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Introduction 

In this paper, we intend to show a new construction of the balayage (sweeping 

out) of measures which is one of the central themes in the potential theory. Our 

main tool used here is the noted theorem of Krein-Milman in the theory of general 

linear topological spaces (see [2], [7], etc). Thus, we begin with sorne detailed 

considerations about a linear normed space H(D) and its dual (H(D))*, especially 

sorne compact convex subset Mt(D) in (H(D) )* generated by the collection of 

positive measures of norm 1 distributed in the closure of considered open set 

D (§1). The next paragraph (§ 2) is devoted to the general construction of balayage 

for open sets, but the same method is also weil applicable to the case of closed 

sets, which is identical with the notion of so-called extremisation owing to M. 

Brelot (§ 3). 

Now, from a historical point of view, the balayage theory founded by H. 

Poincaré bas been recently reconstructed by means of projection method in the 

theory of Hilbert space; the most important work of such a kind is appeared in 

H. Cartan [4], and sorne interesting works of H. Cartan-}. Deny and of ]. Deny 

follow it. However, in our present work, it seems very interesting that we can 

find sorne notable connection between the extreme points of Mi;(D) (or of M~(F)) 

and regular (or resp. stable) boundary-points (§ 4), and as applications of this fact, 

we shall offer an elementary criterion in arder that a boundary-point be regular or 

stable (Theorem 17). 

§ 5 is devoted to the representation theory and application to Dirichlet's problem 

in the ordinary or extended form. To obtain the solution, we employ the Banach 

space method here; th us, we are standing in sorne different position from the 

others. 

The same theme of this paper has appeared incompletely in the last half of 

my previous note [10], and the present one is the precision and correction of 

that. However, we leave the general notion of superharmonicity to be defined as 

in the first half of [10]. 

Finally, the author wishes to express his gratitude to Professor Dr. M. Inoue 

·for his kind and precious guidance throughout the development of this work. 
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§ 1. Prelirninary Theorerns 

1.1. Preliminary notions and notations. Let E be a locally compact Hausdorff 

space; we assume now that for any open set DCE there corresponds the family 

'i!,+(D) of functions defined in D (called super harmonie in D) such that: 

i) 'i!,+(D) forms a positive cône; that is, af+[3g belongs to 'i!,+(D) together 

with f and g for any positive numbers a and [3, 

ii) every function of 'i!,+(D) is lower semi-continuous in D, 

iii) if DtCDz(CE), then 'i!:(D,)CB+(Dt), 

and there exists a linear operator Âv from )J+(D) into positive Radon measures 

distributed in D which satisfies: 

Ât) Âv is positively linear, i.e. Âv(af+[3g) =aÂv(f) +f36v(g) for f, gE B+(D) 

and a, f,:;;;;o, 
Âz) if DtCDz, Âv1(f) coïncides with the restriction of f:..v 2 (f) in Dt for 

every fE B+(D2).ll 

If fE'i!,+(D) and simultaneously -fEB+(D), then fis said to be harmonie in D. 

We shall abbreviate ÂE to Â and call it generalized Laplaçian. If E is n-dimen­

sional Euclidean space Rn for n~2, 'i!,+(D) may be adopted as the collection of 

superharmonic functions in D of the usual sense (e.g. of T. Radô [11]), in which 

Â (f) is defined in such a mann er that its restriction in each compact domain 

BeE is the vague limit of the sequence of f.JJ=- ~Ï-1 â~t_;_ dx, where dx means 
uX; 

the n-dimensional Lebesgue measure and fJE'i3+(B) ne>, f;/f on B.2l !:..v(f) is 

naturally the restriction of !:..(/) in D. 

We shall assume moreover that for every positive Radon measure p distributed 

in Ethere cerresponds the potential function r/;(p) which satisfies; 

1) r/;(p) is the function identically infinite or otherwise r/;(p) E 'i!,+(E) for which 

Âr/;(p) =p and it is harmonie outside of the support of p.3l 

2) Fubini's formula; J r/;(p.)dJ;= J r/;(J;)dp for another positive measure v in 

E unless these integrais are meaningless. 

3) Modulus (maximal) principle; if f~O is superharmonic in E and r/;(p) 

has the following properties that i) J rf;(p)dp. (the energy of p) is finite and ii) 

r/;(p)~f on a kernel of p,3l then this inequality ii) takes place in the whole E. 

4) If K is compact in E, we have a measure À distributed in E-K, whose 

1) About these fact, refer to my previous paper [10] § 2, p. 59~60. 
2) C 2 designates the class of functions having continuons partial derivatives up to the order 

2. About the assertion, see [10]. ibid., 4. 6, p. 68~69, and N. Bourbaki [1], the article 
on the localisation of measures, p. 67-69. (About the notation/', refer to the footnote 9). 

3) We cal! such X that J ld/"1 =0 a kernel of'"' distinguishing from the support which 
E-X 

is the intersection of ali closed kernels of 1"; the support is al ways uniquely determined. 
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potential <PO.) is equal to 1 at least on K and o;-;:::<J;().) ;:-;:::1 in E. For two distinct 

points x,yEK, there exists such f-l distributed in E-K that <J;(p)(x)i=-<J;(p)(y). 

5) Let f?;.O be a continuous function with compact support KCE; for given 

e>O and a neighborhood U of K, there exists a Radon measure f-l of composed type 

such that 1/(x)-<J;(p) 1 <E, <J;(p) is continuous in E and vanishes in E-U. 

As an example of such E, we can take primarily the n-dimensional Euclidean 

space Rn(n~3) with Newtonian potential (cited as Example a)); denoting the 

Euclidean distance by r(x, y), 

</;(p)(x) =Nn S r 2-n(x, y)dp(y), 

Another example of E is the open unit circle 1 z 1 <1 in the complex number plane 

Z 2 with logarithmic potential (cited as Example b)), i.e. 

<J;(p)(x) = s J log ~1-:X.l'_l dp(y). 
IYI<l X-y 

Next, we enumerate sorne linear topological spaces of measures and functions 

whicth shall be made use of successively in the later discussions. For a given 

measurable X in E, we de fine: 

Co(X) =space of all continuous functions with compact support in X, 

C(X)(or Cu(X))=space of aU bounded (resp. uniformly) continuous functions 

defines in X, 

Loo(X) =space of all bounded functions defined in X, vanishing at the infinity; 

that is, each /f L=(X) is characterized as such a function that for any given ë>O 

there exists a compact FECX outside of which 1/(x) 1 <E, 

IJJt+(X) =collection of all positive Radon measure defined in X, 

IJJt(X) =space of all Radon measure defined in X; in other words, it is just 

the linear envelope of I)Jt+(X) over the real field. 

Assume always </;(p) f Loo(E) for any f-l with compact support. 

The first three spaces Co(X), C(X) and Cu(X) form Banach spaces with res­

pect to the uniform norm (simultaneously, they form Banach algebras, which in­

dicates sorne significance in regard to the functional representation). If X is 

compact, these three coïncide with each other. 

As the topology of IJJt(X), we adoptas is customarily clone the so-called vague 

topology, that is the topology of simple convergence in Co(X), then IJJt(X) is the 

toplogical dual of Co(X). Next Lemma shall be useful in our future work. 
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LEMMA 1. If KCE is compact, the collection IJJI~(K) of such .uEIJJè+(K) that 

ll.ull =1 is vague! y compact (abbrev. v-compact), and if FCE is closed, the collec­

tion IJJè!CF) of such .uEIJJè+(F) that ll.uii:'S1 is also v-compact.~) 

To see the first half, it is sufficient to remark that the unit function, 1(x)=1 

on K, is contained in C(K); the latter half shall be refered to N. Bourbaki [1] 4l, 

taking notice of the fact that IJJ(+(E) is complete for the uniform structure deduced 

from the vague topology. 

1. 2. Linear normed space H(D) and its dual. In this section, we shall be 

occupied to study the linear normed space H(D) defined below and its dual 

(H(D))*, especially the unit sphere 8* of (H(D))*. These studies contribute us 

simultaneously to construct the balayage, to criticize the regular boundary-points, 

and to give a new method for Dirichlet problem: we shall start with the 

DEFINITION 1. Let D be a given open set in E with the compact closure J5 and 

boundary âD. H(D) denotes a linear normed space consisting of the restrictions 

in J5 of al! bounded potentials <P(.u) for .uEIJJè(E- D), in which the norm is defined 

by 

(1.1) llflln=suplf(x)l, fEH(D). 
x{i5 

Ho(D) denotes a linear subspace of H(D) consisting only of those which are 

continuous in D, i.e. Ho(D)=H(D) nC(D). 

We use sometimes the same letter <P(.u) EB(E) with .uE~Jè(E-D) for its re­

striction in t5, that is, an element in H(D) so far as no confusion would occur, 

where B(E) denotes the space of all bounded potentials in E. 

Every function of H(D) is obviously harmonie in D. 

DEFINITION 2. (H(D))* denotes the dual space of H(D), in which we shall 

always take the weak topology as functionals, that is, topology of simple conver­

gence in H(D). 

The weak topology thus defined is called w*-topology of (H(D))*, for which 

every elemenLof H(D) acts as a continuons function on (H(D))*. The unit 

sphere 8* of (H(D))* is w*-compact (S. Kakutani's theorem), which is an easy 

:onsequence of the fact that a product of compact spaces is compact. 

Now, denoting by IJJèt(ÏJ) the collection of measures EIJJè+(D) with norm 1, we 

define for each .uE IJJ11i(D) a linear functional .u~ on H(D) in the following man-

ner; 

(1. 2) .u~Cf) = s fd.u' fE H(D) . 

~) ll,ull denotes the norm of measure ,u, i. e.J 1 d,u 1. 
4) Prop. 7, Corollary 2 to Prop. 8, § 2, Chap. III, and Prop. 6, § 3, Chap. III. 
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Owing to the property 4) of potential we see that H(D) has the unit function 

1 (x) (1 (x)= 1 for all x Ef)); the collection Mt(i5) of such functionals fl~ defined by 

(1, 2) for pE~Jèi;(D) forms a convex subset in the unit sphere S* of (H(D))*, 

hence its w*-closure ]Jf(;(D) is also convex and w*-compact, that is, regularly con­

vex in the sense of Krein-Smulian. Thus, the Krein-Milman's extreme points 

theorem is applicable to M'Q(D); Mi;(D) possesses sufficiently many extreme points 

whose closed convex hull coïncides with Mt(D) itself.5l Denoting the set of all 

extreme points of Mi;(i5) by Ext. M~(D), we can translate the above result into 

the following expression: 

THEOREM 1. For any pEIJJèt(D), jEHCi5) and <:>0, we can select a jinite 

number of fliE Ext. Mt(D) such that 

(1. 3) / S fdp- L.: a;p~(f) \ <E, 

where L.:a;=1 and a;>O. 

Remark: We denote by fl- a general element of Mt(i5), otherwise a limit 

element of Mt(Ï5) which is not defined primitively by (1. 2), distinguishing from 

any other element fl~ just contained in M(;(D) itself. 

An argument quite analogous to the one we discussed ab::JVe shows that for 

every measure flE ~Jè~(D) (1. 2) de fines also a linear functional p* of norm 1 on 

Ho(D), i.e. p*E (Ho(D))*, and the collection M~'(D) of such p* is compact and 

convex with respect to the w*-topology in (Ho(D))*, where (Ho(D))* means the 

dual space of Ho(D). It is easily seen that the w*-topology of (Ho(D))* is com­

patible with the topology reduced from that of CH~D) )*, considering (Ho(D) )* as a 

residue space of (H(D))*. 

It remains us to prove the compactness of Mt\D), but it follows easily from 

the fact that Ho(D) is a subspace of C(D) and the application p-->)J* from ~J(i;(D) 

to Mt(i5) is uniformly continuous. 

We see next that, according to the restriction from (H(D))* into (Ho(D))*, 

to each element fl- of Mt(i5) a certain p* E Mt(D) corresponds uniquely ( we shall 

call such p* the projection of fl~ in Mt(D)), and also to each p* there exist by defi­

nition sorne corresponding measures of IJJI~(D); among those, we can find at least 

one measure flE~Jè'Q\D) which is a vague limit of sorne subsequence of {pA}, where 

flÂ converges to fl~ in (H(D))*. Such f1 is called a basic measure of fl-. But the 

correspondence p.~ ---'>-fJ is not unique, since so is p*--""fl, and also the inverse cor­

respondence p-> fl~ is naturally multi-valued. 

5) Finite convex combinations of extreme points, 2,a;f'i with a;>O and 2,a,=l, f'i being 

extreme in M~(D), are dense in M;(D) with respect to the w*-topology. 
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We can however prove that if p.- is an extreme point of Mt(D), p. is uniquely 

corresponding to p.- (Theorem 2 below); bef ore going to this, we shall prepare a 

very important 

LEMMA 2. M 0(D) is characterized as such a collection of p.-E (H(D))* that 

i) p.- is positive, that is, if jE H(D) is ~0 in D, we have p.-(/)~0, 

ii) jjp.-jj =1. 

Proof. Sin ce every p.-E Ml;(D) satisfies evidently the conditions i) and ii) 

above, it is sufficient to prove that, if p.-E 8* bas the property i), p.- belongs neces­

sarily to Mt(D). To see this, suppose now it were not so, then since M~(D) is 

regularly convex, there exists an element /E H(D) for which 

sup JJ-(j)=h<p.-(f). 
~-EM~(ÏJ) 

Putting /o=f-h, we have JJ-(fo)=JJ-(/)-h;c;O for every JJ-EMt(D) (bence 

for JJEIJJit(D)), so that /o(x);c;O for all xd5; on the other band, p.-(fo)~p.-(f) 

-h>O (since p.-ES* implies p.-(1);:;1 and bence p.-(h)=h~(1);c;h), which con­

tradicts with the condition ii). Thus, Lemma 2 is completely proved. 

In passing, we shall make a slight remark that in above Lemma the condition 

i) may be well replaced by that p.-(1)=1. 

THEOREM 2. If p.-E Ext. Mt CD), then its basic measure p. is unique! y deter­

mined and is equal to a point measure of total mass +1 (Dirac measure) p!aced 

on a certain point of ï5. 
Proof. 1°) Let P.À-"P.- in (H(D))* and fl.A-"fl. vaguely; 6> suppose now that p. 

is not a point measure and the support K,. of p. contains at !east two mutually 

distinct points X1 and X2. Then, owing to the property 4) of potential, there exists 

certainly such a measure vEIJJè+(E-K) for a certain compact K containing J5 in 

its interior that r/J(JJ)(xl)=l=rf,(JJ)(x2). Since r/;(v) is continuous in D, we can take 

such neighborhoods V(x;) of X;(i=1, 2) that 

(1.4) sup lr/J(JJ)(xl)-rf;(v)(xDI>e, xiEV(x;), 

for a sufficiently small e(e.g.e<-~-]r/;(v)(xl)-r/;(JJ)(x2)]); here, it is evident that 

v (xl) n v (x2) is void. 

6) Assume that p'è~p- and a sub-sequence {pA} of {pT} converges top (by definition); then 
{p:A} converges to p- also. A similar argument shows 6)bis essentially. 
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2°) Denoting the restrictions of flA in V(x;) by (/lA); for i=1, 2, we can 

select sub-sequences {(/l/)î} of {(fl,A)î} and {(Jl/)î} of {(JlA)2} simultaneously,6) bis 

such that (JlA')i converges to a certain fli in S* for each i. By hypothesis, basic 

measures /li of !l1 and f1,2 of !l2 are not null; sin ce !l'A'- ( (/l/)î + (flA')î) is positive 

for every À1, the limit Il~ -(!l1+!l2) is also positive on H(D). Setting /l1=Jl1/œ1, 

/l2=Jl21œ2 for œ;=Jli(1)(i=1,2), and /l3=(f1,~-(!l1+!l2))/œ3 for œ3=1-(œ1+œ2) 

(but if Il-- (!li+ !l2) =0 and hence œ3=0, we should put /13 =0), we have /11, /12~ and 

/laEMi,(D), and 

(1. 5) 

By (1.4) above, we have P,1(rf;(1J))= S q,(~.-)d(Jldœl) * S rp(l/)d(Jldœ2)=/l2(rf;(1J)), 

so that /11*/12. Thus, 2\~=(œd(1-œ3))/l1+(œd(l-œ3))/l2 is an inner point of the 

segment combining /11 and /12, therefore refering to (1.5) Il~ could not be extreme, 

which is contradictory to the assumption. 

3°) Suppose next Il~ has at least two basic measures /li and f1,2; the result 

just obtained above shows that both f-1.1 and f-1.2 are point measures and, as is seen 

in 1 °), there exists such fE Ho(D) that /Cx1) * j(x2) for the supporting points X; of 

Jl;(i=1, 2), from which it follows that fl~Cf) = J /dfl1 =/Cx1) * j(x2) = S fdfl2=fl~Cf); 
this is absurd. Thus, the first half of Theorem is proved, which completes our proof. 

Let r be the set CD such that for each XET there exists at least one element 

of Ext. Mt,(D) having e'" as its basic measure,7l while To a subset of r consisting 

of all such x that e; f Ext. Mt(D). Every point contained in To is called regular 

(it should be noticed that XET does not mean e;EExt. M~(D) unless x is regular; 

for instance, in the noted example given by H. Lebesgue the original point 0 Er 
but not E To). 

CoROLLARY. If XE r-ro, it must be XEfJD. 

Proof. Let e'" be a basic measure of t-t~EExt. M~(D) and t-tÂ---+Jl~ (in (H(D))*) 

and flA---'>fl vaguely; suppose now x to be an inner point of D and take a neigh­

borhood U(x) of x such that U(x)CD. By assumption, we see that (t-tAh-ir<'"l---+0 

as À-++ co, that is, J /d(/lA)E-rJ('"l~ 11/11 = J d(/lA)E-u<,J---+0. Since every jE H(D) is 

continuous in U(x), we have /(x)=limf_dt-tA=-limf/d(fl,A}u<'"l=fl-(/), so that 
À U('") A 

e;=fl~, contradicting with the fact XET-To. 

Remark: Throughout this paragraph, it would be rather pertinent to use 

directed systems than sequences, but still in later discussions we shall be content 

with the latter so far as circumstances permit. 

7) t:, denotes the point measure of tot:ll mass -+-1 placed on x. 
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§ 2. Construction of Balayage. 

2.1. General construction of balayage . . The method we actually use here for 

constructing the balayage of measures seems peculiar in such a point that its prin­

ciple is essentially based upon the lînear topological space theory. Especially, the 

Krein-Milman's theorem plays again an important rôle concerning about the discus­

sion of regular boundary-points. 

We have seen earlier (Thr. 1) that for any p. E IJJè+(D) the re exists a collection 

of finite linear convex aggregates of extreme points verifying (1.3) in accordance 

with given fEH(D) and e>O; varying f ande, such collections constitute a base 

of filter '(j'" in Mt(b). Since Mt(J5) is w*-compact, an ultrafilter (maximal filter) 

'fj~ containing \}'" converges to an element p.J. in M~(D), for which it holds 

(2.1) p.~(f)=p.r(f) for al! fEH(D); 

this implies directly that fJ.~=p.TE Mt(D), so that p.; coïncides with p.'; for a certain 

P.rEMri(D), (it may be that P.r is equal to p. itself). 

On the other band, let {Dp} be a family, countable or not, of open sets in i5 
with respect to the relative topology induced in D, such that DP~Ï\ for all p and 

~1PDP=T*,t) where T*=TUôD. Denote next by Mt(Dp) the collection of p.~ such 

that p.E IJJèt(Dp), then the w*-closure Mt(Dv) of Mt(Ï'f;,) is evidently convex and 

w*-compact. We see easily Ext. M~(D)CM~(Dp) and therefore all linear convex 

aggregates of extreme points (a fortiori, those which appear in (1.3)) are con­

tained in Mt(DP) for all p, so that in IIPMt(Dp). Finally, p.'i is considered as 

contained DPMiCDp) nMt(D), which implies that /).r is necessarily distributed in 

r*. 
THEOREM 3. Such a fl.r satisfies 

(2.1)' Jfdu=f dp.r for all fEH(D). 

We shall caU such fl.r as verifies (2.1) or (2.1)' and is distributed in r* a bala­

yaged measure of p., which is not necessarily unique since it depends upon the 

selection of ultrafilter Ü;'. which con tains \}'". 

The version of this Theorem appropriates to potentials takes the following 

THEOREM 3.bis r/;(p.)=r/;(fl.r) eveywhere in E-75 and excepting a set of capa­

city 0 on BD. If P.r is distributed on ôD and if <PCP.r) is bounded, then 

(2.2) rf;(p.)?;;r/;(fl.r) everywhere in E. 

Here, a set X is called "of capacity 0" if X adroits no positive measure v 

such as </;(v) would be bounded. 

t) E completely regular, since it is locally compact. 
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Proof of Theorem 3his. The first part is somewhat trivial; in fact, for any 

XEE-D, <jy(e~) is bounded on D, i.e. rp(e'")E H(D), therefore <P(.u)(x)= J.rp(e'")dtF 

J <P(e'")d.ur=<PC.ur)(x). The second partis verified as follows; suppose first that 

<P(.u)><P(/J.r) on a set XCfJD not of capacity 0, then there exists a positive mea­

sure v on X su ch that <P(v )E H(D), so that J <P(v )d,u= J <P(.u)dv> J <P(.ur )dv= J <P(v ).ur, 

contradicting with (1.6).bis This shows that <P(.u)~<P(.ur) on fiD excepting a set 

of capacity O. Suppose next that rp(,u) <<P(.ur) on a set YCfJD not of capacity 0, 

then an analogous arguments to above leads us also to a contradiction, whiciJ. 

guarantees the assertion. The last half is more briefly obtained; that is, from the 

result just obtained above, we have rp(p) =rp(tJ.r) on a kernel of ,ur, from which we 

con elude that <jy(p) 2;,</J(.ur) everywhere in E owing to the maximal princip le of 
potentials (see 1. 1). Thus, Theorem 3bis is completely proved. 

As is noted before, a balayaged measure is in general not unique, but we 

have two important cases where it is uniquely determined (as it is or under sorne 
restrictions); we state the matters in the following form: 

THEOREM 4. i) If XE To, (ex)r is uniqely determined and equal to e'" itself. 

ii) If .ur and .u'r are balayaged measures of the same pEIJJè~(i5), bath of which 

are distributed in fJD and have bounded potentials <P(.ur) and <P(.u'r ), then it holds 

that .Ur= ,u~. 

Proof. i) (e,)?=e-;;E Ext. Mt(i5) by hypothesis, so that (e,Jr is a point mea­

sure by Theorem 2, i.e. (e,;) r =ey for a certain y E D, therefore e;;;=e; or equivalently 

f(x)=f(y) for all jE H(D). This implies x=y owing to the property 4) of 

potential, 1.1. 

ii) By Theorem 3his, we have <P(.ur)=</Y(p'r) on fJD excepting a set of capacity 

0, and so on kernels of both .Ur and .u~, from which it follows simultaneously 

<PC.ur)2;,<P(.u{,) and <P(.u'r)2;,</Y(tJ.r) eveywhere in E by means of the maximal principle, 
therefore ifJ C.ur) = ifJ C.un everyw he re in E. This means .Ur= ,u~. s) 

2. 2. The case in which rcfJD. More abundant results will be obtained 

un der sorne restricted situation: we assume first that 

*l r is contained in fJD. 

In the case of Newtonian potential a) in Rn(n2;,3) or of logarithmic potential b) 

in the open unit circle in Z 2 , cited in 1.1, the condition*) is evidently fulfiled. In 

fact, let x be an inner point of D, L.;'" a sphere with center x such that L.;,CD, 

and ,l, the spherical measure of total mass + 1 uniformly distributed on the sur­
face of L.;x;. Now, if XE r, then it must be that XE To (since XE interior of D) by 

Corollary to Theorem 2, that is e-;;EExt. Mt(D); every fE H(D) being harmonie in 

8) In fact, we haveJcp(v)dp;r=Jcp(ur)dv= J<~>C,u~)dv=Jcp(v)dp;~· for all bounded potential 

cp(v); refering to the property 5) of potential, we conclude that p;r=p;~. 
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D in the ordinary sense, we have 

f(x) = J fdÀx for aU fE H(D). 

Take a point ZEE- Ï5 and draw such a sphere 2::. with center z as intersects 

with 2::,, for which neither 2::~= I.;,, 2::, norl::~= l:x- l:z is of capa city O. Denat· 

ing the restrictions of À, in ~~ by À~ (i=l, 2), we see easily 

in which À~~(q,(e.)) > À~~(<(J(e.) ), i.e. À1~=F;;. This implies that e;;; is an inner point 

of Mt(D), contradicting with the assumption. Thus, *) is proved. 

Now, under this assumption *) Theorem 3bis and the last half of Theorem 4 

are resumed as in the following 

THEOREM 5. If <PCP.r) is bounded, fl.r is uniquely determined and <P(p.) 2;,</JCP.r) 

everywhere in E. If <(J(p.) is bounded and p. is distrihuted in âD, then p.=fl.r. 

From this Theorem, we have directly: 

CoROLLARY. If <P(fl.r) is bounded, CP.r) r = fl.r. 

2. 3. Extension of balayage and proper balayage. Hereafter, we proceed in 

adopting the assumption *) and, to develop the theory more finely, the further 

conditions for potentials in addition to the five orres 1)"--'5) in 1. 1, that: 

6) For every potential <(J(p.), p.EIJJI+(E), there exists a sequence of continuous 

potentials {</J(À;)}, À; E IJ)è+(E), such that <(J().;)/'<(J(p.). 9 l 

7) Conversely, if {q,().;)}, À; E IJJl+(E), is any increasing sequence of potentials 

such that <(J(À;)<::;_q,(p.) for sorne p.EIJJl+(E), then lim q,().;) defines a potential of a 
i 

certain positive measure v, i.e. rp().;)/<P(v)(;;;,q,(p.)). 

These conditions 6)"--'7) are well verified in Examples a) and b) cited in 1.1, 

see e.g. H. Cartan [4] and also Appendix I at the end of this paper. 

Now, at first, we shall restrict ourselves within the case where D is regularly 

open, i.e. D=intD.10 l Then, we see at once âD=âD and that if q,(p.), p.EIJJlt(D), 

is bounded, so is <PCP.r) a!so. Indeed, since the potential function of a positive 

measure is lower semi·continuous (by the superharmonicity ), we have rp(fl.r) (x) 

;;;,lim<(J(p.r)(y)=!im<(J(p.)(y);;;,K for every XEÔD and yEE-b, so that q,(p.r) is 

bounded on a kernel of fl.r and hence everywhere in E. Thus, we see in this case 

<PCttr) is uniquely determined and </J(fl.r) ;;;,q,(p.) for every p. with bounded <(J(p.). 

Next, we shall define belayage for measures in IJJè+(D) and IJJl(D). For every 

p. E IJ)l+(D) with bounded <(J(p.), we put 

(2. 3) fl.c=a/lr, for a=IIP.IIand /;.=p./a, 

9) The symbol g;/' 1 indicates that g;~g;+,~···~l and lim g;= 1 as a pointwise limit. 
i 

10) We denote hereafter by intX the interior of X. 
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in which it is clear that /J.E IJJèt(D), and /lr is uniquely determined since so is /J.r 

(see the above argument). Let f!EIJJ~(D), assuming f!=f!r-!!2 for p;EIJJ~+(D) 

with bounded c/;(p;) (i=l,2); then we define 

(2. 3)' 

For th us extended balayaged measures, we have the linearity; (œp+ {3JI) r 

=œpr+i3Jir for any real œ and {3 so far as these are uniquely determined. 

Next, let B+(E) be a convex cône in B(E) consisting of ali such c/;(JI)EB(E) 

that JI E I)Jè+(E). For any c/;(JI )E B+(E), put 

(2.4) Jlr=(Jin)r+JIE-15, 

or 

(2. 4)' 

where Jlx indicates the restrsition of JI in X (compact or open). Clearly, c/;(JI)r 

(=c/;(Jir)) is in B+(E) together with c/;(JI) and moreover c/;(JI)r belongs to H(D). 

According to the above argument about 1-!r• we establish the fundamental relations 

for such fr, fE B+(E), as follows; 

THEOREM 6. i) j:;;:;fr everywhere in E, ii) f=fr in E-D and on fJD except­

ing a set of capacity 0, and iii) if jE H(D), f coïncides with fr. 

We shall now consider the case of general (relatively compact) D: To do it, 

we need to make another assumption, which is proved to be valid in Examples a), 

b), cited in 1. 1 (about the proof, see H. Cartan [3], p. 88) and plays an im­

portant rôle in the balayage theory of H. Cartan himself [4], such that; 

**) 
if 1-!A---">f!o vaguely for f!A, f!oEIJJ~+(E) with their energies uniformly bounded, 

then we have J c/;(p)dpA ~ J if;(p)dpo for any f!E I)Jè+(E) with finite energy. 

For given D, take a sequence of such regularly open sets DJ(DJ=int i5) as 

DiCDi+r and UiDi=D, and denote for any pEIJJè+(D) with bounded c/;(p) the j-th 

balayage of Il with respect to DJ in the sense of (2.4) by p} and the vague limit 

of {p3} by 1-!r. Then we see immediately that su ch obtained 1-!r is necessarily dis­

tributed in BD and satisfies 

in virtue of the lower semi-continuity of application f!---">cp(p),11l On the other hand, 

11) The application JLEWI'·( E)~rp(JL) is lower semi-continuous with respect to the vague topo­
logy; lim rp(JL)~<j>(v ). This cornes from the fact that every potential is lower semi­

;.:;v 
continuons and represented as in an integral form; 

rp(JL) = J ID(x, y )dJL(Y ), ID(x, y) =rp(é~)( y) =<j>~éy)(x ). 
Refer to Theorem 3 in [10]. 
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owing to the above assumption **), we have J f dtJ-=f dtJ-j (for each j) = J f dtJ-r 

for every /E H(D), so that !1-r is a balayaged measure of Il- (if D is regularly open, 

thus defined !1-r is identical with the preceeding one). As r/JCtJ-r) is bouned (r/J(tJ-r) 

~r/J(tJ-)), such !1-r is uniquely determined. 

Using such !1-r, we can de fine also the balayage for any measure of 9Jè+(i5) 

and hence of ~Jè(D) under the bounded condition as analogically as in (2. 3) and 

(2. 3)'. Also for any f f B+(E), an analogue as (2. 4) and (2. 4)' is quite valid. 

Thus, we are now ready to define the proper balayage, which is achieved in 

the following manner; we begin with 

LEMMA 3. Let f and g be in B+(E), then f?:;g impties that fr?:;gr. 

In fact, we have directly fr=f?:;g=gr in E-D and on âD excepting a set 

of capacity O. Assume now g=rjJ(v), then fr?:;rfJ(v)r=r/JCvr) on a kernel of vr and 

hence in virtue of the maximal principle fr?:;gr in E, from which follows Lemma 

3. 

For a glven tJ-EIJJè+(b), put 

(2.5) LM(f) = I frd!l- for all /E B+(E),lz) 

then LM is linearly prolonged to a linear positive functional on B(E); the positivity 

may be assured in such a way that if f- g?:;O for f, gE B+(E), then it yields that 

fr-gr?:;O (by Lemma 3) and so LM(f-g)?:;O. Refering to the property 5) of 

potential, 1. 1, such LM defines a uniquely determined positive Radon measure !1-r 

in E (we owe this fact to a Proposition of N. Bourbaki)Yl 

Such fJ- 0 is necessarily distributed in DD; in fact, let first /o be in Co(D) with 

compact support KoC D, then by the property 5) of potential, 1. 1, for any neigh­

borhood U of Ko such that UCD and positive number e we can choose gE B(E) 

vanishing at the outside of U and verifying 1/o-gl <ê in E, for which we have 

LM(g)= J grdtJ-=0 (let g=rjJ(vl)-rp(vz), v; EIJJè+(D) for i=l, 2, then it vanishes at 

the outside of U, so that vî=v? and hence (vl)r=Cvz)r), therefore ILM(/o) 1 <e and, 

ê being arbitratry, LM(/o) =0. By the same reasoning, we have LM(/*) =0 for all 

f*ECo(E-b). 

LEMMA 4. Let g;EB+(E) for i=1,2, .. ·, and assume that g,./'fEB+(E), then 

(g;)r/'fr-

Proof. Accorcing to the sequence {g,), {(g;)r} is also increasing by Lemma 

3, so that owing to the assumption 7), 2. 3, h=lim(g;)r is also in B+(E). For 
i 

every vE~]è+(E-D) with r/J(v)EB+(E) (more precisely, EH(D)), we have 

12) Owing to the above argument, such functional LM is uniquely determined. 
13) N. Bourbaki [1], Prop. 2, §2, Chap. III. 
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S frdv= S fdv=l!m S g;dv=liJU S (g;)rdv~ 
= J h dv, so that fr =h in E-V excepting a set of capacity 0 and hence on a 

kernel of fr; by the maximal principle, we conclude fr;;;,h everywhere in E, 

but h;;;,fr is evident, which proves Lemma 4 completely. 

Now, for every fE B+(E) there exists in B+(E) a sequence {g;}, each g, 

being continuous, such that g;/'f, as quoted in the assumption 6), 2. 3. Using the 

above Lemma, we see 

L,.(f)= S frd,u=liF S (g;)rd,u=liF L,.(g;) 

= IiF J g;d.u~ = J f d.uY,: 

thus, we can formulate 

(2.6) for ali fE B+(E), 

and moreover (by Theorem 6, iii)) 

(2. 7) s f d,u= s f d,u~ for ali fE H(V). 

THEOREM 7. Such ,u~ is one of balayaged measures of ,uEi'JJè+(V). Therefore, 

if .Ur is unique, it must be ,u;.=,ur. 

It is sufficient to prove the Theorem in the case where ,u E 'JJèt(D); indeed, 

(2. 7) shows ,u~=,uJ,~ in Mt(V), so that ,u;. fulfils (2. 3) as a matter of course; as 

is noted be fore, .uft is distributed in f\ ( which is just equal to av in the present 

case). Thus, these two facts guarantee the assertion. 

We caU thus obtained ,ur properly balayaged measure of ,u, but hereafter if 

we say merely the balayaged measure (with definite article), we shali always 

mean such .ur, while each .ur is distinguished by calling a general balayaged mea­

sure if necessary. The operation ,U--'>.Ur is called balayage. 

The balayaged measure has the following properties; 

THEOREM 8. Let .ur be the balayaged measure of ,uE'JJè+(D), then we have 

œ) rf;(,u)=rf;(,u'f) in E-15 and on av excepta set of capacity 0, 

[3) rf;(,u)?';rf;(,u'f) everywhere in E. 

Proof. œ) is clear from Theorem 3bis and Theorem 7. [3) is proved as fol­

lows; according to the assumption for each ~ E E there exists a sequence of con­

tinuous (and hence bounded) potentials rf;(À;), À;E'JJè+(E), such that rf;(À;)/'rf;(e"')' so 

that 
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rjJ(p~)(x)= S rjJ(e~)dp~=liF J rp(l..;)dpJ 

=liF S (rp(l..;))rd/1 

;;o;;liF J rpCJ..;)dp 

= J rjJ(e.,)dp=rjJ(p)(x), 

which proves {3). 

Finally, we observe a characterization property of p~, which is answered :1s 

follows: 

THEOREM 9. p?- is characterized as a measure of l))è+(âD) whose potential 

rjJ(pn is the minimum among all of rt(v), vEIJJè+(âD), which fulfil the condition 

a) in Theorem 8. If rp(p) is bounded, pJ( =pr) is also characterized as a mea­

sure of IJJè+(E-D), whose potential is the maximum among all other rp(v) for 

vEIJJè+(E-D) such that rp(v);S;rp(p). 

Proof. With the same notations in the proof of Theorem 9, we see that for 

each i 

S cf;(l..;)d!l~= S (rjJ().;))rdp= S rp(p)d0;)r 

= S rp(v)d(J.;)r (by a)) 

= S (rjJ(J.;))rdv;S; S rp().;)dv, 

from which rfJ(pJ) (x);S;rp(v) (x); sin ce p~ itself satisfies the condition a), the first 

half of the Theorem is proved. The last half is easily obtained by a simple fact 

that rjJ(v)~rfJ(p)=rjJ(p'J.) in E-D and on âD excepting a set of capacity 0 and so 

on a kernel of v. 

2. 4. The case of non relative! y compact D. In this section, we shall in­

vestigate the balayage for an open D such that E- D is non-void and âD is com­

pact. But, D itself is assumed not to be relatively compact. Then, we stand in 

sorne different situation from the preceding section. Indeed, ïJJèt(D) is not vaguely 

compact (as is easily seen, the measure null is adherent to IJJ16(D) if D extends 

to the infinite; roughly speaking, if X;ED runs to the infinite as i~+=, then 

e., converges to 0 vaguely), and HCD), leaving its definition to Definition 1, con­

tains no constant function. These two are the most notable differences. Such 

being the case, it would be convenient to make the one point compactification of 

D. 14l Let D= be such compactification of D, denoting the additional point by (), 

and put D==Duo. On the other hand, we adjoint the identity 1 to H(D) and 

14) See, e.g. L. H. Loomis [8], § 2, Cha p. I. 
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denote by H(D=) a normed linear space generated from H(D) and the unit func­

tion 1 (1(x) =1 on D). It is easily seen that every function of HCD=) is weil 

prolonged up to (}, verifying (}~(1)=1(0)=1 and 

(2.8) (}~(/)=/(0)=0 for ali /E H(D), 

since we have H(D)CL=(i5). 

Now, 'JJè+(D=) is generated, taking vague limits, by IJJè+(i5) and the point 

measure e9 (of total mass+1) placed on (}, and 'JJn(i5=) is vaguely compact and 

convex. The collection Mt(ÏJ=), of such bounded linear functionals fl~, flEIJJèb(D=), 

as is defined by 

(1. 2)' 

is convex, bence the w*-closure Mi,(D=) in (H(D=))* is w*-compact and convex, 

for which the Krein-Milman's theorem is also applicable. 

In order to have the analogical argument as before, we need to assume: 

For arbitrary two points x and y E f>= distinct each other, there exists such 

Il) a w'JJè+(E-D) that r/J(!l)(x)=Fr/J(!l)(y).15 l 

Then, replacing E, IJJèt(i5), H(D) and ]}[6(Ï5) by E==Eu(}, 9Jèü(D=), H(D=), 

and Mi,(D=) respectively, we can see easily that the whole theory contained in 

1. 2 is weil revised completely, and consequently we get also general balayaged 

measures Il= of flE'JJè!i(D) in the sense of 2.1, assuming rcouaD. Let !f.r be the 

restriction of one of these Il= in aD CP= may be distributed in ou aD in general); 

for such a flr, we see that The01·ems 3his~5 are ali true, since /E H(D) vanishes 

at (} and hence 

(2.9) 

This admits us to construct the properly balayaged measure 11~ of fl, dis­

tributed in aD, in the quite same manner as in 2.2~2.3. Theorems 7~8 are then 

completely valid. 

However we have 

(2.10) 

and if fl is distributed in D, we have exactly 

(2: 10)' s dp. > s dp7· . 

15) This assumption #) is well held in Rn(n"23) with Newtomian potential (Example a)); 
the locus of equidistant points from x and y forms a hypersurface in R'", whose inter­

section with E- Dis at !east of Lebesgue measure null, while E- D itself is not so. 
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In fact, let ). be a measure distributed in a certain compact K~8D, whose 

intersection with the support of 1-1 is void, such that ,p().) =1 on K and O;;S,p().) :::;1 

in E-K; we have then h=1-r,D(lj.) E H(D=) and ,p().[.)EH(D), so that J (d!-1-d/-1[.) 

= J h(d!-1-d!-1~)>0 since J ,p().[.)d!-1= J ,p().nd1-1r by (2.9)and J hd1-1> J hd1-1r=O. 

Such phenomenon does not occur in the case of a relatively compact D, .for 

which we have always J dtJ.= J d1-1"r, since H(D) contains the unit function. 

§ 3. The Case of Compact Sets: Extrernisation. 

3. 1. Balayage in the case of compact sets. Let K be a compact set in E. 

By analogy to Definition 1, we define H(K) as a normed linear space consisting 

of the restrictions in K of all such ,P(v)EB(E) that vis distributed in E-K, with 

respect to the norm 

(3.1) llfiiK=suplf(x)l. 
mEK 

If the interior of K, intK, is a non-trivial (open) set, we see easily that H(K) 

is a linear subspace of H(D) for D=intK. An arguement exactly analogous to 

that we used in the preceding sections allows us to define Mt(K) and Ext. 

Mt(K) again, for which by replacing the letter D by K Theorems 1, 2 and Lem­

ma 2 remain valid. However, in order to avoid any confusion, we shall use the 

notations V, Vo, and !-lv instead of r, ro and /-Ir respectively. Then, Theorem 3 

is also valid and stated as follows: 

THEOREM 10. Let 1-1 be in IJJè+(K) and /-lv a balayaged measure of 1-1; we have 

then 

(3.2) J f d1-1= J f d1-1v for all fE H(K), 

and moreover 

(3. 3) ,P(/-1) = ,P(/-Ip) outside of K. 

It should be noticed that in the present case Theorem 3bis is not valid and 

even if ,P(/-Iv) is bounded; f.J.v is not uniquely determined in general, since ,P(/-Iv) 

does not belong to H(K). 

We prepare a lemma for later use: 

LEMMA 5. Assume intK not to be void; if 1-1 has the support contained in 

intK, then ,P(/-I)?;:;,P(/-Iv) everywhere in E. 

In fact, ,P(/-1) is continuous in E -intK and so bounded in 8K; for every 

XE8K it holds that 
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q,(p.) (x)= lim ,P(p.)(y) =lim r!>CP.v )(y)-:;;,q,(p.v) (x). 
Y_,.x y....::;,x 

yEE-K 

Thus, q,(p.)-:;;,q,(p.v) on a kernel of !J.v and J rf>CP.v)dp.v must be finite so that by the 

maximal principle for potentials it follows the assertion. 

Take now a sequence of relatively compact open sets {DJ} such that DJ+1CDJ 

and IIDJ=K. For a given p.EIJJ1~(K), considering p.EIJJè~(DJ), let us denote a ba­

layaged measure of p. in DJ by fJ.J for each j. Since IJJè~(D1) is vaguely compact, 

the sequence {p.J} has such a sub-sequence {fl.Jk} that f.l.J" converges to a certain 

measure P.v which is necessarily distributed in aK. An analogue of the proof of 

Theorem 8 for P.r shows that P.v is also a balayaged measure of the present sense. 

Let p. and v be arbitrary in IJJèt(K); as q,(p.)-;;;,q,(p.;) by Lemma 5, we see 

J ,P(p.~)dv:S:Jir_: J ,P(p.;)dv 

=li~ J ,P(p.;)dv'V (by (3.3));'S J ,P(p.)dv'V. 

Replacing p. and v mutually, we get 

(3.4) 

On the other hand, one sees easily ,P(p.'/r);'S lim ,P(p.;)~rf>(p.) everywhere in E. -r 
Summarizing these, we have the following. 

THEOREM 11. P.v is the balayaged measure, uniquely determined, of p.EIJJlt(K) 

(or more generally, of p.EIJJè+(K)), whose potential ,P(p.~) has the following pro­

perties; 

(3.5) 
q,(p.'/r)=,P(p.) outside of K, 

q,(p.)-;;;,q,(p.~) everywhere in E. 

It remains us to prove the uniqueness of p.~; suppose now another p.~ verifies 

the above conditions (3. 4) and (3. 5), and for an arbitrary ,P(v) E B+(E) decompose 

it into ,P(v)=,P(v")+,P(vE-K), then we have 

S ,P(v )dp.~= S ,P(v")dp.~+ S ,P(p.~)dvE-K 
= S rt>((vk)~)dp.+ S ,P(p.)dvE-K 

= J ,P(vk)dp.~+ S ,P(p.~)dvE-K 
= J ,P(v)dp.~, 

from which it follows that J fdp.~= J fdp.~ for every fE B(E). Owing to the pro-
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perty 5) of potential, we conclude p.';=p.~, completing the proof. 

We caU such p.; the balayaged measure or, according to M. Brelot's terminology, 

the extremal measure of p.. Of course, by analogue to P.r we are enable to de:fine 

the extrema} measure of any p. of IJJè+(K) and bence of IJJè(K). 

A characterization of p.y, p.EIJJè+(K), is contained in: 

THEOREM 12. P.r is the measure whose potential if;(p.v) realizes the minimum 
among al! such potentials if;(v ), v E IJJè+(K), as satisfy the condition (3. 5). 

The proof is somewhat trivial, since P.r is considered as the balayaged measure 

of v. 

3. 2. Stable boundary points. A point xE V'o (in other words, e:;; E Ext. Mt(K)) 

is said to be stable; that is, a stable boundary point of K is nothing but a regular 

boundary point with respect to the balayage in the present sense. 

THEOREM ù A point XE aK is stable, if and on! y if (e.,);=e,. Thus, any 
stable point is characterized by another simPle condition; 

(3.6) if;(p.)(x)=if;(p.;)(x) for every p.EIJJè+(K). 

W e show bef ore beginning the proof a useful Lemma: 

LEMMA 6. If p.~=~~~ in Mt(K) and p. is a basic measure of p.~, then we have 
p.~=~~~. 

In fact, if;(v)(y)=v~(if;(r:y))=p.~(if;(ev))=p.~(if;(ev))=if;(p.)(y), whatever y may be 

in E-K, so that for any rp(r)EH(K) it holds 

S if;(r)dv= S if;(11)dr= S if;(p.)dr= S if;(r)dp., 

which comletes the proof of Lemma 6. 

Proof of Theorem 13. 1) Let first XE\i'o, i.e. e;;;E Ext. Mt(K), then since 

Cex)v~= (ê;;;) f Ext. Mt(K) the basic measure of Cr:x)r is uniquely determined, bence 

=Cex)v itself, and moreover it must be equal to a point measure ey,yf K, which 

is a direct consequence of Theorem 2. By the property 4) of potential, we obtain 

x=y and thus (e,);=e,. 

2) Conversely, suppose that Cex)v=e, nevertheless e:;;; were not an extreme 

point of Mt(K), and set now eX'=-}C.u~ +v~) for p.~, v~El'vf~(K), p.~=/=~~~. with 

basic measure p., vEIJJèt(K) respectively. Owing to the above Lemma, we have 

~;;;=-1--(p.~+v~), and since the balayage is unique, it must be that ë,=(ex)'F=-~­
(p.;+v;), so that tJ.r=vv=s, and consequently p.~=v~=e;;;. Since p.~=/=-JJ~ by hypo­

thesis, there must exist such a if;(p.)EH(K)(p.EIJJè+(E-K)) that 

f=if;(p.), 

16) In fact, suppose that for every rp(T)EB+(E)nH(K) J.L~(rp(T))=v~(cp(T)), then it follows 
f.L~(f)=v~(f) for every /EH(K); thus, f.L~=/=-v~ yields the assertion. 



On the foundation of balayage theory 77 

and hence e;,(f)>v~(f)?:;v~(/),17 ) which is a contradiction. Thus, e~ is extreme 

in M~(K). 

3) (e,)v=e,implies directly that rf;(p.)(x)= J rJ;(p.)d(e,)~= J rJ;(p.;)de,=rf;(p.v)(x). 

Conversely, from (2.6) it follows that q,(p.)(x)=rf;(p.v)(x)= J rJ;(p.)d(e,)v for all 

p.EIJJ1+(K); on the other hand, it is obvious that rf;(v)(x)= rp(v)de,= s rf;(v)d(e,)v 

for every vEIJJè+(E-K). Combining these, we have 

J /de,= J fd(e,)v for every /f. B(E), 

from which (e,)v=e,. Thus, the proof of Theorem 13 is completed. 

In the case of Newtonian potential in R"'(n?;;3), we assert: 

THEOREM 14. If K is a set of Lebesgue measure nul!, al! points of K are 

stable. 
Proof. For each yEE, consider the integral means of rJ;(e,) and of q,((e,)v) on 

the sphere I.;y, r with center y and radius r, then since I.;y, rn K is a null set for 

n-dimensional Lebesgue measure and q,(e,)=q,((e,)v) in E-K, we have 

where dv denotes the n-dimensional volume element and mr the total volume of 

a sphere with radius r. Letting r-+0, we have rf;(e,)(y)=rjJ((e,Jv)(y) for every 

y E E, so that it con eludes e,= Ce,) v, as desired. 

3. 3. The case of general closed sets. For a non compact closed set F with 

the relatively compact complement E-K, we are able to define the balayage by 

analogy to 2.4 and 3.1, in adding the unit to H(F) and compactifying F. The 

most important difference from the compact case is that it may be J dp.> S dp.;. 

The case in which E-F is not open or 8F is not compact is of less interest, 

so that omitted here. 

§ 4. Regular Points and Stable Points. 

4.1. Characterization of regular or stable points. We are now in a position 

to investigate the regular or stable boundary points more critically: The next 

theorem is a summarization of the properties of them (however, the assertion 

about stable points is just OlflY a version of Theorem 13). We treat here ex­

clusively either relatively compact D or compact K. 

THEOREM 15. The following three conditions are mutually equivalent; 
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i) xE To (resp. xE "Vo) or equivalent! y e';;E Ext. Mci(D) (resp. e';EExt. Mci(K)), 

ii) (e.,)'V=e., (resp. (e.,)J=e.,) 

iii) f(x)=JF(x) (resp. f(x)=fF(x)) for every jE B(E).*) 

Before beginning the proof, we propose an important Lemma which will be 

available to prove the Theorem itself. 

LEMMA 7. If tli.~p.~ in M~(Ï)), then (p.A)~~(p.)~ vaguely. 

In fact, for ali continuous jE B(E) we have 

Refering to the property 5) of potential, we conclude the assertion. 

We sha11 now prove Theorem 15 in such a direction that i)~ii) and ii)~iii). 

i)~ii): i)~ii) is clear by Theorem 4, i). The proof of ii)--i) is somewhat 

complicated. Suppose first that (e.,)~=e., nevertheless e';Ë Ext. M~(D); set then 

e;= ~(p.~+v~) for p.~,v~dï1t(ÏJ), ~=!=v~, with basic measuresp.,vrespec.tively. 

For the sequences {p.À} such that p.À~p.~ and {vÀ} such that vÀ~v~ in Mt(l5), we 

see by the above Lemma that -{-(p.A+vA) converges vaguely to (e.,)~=e., since ~ 
(p.À+vÀ) converges to e'; in Mt(D). Therefore, one concludes that 

from which p.~=v~=e.,. By the same way as in the second part 2) of the proof 

for Theorem 13, we have finally p.~ =v~ =e';, which is contradictory with the as­

sumption. 

ii)~iii): ii)~iii) is an immediate consquence of (3.4), while iii)~ii) is also 

clear, because iii) implies J fde.,= J fd(e.,)l for every jE B(E). Thus, Theorem 

15 is completely proved. 

THEOREM 16. If xE 8D is stable with respect to D, then it is regular with 

respect to D. 

Proof. It holds always 

(4. 1) 

for ali p.EIJJt+(D), so that q,(p.)(x)=e/l(p.'V)(xJ implies q,(p.)(x)=c/JCp.n(x), which 

proves the Theorem. 

4. 2. Simple sufficient condition for stable or regular point. Hereafter on, 

we sha11 restrict ourselves within the case of Newtonian potentials in Rn(n?;_3). 

From the property that x is stable if and only if e;;;- E Ext. Mt(K), we get shortly 

a simple criterion in order that x be a stable boundary point, as an application 
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of Theorem 15; that is, 

THEOREM 17. If we can draw in the outside of K an osculating sphere L; to 

8K at a point xE 8K, then x is a stable boundary point of K. 

In fact, let Xo and ro be the center and radius of L; respectively, and take 

now an inner point z on the segment combining x and Xo; suppose further e;;;=-~­
(.u~+v~), ;[*v~ for ;[,v~E1M~(K), having the basic measures p.,v respectively, 

then owing to Lemma 6 we have 

(4.2) 

on the other hand, one sees <P(e.)(y)=Nnr2-n(y,z)-;;;,_Nnr~-n<Nnr2-n(x,z)=<P(e.)(x) 

whenever y(*x)EK,so that (4.2) is held if and onlyif p.-=v-=e';. By the same 

fashion as in the second part 2) of the proof for Theorem 13, it must be p. =v 

=e;;;, from which follows a contradiction. Thus, Theorem 17 is proved. 

Refering to Theorem 16, we assert also; 

CoROLLARY. If we can draw an outer osculating sphere L; to 8D at any point 

XE8D, then x is a regular boundary point of D. 

4. 3. Further characterization in Rn(n~3). From the above Theorem 17, we 

can deduce another characterization for stable or regular points, which will play 

an important rôle in the next paragraph concerning to Dirichlet's problem: 

THEOREM 18. A necessary and sufficient condition that xE 8D(8K) be regular 

(stable) is that for any sequence of points y,yED(EK), such that y~x we have 

Cev)J ~ e~CCev)v-'? e,) vaguely. 

Proof. We shall :orove the assertion only in the case of compact K, however 

it is quite ali the same to the case of open D. 

1 °). Assume x to be a stable point of K, then according to y~ x one sees 

f(x) = tp(x)-;;;,_ lim tp(y)= limJf dCev)v 
y..:;:..x Y~X 

-;;;,_ limf(y)=f(x), 
y-;., 

for any continuous fE B+(E), from which it cornes that (ey); ~ e, vaguely owing 

to the property 5) of potential. 

2°). Conversely, we shall next show by using a selfcontradiction that, if x 

is not stable, there exists such a sequence of points {y}, y-'? x, in K that Cev)v 

does not converge vaguely to e~. Suppose now it were not so; since x is not sta­

ble by assumption, we can take a measure tJ,EIJJI~(K) such that </J(p.)(x)></J(p.P)(x), 

and for such p. it would hold that 

lim <PCt-tv)(y)=lim J</J(p.)d(ev)v~</J(p.)(x)><P(p.;)(x), 
Y~x y~x 
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whatever {y} may be. For a suitable open sphere L:~ with center x, we would 

have if;(pf})(z)>rfJ(pv)(x) for any ZE L:gnK. On the other hand, q,(p) being lower 

semi-continuous, there exists a sphere L:~ such that rfJ(Jlv)(z)=r/;(p)(z)>q,(pV)(x) 

for all zEL:~nCE-K).18l Then, for every sphere L:, with center x contained in 

L:gn L:L we obtain 

(4. 3) 

where dv denotes the volume element in En, which however contradicts itself with 

the fact that q,(pv) is superharmonic in E. Thus, Theorem 18 is completely 

-proved. 

Remark 1). The proof 1°) remains valid, as is easily seen, even if E is not 

thus ,restricted in Euclidean space Rn; that is, in general, we assert that if x is 

stable to K, Cev)v converges vague/y to <,for any sequence of points y, yE K, such 

that y--+ x. 

Remark 2). The condition in Theorem 18 for regular points is well strengthen­

ed by taking exclusively a sequence {y} consisting only of inner points, i.e. yE D. 

Indeed, replacing L:&nK by I;ZnD, ali the proof remains valid; (4.3) is also as­

sured since fJD- To is a null set for n-dimensional Lebesgue measure, and (e11)v=<11 

for every y E To. 

§ 5. Representation Theorems and Applications to Dirichlet's Problem. 

5. 1. Linear space H(To), and the representation. Though, considering H(D) 

as an archimedian partially ordered vector space, we can represent H(D) onto a 

linear subspace H(Ao) of C(Ao), Ao=Ext. M~(D), under a linear order isomorphism 

and isometry Csee R. V. Kadison [6], Theorem 2.1), it is less fitted for our present 

position to apply it to the Dirichlet's problem, because H(Ao) is not necessarily 

dense in C(Ao). 

Thus, we need to investigate the representation of sorne normed linear sub­

space H(To) of H(D), whose definition is given just below, and through this 

representation theory we approach to a new solution of Dirichlet's problem. For 

the actual purpose, assume always that D is a relatively compact set iD Rn(n~3) 

with Newtonian potential or in the unit circle 1 z 1 <1 in Z 2 with logarithmic 

potential. In the case, H. Cartan has constructed such a continuous q,(œ) E B+(E) 

(such œ shall be called H. Cartan's measure) 19 ) thatf <P(œ)dp= S q,(œ)dv implies 

18) In fact, choose s>O as smaller than cp(p)(x) -cpCp,v)(x); th en since p(p) is continuous 
in E-K, for a suitable L:~ it holds cp(p)(z)>cp(p)(x)-é>cp(p~)(x) for ali zEL:~n(E 
-K). 

19) H. Cartan [4], no 21. 
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p.=v for p.,vE9)1+(E). Using this measure œ, we can state: 

LEMMA 8. Every regular (or stable) point in 'iJD is characterized by a single 

condition; 

(5. 1) cjJ(œ) (x) =rp(œ'f) (x) (resp.=rp(œ~)(x) ). 

Moreover, any P.~· (or p.;J), p.EIJJ(+(D), is distributed in To (resp. Vo), and 'iJD 

- ro is of capacity o. 

Indeed, rp(œ)(x) =cp(œ'}) (x)= J rp(œ)d(em) r implies that e.,= (e,;)'} and the converse 

is trivial; this is all the same for (e.,)~. Th us, one sees that 

(5.2) 
( rp(œ)>c/JCœn in 'iJD-ro, 

jcjJ(œ)>c/J(œ'V) in fJD-vo. 

If p.r has a portion (pT)* distributed in 'iJD-ro, then putting (p.T) 0 =p.'f-(p.T)* 

we have 

J rp(œr)dp.r= J rp(œr)d(p.T)o + J rp(œ'})d(p.T)* 

< S q\(œ)d(,ur)o + S q\(œ)d(p.T)* 

=Srp(œ)dp.J, 

which is absurd since p.[. is also the balayage of p.~ itself. The same is true 

for P.v. From the first inequality of (5. 2) follows immediately the last assertion 

since ,P(œ)=,P(œJ) in 'iJD excepting a set of capacity O. This completes the proof. 

DEFINITION 3. H(D, To) (or H(D, Vo)) is a normed linear subspace of H(D) 

(resp. H(D)) consisting of all such functions as are uniformly continuous in To 

(resp. Vo), and H(To) (or H(vo)) is a normed linear space of al! the restrictions 

f of fE H(D, To) (resp. E H(D, Vo)) on To (resp. Vo) with respect to the norm 

.,.... .-.. ...... ...... 

(5.3) llfllro=sup lf(x)l Cllfllvo=sup lf(x)l). 
XET 0 XEV 0 

LEMMA 9. H(D, To) is isometrically isomorphic tà H(To) in an order preserv­

ing fashion, and so is H(I5, vo) to H(vo). 

In fact, owing to Lemma 8, one has 

1/(x)l= j Jûce.,)J \ :SIIÎIIro• 

for every XEi5, so that 11/lln:SIIÎIIro· 11ÎIIr0 :SII/IIn being clear, one concludes 

Il flin= Il j Il ro. It is all the same for Il Îll vo, and the rest is somewhat trivial. 

THEOREM 19. H(To) is dense in Cu(ro). 
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Proof. In fact, every hECu(To) has a uniquely determined continuous exten­

sion h up to To and a further arbitrary continuous extension h with compact sup­

port in E. For such h, there exists a sequence of continuous /jE B(E) which 

converges to h uniformly in E; for each j Cfj)f'. is equal to fj on To, hence 

uniformly continuous there since fj is continuous in Fo, that is, (/j)~ E H(To). As 

is easily seen, such sequence {(/j)'f.} converges to h=h uniformly on To, in other 

words, with respect to the norm of H(To). Thus, Theorem 19 is completely proved. 

Now, Cu(To) forms a commutative Banach algebra with respect to the point­

wise product, and as is well known, Cu(To) is isomorphically isometric to C(A--;,), 

where Ar is compact and To is homeomorphic to a dense part Ar of Ar. Thus 

we can arrange these results into: 

THEOREM 20 (Representation theorem). A linear subspace H(D, To) of H(D) 

is isomorphic to a dense subspace of C(Ar) under a norm- and order-preserving 

fashion, where Ar is compact and To is homeomorphic to a dense space Ar of it. 

Remark 1. Here, Ar=Ext. E',f for the unit sphere in the dual space (Cu(To))* 

to Cu(To); in this case, since Cu(To) is commutative, every functional in Ext. Et 

is multiplicative and hence positive, so that with the same notation as in § 1 one 

sees 

Ext. Et=Ext. Mb(To).20 l 

Remark 2. Sin ce every fE H(To) is uniformly continuo us in To, it is well 

prolonged up to the closure Ï'o of To without raising the norm. Such prolonged 

ones T of /E H(To) form a linear subspace H(To) of C(To). Obviously, we have 

H(To)-H(To) and Cu(To)~C(i\)~C(Ar ),21 ) 

therefore, H(To) is dense in C(To). But, it should be noticed that, for a point 

XETo-To,fi_x) is not generally equal to ÎCx); in order to avoid any confusion of 

such a kind, we have adopted the representation of H(D, To) into C(Ar) as in the 

above Theorem, although the latter (that is, representation into C(r~)) seems to 

be more simple. 

5. 2. Application to Dirichlet's Problem. From Lemma 9 and Theorem 19, 

we obtain the solution of Dirichlet's problem as follows: 

THEOREM 21. For every fEC(BD), there exists the unique solution f of 

Dirichlet's problem with respect to D, which satisfies; 

20) About these matter, see e. g. R. V. Kadison [6], S. Matsushita [9], etc. 
21) The symbol ~ indicates an isomorphism which preserves the order (and hence norm) 

structures. 
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a) J is harmonie in D and bounded in D, 
b) lim /(x)=f(xo) for XED and XoETo, that is, excepting a set of capacity 

X~Xo 

0, the boundary-values off coïncide with f(x). 

Proof. Existence of the solution: For each point xE D and any sphere 2::;., 

with center x, included in D, the integral operators e;; and ;!;;;, À, being the spheri­

cal measure on 2::;,, 22 ) such that 

(5.4) J.;,(h)= J J hd(ey);dJ.,(y), 
ro l.x ro 

are both bounded linear functionals (actually, of norm 1) on H(To), which coïncide 

with one another, since on H(D, To) so are those that e';(h)=h(x) (=e;(h)) and 

J.;,(h) = I L.:vh(y)dÀ:v(y)(=J.;(h)). Since H(To) is dense in Cu(To), both e;; and).;, 

are uniquely prolonged to Cu(To), on which e;=J.;;;, too. Thus, for fEC(8D), the 

restriction fro of f in To is contained in C,_lTo) and 

(5.5) ]Cx)= f fr,dCe"')~=f fdCe"')~ • ro an 

is the desired one, because one bas J L.jdJ..,=k;,Cfr,) =e;(fr,) = fcx). The condi­

tion b) is an immediate consequence of Theorem 18, 4. 3. 

Uniqueness of the solution follows from the general property of harmonie func­

tions that if f and g are bounded harmonie in D and, excepting a set of capacity 

0 in 8D, their boundary-values are identieal, then f=g in D (a proof of this fact, 

however, shall be given in the later section independently from the present proof), 

which completes the proof of Theorem 21. 

The case of non relatively compact domain D with compact 8D is also ana­

logically treated, but it is needful in this case to set up a further condition for 

f, in addition to a), b) in Theorem 21, such that 

c) fEL~(D), i.e. limf(x)=O, 
"'"'~ 

since (e,) l converges vaguely to 0 as x runs to the infinite, as is easily seen. 

An analogue of Theorem 21 for Cu(Vo) is easily obtained; employing the above 

obtained results, we can prove 

THEOREM 22. For every fECu(Vo) Chenee, for fEC(8ÏJ)), 

(5.6) f*(x)= Jfd(e,)~ 

is a harmonie function in D, which has the property; limf*(x)=f(xo) for XED, 
X--7Xo 

Xof\i'o. 

22) About the definition of À:v (spherical distribution on L;.,), refer to 2. 2. 
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In fact, f bas a continuous extension /ËCu(To), then owing to Theorem 19, 

there exists a sequence of gE H(To) which converges to f uniformly on To, and 

bence to f on Vo. The integral functionals ( with the same notations as in (5.4)): 

~';,(/)= Sfd(e.,);, ,l!(f) = J J fd(ey);d,l.,(y) 
Fo ~!l: J7o 

are both bounded linear on Cu(To), and satisfy e!(g)= Svogd(e.,);=g;(x)=JI;., 

g;(y)dÀ.,=À!(g) for every gE H(To), since g; is harmonie in D. Thus, e!=À'; on 

C,.(To), so that f* is harmonie in D. The rest is clear by Theorem 18. 

5. 3. Extension of boundary functions in Dirichlet's problem: Here we con­

sider only n-dimensional Euclidean space Rn(n?;3) with Newtonian potentials and 

assume always that D is relatively compact. Now, assume further 'iJD to be a 

measure space with respect to a certain measure m such that 1 °) m(X) =0 for 

any set XC'iJD of capacity 0, 2°) every bounded potential is m-measurable on 

'iJD. 

THEOREM 23. For every essentially bounded m-measurable function fon 'iJD, 

there corresponds a bounded harmonie function f in D such that; if f is con­

tinuous in a neighborhood U(xo) of a regular boundary point Xo(E To), then fcx) 

_,. f(xo) as xE D _,. Xo, and if fis continuous excepting a set of capacity 0, such f is 

unique/y determined. 

Let us denote by M('iJD) the Banach space of ail m-measurable essentiaily 

bounded functions with respect to the norm Il f IIM=ess. max 1 /(x) 1 (i.e. essential 
a:E8D 

maximum). Ail jE H(D) form a linear subspa.ce H('iJD) of M('iJD). Then we 

see that H('iJD) is dense in M('iJD): in fact, suppose now this were not so, and 

take a non-trivial functional ~- on M(()D), which vanishes on H('iJD). From a 

general investigation about the conjugate space of M('iJD), we conclude that such 

,;;- defines a Radon measure ,; on ôD, for which ,;(X) =0 on every set of X of 

capacity O. 

For H. cartan's measure œ cited in 5.1, we have by hypothesis J q,(œ)dg= 

J q,(œl)dt=t-Cr/JCan)=O, since we have q,(œ)=rp(œ7) on 'iJD excepting a set of 

capacity 0; so that, ,; itself must be null measure and t-=0, contradicting with 

the hypothesis. Then, the bounded linear functionals À;; and e;;;, xE D, defined 

similarly as in (5. 4) on M('iJD) are coïncident, since so on H('iJD), which implies 

that /(x)=J fd(f.,)f' is harmonie in D. Owing to the fad that if XoETo, (e.,) 1? 
av 

converges vaguely to e.,. as xE D _,. xo and bence so is the restriction of (e.,); in 

U(xo), and by the same reason appeared in the proof of uniqueness for Theorem 

21, the rest is somewhat clear. 
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We remark that this Theorem involves Theorem 21 entirely and yet its proof 

is quite independent of the latter. 

CoROLLARY. With the same f as above, f*(x)= S fd(e,,); is harmonie in D 

and if f is continuous in a neighborhood U(xo) of a stable point Xo(EVo), /*(x)-"' 

f(xo) as XE D-"'Xo. 

Appendix I. We consider exclusively Rn(n2';3) and Newtonian potentials. Sup­

pose first that flE~]è+(E) has a compact support. Since rp(fl)EL=(E), for a suita­

ble positive number k, g=rp(fl) ,.kE B+(E) and /=r/J(/1)- g vanishes outside of a 

relatively compact open set U. f being lower semi-continuous, there exists a se­

quence of continuous functions fJ such that /.i /' f; then, putting /j= C/.i-e/2J)+,'3) 

we see easily /j / f again and /~ has a compact support wholly contained in 

U. Owing to the property 5) of potential, for eacb /~ there exists a continuous 

potential rp(v.i)?';O such that 

and rp(v.i) vanishes clearly outside of U. As is easily seen, rp(v.i)~rp(v.;+l) for every 

j and rp(v.i) /' f, so that, putting r/J.i=(g+rp(vJ)) which is continuous in E, r/J.i/'r/J(/1) 

as desired. 

If the support F of flEIJJè+(E) is not compact, we can take a sequence of 

compact sets K.i such that K.iCint. KJ+l and U K.i~F; denote now the restriction 

of f1 in K.i by !li and for each rp(tJ..i) consider r/J.i in the above sense, then rp(pJ)/' 

rp(p) and hence r/J.i/'r/J(p) as desired. 

Appendix II. We shall prove next that if two harmonie functions f and g have 

the same boundary-values excepting a set rFJ of capacity 0 in 'àD, then f=i in D; 

with the same notations as in 5. 2, consider at fiirst the sequence of domains Di 

CD such that Dj=D-USp_Cx) for spheres sp_Cx) with center x for all XEIFJo= 
J J 

('àD-ro)UIFJ, which being the set of capacity 0, and radius PJ=1/2J. Clearly, 

D.iCD.i+I, lim Di=D, and ali the boundary points of each D.i are regular (refer to 
j 

Theorem 17).24) For an arbitrarily fixed XE D, there exists an index jo such that 
--------~----

23) ( • )• means the positive part of ( • ), i.e. ( • )UO. 

24) Let us prove each XoEBDJ-a(USP.iCx)) to be regular with re3pect to aD.i; take nowa 
neighborhood U(xo) contained in aD.i-a(USPJ(x)). For /E Co(U~x,)), we see that 

J' jd(é,)3=]Cx)= f fd(é,)~~f(xo) as xEDJ~xo, 
an.i , av 

since fis continuons in aDJ, so that ((é,)Ducx0 ) ~ éx0 and hence (é,)3 ~ é"'0 vaguely, from 

which the assertion. 
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xED1 forevery j?:,jo. Denoteby (e,)j the balayage of e,,XEDJ in fJD1and by (e,)j 

(i=l, 2) the restriction of (e,)j in f)DJnfJD and that in fJD1-f)D respectively; a 

subsequence of {(e,)j} converges vaguely to a certain measure J.l on f)D and, as 

,p(e,)?:, !J1~ q,((e.,)j)?:,I/>(Y) on f)D, 1/>(J.i) is bounded in E, while li~ S d(e.,)]= S dY< 

+ =. Therefore, J.1 must be distributed in 8D-€Jo and we can see that If-il (e,)j 

converges to 1[-iJ y=0,25) so that 

ltCx)-iCx)r~J .11-ildCe,)j 
8DJ 

and, XE D being arbitrary, f=g in D. 
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