
54

A

+ "{ L 190 N Lot 9o <

L Y . _
Z / / f (K(S), Yks(s)» U) Npi (ds du)
k=0 k& UoN{|ullv =0}

8
>_
54

S o
- Z / / f(ka(S), Yia(s)» U) Np(ds du)
k=0 Y& UoN{[ullu=e}

A

+P { 1surb$s$1 |?lk(|l(?>(s) I<N 15“R)ssst Vs |<N

L R ~
Z / / f(ka(S), Yk (s), U) Np(ds du)
k=0 Yt UoN{[uu=e}

t+ R _ 5
—/ / f(s, Ys—, U)Np(dsdu)| > —
0 JUoN{llullu=o} 54

54
. n-1 A
f(s Yo, )= Y F(Ka(S), Yie: Wl ()
k=0

2
<2.(2Z " 1 )
= ( k) ) SUFbsssthj,J(?)(s)KN SUR<s<t|Ys—|<N

[
0 JUoN{|lullu=e}

+P { lsuR)SSSI leig)(s) [<N 15“%@@ [Vs_|<N

n-1
k=0

2
v(du) ds

0 A
/ ) / f(Ka(S), k(s U) Ngi (ds du)
tf  JUoN{lulluze)

s
> — r.
54

tkﬁ+1 R
- / [ f(ki(S), Yk (s), U) Np(ds du)
§ UoN{llullu=e}

n
k
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From H?}), (H?) and [12, Lemma 4, p.65] it followsys < £/24.

STEP 4. We show that Equation (1) has &, W, Np)-pathwise unique strong
solution.

In the same way as Step 3 we can prove tfiasatisfies Equation (1). Since the
initial values in both cases are the sam&!{ = YI'W becausey,’) = YW = ¢) and
the joint distribution of the initial valueW and Np coincides with distribution of, W
and Np, by Lemma 2.1 we conclude tha = Y, for all t (a.s.). Hence, by applying
Lemma 1.1 in [3] we obtain thaY," converges in probability to; in (22, F, P). By
the same way as Step 3 it holds thatsatisfies Equation (1).

3. The convergence rate for the Euler—-Maruyama approximatn

In the section we consider the convergence rate for the EMaruyama approxi-
mation {Y"} defined in (5), that is, for a fixed timestept andt” = iAt,

t t
Y =¢& +/ b(s, Vi) ds+/ o (s, Vil (s) dWs
0 0
t+ _
—I—/ / f(S, Yie(s)» U Np(ds du),
o Jup
wherek,(s) = t" for s € [t t, ).
Theorem 3.1. SupposeU = RY and b o and f satisfy those conditions ifihe-

orem 1.2 Moreover b, o are independent of t and (ff, x, u) = fo(X)u, where §(x) is
a real function in x. Then there exists g ¥ 0 such that

E(wpmtww)=omm

0<t<Tp

where QAt) means that QAt)/At is bounded.

Proof. SetH; :=Y{" —Y; and thenH; satisfies the following equation
t t
o= [ B0~ B b+ [ (004 ) — r(¥a) v
0 0
t+ _
0 Uo

By Itd’s formula we obtain that

|Ht|2 =h+ b+ I3+ I+ I,
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where

n=2) [ HIE M - s
— Jo
I
b = ZZ/ He (0" (Y ) — o) (Ye)) AW,
— Jo
i
t
3= [ o0 9) = o (I ds,
t+ -
Iy = / (IHs= + fo(Yi g )u — fo(Ys-)ul? = [Hs_|?) Npp(ds du),
0 Uo
t+
Js = / / (| Hs— + fo(Yie g Ju— fo(Ys )ul* — [Hs_|?
0 Uo
—2) HL (fo(Yi g U — fo(Ys)ui)) v(du) ds.
i

For T > 0 and J;, J and Js, by the same technique as that of dealing with
A? and A? in Lemma 2.1, one can get

IE( sup|J1|) +]E( sup |J3|) +]E( sup |J5|)
O<t<T O<t<T O<t<T
T 2 1 T 2 T 2 n n
<CE A pn([Hs|%) ds + >E A |Hs|" ds + 2E : Py(Yie — Ys 1) ds
T
+CE [ pn((¥ ~ Yo 65
T 1 T
< C/ ,o,,(]E( sup|H,|2)) ds+ = / ]E( sup|H,|2) ds
0 o<r<s 2 Jo o<r<s
T 1/2
+ 2/ pi((]E( sup Y ¢y — Yr”|2)) ) ds
0 Osrs<s
T
+C / Oy (IE( sup Y ) — Yr“|2)) ds,
0 O<rs<s

where Jensen’s inequality is used in the last inequality.
For J;, by the same means as that of dealing wili in Lemma 2.1, we have

1 T
]E( sup|J2|) < —IE( sup |HS|2) +C/ p,,(IE( sup|Hr|2)) ds
0<t<T 4 \oss<T 0 o<r<s
T
+C / pn(]E( sup|Yg ) — Y,”|2)) ds.
0 Osrs<s

(10)

11)
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For J;, by the similar method to that of dealing withl? in Lemma 2.1, one
can obtain

2
( sup |J4|) <3 ( SUp|Hs|2) + C]E( sup [V — Ye )
o<t<T 0<s<T O<s<T

T
+ C/ p,,(]E( sup|Hr|2)) ds
0 0<r<s

Next, fort” < s <t ,, it follows from (5) that

(12)

S S S+ ~
YO = YR+ i b(Y{ ) dr + /t (Y o) AWs + /t fU oYy Ju Np(dr du)

s+ B
t? + b(Yt?)(s—ti“) + cr(Yt?)(WS —Wir) + fol tF)/ /U u Np(dr du).
tin 0
(15) and Burkholder’s inequality admit us to get

IE( sup [V — YS“|2) SC|t|+1—ti”|2+SC]E( sup |ws—vvt|n|2)
th<s<t th<s<t?,;

s+
/ / uNp(drdu)
Uo

(13)

+ 3C]E( sup

tI <s<t"

i+l

< CAt,

where the last constar@@ is independent ofAt.
Combining (10), (11), (12) and (13), we have

1 T
(sup|Ht )<C/ p,,( (sup|H,|2))ds+ / (sup|Hr|Z)ds
O<t<T Osrs<s 2 Osrs<s
1/2
o o2((=( sprvi - ) ) s
0 0<r<s
T
+C/ pn( (suplYk 0~ )) ds
0 Osrs<s

+ C]E( sup Yy g — YS”|2)

Oss<T
.
<C / Oy (IEI( sup|H, |2)) ds + 2T p2(C(At)"/?)
0 osrs<s

+ CTp,(C(A1)?) + CAL.
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By Lemma 2.1 in [13] it holds that

E( sup |Ht|2) < AP-CT)

O<t<T

where A = 2T p3(C(At)?) 4+ CTp,(C(At)?) + CAt. Thus, there exists & > 0
such that

]E( sup Y —Yt|2) = O(At).

0<t<To

The proof is completed. []

4. Existence of a §, W, Np)-pathwise unique strong solution for Equation (4)

Theorem 4.1. SupposalimU < co. Under (Hp), (H,), (H}), (H3) and (Hp, f),
then Equation (4)has a(&, W, Np)-pathwise unique strong solution.

Proof. let D, be the domain ofp; and D = {s € Dy: ps € U — Up}. Since
V(U — Up) < o0, D is a discrete set in () a.s. Seto; <o, <---<op <--- be
the enumeration of all elements . It is easy to see that, is a stopping time for
eachn and lim,_., on = 400 a.s. (We disregard the trivial case ofU — Up) = 0.)

Set

1 = {Yt’ te [01 Ul),
' Yolf + g(gli Yolfy po'l)y t= o1.

The procesg X}, t € [0, 04]} is clearly the unique solution of Equation (4) in the time
interval [0,01]. Next, setF; = Fiia,, Xo = XL, Wi = Wiy, — Way, Pt = Prio, and

&1 = 02 —01. We can determine the proce¥$ on [0,41] with respect tof;, Xo, Wi,
pr in the same way aX!. Define X; by

th, te [0, 0'1],

Xt =10

Xt—al' te [01, 0'2].

It is easy to see thatX;,t € [0,07]} is the unique solution of Equation (4) in the time
interval [0,0,]. Continuing this processX; is determined uniquely in the time interval
[0, on] for every n and henceX; is determined globally. Thus the proof is complete.
O
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5. An example

Let

b@xszUE:wgm,

k=1

o(t, x) := V/At)(1¥%sinx, 2%2sin %, . . ., m~%/2 sinmx),

f(t,x ) = m(z W)uunu,

k=1

Up={uel, |ully <1},
o(t, x,u) =0,

where A(t) is continuous, bounded on (0O, 1] and locally square intdgra Then by
Lemma 3.1 and 4.1 in [1] and the Holder inequality

k1 k>1

< Ca)[x — ylea(Ix = yl),

lo(t, x) —o(t, YIZ =21 ) [sinkx) ;Ss"l(ky)l2
k=1

< () Z sin(kx) ;33ilﬂ(|<)/)l2 <4 Z ISin(k(Xk; y))/2?
k=1 k=1
< CA(t)Ix — yI%Ra(Ix — YI),
and
[ f(t,x,u)— f(t,y, u)|2v(du)

Uo

scMnCS

k=1

; cx(t)(Z |sinkx) ;Bsin(ky)ﬁ) <Z |sin(kx) :3sin(ky)|2)

k=1 k=1

m#wn—gﬁwtz
k3

<Cit) Z |sin(kx) ;3s:in(l<y)|2

k=1

< CA(L)|x — ylPRa(Ix — ),
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where

logx%, 0<x<n,
K1(X) :=
k) |09’7_1—1+£’ X >,

and

logx~* O<xs<n
k() = {(«Iog )2 — (/2)(ogn ) X+ (2 logu ) e
2 s > n.

We takek1(x) := Cki(x) andkz(x) := Cka(x). It is easily justified thaic;(x) and x,(x)
satisfy (2).

Note thatb(t, x) does not satisfy the condition (3) becausexoy < (logx—1)? for
0 < x < n. Thus our result generalizes one in [2] in some sense.

6. Appendix

We show that{Y"}, {W"; W" = W} and {¢"; ¢" = ¢} satisfy conditions in [12,
Corollary 2, p.13], i.e.
0] I|m lim sup P{|n!| > N} =0,
N=00 o<t<T

(i) Vvsé >0, I|m lim sup P{|nd —n| > 38} =0.

0 n—oo ls—t|<h

(14)

Firstly we deal with{Y"}. It holds by Burkholder’s inequality andH¢ ., ) that
T
]E( sup |Yt"|2) <4E|g)? + c/ (1 + IE( sup Y | ))
O<t<T 0 0<s<t
T
<4E|£?+C / (1 + ]E( sup|Y“|2))
0 O<s<t

Gronwall’s inequality gives that

(15) E( sup M”F) <Cr,

0<t<T

where Ct is independent ofi. Then applying Chebyshev’s inequality yields that

lim lim sup P{|Y{"] > N} < Iim lim P{ sup Y| > N}

N—o00 N—o0 o<t<T N—o0 N—o0 o<t<T

1
< lim lim N—IE( sup|Yt”|2)

N—o00 N—o0 o<t<T

< lim isupIE( sup|Yt”|2).
N—oo N2 7y 0<t<T
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Assumet > s and then

t t
Y =Yg = [ b(r, Y ar +/ (1, Yig()) AW
s S

+ /H/ f(r, i ¢y W Np(dr duy).
s Ju,
By (Hp. t), (15) and Burkholder’s inequality we obtain that
E[Y® - YO < Crls—t|,
where Cy is independent ofi. Then for anys > 0,

1
lim lim sup P{Y!—Y"| > 8} <lim lim sup 5—]E|Yn Y2

h—0 n—oo |s—t|<h h—0 n—oo |s— t|<h

< lim sup sup I[<:|Yn Y2

h=0 "n" |s_tj<n 62
By E(SUR<i<7|Wi[?) < 4T andE(|Ws —W;|?) = |s—t| we know that{W, t = 0}
satisfies (14).

Becausev(U — Up) < oo, by Chebyshev’s inequality and Burkholder’s inequality
it holds that

im_sup Pl = N1 < m P{ suplalo = N

N—00 o<t<T 0<t<T
t+ _ N
/ / UNp(dsdu)|| > —}
0 Uo U 2
t+ N
/ / uNp(ds du) > —}
U-Up 2
t+
/ / uNp(ds du) )
Uo

+ fim P{ > 1Pl lo w(p(t) > g}

O<t<T

16 (T 5
im ) Il () s

/A

lim P4 sup
N—oo  lost<T

+ lim P{ sup

N—o00 O<t<T

/A

N—o0 O<t<T

lim —]E( sup

/A
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t+ )
lim sup P{||¢s— ¢llu > 6} < I|m sup P{ uN p(ar du) > —}
=0 s—t|<h h—0 |s—t|<h o 2
t+ EY
+ lim su P{ u Np(dr du > —}
h—>0 |s— t|£)h U-U, ol ) v 2
t+ B 2
<lim su —]E( UNp(dr du )
h—>0 |s— t|£)h 82 Uy p( ) U

+lim sup P{Z D)o L0, (P()) > %}

Tt Is—tish  sor<t

<lim su // ul|z v(du) dr
<fim sup 5 |, Mgy

+ lim sup P{Npy((s, t] x (U — Up)) = 1}

h=0s_t|<h

< lim sup (1 — e st (U-To)),
h*)O |S t|<h

From this we obtain thafs;, t = 0} satisfies (14).
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