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It is the purpose of this paper to discuss the role of the groups H(II, n, IT/, ¢, &)
in the study of the obstruction and classification theorems for mappings of a geometric
complex K into a topological space Y such that

7;(Y)=0 for 0Li<n, n<i<gq, and ¢<i<r<2¢—1,
along the line of Eilenberg-MacLane [3].

As is well-known, the space Y has the invariants ki™€ H?*'(x,, n;n,) and
kT e H™(7,, q; my).” In addition to these, as is shown in §6, there is an invariant
{E5%} which is a coset of H""'(x,, n, 7y, q, K5™; r).

Let K be a geometric complex with subcomplex L and f:K"YL—-Y be a
mapping extensible to a map K?**YL—Y. The third obstruction to the extension of
f is then a coset of H"*'(K, L;r,). This obstruction was treated by N. Shimada
and H. Uehara in some special cases [1].

Our main purpose is the expression of this coset in the general cases, and by an
application we shall explain the allied extension and classification theorems in terms
of our new operators yy, and y. which are introduced is §4. Throughout, we omit
the case n=1.

$1. The maps T(x,, %,).

For any (discrete) abelian groups II, II’, any integers #,q (1<%<gq), and any
cocycle k of Z9 (11, n; II”) we shall introduce an R-complex K(II, =, Il’, g, k) which
is a k-prolongation of K(II, #) in a sence.®

A p-cell of K1, n, 11", q, k) is a pair (@, ¢), where ¢ is a p-cell of K(II, »n),
and ¢ is an element of F,(IT, ¢) subject to the condition;

15 (—1Dig(ri) +h(p)=0 for any map y€ Kgp1(9) .

The internal product of two such p-simplices (¢, ¢), (¢, ¢) is (gog’, ¢po¢’)

where
(gD (@) =¢(@) +¢' (@), (Po¢)(B)=¢(B)+¢ (B
for arbitrary appropriate dimensional maps a, 8. And the p-simplex (¢p.,, tp.q)

which is a pair of the neutral elements determines the unit for this product.

1) For the sake of brevity, we write in the following m,=m,(Y), wq=7q(Y), and w,=m.(Y).
2) Refer. [2].



56 Katuhiko Mi1zuno

The zero subgroup {0} of II determines the subcomplex K(O, n, II, ¢, k&) of
K11, n, IT’, ¢, k) which consists of the simplices of the type (¢, ¢) satisfying

128 (—1)ig(yel, ) =0 for any map y € Ky1i(p),

namely, this subcomplex is isomorphic with K(IT’, ¢).
We wish to classify simplicial maps of a complete semi-simplicial (C.S.S.)

complex K
1. T:K—> KII,n,II',q, k) .
Such a map determines a cocycle and a cochain
2,=T#b,€ Z"(K; 1), x,=T%b,€ CI(K;II")
where b, is the basic cocycle in Z”(I1, #, I, ¢, k; I1) = Z"(1l, n; II) and b, is the
basic cochain in C?(Il, n, IT, ¢, k; II") defined by
0,(8, $)=0(e,), be(d, ¢)=¢(eg) .

Then, it is easily verified that

kT (x,)+0x,=0
where T'(x,): K—K(II, n) is the simplicial map induced by x, as follows:

T(x,)o=9

where ¢ is any p-cell of K, and ¢ is the corresponding p—cell of K(II, #) determined
by ¢(a)=x,(s,) for any map a € K,(p).

LemMA 1.1. Given the complex K(I1, n, 11/, q, k) and the C.S.S. complex K, the
rule T— (x,, x4) establishes a one-to-one correspondence between simlicial maps and

pairs (x,, xq) satisfying the conditions ;
1.2) 2, €ZM(K; 1D, 2,€ CU(K;IV), kT (x,)+0x,=0.

The map T corresponding in this fashion to the pair (x,, x,) will be denoted by

T(%,, %4). Then T(x,, x,) is characterized as a simplicial map for which
T(x,, 29)0= (9, ¢)
if ¢ is an p-simplex of K, where

¢(a)=x,(6,) for any map «€ K,(p)
¢(B)=x4(ss) for any map B € K,(p).

The proof of this lemma is an immediate consequence of the following :

2 (=D ¢ (Aely) =212 (= 1P 2 (00ei) = 20758 (— 1)7 2, (03) @
=%0(0)) =02,(0,)=0 for any may 1€ K,.,(p).
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2 (D (req) +R(9 ) =31 (—Dixg(ayei) + k()
=215 (—Dixg (6 )P +k(dy)
=x,00,)+k[T(x,)0]y
=0x4(0/) +k[T(xn)0y]
=(0x,+kT(x,))0y=0  for any map 7€ K,,.,(p).

Therefore T(x,, x,) may be represented as follows ;
(1.3) T(xn, 2)=7Linxig] [T (x,) X T(xg)]e,
here, the first map e is the diagonal map K— K x K, the second map is the cartesian

product of T(x,) and T(x,): K—~F(Il’, ¢) which is defined similarly as 7T (x,) for
the cochain x,. The third map is the cartesian product of the inclusion maps

in: K(H, n) —_— F(H, n, II/) q, k)
ig: FAU, ) —> F(I1,n, IV, q, k)
defined by
in(9)=(8,0), i,(P)=(,¢),

where F(I, n, II, q, k) is the family of the pairs (¢, ¢) of ¢¢€ K(II, n) and
¢ € F(I1’, ¢) (no restriction is settled). Finally, the map y is given in terms of the
internal product in F(II, », 1/, ¢, k) which is given similarly as in K(II, u, IT’, ¢, k).
If U: K—K is any simplicial map, the above characterization of 7'(x,, x,) shows at
once that

T(xqU, 2,U) =T %y, 25)U

since T(x,U)=T(x,)U, and T (x,U)=T (x,)U.

§2. The maps 7,.,(x,).

For our future convenience, we now derive an explicit formula for the automor-
phisms 7(¢, ¢)=(¢’, ¢') such that

@1 7: KL n, 1T, ¢, k) —> K1, n, 1V, ¢, k)
¢_:‘¢/ fOI’ any (¢, ¢') Of K(]-—I; n} H/, qy k)'

According to the Lemma 1.1, such a map 7 is represented as T'(b,, b,”) where
b, is the basic cocycle of Z"(Il, u, IV, g, k; II), and b,/=%*b, is a cochain of
C(I1, n, IV, q, k; II"). Generally, b, is not equal to b,, and their difference induces
a cocycle h,=b,—b, since 0b,= —kT(b,)=20b,.

LeMMA 2.1. Given the complex K1, n,Il, q, k), the rule 5— h, establishes a
one-to-one corrvespondence between the chain homotopic class of n and cohomology
class of hy.

The map » corresponding in this fashion to the cocycle %, is characterized as a
simplicial map for which
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2.2) P=T(bn, by) °i,T (hy)

and so

20, §)= (9, §)o(e, T(he) (3, $)) .

The proof of this lemma is an immediate consequence of the theorem 5.2 of [3].

Namely, 7,27, implies the existence of a (¢—1)-cochain %,-, satisfying:

Ohg—=79%bg—0.*bg=b3— b3
= (B — (B —b,) = I~} .

Conversely, assume that A and %2 are cohomologous, then the maps T (k), T (h2):
K1, n, 11/, q, k)—>K(T, q) are chain homotopic and also this shows that »,=~7, since

N=T by, bg)oigT(hY) , 7.=T (bu, b)oi,T(H).

In the following, the homotopy class of the automorphism % corresponding to the
cohomology class &, will be denoted by 7(k,).
We shall now consider the replacement of x, by another x,” on the map T(x,, x,).

We have a cocycle dy=x,/—x,€ Z9(K; II’), and also a simplicial map:
Tdy: K— KT, 9) .
Being the map T (x,, x,”) represented by
T(xn, 2D =T (%, 2)°igT(dy) ,

we can identify T(x,, x;,) with T(x,, x,) if we identify the complex K(II, #, IT’, ¢, k)
with its image of automorphism (2.2).

We shall deﬁne Tuq(%,) as the family of T(x,, x,) where x, is a fixed cocycle
of Z"(K ;II) satisfying kT (x,)~O.

LemMmA 2.2. The cocycles xy, x2€ Z"(K; II) are cohomologous if and only if
the maps Tuq(X8), Tug(xZ) are chain homotopic (i.e., Tpqa(xh) and T,.4(x2) contain
T(x}, x3), T(x%, 22) : KK, n, II', q, k) respectively and T (xk, x)=T(x2, x3)).

Proof. Since b, is a cocycle, T (x5, x2)=T (%2, x2) implies that xi=T (x5}, x3)¥b,
and x2=T(x2, x2)%b, are cohomologous. Conversely, assume that x; and x2 are
cohomologous, there is a cocycle u,€ Z"(IK; TI) such that xi=u,i,, x2=u,i, where
1y, 1,: K—IK are the fixed simplicial injections defined as i,(¢)=0xg, 7;(6)=1X%Xo0.
Then, if we fix a cochain #, € C?/(IK; Il) satisfying the relation ou,+k7T (u,)=0, we
have two cochains xl=wuyt,, x2=u.i,, and T(xi, x}) and T(xZ, xZ) are the desired
maps, g.e.d.

According to this lemma, we shall denote the homotopy class of 7,.,(x,) corres-

ponding to the cohomology class %, of x, by 7,.,(x,) in the following.
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§3. The maps fn-q(xnl, qu)» Tn'q(qu)-
As a preliminary to the definition of the basic operations, we shall consider first
a certain maps. Given two C.S.S. pairs (K, L;) (i=1,2) and two cocycles
I € Z"M(K, L ID), x5, € Z9(K, Ly; 11,
and given a pair of integers (#,¢) where 1<n,/n, 1< q,q and n<'q, we shall
define a chain transformation
Pna(Xny» %g) 2 (K, L) —> K(II, 0, I¥', ¢, k)

of degree s=(n—n,)+(g—q,), here L=L,“L,. This degree is called the defect.
The map yp.q(%n,, %q,) is defined as the composite of the maps displayed in the
following main diagram

(K, L)
¢ f
(K, L) x (K, Ly (K, L) R (K, L)
R(%n,) @ R(xq,)
K{I, n) @ KT, q,)
S7-" Q) S4-%
K1, n) R KT, ¢)
g in R ig
KL, n, 11, q, ) XKL, n, 11, ¢, k) «— K1, n, I, g, k) Q K11, n, I, q, k)
I8
K1, n 1Y, ¢, k).

Here the first map e is the diagonal map. The second map f is the standard
map of the cartesian into the tensor product defined by

(3.2) floxt)=21pBfo R BFr if dim o=dim =7
where 8 is going round the family of pairs (f;, 8,) such that

Bi: [mi]—— [my+m,]  0Lm; Lr, my+-my=r
Bi()=i for 0LiLmy, B(j)=j+m for 0LjLm,.
The third map is the tensor product of the FD-maps R(%,,), R(xs) each of
which is defined by
R(x)=T(x)—-T(0),

while the fourth map is the tensor product of the suspensions.
The fifth map is the tensor product of the inclusion maps

in: KL, n) —> KT, #, 11, g, k)
iq: K(H’, q) -_—> KC[[; n, H/v q, k)
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defined by i,(¢)=1(g, ¢), i,(¢)={(¢, ), here it is easily verified that the map i, is
meaningless when dim ¢ >¢. That is to say, if dim ¢ >¢ the image (¢, ¢) of i,
belongs to F(II, n, II’, ¢, k) but not to K(II, »n, IT’, ¢, k) in general.

The sixth map g is the standard map of the tensor into the cartesian product
defined by

(3.3) g(0R®1) =2, ® (@afoxafr if dim o=m,, dim v=m,
where « is going round the family of pairs (a;, a,) such that

a;: [mi+m,]—> [m;]
{o, (D) + (P} —{a(p—1) +a(p— D=1 12Lp Zm+m,,

and ® (a)=5gn. (1

where 7,< - <#py, $< <8, and a,(r;) —a,(r;— 1) =1 and a,(s;j) —a,(s;—1)=1.
Finally, the map y is given in terms of the internal product in K(II, n, IT, q, k).
The final definition may be written as

(3.4 Tna(Xny > %) =78 LinQig1[S* " QSN ][R(%s,) R R(xq) ] fe .

According to the dimensional restriction which is occured by the map i,, our maps
ing(%ny Xq,) are meaningless in the case when ju.,(%,,, %q,) operate upon the cells
whose dimension are large than 2¢—s.

Réplacement of x,, or x, by a cohomologous cocycle replaces R(x»;) or R(xae,)
by a chain homotopic map, therefore the homotopy class of the map y,., depends

only on the cohomology classes %, , x4, of %, , %4, respectively; this homotopy class

1
will be denoted by 7u.q(%,,, %g,).
We shall introduce another maps which are k-prolongation of the maps R,(x) in

a sence. Given a C.S.S. pair (K, L) and a cocycle
%, € Z% (K, L; II)
and given a pair of integers (#,¢) where 1<n<(qg, q,q, we shall define a chain

transformation

rn'q(x‘h) : (K: L) i K<H’ n, 1—-[/> q, k)
of degree g—¢;. The map jn.q(%q,) is defined by
3.5) Tneg(%q) =78[1nRig ][ IR ST~ ][T(0) R R(xq,)] fe

‘in the main diagram same as above.
The homotopy class of the map 7,.4(%q,) depends only on the cohomology class

x4, Of %4, ; this homotopy class will be denoted by 7,.,(xg,).
1 q 1

1
The diagram may also be simplified if the defect is zero (¢=g¢,): No suspension
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is involved, R(xy,) is an FD-map, and f is natural with respect to such maps, and
gf=1, we have
Tna(%g) =78 [iaX i, J[T(0) X R(x,)]e
=7[i,}ig][T(0) X R(x)1=is R(x,) ,
and so

(3.6) Tna(xg) = i,R(xg) .

§4. Definition of the operators.

Take abelian groups II, IV, and G, positive integers #, ¢, and r (1< n<g<r<2¢),
and a cohomology class y€ H”(II, n,II/, q, k; G). The y-operation v, is defined for
cohomology classes %, € H"1(K, L,; II) and x4, € H1(K, L,; II") (where 1<n,Zn,
1<q, £q) by the formula

yy(%ny, %0,) =7n.q(%ny, qu)*y H

it is an element of H”-(K, L; G), where s=(n—mn,)+(g—q,) is the defect already
introduced.

LemMa 4.1. If U;: (K, L)~ (K, L;) (i=1,2) are simplicial maps which agree
on K’ and thus determine a simplicial map U: (K, L) — (K, L), then

(4' 1) y‘/(UTxnl ’ Uakqu) = U*[yY(xnl ’ qu>]

Proof. Denoting by e and ¢ the respective diagonal maps, we have

Tneqg(Xn, Uy, quU2)= V[R<xn1U1> ®R(xq1Uz>]fe,
=VIR(x,) Ui QR(x4) U, 1 f¢
=V[R(xn) @R(xg) LU, Q U.1f¢
= V[R(x,,l) QR(xq)]1fLU, X U.le
=VIR(xn) @ R(xq) ] feU

since [U,x U,]¢ =eU, where V is a chain transformation of degree s, and is inde-
pendent of the x,,, %q,.

Under the same conditions above, the r—operation y, is defined for cohomology class
x,€ H"(K; II) such that kT(x,) is cohologous zero for any representative cocycle
%, of x,. The operation y; is defined by the formula

¥ (%) =Tn-q(xn)*y .
THEOREM 4.2. y.(x,) is an element of the factor group
H"(K; G)/y (%, HY(K; II"))+i¥y - HY(K; II")

where y.(x,, HI(K; II")+i¥y - HY(K; II') denote the subgroup of H"(K; G),
generated by the classes which can be represented by the formulas



62 Katuhiko MizuNo
(%, x) +ify x>,

here x, is cohomology classes going round the HY(K; IT").

Proof. Let x, be an representative cocycle of x,, let T(x,, x4) and T(x,, %g")
be two representative maps of 7,.4(x,), and let d,=x,—x, be the difference cocycle
of Z9(K; II’). Then,

T<xn ) xq) - T(xn ; xq)

=7[i.% iq] [T(xn) X T(x4)] e—7LinX iq] [T(xn)x T(x)]e
=7 [inxig] LT () X {T (%) — T (x4} e

=7glin®Qig1[T (xn) RAT (x) =T (xD}1fe,

here
T(xq)—T(xg")
=T(xg—2,)+T(xg— 2,/ +2)—T(xg—2x)— T (x4)
=R(d,)+R(d;+x,)—R(dy)—R(x,")
= R(d,)+R(d,) > R(x,)
hence

T(%n, ) — T (%u, %)

=7glin Qi T (%) QR(d)] fe+7g[inRig [T (xn) QR(dg) > R(xg) ] fe.

In this formula, the latter term is homotopic zero- whenever it operates on the cell
whose dimension is less than 2¢. Because; in such a case

R(dy) o R(xy) =71[igxig][R(dy) X R(x/)]e
=7gli, Qi J[R(dy) QR(x,)]fe,
and the last term operates on the cell of K trivially, since at least one of the

dimensions of 850 (i=1,2) is less than ¢ for all 8=(B,;, 8,) in the formula (3.2).
Then R(d,)°R(x;,): K—F(I’, ¢) is homotopic zero.

Therefore, under the restriction of dimensions (»< 2¢), we have
(4.2) T(xn, 29)— T (%, x4)
=7glin Qi ][{R(xx) +T(0)} QR(dy)] fe
=721, Rig1[R(x,) QR(d)1fe+12[inRi [T (0) QR(d,)]fe
=7Tnq(Zn, dq) +7’n'q(dq) .

This formula shows precisely the desired result, g.e.d.

§5. The comboundary formulas.

TueorREM 5.1. Consider a C.S.S. pair (K, L) and cohomology classes
x, € H"(K; I1), 24, € HO(L; 1) and y € H'(I1, n, 1, q, k; G) where 1 <n, ~ n,

3)

ig*y x4 is the internal operation. See [3].
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1< q,<q, n<qg<r<2q, then 0x4 € H1"' (K, L;II"). In the case
(5.1) yY(xnl: 6x¢11> :6[yY<i*xn1 ’ xl];)]

where i: L— K is the inclusion map.

This theorem remains valid if the pair (K, L) replaced by a triple, because the
coboundary operation in the cohomology sequence of a triple is a composite of a
map induced by inclusion and the coboundary operation of a pair.

The proof of this theorem is an immediate consequence of the commutativity in

the following diagram.

(K, L) 0 L
e e 1 €3
K (K, L) KXLTéI—LxL
C
|7 V' ier |7
K (K, L) KQL<Z 1 QL
[RG®I oo Rap@i™ | R @1
K1, n) ® (K, L) KL n)®L
I® T(J—qu) IR0 I® T(qu)
K1, n) Q@ (FAY, q), KAY, ¢,)) —> K1, n,) Q@ KA, ¢,)
IQR(8b) 15
K1, n) Q KA, ¢, +1) <
7glin @i 1[S" " @S7-471]

KL », 11, q, k)

Here ¢, and e, are the diagonal maps and e, is induced by e,. The maps f, g.7, ix, i4
are same as before and the cocycles x, and x4 are the representations of x, and
, respectively. The basic cocycle b of K(IT’, g;) can be considered as an ¢,—cochain
on F(T,q,), and 0b€Z% (FL,q,), KAY,q); II’). To the given cocycle
%q, € Z%1(L; II") we choose an extension X, € C?1(K; II'). Then it follows

xq

[IQR(0x4) 1=[IQR{3- T (X )%} 1=[1R R{0b- T (x4,)} ]
=[IQR(8)- T (xg)1=[IQR(GD)J[IR T (X4,)]
[IRSIIRQR(xg) 1=[TRS-RAT (X )#b} |=[1 RS- R{b- T (x4,)} ]
=[IQSR(®) - T (x4,)1=[IQSIIR T (x4,)] .

In the above diagram, the commutativity in the upper half is obvious, and the

commutativity in the lowest triangle is due to [3].

Therefore the desired equality follows from the fact

Y (X, 029) =378 [in Qi 1[S" " QST ][ IR R(9xg) J[R(x,,) R I] fe,
Y (%2, %4) =97g[1, R J[S" "1 RS N][IR R(%4,) ][R (%) R I] fes
and [S*™m®ST-%4]=[S*"QRS-4-1[IRS],  qed
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§6. The invariants k2%, E;™, {k5i1}
Let Y be a topological space with base point y, such that
m:(Y)=0 for i<m, n<i<lgqg, ¢<i<lr (r<2¢-1).
Relative to the base point »,, we choose as in [2] a minimal subcomplex M of
the total singular complex S(Y), and we denote by S,,(Y) the subcomplex of S(Y)
which consists of all singular simplices whose faces in dimensions less than s reduce

to ¥,, and we denote M~S,,(Y) by M,,. It is obvious that M=M, in our case.
As in [2], there are natural simplicial maps

KE: M I K(nn’ n)
E: K(z,, n) — M
li/: M —_—> K(TL'”, n, 7q, 4, k)

K. K(mp, n,7mq,q, k) —> M.

Here k is isomorphic in dimensions less than ¢, ¥ is defined in dimensions ~¢q
in such fashion that xk is the identity and the map %K presents an obstruction
ke Z9(w,, n; my) whose cohomology class is the Eilenberg-MacLane invariant k%™,

And, £’ is an k-prolongation of £ (where k is an representative cocycle of k3™)
and isomorphic in dimensions less than 7, ¥ is .defined in dimensions 27 in such
fashion that #’%" is the identity and the map ¥ presents an obstruction kiile€ Z7+!
(ftp, n,7q, k; ). We described the cohomology class Eii} of this cocycle as a
topological invariant if we pay no heed to the identification of the complex K(=,, #,
T4, g, k). But it is not enough for our purpose, and we shall explain the topological
invariant more precisely.

If we restrict the map &' on the subcomplex M, of M, we have a natural
simplicial map '

K|M;: M, —> K, nrmr,qk),
namely
Rt M, —> K, q).

And, the restriction '|K(0, n, 7,4, g, k) of & similarly gives a natural simplicial map
Ky K(mg,q) —> M,.

Here k, and &, have the properties same as £ and %, and &, presents an obstruction
ki€ Z"(n,, q; my) whose cohomology class is the secondary Eilenberg-MacLane
invariant k™ of Y.
It is obvious from our definitions that
A A

In the identification of the complexes K(w,, #, 74, ¢, k), the only essential part

4) See [2].
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is the identification of the complex with its image of automorphism (2.2). Namely,
we can recognize the invariant as the family {9(%,)*k; !} of the cohomology class
of H*(n,,n, ng,q,k;mn,) for the fixed complex K(n,, n, n,, g, k), where &, is the
cohomology class going round the H?(z,, n, 74, q, k; ny)=H(Y ; n,). In other words,
the invariant is an element E53.(b,) of the factor group

H""(x,, n, Ty, q,k; )k (b, H (1, g, k; ”q))"‘kgﬂ - H(x,, Ty, k;my)

since ¥ &L =E;™. In the following we shall denote this element simply as {53}

§7. The obstruction theorem.

Let K be a geometric complex. We shall be interested in continuous maps
f: K—Y. Such a map induces a simplicial map K—S(Y) which is also denoted by
f. Conversely, every simplicial map K—S(Y) arises in this fashion from a unique
continuous map K—Y. The map f is called minimal if it maps K into M.

In the theory of the minimal complex we have constructed for each map f a
homotopy Dy which deforms f into a minimal map, and which has the following two
important properties :

a) If f is already minimal on a subcomplex L of K, then Dy is stationary on L :
ie., Df(t, x)=f(x) for x€ L and all ¢.

b) If the maps f and g coincide on a subcomplex L then Df and Dg coincide
on L.

In the following, without loss of generality we shall assume that the map K—Y
are minimal. Then, a map f: K”—Y determines a cochain a}=a"(f) € C*"(K;r,)
which assigns to each n-simplex ¢ of K the element of 7,(Y) determined by the
map f|o. The cochain @} is a cocycle if and only if the map f admits an extension
fq: K?—Y. This extension f, presents an obstruction cocycle ¢?™(fy) € Z?"H(K; ,)
which is represented by

c? (fo) =k T (a)) +0(1fq)
where [ is a cochain C/(M; n,) determined by setting
l%6=d(o, kko) for any g-simplex ¢ of M.

This obstruction ¢?**( f,) is zero if and only if the map f, admits an extension

fr: K"—Y. This extension f, presents an obstruction cocycle ¢"*'( f,) € Z"(K; n,).
LemMma 7.1. If fr is a map K"—Y, then

7.0 () =kt T (a3, 1f )+ fr)

where I” is a cochain in C"(M: x,) determined by setting

l"6=d(o, K'k'c) for any r-simplex ¢ of M.
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Proof. In the complex M a cocycle j#€Z"(M:x,) is defined by assigning to
each z-simplex of M the element of m, which this simplex represents. It is then
easy to see that

k=T, a}=4"f and &=T(j%19).

By the naturality properties of T, it follows that
Ef=TG"I0f=TG"f, 1f)=T(a, I°f).
Now consider the map
g=KK f=kT}, 1’f): K"—> M.
Since T'(a%, I%f) is defined in the whole complex K it follows that
@ =k T(a}, Ifo) -

Because £k’ is the identity in dimensions less than 7, the maps f and g must coincide
on K”~1; hence the difference cochain d”(f, g) is defined. For each r-simplex o of
K we have

d’(f, g o=d"( fo, go)=d"(fo, ¥k fo)=1"f(0)

and hence
a(f,e)=rf.
Since ¢"1(f)—c"(g)=0d"(f, g), this implies
()= (g +od"(f, @ =kid T (a}, 1)+ f),

which is the desired conclusion.

Let L be a subcomplex of K and let f:K"YL—Y be a map extensible to a
map f': K"YL—Y. The cohomology class 2"**( f*) of the obstruction cocycle ¢”**( f,)
depends on the choice of the extension f/|K?“L of f.

THEOREM 7.2. Let fi, f,: K“L—Y be two extensions of the map f: K"YL->Y
and which are extensible to K¢"'YL Y. Then

(7.2) N f) = (f) =Ry (@ (f1, f)) + R - (@ (S, ),
where a?(fy, fo) € HY(K,L; ny) is the cohomology class of the cocycle 19f,—1%f, and
a"(f) € H"(K; n,) is the cohomology class of the cocycle a®(f).

THEOREM 7.3. Let f: K*"—>Y be a map extendible to a map K'Y, then the
third obstruction of f is determined as follows :

{2 (Y =k a"(f) .

Proof, Let f/,f/: K"YL—Y be extensions of f; and f, respectively. By the
Lemma 7.1. We have

A =D =k [T (a7, 1) — T (at, PRI+~ .
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Since f;’ and f,’ coincide on L, it follows that [”f/—1"f, is zero on L; this yields
the cohomology

)= ~ ket LT (a3, 19f) — T (a3, 1121,
and, from (4.2)

krd LT (ay, 1) —T(a}, If) 1~ kit [V wa(a?, 11— 1f3) + Ve Fi— 1f2)]

Then, we have the desired conclusion since

Tna(@(fr, [))¥ =R (f1, L)Y iF ki =R (fy, f)) k™.
As an application we prove the following extension theorem.

TueoreM 7.4. Let f: K"YL—Y and let g: K"~YL—>Y be an extension of f.
Then the map f admits an extension f': K" L—Y if any only if there is an element
e?c HY(K,L;ry)

such that
zr+1(g) +kr+1y (an(f>, eq)_l_kr—!—l }_eq_

Proof. Let f': K""*YL Y be an extension of f. An application of the previous
theorem then shows that the element e?=a?(f’, g) satisfies above relation since
27 ) =0. -

Conversely, assume that e? satisfies this equation. By changing the map g on
the interiors of g-simplices of K—L we can construct a map 7: K?~L—Y which
agrees with g on K?-'“L and has the representative cocycle d?( 7, g) of a?(F, g) =€’
As ¢"(F)=c""(g)+0d?(f, =0 F admits an extension K”“L—Y, and, an appli-
cation of the preceding theorem then shows that 2”*(7)=0. Therefore f admits an
extension f/: K""'“YL Y, as desired.

$8. The homotopy classification theorem.

THEOREM 8.1. Let L be a subcomplex of K such that dim (K—L)ZLr, let
fo, fo: K=Y be two maps which agree on K**YL and let d”(f,, f1) be their difference
cocycle. Then fy=f, rel L if and only i f there exists a cohomology class

e’ IEH" YK, L; mq)
such that
a’(fo, f) Ry (@' (o), e!) + ki e =0,
Proof. This theorem will be reduced to the extension theorem of the previous

section by the usual technique. We introduce the maps

I: (K, L)y—> (JLY0K“1K, IL¥1K),
L: K —ILY0KY1K,

defined by /x=1/x=(0, x). Since
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ILY0KY1K=(ILY1K)“Y0K, OL=(IL“Y1K)~0K
it follows by excision that the map / induces isomorphisms
¥ HI(ILYO0KY1K, ILY1K)=Hi(K, L)

of the cohomology groups for any coefficient group. By making use of the exact
sequence of the triple (IK, ILY0K“Y1K, ILY1K) we also have the isomorphism

0: Hi(ILY0KY1K, ILY1K) = Hi+'(IK, ILY0K“1K) .
Now define a map F: (IK)"YILY0K“1K—Y by setting

F(t, x)=f,(x) for xe K" YL,
F(,x)=f;(x) for xeK, i=0, 1.

And we define an extension
F . (IK)'YILY0KY1K— Y

of F, by setting F’(¢, x)=f,x for all x in (JK)” and not in ILY0K“- 1K ; this exten-
sion is continuous since f, and f, agree on K"-'“L.

It now follows from the Theorem 7.4 applied to the pair (K, ILY0K“-1K),
that the desired homotopy D: IK—~Y(f,==f,) exists if and only if there is an element

e’ € HY(IK, ILY0KY1K; n,)
satisfying

@1 2N E) + k(@' (F), )+ kT e?=0.

We shall show that this condition is equivalent to the one stated in the theorem.
First observe that F(0, x) = f,(x) and therefore that

ay=a"(F)il,,

where i: ILYOKY1K—IK is the inclusion map. Next we define G: IK—Y by
setting G(¢, x) = f1(x). Then,

H(FN) =" (F)—c"(G)=od"(F’, G) ,
d"(fo, f)=d"(F', G)I.

Finally we write the element e? in the form de?"!, where
e?'¢ H*-'(ILY0KY1K, ILY1K) .
Equation (8.1) now becomes
od”(F’, G)+kpi 4(a"*(F), de? ")+ k™ |- (de?1)=0.
In view of the cobundary formula (5.1) for the’operations, this may be rewritten as

od”(F’, G) + o[k y(Fa"(F), @) ]+ o[ k™ e’ ]=0.
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Since 0, as is noted above, is an isomorphism, this equation is equivalent to

da’(F', G)+ ki 4(%a™(F), e~ + ki - e?'=0.

An application of the isomorphism /* yields

" (fo, f)+ R v(af,, 1¥e"") + Ky |- et~ =0.

This is precisely the desired equation, with e?-!=[¥g?-1,

[1]

L2]
L3]
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