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1. Introduction 

We shall give, in th'is paper, cellular decompositions of the classical Lie 

groups SO(n), SU(n) and Sp(n). The important role is te> give the primitive 
cells by making use of cross-sections from cells such that spheres sn-1=50(n)/ 

SO(n-1), S 2n-l = SU(n)jSU(n-1) and S4n-I = Sp(n)jSp(n-1) minus one point, 

respectively, to SO(n), SU(11) and Sp(11). The cells of SO(n) are closely connected 

with the real projective space P [7], [10] and the cells of SU(n) are closely con­

nected with the suspended space E(M) of the complex projective space M [11]. 

The cells of SjJ(n), however, have no connection with the quaternion projective 

space directly. 

In the classical Lie groups, the cup products and the Pontrjagin products 

are calculated rather simply: the Pontrjagin products of cells, fortunately, are 

cellular in the almost cases. As for the Steenrod's reduced powers, since these 

operations are calculated in the projective spaces P and M (and hence E(M)), 
we can calculate some reduced powers in SO(n) and SU(n). In the case of Sp(n), 

we shall obtain the aim by researching the connections between SU(2n) and 

Sp(n). 

The cellular decompositions of the classical Lie groups follow cellular 

decompositions of the Stiefel manifolds Vn, 111 =50(n)jSO(n-m), Wn,m=SU(n)j 

SU(n-m), Xn,m=SP(n)jSp(n-m) and some homogeneous spaces Fn=S0(2n)j 

SU(n), Xn=SU(2n)jSp(n). We shall compute their homological properties by 
making use of their cell structures. 

2. Notations 

Let X be a finite cell complex and r a coefficient commuta · ive ring with 

a unit. We denote by H(X; r) (resp. H*(X; r)) the homology group (resp. 

cohomology algebra) of X with coefficient ring r. If f : X~ Y is a continuous 

mapping, we denote by rf?< (resp. rf*) the chain (resp. cochain) homomorphism 

and by rf*: H(X; T)-*H(Y; T) (resp. rf*: H*(Y; l')~H*(X; r)) the homomor­
phism (resp. algebraic homomorphism) induced by f respectively. Throughout 

this paper, r will be Z or Z1,. 1 > According as Tis Z or Zp, rf* (resp. rf*) and 

1) Z is a free cyclic group with one generator. Z p is a cyclic group of order p, 
where p is a prime integer. 
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rf* (resp. rf*) will be denoted by f<c (resp. f'*') and f* (resp. f*) or pf?< (resp. 

p]'*') and pf* (resp. p]*). If e:Y (where k denotes the dimension of e:YJ is a cell 

of X, then (etJ (resp. (pe:)) denotes the integral chain (resp. integral chain 

reduced modulo p) which is represented by the cell e~. If (pe"J) (resp. (pe:)) is 

a cycle, then e:EHk(X; Z) (resp. pe:EH"(X; Zp)) denotes the homology class 

containing the chain (e:) (resp. (pe:)). Let [ e:Y] (resp. [pe:YJ), analogously, be the 

integral cochain (resp. integral cochain reduced modulo p) which assigns 1 to 
only the cell e:Y and 0 to the others. If [ eiJ (rese. [pe:Y]) is a cocycle, then e:Y 
EH"(X; Z) (resp. Pe:YEH"(X; Zp)) denotes the homology class containing the 

cochain [e:YJ (resp. [pe:X.l). We shall omit, later on, .the brackets ( ) and [ ] 

(occasionally, even the left sufix p) in the case there is no danger of confusion. 

Px(t) denotes the (usual) Poincare polynomial of X and pPx(t) denotes the 
Poincare polynomial of X modulo p. 

Let H be a (finite dimensional) free algebra (resp. algebra over Zp), graded 

by the sub modules Hi (i~O), anticommutative, with a unit which is a base of 

H 0. A set (xv X 2 , • • • • ), where xk is a positive dimensional homogeneous element 

of H, of His a simple generator of H if the monomials Xk1Xks· · · ·Xkj, where k1 > 
k2 >. · ·. >ki; h= 1 ,2, .... , form with the unit an additive free base (resp. additive 

base over Zp) of H, and denote by H =.1(XvX2 , • · • • ). An algebra H with a simple 
generator (x1 , x2 , • • • ·) is a free exterior algebra (resp. exterior algebra over Zp) 
if xx=O, XEH, and denote by H =A(xv X 2 , .... ). 

3. Classical Lie groups and Stiefel manifolds 

We denote by F one of three fields of real numbers R, complex numbers C 

or quaternion numbers Q, and by d = d(F) the dimension ofF over R; d(R)=1, 

d(C)=2 and d(Q)=4. Let pn be the right vector space of dimension n whose 

elements are ordered sets of n elements of F. Specifically X=(x1 , x2 , • • • ·, Xn) is 

in pn if each XiEF, and, if a is in F, then xa=(x1a,x2a,. · · ·,Xna). Let ei be the 
element of pn whose i-th component is 1 and whose other components are 0. 

Define the inner product of x = I:7_1 eixi andy= 2:7_1 e;yi in pn and the norm 

of x by 

(x,y) = L:7_1xiyi (xi is the conjugate of xi), 

and 

X=yl(x,;v) 

respectively. The elements ev e2 , •••• , en form an orthonormal base in Fn. 
Let G( rt) be the group of linear transformations in pn preserving the inner 

product. In matrix notation, (n. n)-matrix A with coefficient in F is in G(n) if 

and only if 

AA* =A* A= In. 2 ) 

2) A' is the transposed conjugate matrix of A. J,. is the unit (n, n)-matrix. 
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G(n) is called the orthogonal group O(n), unitary group U(n) or symplectic group 

Sp(n) according as the field F is real, complex or quaternionic. 

Since the f1elds of real and complex numbers are commutative, the deter­
minant of matrix can be considered. Let SG(n) be the subgroup of G(n) (except 

G(n)=SP(n)) composed of all matrices in G(n) whose determinants are 1. SG(n) 

is called the special orthogonal group SO(n) or special unitary group SU(n) accord­

ing as the scalars are real or complex. 
Define a mapping s: G(n)--+SG(n)xsa-1, where sa-1 is the 0-or !-dimensional 

sphere of real or complex numbers respectively whose norms are 1, by 

~(A) =A (·det A-1 
) X det A, 

In-1 
then 1: is a homeomorphism. Consequently O(n) is non-connected and SO(n) is 

the connected component of O(n). 

pn-l is embedded in pn as a vector subspace whose last component is 0. 

Then G(n--1) may be regarded as a subgroup of G( n) by extending a matrix A 

of G(n-1) to G(n) by requirement that Aen=en. Thus we have sequences (s~- 1 =) 

G(l)cG(2)c··· -cG(n) and In=SG(l)cSG(2)c·· ··cSG(n). 
Let S~"- 1 = {xEF";[x[=l} be the unit sphere in Fn. Then the embedding 

pn-1cFn gives rise to an embedding S~n- 11 - 1 cS~n- 1 • For integers n2::m2::1, let 

Sn,m be the Stiefel manifold of ordered orthonormal m vecters a=(ai>a2,····,am) 

in Fn. Sn-1,,._1 is embedded in Sn,m by regarding a point a=(a 1 ,a2 ,· • • ·,a,_l) 

of Sn-1 ,m_1 as a point a= (a 1 ,a2 , • • • • ,am_1 ,en) of Sn,n,. Thus we have a sequence 
S~n-m+ 1 l- 1 =Sn-m+I, 1cSn-mH, 2c· · .. cSn,,.· Sn,m is called the real Stiefel manifold 

Vn,,, complex Stiefel manifold Wn,m or quaternion Stiefel manifold Xn,m according 

as the scalars are real, complex or quaternionic. 

Define a projection Pm = Pm. G(n) : G (n) --+ Sn, m (resp. Pm = Pm, SG(n) : SG(n) --+ 

Sn,n" for n>m) by 
Pm(A) = (Ae.n-m+l> .... , Aen_1, Aem)· 

Then G(n) (resp. SG(n)) operates transitively on Sn,l}, and G(n-m) (resp. SG(n-m)) 

is the subgroup of G(n) (resp. SG(n)) leaving fix a point (en-m+1 , · · · ·, e11 _ 1 , en)· 

Hence we have a fibre space G(n) jG(n-m) = Sn,m (resp. SG(n) jSG(n-m) = Sn,m) 

with projection p,. That is, we have O(n)/O(n-m) = SO(n)jSO(n-m) = Vn,m, 

U(n)/U(n-m)= SU(n)jSU(n-m)= W,,,. and Sp(n)jSp(n-m)=Xn,m· Especially 

Vn,n= O(n), Vn,n-1= SO(n), W,.,n= U(n), Wn,n- 1= SU(n) and Xn,n= Sp(n); Vn,1= 
Sn-1 W szn-1 d X s4n-1 

R ' n,1= C an n,1= Q • 

4. Primitive characteristic map fG(n): E~"- 1~G(n) (resp. fsG(n): E~"- 1 

--+SG(n)) 

E~n-1) be a closed cell in pn-1 consisting of all X= (xvx 2 ,. • •• ,x .. _1) such that 

[x[ 2=[X1 [ 2 +· .. ·+[x .. _1 [ 2;;:;1, and E~- 1 a closed cell in F consisting of all pure 
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imaginary numbers whose norms ::; 1. Constract a closed cell E~n-l with the 

dimension dn-1 over R by E~- 1 XE~"- 1 • Define a mapping ]c(n): E~n-I_. G(n) 

by setting 

fc(1tJ(q,x)=(o;J+x;px1), i,j=1,2, ····,n, 

where X= (xl, .... ' Xn-1) E E~(n-1), x, =vi-/ X/2- and q E E~-l' P=2v1-/ q-p 

(q-yl-[q/z ). It is readily verified that /G(n) (q, x) is in G(n). In fact, using 

that I;~_ 1 [xk [ 2 = 1 and P+P+ IP [2=0, 

L:~-~ (ok,+xtpx;) (ok1+xkpx1 ) 

= L:~-1 ( oki + x, pxk) ( ok} + xk px j) 

= o;,+x; (P+P+ IP/ 2 ) xj = o;r 
When the scalars are commutative, it will be verified that the determinant 

offc(n)(q, x) is -(-q+yf::=TqJ2) 2 for any x. So that if we define a mappingfsc(r): 

E~n- 1 --.SG(n) by 

fsc(n) (q, x) = /c(n) (q, x) (- (q+y1-l q[ 2
)

2 J· 
In-1 

then ]sc(n) (q, x) is in SG(n). 
We shall call fc(n) (resp. ]sG(n)) the primitive characteristic map of E~n-I into 

G(n) (resp. E~n-I into SG(n)). 

REMARK 4. 1. Let +E~(n-l) be a set of all X= (xv · · ,Xn) EFn such that 

I X 1 = 1 and Xn ER, xn;::;;o. This set is a subset of s~n-l. Define a homeomorphism 
g: E~(n-I)_.+E'JJ"-I) by the formula 

g (xl, .... ' Xn-l) = (xl, .... , Xn-1, Xn), 

where Xn = v1-=fX]2. Now define a mapping 1 G(n) : E~-l X s'jr-l- G(n) by 

setting 

1c(n) (q.x) = (o;1 +x,px1), 

where X = (xl> .... ' x,) E s~n-l and p = 2 vl-1 qp (q-v1-1 q [2). Then the 
following diagram is commutative : 

]c(,) 
E~n-I=E~-I>;E~(n-1) ______.. G(n) 

l Ixg I xi l 1 c(,J 
E~-IX+E~(n-1)--" E~-IXS~n-I 

i.e. fr;(n)=lc(n)o(IXi)o(IXg), where I is the identity map and i is the injection. 

REMARK 4. 2. When the field is commutative, the primitive charact­

eristic map ]c(n) can be written by the form 

fc(nl (q, x) = I,,+P (x; xy), i, j = 1, 2, ... ·, 11. 

We shall remember that all of hermitian matrices X with properties tr(X) = 1 and 

X 2=X form the matrix form JJ!_ 1 of the d(n-1 )-dimensional projective space 

.Qn-l over F [11]. Hence a matrix X= (x;xy) in the last term of fc(n)(q,x) is a 

point of .Q;_ 1• Therefore, we can exchanze the anti-image E'}r- 1 of fc(n) for the 
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familiar space. 

4. 1) Case O(n) 

Let Pn- 1 be the (n-1)-dimensional real projecti\e space and P!_1 its 

matrix form. We identify a point X=[x1, · ... , x,]EP n-l such that xi+ .... +x;. 

=1 with a point X=(x;x 1)EP!_ 1 and P,_1 with P,";_ 1. As is well known, P 11_ 1 

has a !<-dimensional cell wk for n-1 ;:;;; k ;:;;; 0. A characteristic map jp11_ 1 : E1,-.. 
w"cP:_ 1 for the cell w~< is given by 

fPn-l (x11 • • • ·, xk) = (~~~1• ~ ) , 

ln-k-1 
i,j= 1,2, 0000 k+I, 

where xk+l = vi=(xi~+xff 
Now, the primitive characteristic map f o(n) IS extendable to the mapping 

f~(n): Pn-c->O(n) defined by 

where X E P,;_ 1. That is, /rJ(u) = f~(n- 1 ) o jp11_ 1 on E~- 1 • 

4. 2) Case SO(n). 

The primitive characteristic map fso(n) is extendable 

Pn-c•SO(n) defined by 

f~(nl (X) = (In-2 X) (
-1 

Th t . j r' j En-1 a !S, SO(n)=JSO(n) 0 Pn-1 on "R • 

4. 3) Case U(n) 

to the mapping f~o(n) : 

Let M,_1 be the 2(n-l)-dimensional complex projective space and M:_ 1 its 

matrix form. We identify a point X=[X1 ,·. • • ,x11]EM,_1 such that Jx1 ] 2 + · · · + 
Jxn\ 2=1 with a point X=(X;X1)EM:_1 and l\1[,_1 with M!_ 1. As is will known. 

M,-1 has a 2k-dimensional cell u 2" for n-12;k;;;;O. A characteristic map !Mn-.1 : 

E~k-->M11_1 for the cell u~" is given by 

!Mn-1 (xi, .... ' x~) = .... : ' (
X;X1 : ) 

I~<-k-1 
i,j=1,2, .... ,k+l, 

where x~c+I = yl-(Jx1T2-=f--:-:-:~x-;;J 2). 

Let E~ be a closed cell of pure imaginary complex numbers whose norms 

are ;;:; 1. The suspended space E(M11 _ 1) is the space formed from EbxM,_1 by 

shrinking --iXMn-J and iXM11_ 14 l to two different points of E(Mn-1) respectively. 

In th:c detail: let IJJl(n,C) be the space consisting of all (n,n)-matrices with com­
plex coefficients. IJJ1(n,C) is a subspace of Cn2 by a correspondence (x;7) EIJJ1(n,C)--> 

(x11 ,X12, • • • • ,x,m) EC" 2• Define E(M - 1) as the space { (q,yl-jqf2X); qEEb and 

XEM:_t}cE~XIJJl(n,C). E(Mn-1) has two 0-dimensional cells vG__, v~ and a 
(2k-l)-dimensional v2t.-l for n;;;;k~l. A characteristic map /E(Mn-I): E~k- 1 =E~ 

XE~<"--1l-->v 2k- 1cE(M,_1) for v2k-l is given by 
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]E(Mn-1) (q, (X1, '· · ', Xk-1)) = (q, Vl-j qj 2 fM1<-1 (X1, ''' ', Xk-1) ). 

Now, the primitive characteristic map fu(n) is extendable to the mapping 

f~(n) : E(Mn-1)-+U(n) defined by 

f~<nl (q, Y) = In+2 (q-vl-]qp) Y, 

where (q,Y)EE(Mn-1), i.e. Y is experessed by the form vl-]q]zX, XEM!_1• 

Then we have fu(n)= f~(n) o fE<Mn- 1) on E~n- 1 • 

4, 4) Case SU(n) 

The another suspended space E(Mn_1) is the space formed from EbxM,_1 by 

shrinking -iXMn-1, iXMn-1 and Ebx[l, 0,· · · · ,0] to a single point of E(Mn-1). 

E (M n-1) ha'> a 0-dimensional cell v0 and a (2k-1) -dimensional cell vzk-1 for n?;, 

k?;,2. 
The primitive characteritsic map fsu(n) is extendable to the mapping f;u(n) : 

E(M,_1)-+SU(n) defined by 

f~u(n) (q,X) = (In+PX) (-(q+vl-]q]z)z ). 
In-1 

where XEM!-1> qEEt and P=2vi-]q[Z (q-v1-]q[Z). If q=±i or X =Co} 
then f;u(n) (q, X)=In. Therefore f;u(n) is well defined as a mapping of E(Mn-1). 

5. Cellular decompositions of G(n), SG(n) and Sn,m 

LEMMA 5. I. Given aEF such that Re(a)=t=03 l, from the equation 

Px=a, 
p and x are determined uniquely and continuously with respect to a under the con­

ditions PEF, P+P+ [p[ 2=0 and xis a real number. 
Proof. In fact, we have readily that 

p- -2Re(a)a x- -la[ 2 q.e.d. 
- ]a]Z - 2Re(a) · 

Define a mapping ~F=fF.: E'j:'-1-+Sdn-1 by 

l;F = P1 ° k<nl (or f;p = P1 ° fsG(nJ). 

LEMMA 5. 2. l;p maps (Et:'- 1)• to a point en of S}n-1 and E~n- 1 -(E~n- 1 ):. 

homeomorphicaUy onto S}n-1-en. 

Proof. It is obvious that l;F maps (E'}:'- 1) • to en. Given any point a=(al> 

.... ,an) of s}n-1-e,., it is sufficient to show the following equations can be solved 
continuously : 

r 
X1PXn = a1, 

Xn-1 Pxn = an-1> 

1 +xn px,. =an· 

Using the preceding lemma and noting that Re(an-1)<0, x,ER, x,>O and 

3) Re(a) is the real part of a. 
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PEF (also q) are determined from the last equation. From the other equations, 

Xv · · · · ,x,_1 can be determined continuously. q.e.d. 

REMARK 5. 1. If we define a mapping c/>c(n) : s~n- 1 -en ~ G(n) by c/>c(n)= 

/c(nl o !;; 1, then we have 

(
O;j-a;(1-iin)- 1ii1 : a) 

<f;c(n)(al, .... ,an-va,)= ................ : .1' 

-(1-an)(1-an)- 1a1 a, 

where i,j=1,2,····,n-l. This mapping gives a cross-section cfJc(nl :S~'- 1 -e,-~ 

G(n) in a fibre space G(n)/G(n-1)=5~"- 1 with projection p1 [9. pp. 119, 125. 

130]. 

From lemma 5. 2, we see that ;;;(kl (resp. fsc(k)) maps c~f<- 1 =E~k- 1 -(E~k- 1 )' 

home0morphically into G(k)cG(n) for n;;;;k;;;;1 (resp. SG(k)cSG(n) for n;;;;k;;;; 2). 

This mapping fc(k) (resp. fsc(k)) also will be written by the same letter fc(n) (resp. 

fsc(n)), if there occurs no confu'3ion. Now put 

e~~;;/ = fc( 11 ) (E}k- 1) for n;;;; k ~ 1 

and 

e~~(n\ = fsc(ni (E~k- 1 ) for n;;;; k;;;; 2. 

We shall call e'f/(;;:/ (resp. e~~(n\) the primitive cell of G(n) (resp. SG(n)). 
For integers n;;;;k,;;;;J; i=l, 2, .... ,j, define a mapping 

fc(lz>: E}k1- 1X · · · · XE}"J- 1 ~ G(n), 

which is an extension of fc(n) by setting 

J G(n) (y1, · · · · 'YJ) = fctn) (y1) · · · · /G(,) (YJ) • 
and for integers n;;;;k,;;;;2; i=1, 2, · · .. ,j, define a mapping 

by setting 

Put 

and 

and 

J SG(n): E~k1 - 1 X .... xE~kJ- 1 ~ SG(n) 

e~~~)1, .. --, dkj-1 = J G(nl (E}k1-1 X. 0 0 • X E~k;-1 ), 

c~1A)1, .. --, dkj-1 = J G(rl (c'j!'l-1 X ..•• X c'j!'J-1) 

e~~r;./· .. -, dkj-1 = !sc(nl (£'#1-1 x .... x E'j!'-i1), 

E~~A-;:.)1, --,dkJ-1 =fsc(n) (c1f'l-1x ... xc'J!'i-1) 

eO= In· 

REMARK 5. 2. O(n) has two 0-dimensional cells e~(n) =In and e~(n) = 

( -I ) In the obove notation, hewever, we can not distinguish these cells In-1 · 
since these are written by the same letter eg(n)· Confusion, however, will not 

occur. Zero in the expression ek1, · .. •0·-- .. ,kj is zero of e0 
O(n} O(n)' 
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Now, we shall show that G(n) is a cell complex composed of e0 and e~~t;j 1 • · · -,dkJ- 1 

with n?:_h1 >- · · · >ki?:.l. 
First of all, we shall show that G(n) is the union of cells e0 and E~~~j 1 •· · · ·,dkJ- 1 

with n?:_k1 >· · · · >kj?:_l. Since G(l)=S~-I, we shall assume that above as:oertion 

is true for G(m) where m>n. If AEG(n) but A$G(n-l), namely P1 (A)=t=e11 , then 

we can choose a point yEc~n- 1 such that ~F(Y)=P1 (A) by lemma 5. 2. If we put 

U=/c(n)(y), then U*AEG(n-1). Hence U*A belongs to some cell E~~~j 1 ···--,dkj- 1 

with n-l?:_k1>····>.7i?:_l of G(n-1) by the assumption. Therefore A belongs 
to a cell c;dn-1,dk1-1,····,dkj-1 

G(n) • 

Next we shall show that /c(nl maps c'f/'1- 1 X··· c~"J- 1 homeomorphically onto 
c;dk1-1,----,dkj- 1 and these cells c;dk,-J----dkr 1 are disj'oint one another In fact 

G(n) G(n) • ' 

if U 1U 2 .... Us=V 1V 2 .... V 1, where U,Ec'j!'m- 1 and if m>m' then k 111 <k,·, and 

V1 Ec~"J- 1 is also similar one, then P1(U1U2 • • • U,)=P 1(V 1V 2 • • • V 1). Since P 1 (U1 U2 

· · · · Usl=P1(U1) and P1(V1V2· · · · V1)=P1(V1), we have P1(U1)=P1(V1). Since ~1• 

is homeomorphic, it follows U 1 = V1 . Hence U 2 • ·.Us= V2 • • V 1• Similarly U 2 = 
V" and so on. Consequently we have S=t. Therefore these cells are disjoint to 
each other. The above proof also gives that fc(n) is one-to-one. The fact that 

fc(n) is a homeomorphism is obvious from the continuity of the group multiplica­

tion and homeomorphism of ~F· 

Finally, it will be easily verified that the boundary of e~~~j 1 ·-- --,dki- 1 belongs 

to the lower dimensional skelton than the dimension of e~~~j 1 ·-- --,dkj-1_ 

By the quite similar method, we see that SG(n) is a cell complex composed 
of e0 and edk1- 1·-- --,dki- 1 with n>/,· > >k >2 SG(n) = '1 ' ' ' ' J = · 

The dimension of e~~~) 1 ,----,dkJ- 1 (resp. e~~t;;J 1 ·----,dkJ- 1 ) is (dk,-1)+ .. ··+ 

(dk1-l). 

Thus we have the following results. 

TH:EOREM 5. 1. The orthogonal group O(n) is a cell complex composed of 

zn cells e&(n) and e~1;;l·--·"i with n>k1> · · · · >k1?:_0. 

TH;EOREM 5. 2. The special orthogonal group SO(n) is a cell complex com­

posed of zn-I cqlls e~O(n) and e~b(,;,;··"i with n>k1 >- · · · >k1 ?:_ J. Especially, e~0(~) 
(n?:_k?:_2) is obtained as the image of the k-dimensional projective space Pk_1 by the 

primitive chO£racteristic map f~O(k): P,_c->SO(k)cSO(n). 

TH:EOREM 5. 3. The unitary group U(n) is a cell complex composed of 2" 

cells et(n) and eiJ',~)I.· .. ··2"1- 1 with n?:_k1> · .. · >k1?:_1. Especially, eV(;;j 1 (n?:_k?:_l) 
is obtained as the image of the suspended space E(Mk_1) of 2(k-1 )-dimensional 

complex projective space Mk_ 1 by the primitive characteristic map f~(k) : E(M1,_1) 

~U(k)cU(n). 

THEOREM S. 4. The special unitary group SU(n) is a cell complex com-

p osed o>jzn-1 cells e0 and e2k1- 1•··· •2"1- 1 with n>k >····>k >2 Especially, SU(n) · SU(n) = 1 J~ · . 

e~U(n) (n?:_k?:_2) is obtained as the image of the another suspended space E(Mi,_1) of 



On the homology of classical Lte groups 101 

2(k-l )-dimensional complex projective space Mk_1 by the primitive characteristic 

map f~u(kl: E(Mk-1)--.SU(k)cSU(n). 

TH;EOREM 5. 5. The symplectic group Sp(n) i8 a cell complex composed of 

2" cells e~,o(n) and e1~1;;j 1 •·· ··,4kJ- 1 with n~k1> · · · >k1 ~1. 

and 

To give a cell structure of the Stiefel manifold Sn.m with n>m, we put 

e~~~;;/• ···,dkr1 = Pm (e~~~)1, ····,dk1-1) 

- p ( d/q -1' .... 'dk -1) 
- m eSG(n.) 1 

Then 5,.,,,, is a cell complex composed of the cells et.m and t-:~~~- 1 •· ·,dkJ- 1 with 

n;:;;,h 1 > · ·. · >k1 ~n--m+ 1. The proof will be analogously performed as in the 

proof of the case G(n) [11]. 
THEOREM 5. 4. The real Stiefel manifold Vn,w=O(n)jO(n-m) =SO(n)jSO 

(n-m) is a cell complex composed of 2m cells t 0v and ekv1'. · · ·,kJ with n>k1> · · · · 
n•tn n•Jn 

>k1 ~n-m. 
THEOREM 5 . .S. The complex Sti~fel manifold W,., 111 = U(n) jU(n-1) = 

SU(n)jSU(n-m) is a cell complex composed or 2m cells e0 and e2k1- 1•··· ,Zkj-1 
'J Wn•tn Wn,m 

with n~k1> · · · · >k1~n-m+ 1. 

THEOREM 5. 6. The quaternion Stiefel manifold Xn, 111 = SP(n)jSp(n-m) is 

a cell complex composed of zm cells e~n•m and e4J!~:-;,,L· · · ·4kj- 1 with n~k1> · · · · >k1~ 
n-m+l. 

6. Cellular decompositions of Fn=S0(2n)/U(n) and Xn=SU(2n)jSp(n) 

A complex number (resp. quaternion number) a may be represented in the 

form a=a1 +ia 24 >, where a 1 and a 2 are real numbers (resp. a=a1+ ja,4 >, where a 1 

and a 2 are complex numbers). Define an isomorphic mapping tp~c : C"--.R2" (resp 

tpcg : Qn-->C 2") by the farmula 

(resp. (/JCQ (av .... 'an) = (xl, Xz, .•.• 'Xzn-1> X2n)' 

where ak = Xzk-l + j x 2k, x,k-l and X2kEC) and also define q.·~Q: Q"-->R4" by 

<P~Q (al, ····,an)= (xl, X4, X3, X4, · · · ·, X<.tn-3, X4n-2, X4n-1' X4n), 

where ak = x41 - 3 +i x4k-z+ f x4 k_1 +k x4 ~c; x4k_3, x4k-~· X 4k-l and x4k E R. Then 

these mappings induce homeomorphisms onto 'P~c : C"-->R2", Cf'cQ: Q"-->C2", <JJ~c: 

Q"--.R4n· rn" . Ez"-->Ezn rnn. . E4n E4" rn" . E4n--> E4n. and rn" . szn-1 __. szn-1 
'-rRC· C R• rCQ· Q--> C• rRQ· Q R rRC· C R • 

mn . s4n-1-->S4n-1 rn" . s4n-1 s4~-1 
-,.- CQ • Q C ' .,.,. RQ • Q --> R · 

By this isomorphism, a unitary (resp. symplectic) linear transformation of 

c~ (resp. Qn) induces an ·orthogonal (resp. unitary) linear transformation of R 2n 

4) {l, i} (resp. {1, i, j, k} is the usnal base o£ C (resp. Q) oYer R 
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(resp. C2"), that is, U(n) (resp. Sp(n)) is a subgroup of 0(2n) (resp. U(2n)). In 

matrix notation, we assign A=(a;j)EU!n) (resp. Sp(n)) 

A'= ((x~i-1,. 2;-1 =:-%2;, 2j )) EO (2n) (resp. U(2n)) 
X2,, 2; X2z-1, 2;-1 

where a;j = X2i-1, 21-1 +i X2i, 2j; X2i-1, 2j-1, X2;, 2j E R (resp. a;1 = X2i-1, 2;-1 + j X2;, 2j; 

X 2;-1 , 21- 1 , X 2;, 2.i E C). As is easily verified, A' satisfies the equality 1 A' 1 A'= 1 

where 1 = · · with]'= . Hence we have readily U(n)c50(2n) (J'· ) ( 0 1) 
. ·]' -1 0 

(resp. Sp(n)cSU(2n)). 
We define F, to be S0(2n) /U(n) and Xn to be U(2n) jSp(n) respectively. 

Denote by PFn: S0(2n)~Fn (resp. Pxn: SU(2n)~Xn) the projection. 
Since U(n-1)=50(2n-1)nU(n) andS0(2n)=50(2n-1)U(n) (resp. Sp(n-1) 

=5U(2n-l)nSp(n) and SU(2n) = SU(2n-l)Sp(n), the inclusion map 'o/: SO 

(2n-l)~SO(~n) (resp. cp: SU(2n-l)~SU(2n)) induces a bundle isomorphism .,J;: 
S0(2n-l)/U(n-l) "-'SO(Zn)jU(n)=Fn (resp. f: SU(Zn--l)jSp(n-1) ~SU(2n)j 

Sp(n)=Xn)· Hence we have a natural embedding Fn_1cFn (resp. Xn_ 1CXn)· 
Now, to give a cell structure of Fn (resp. Xn), we shall define the primitive 

characteristic map !Fn: E~n-Z~Fn (resp. fxn: Et;'- 3-?Xn) by !Fn=PFn°.Yf'0 /s0(2n-1) 

(resp. fxn=Pxno<f>o fsu(2n-1)). 

Similarly, we define the characteristic map J Fn: E7/'1 X · · · · XE~kJ~F, (resp. 

fxn: E~k1- 3 X .... XE~k1- 3~Xn) by !Fn = PFn ° .,y 0 lso(2n-1) (resp. Pxn ° <P 0 fsu(2n-I)). 

Put 

and 

e~n = PFn(U(n)), 

(resp. e'i!'~ -3, ... , 4kj-3 = lxn (E~kt-1 X .... X Ef;ki-3) 

and 

e~n = Pxn(Sp(n)). 

Since !so(2n-l) (resp. j-SU(2n-l)) is homeomorphic on c~k1 X .... xc~kj, with n> 

k1> · · · · >ki 2;1 (resp. ctk1- 3 X · · · · xctkJ- 3; n 2; k1 > · · · · > ki 2; 2), we can see 

easily that l Fn = :;jroqFno J so(2n-1) (resp. lxn = 1) o qxn o] su(2n-1)) is also homeomor­
phic on c~k1 X··· ·X [~kj (resp. ct"1-3 X· · · · X ctk1 - 3), where qFn : 50 (2n-1) ~ F n 
(resp. qxn: SU(2n-1) ~ Xn) the projection. Hence we have readily the following 

theorems, applying the same techniques that were used in the proof of the case 

G(n). 

THEOREM 7. 1. Fn = S0(2n)/U(n) is a cell complex composed of 2"-1 cells 

e~n and e}~1 , ... ·,Zkj with n>k1>· .. ·>kj2'; 1. 

THEOREM 7. 2. Xn = SU(2n) jSp(n) is a cell complex composed ojzn-1 cells 

e0 and e4h-3, .... , 4ki- 3 with n'2.k >····>k '2.2. Xn Xn _ 1 1 _ 
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7. Homology and cohomology groups of G(n), SG(n), S,,m Fn and X, 

In order to determine the homology and cohomology groups of a cell com­

plex, we have to select orientations of cells exist in it. For this purpose, we 

shall begin by selecting orientaion of E"=E~. 

We recall that an orientation of E" (resp. S"=S~) is simply a generator of 

the integral relative homology group H"(E", Sn-t; Z)=Z (resp. H,(S", e,+ 1; Z)= 
Z). We first orient El, that is, we select a generator E 1 of J-[1 (E1 , S 0 ; Z) and 

fix this generator. We now suppose that orientations S,_1 of S"-1 and E, of 

E" have been selected and proceed to define inductively ftrst Sn and then E,+ 1 · 

If a mapping r;n: (E", .S"-1)---+(5", en+l) is defined by the formula 

'YJ"(x) = (2X1 Xn+l> ····,2XnX11+t, 1-2x~+ 1 ), 

vYhere Xn+l=v1-jxj2, then r;n induces an isomorphism r;~; Hn(E", sn-r; Z)---+H,. 

(5"; Z); we set Sn='YJ~(En)· The boundary homomorphism a=on+l maps I-I,+l 
(E"+1 , S"; Z) isomorphically onto I-I,(S"; Z), we set E,+ 1 = o-1(S11). The choice 
of orientations is indicated by the diagram 

r;"' 
H 1 (P, S0 ; Z)~. ·. ·---+ H, (P, 5"-1; Z)___:,. I-I, (S"; Z)2_ 

I-I n+ 1 (E"+l, S"; Z)---+ · · ... 

Let X be a cell complex, e1:- a cell of X and fx : Ek---+e~cX a characteristic 

map used to define the cell e1:-. Then we orient e1:- so that f'*'(Ek)=er 
Define a homeomorphism 

Tn, 111 : (E"XE"', E"xSm-1 US"-1 XEm)- (E"+m, S"+"'-1) 

by the formula 

Tn, '" (x,y) = (x>..,y:\), 

where :\=(max (jxj, ]y]))/vjxj2+jyj2). To orient PxEm, we shall use the 
mapping T;;:~: E"+"'---+E"XEm as a characteristic map for E"xEm. 

E'ft, Eb and S't;''- 1 (resp. E~", Eb and S(f'- 1) are oriented by the mapping 
n-1 E2n E2n t ( n-1 E4n E4n t ) <fJRc : R - c e c. resp. <pRQ : R ---+ Q e c .. 

LEMMA 7. 1. Let ~~. ~~ and ~Q be the mappings defined tn § 5. Then we 

have 

7. 1) 

7. 2) 

7. 3) 

:::n 
t:,R{I< 

t:c* 
~Q{I< 

(Ec ) --sc 
~2n-1 - 2n-l' 

(E?n-1) =-Sfn-t· 

Proof. The first formula is trivial because 

!;~ (x) = 'YJ"(x) (-In-1 1). 
To prove the second formula, vve shall compute the mapping degree of the 

composition Tl:~n- 2 o:\(; of the mappings 
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-1 1-1 / -1 t;n 

E 2n-1 T1,2n-2 E1 xE2n-2 cpRC Xll''f?.c E1 XE2n-1 sc 52 .. -1 cpRCs2n-1 'YJ-1 E2n-1 
R R R -------i> C C ------o» C ---i> R ---i> R · 

we shall define an another mapping A,: E1xE~n-2~E~n- 1 by setting 

A, (l, x) = (-x1 vl-f2 -x~t, x1t-x~ vl-t2, .... 

-Xn-1 V1-t2 -<-1t, Xn-1t-x~-1V1-t2 , V1-jxf2t), 

~ ( ) ( • • 1 2n-2 1 whe.e t, x = t, Xv x1, · · ·, Xn-v xn_1) E ERXER • If we compute the ocal 
degree at (t, x)=O, we have +1. However \~9=-A-9 since last two terms of A, 

and A,~ are exchanged to each other. Hence we have the lemma easily. 
The last formula is proved analogously as in the proof of the second formula. 

The boundary homomorphism on the real projectiYe space P,. is given as 
follows 

I OU2k+1 = 0, 

l OU2k = 2U2k-1· 

The boundary homomorphisms on spaces aprearcd in the preceeding sections are 
also easily calculated. As for Vn,n" we prefer the results of [7]. 

LEMMA 7. 2. The boundary homomorphism a on Vn,m is given hy 

aeVn,m k = )~~ (-l)ki+····+ki-1((-1)ki+1)eVn,m . 
kl, .. , J .;;......,jt=-1 kb····,ki-1,'''',~1' 

where n>k1>····>k1 2;n-m and the symbol e~~'.": .. ,k;-1, .... ,k1 =0 ifi>l and k, 
-1 ·= ki+v or if i = 1 aud j = n-m. 

The coboundary homomorphism o is given by 
0 ek1, · · · ·, kj = ...,~ (-l)k1+ · · · · +k;-1 ((-1)k; + 1) ek~> · · , k;+1, · · · ·, kj 

Vn,m "--'t=-1 Vn,m 

where n>k1> .... >k12;n-m and the symbol ep~;,;. .. ,k;+1•· · kJ=O if i<j and k, + 1 = 
k;_1 or i= j and k 1=n-I. 

LEMMA 6. 3. The bo·undary and coboundary homomorphisms are trivial in 
all dimensions for U(n), SU(n), W,.,,,; Sp(n), Xn,m; Fn and X ... 

Therefore we have the following theorems. The details of theorem 7. 1 
appear in [7]. 

THEOREM 7. 1. Vn,m has only torsion groups of order 2 and the Poincare 
polynomial is 

Especially, 

and 

(1 +t2n-2m+1) (1 +t2n-2m+O) .... (1 + tzn-3) 

if n is odd and m is even, 
(l+t2'-2m+1) (1+t2n-2m+o) .... (1+l2't-5) (1+tn-1) 

if n is even and m t's odd, 
(1 + tn-m) (1 + t211-2m+3) (1 + t2r.- 2tn+7) .... (1 + tZ•-3) 

if n and m are odd, 
(1 +t"-m) (1 +f211-2m+3) (1 +t211-2tn+7) .... (1 +l2"-•) (1 +in-1) 

if n and m ate even. 
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PS0(2n) (t) = (1+t3) (1+f7) · · · (1+t4n-S) (1+l2"-1). 

TH;EOREM 7. 2. Wn,m has no torsion group and the Poincare polynomial is 
Pwn•m (t) = (1+t2n-2m+l) (l+t2n-2mt3) .... (1+t2n-1). 

Especially, 

and 

Pu(n) (t) = (1 + t1) (1 +t3) (1 + t5 ) •.•• (1 + f2n-1) 

Psu(n) (t) = (l+t3) (l+t5) .... (l+t2n-1). 
TH:EOREM 7. 3. Xn,m has no torsion group and the Poincare polynomoal is 

Pxn,m (f) = (1 +t4n-4m+3) (1 +t4n-4m+7) .... (1 +f4n-1). 

Especially, 
Psp(n) (t) = (1+t3) (1+f7) .... (l+t4n-1). 

TH:EOREM 7. 4. Fn and Xn have no torsion group and their Poincare 

polynomials are 

and 

respectively. 
The following lemmas will be easily verified. 

LEMMA 7. 4. The projections Pm: O(n) (resp. SO(n))-4 Vn,m• Pm: U(n) (resp. 

SU(n))-4 W,,., and Pm : Sp(n)-4Xn,m are cellular. 

7.4. 1) If n>k1 > · · · · >kj 2; 1, then 

{ 
0 for k1<n-m, 

P (eSO(n) ) = 
m?< k1, .. .. ,kj Vn,m f k > 

ek1, .... ,kj 1 or J=n-m, 
and if n>k1 > · · · · >kj 2; n-m. then 

P:l:(e';J~:~ .. ,kj) = e~B,~i .. ,kj_ 

7.4. 2) If n 2; k1> · · · · >kj 2; 1 (resp. n 2; k1> · · · · >k1 2; 2), then 

Pm* (e£,<;~1, .... ,zkj-1) = (Pm* (e~~~i, .... ,zkj-1) (n=t=m)) 

for llj ;:;;; n-m, 

for k1 2;n-m+1, 

P* (e2k1-I, .. ,zk1-I) = P2k1-I, .... ,zkj-I 
m Wn,m U(n) 

( - ezk1-I, ····,2kj-I (n=t=m)). 
- SU(n) 

Especially Pm* is onto and P! is isomorphic into. 

7.4. 3) If n 2; k1> .... >k1 2; 1, then 

Pm* (effi::!l, .... ,4kj-1) = { ~Xn,m 
4kl-1, .... ,4kj-1 

and if n 2; k1 > .... >kj 2; n-m+ 1, then 

P* (e4k1-I, .... ,4k1-I) = e4k1-I, .... ,4kj-I 
m Xn•m Sp(n) 

Especially, Pm* is ont' and P! is isomorphic into. 

for k1 ;:;;; n-m 

for ki 2; n-m+ 1, 
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LEMMA 7. 5. The projections PFn: S0(2n) ~ F, and Pxn: SU(2n) ~ Xn are 

cellula·r. 

7.5. 1) If n>k1 > .... >k1 ~ 1, then 

P (eS0(2n) ') = eFn Fn?< 2kl, .... ,21k 2kl, .... ,Zkj' 

and if 2n>k1 > · · · · >h1 ~ 1, then 

P* (e50(n) ) = 0 for some h,· is odd, Fn k 1, .... ,kj J' 

and if n>k1>. · ·. >h7 ~ 1, then 

P* (eZk1o .... , zk1) _ ezk1, .... , Zkj 
Fn Fn - SO(Zn) • 

7.5. 2) If n ~ k1> · · · · >k1 ~ 2, then 

P (eSU(Zn) ) = eXn Xn* 4kl-3, .... ,4kj-3 4kl-3, ... . ,4k1-3• 

and if 2n ~ k1 > · · · · >.ic1 ~ 2, then 

Pxn* (e%~(Z.~).,kj) = 0 for s:;me h, $ -3 (mod 4) 

and if n ~ h1 > · · · · >k1 ~ 2, then 

P* le4k1-s, .... ,4kj-:3) _ e4k1-s, .... ,41;1-s. 
Xn • Xn - SU(2n) 

Especially, Pxn* is onto and P.'in is isomorphic into. 

We shall use the following lemma [3]. 
LEMMA 7. 6. Let q : E~B a be compact, connected fi re sp::tce with fibre F. 

Then the following two conditions are equivalent: 

7.6. 1) i*: H(F; Zp)~H(E; Zp) is isomorphic into, where i: F~E is an 

injection. 

7.6. 2) pPE (t) = pPB (t) pPF (t). 
If E,B and F have no torsion group, then the lemma is also valid for the integral 

coefficient. 

Using this lemma, we have 
LEMMA 7. 7. i*: H(Sp(n); Z)~H(SU(2n); Z) is isomorphic into. 

Proof. Psu(Zn) (t) = Px, (t) Psp(nl (t) = (1 +t3) (1 +t5 ) • • • • • • (1 +t2n-3 ) (1 +t2"-1 ) 

and SU(2n), Xn and Sp(n) have no torsion group. 

REMARK 7. 1. Using that Psu(n) o i = Psp(n) in the diagram 

i 
Sp(n) -----'3> SU(2n) 

"-,, / 
Psp(n) "... / P SU(2n) 

s4n-l 

we can prove lemma 7.7 directly without lemma 7.6. 

8. Pontrjagin product in G(n) and SG(n) 

For any topological group G and for any coefficient ring r, it is possible 

to define a multiplication in H(G; F) in such a way that H(G; r) becomes an 

associative algebra, called Pontrjagin algebra H*(G; r) of G with coefficient r. 
Pontrjagin product will be denote by the symbol,;, If G1 and G2 are two 

topological groups and g: cl~c2 is a continuous (group)-homomprphism, then 
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g*: H* (G1 ; T) ~ H*(G 2 ; T) is also a (algebraic)-homomorphism (i.e. g* (a" b)= 

g * (a );•g *(b)). 
LEMMA 8. I. In G(n) and SG(n), we have 

e~~~)l,dk2 -l = e~~~)-l,dkl-1 for n 2:; kv k2 2:; 1, 

and 
edk1-I,dk2-I _ edk2-1,dkl-1 r0 r n > R k > 2 

SG(n) - SG(n) J' = 1> 2 = · 

Proof. Without loss of generality, we may assume that k1 =k2-l=n-l. 

Give any point ABEe~\~)I)-J,dn-I, where A=(.~;~.~ 1 ) E e~\~)I)-I andB=(b;1) 

E e~(;;/ with b;1 = o,1+x;p x1 , I:7= 1 [x; j 2=1 and X;, p E F. If we choose C = (c;1) 

dn- 1 · th "' p - h 'Vn-l · 1 2 1 d E eG(n) w1 c; 7 = v;1 +z, Zj, w ere Z;= £..Jk=l a;kXk, z = , , · · · ·, n- an z,. = 
x,, then we have AB = CA. In fact, 

AB = (a,] 1) ( b,1 ) = (b ~~~~~ -~;: .bJkb ) , 
n ' ' nn 

where 2:;:l a;1 bjk = r:;:l a;1 (oJk -1-XJ pxk) =a;,\ -1- 2:7:l a;J Xy p Xk· 
When k = n, we have furthermore 

,~n-1 b "' "\•n-1 p- "' + p-L...j=l a;1 Jn = o;n-1- ""-'i=l a;1 X 1 Xn = Vin Z; Zn = C;,_ 

On the other hand, 

CA. = ( cil ) (atk ) = ( n-l 
' 1 2:1=1 

Cln ) 
cil atk : , 

Cnn 

where 2:?.:=-l C;z azk = L:?::l (o;z+z,pzl) azk 

= a;k + 2:'D,\=l a;J Xj p Xs azs a,k 

= aik -1- 2:j:l a,1 X1 p Xk (because 2:?::lazs alk = O,k) · 

when i=n, we have furthermore 

I:?::l Cnz Ctk = Onk + 2:j:l anj Xj p xk = Onk+xnP xk = b,k. 
Thus the first formula is proved. 

It should be noted that this calculation is valid even if we iake A EG(n-1) 
instead of AEed(n-i)-l 

G(n) • 

The second formula is proved using the first formula, that is, given 

A E e~~(;/l-I and BE e~'G(n\, then B is expressed by the form B = B1 T, where 

BlEe~(;;/ and T= (-(q+tfl-[qj 2
)

2I \.For A and Bv there exist C1 Ee~(~ 1 
n-tf 

such that AB 1 = C 1A by the note of the first formula. Hence 

AB = AB1 T = C1 AT = (C1 T) (T-1-AT), 
where C T E edn-l and T-1AT E ed(n-l)- 1 

1 SG(n) SG(n) • q.e.d. 

LEMMA 8. 2. If the jield is commutative (i.e. except G(n)=SP(n)), we have 
edk-1,dk-1 _ edk-1,dlk-1)-1 G(n) - G(n) for n 2:; k 2:; 1, 

and 
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fdk-1, dk -I _ edk-1, d(k-1) -I 
"SG(n) - SG(n) for n?; h?; 2. 

Proof. Without loss of generalitv, we may assume h=n. Give any point 
AB dn-l,dn-1 h A ( ) dn-1 'th 1:' 'P - 'i.'" I 12 1 P+P-+ EeG(n) , w ere = a;1 EeG(n) WI a;1 =v;1 -, X; x7> L..i=l x, = , . 

IPI 2 =0 and B=(b;7 ) EP~(,;-) 1 with b;1=o;1 +qy;Yj, L:i'-1 ly,l 2 = 1, q+q+lql 2 =0. 

Choose rEF, r+r+ I rl 2 = 0 and z,ER, z,>O which satisfy the equation (lemma 
s. 1) 

rz! = P /Xn] 2 +qiYnl 2 + pq x, Yn :\, where A,= L:i'~t X;J;, 

and determine z1; l= 1, 2, ·. · ·, n-1, from the equations 

rzz Zn = Pxz Xn+qyz Yn+ pq XzYn• l = 1, 2, · · · ·, n--1. 
Using lemma 5. 1 again, s (s+s+ Is [ 2 = 0), tv t2, • • ·, t, __ 2 E F and t,_1 E 

R, t,_1 >0 are determined from the equations 

St' tn 1 = j_q(y,_J;t-XnYz) (Yn Xn-:::c-X_Il_~-:) z 1 2 1 , - 2 , = , , .... ' n- . 
rz, 

Then we have st, lk = st;ln-1 st,_1lk = pq (_y, Xi-x,y,) (Yn Xk-1-Xn Yk-1) 
• - 2 2 . st, __ 1 rz, 

Now, if we take C and D as C = (c;j) E e~(;;;\ where c;1 = O;j+r z;zi, and 

D = (d;j 1) E e~~~)Il-I, where d;1 = o;1+st; l1, then we have AB =CD by the 

direct calculation. 
The second formula is proved by the slight modification. Given a point 

ABE e~(;(;,~,dn-1, then A, BE e~(;(n~ are expressed by the form A=A 1 T, B=B1 T, 

where Av B1 Ee~7;;:/. Since TB1T-1 Ee~(;;/. for A1 and TB1T-1 there exist C1 E 

e~(n) 1 and D1 Ee~\'~)I)-I such that A1TB1T-1=C1D 1 by the first formula. Hence 

we have AB=A 1TB 1T = A 1TB 1T-1TT = C1D1TT = C1T(T-1D1T)T, where C1TE 

e~(;~,\ and (T-1D 1T)TEe~Y;(-;;/H. q.e.d. 
LEMMA 8. 3. Let fc(n): E}- 1 x5}"- 1~G(n) be the map defined in §2. Then 

we have 

A J &(n) (q, x) A-l = J G(n) (q, Ax), for A E G(n). 

Proof. The (!,h)-element of Ajr;(,) (q, x) A-1= l.:i,j-J a1; (o;j+x;pxj) iiki= o;j+ 

(l.:i'~t Ctz; X;) P (I;j=--;akj Xj) =the (l, h)-element off G(n) (q, Ax). 

LEMMA 8. 4. Let ;, denote the integral chain Pontrjagin product in G(n) or 

SG(n). Then we have 

8.4. 1) 

8.4. 2) 

8.4. 3) 

8.4. 4) 

8.4. 5) 

eG(n) " •; eG(n_) = eG(n) . 
dkl -I " . . . . dkJ -I dkl -I, .... , dkJ -·1 

for n?; h1 >- · · · >Ri?; 1, 

eSG(n) " '·'· eSG(n) = eSG(n) 
dkl-1".... dkJ-1 dkl-1, .... ,dkJ-1 

for n?; h 1> · · · · >hJ?; 2. 

eg(n) (resp. eJG(n)) is a unit with respect to ;;, 

e~k':!. 1 *e~i':!. 1 = 0 (except G(n) = Sp(n)). 

e~f~i "e~f~i = 0. 
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eG(n) •• eG(n) = (-1 )(dkl-l){dk2-1) eG(n) •• eG(n) 
dk1-l" dk2-1 sk2-l" dk 0-l" 

eSO(u) * eSO(n) = (-l)k1k2+t eSO(n) '* eSO(n) kl k2 k2 kt . 
eSU(n) ., eSU(n) __ eSU(n) •• eSU(n) 
2kt-1 .,, 2k2-1- 2k2-1 ,, 2kl-1' 

8.4. 6) 

8.4. 7) 

8.4. 8) 

Proof. The statements 9.4.1) -5) are trivial by the definitions of cells and 
lemma 8 2 B l 9 1 G(n) .. G(n) + G(n) G(») f > k . . y emma . , we see edk1_ 1 ., edkz-l= _ edk2_ 1 * edk1_ 1 or n = 1> 
k22';l. In order to determine the sign, consider the diagram 

E~"~-txE~k2-t ~ E~k<-t XE~kt-t ~ E'f,."2-txE'f,.kt-t 

lfc(n) X .fc(n) lfc(n) X /c(n) 

G(n)XG(n) h G(n) h G(n)XG(n) 
where p(z, x) = (x, z), 

0 (x; (q, y)) = (x, (q, (fc(n) (x) )-1y) ), 
and h is the group multiplication in G(n). 

It is readily verified, using the rules of lemma 8. 3, that the diagram is 
commutative, that is, two mappings 

(!)1 = h 0 (/c(n) X /c(n)), 

@2 = h o (/c(nl X/c(,)) o 0 o p 
agree: @1= (!)". 

It is readily verified that each of the mappings in the diagram is cellular, 
at least in dimensions dk1 +dk2-2 and dk 1 +dk2-3. In checking this for 0, one 
must remember that k 1 >k2 • We hall show that 0 is homotopic to the identity 

in such a way that during the homotopy it always remains celluler in 
dimensions dk 1 +dk2-2 and dk 1 +dk2-3. To see this, take a contraction D1(a) 
which contracts E~k2-I into a point a=iX(O,· .. ·,0); D0 (x)=x and d1 (x)=a. Then 

define 01(x; (q, y)) = (x, (q, (/c(n)oD1(x))-1y))). This gives the desired homotopy: 

indeed 01 is the identity, because fc<n)D 1(x))=fc(n)(a)=In-
Now, if we compute the chain mapping induced by our mappings; then, as 

is well known, we have 

and 

P? (Efk1-tXEfk2-t) =(-l)<dk1-tl (dk 2-t) Efk2-tXEfkt-t' 

0* (Efk1-tXEfk1-t) = Efk2-tXEfk1-t· 
For the composition mappings, hence, we have 

@1? (Efk1-tXE%k2-t) = e~1~~t,ak 2 -t 
(!)2? (Ef"1-IXEfk2-t) =(-l)<dk1-tl (dk 2-tl e~f~~t,ak1 -t· 

But @1 =@2 • Hence we have formula 6). 
In order to prove 7), 8), define a mapping rp : E1k2- 1~E'f,.k2-I by 

rp(q, X1> X2, • • • ·, Xk 2-t)) = (q, -(q+vl-jqj 2) 2 Xl> X2, • • ··, Xk2-1). 

Then, as is readily verified, we have 

TR{/< (Ef2 __ J) =-E~-1> 
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Pc? (Efk2-t) = Efk2-t· 
We can prove 7), 8), by the similar techniques as 6), if we replace l])v 1]) 2 in the 
proof of 6) by the following two mapping, 

1])1 = h 0 Usc(nJXfsc(n)), 
1])2 = h o Usc(nJXfsc(nJ) o (} o p o (IXTp), 

respectively, where I: E}k1-~-~ E'J/'1-t is the identity (1])1 = 1]) 2). 

Tl-J:EOREM 8. 1. The Pontrjagin algebras H*(G(n); r) and H* (SG(n); r) are 
given as follows. (eg<nJ and egG(n) are •1- uuits). 

8.1. 1) H* (O(n); z.) = {eg<nl} 2 ®A (ef<nl, eg<nl, .. .. , e~~l), 

where { eg<nl }2 is a group of order 2 which is composed of eg<nJ and eg<nJ and eg<nJ is 
a u.nit, and 

8.1. 2) 

and 

8.1. 3) 
and 

{ 

eO(n) •~ .... ;• eO(n) = eO(n) for n>kl> .... >kJ· ;::::::_ 0. 
k1 kj kl> .... ,kj J' 

eg<n) "eg<n> = eg<n) 

eO(n) * -O(n) _ O(n) 
k1, ··. ·,kj · eo - ek1, .... kj,o 

H { SO(n) · z ) _ A (eSO(n) eSO(n) . . . . eSO(n)) * \ ' 2 - '1 ' 2 ' ' n-1 ' 

eSO(n) ;; .... * eSO(n) = eSO(n) 
kr kj kl> .... 'kj 

H (0(2n+ 1) . z ) _ {e-0(2n+1lJ 10. A (e0(2n+ll e0(2n+1) •••• e0(2n+ll) * ' P - 0 2\611 2,1 ' 4, 3 ' ' 2n,2n-1 ' 

( 

e0(2n+l) •< •••• ;• e0(2n+1) = eG(2n+l) 2kv2k1-1 · 2kj,2kj-l 2k1,2k1-1, .... ,2kj,2kj-1 
for n>h1>· · · · >ki?;,. 0, 

eg(2n+l) * eg(2n+1) = eg(2n+I) 

e0(2n+l) " e0(2n+l) = e0(2n+l) 
Zk1,2k1-l, ·· ··,2kj,2kj-l"" 0 Zk1,2k1-l, ····,2kj,2kj-l,O 

(e .. .. ,o, _ 1 means e .... ,o). (also in 8.1. 5). 

8.1. 4) H * (S0(2n+ 1); Zp) =A (e~~l2"+ 1 >, e~~JZn+l), .. · ·, e~~.<~~:!:f>), 

and 

8.1. 5) 

and 

8.1. 6) 

S0(2n+l) . . S0(2n+I) _ S0(2n+l) 
ezkv 2k1-1 * · · · · * ezl'i• 2kj-1 - e2k1o 2k1-1, · · .. , 2kj, 2kj-1 

for n>k1> · · · · >ki?;,. 1. 
H (0(2 ) . z ) _ {e-0(2n)} 10. A (e0(2n) e0(2n) •... e0(2") e0(2")) * n' p- 0 2'6!, 2,1' 4,3' '2n-2,2n-3• 2"-1 

0(2n) .. , 0(2nl 0(2n) 
C2k1o2k1-1 ""· • • • -.re2kj,2kj-I = e2k1o2k1-1, .. ··,2kj,2kj-1' 

for n>k1 > · · · · >kj?;,. 0 
0(2n) , 0(2n) . .. 0(2n) _ 0(2n) 

e2n.-l * e2k1, 2k1-1 * .... -.r e2kj,2kj-1 - e2n-l, 2k1, 2k1-1, .... '2kj, 2kj-1' 

for n>k1 > · · · • >kj?;,. 0 
eg<2n) * eg(2n) = eg<2n) 

e0(2") " e0(2n) - 0(2n) 
k1, .. .. ,kj •r 0 - k1, · · .. ,kj,O 

H (S0(2n) . z ) - A (eS0(2n) eS0(2n) . . . . eS0(2n) eS0(2n)) * ' P - 2,1 ' 4,3 ' • 2n-2,2n-3> 2n-1 ' 



and 

8.1. 7) 

and 

8.1. 8) 

and 

8.1. 9) 

and 
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ezk1,zk1-t '* ·• ezkj,Zkj-1- ezki>Zk1-l, .... ,zJ'j•Zkj-1 
{ 

S0(2n) , . , , •• S0(2n) _ S0(2n) 

for n>k1> · · · · >ki 2;: 1 
S0(2n) , SO(Zn) .. .. S0(2n) SO(Zn) 

ezn-1 .,. ezk1 , 2k1-l .,. • • • • "e2kj,2kj-1 = ezn-1, 2k1, 2k1-t, · · · ·, 2kj, Zkj-1 

for n>R1> · · · · >kj 2;: 1 
H* (U(n) ,· Z) =A (eU(n) eaD(n.) .... ezU(n)) 

I ' ' ' n-1 ' 

U(n) U(n) U(n) } > k >k > 1 ezk 1 * .. " * ezk · 1 = ezk 1 Zk 1 or n 1 > · .. · J. - • 1- J- 1- , ····, j- = -

H (SU(n) · Z) = A (eSU(n) eSU(nl . . . . eSU(nl) * ' 3 ' 5 ' ' 2n-l ' 

SU(n) SU(n) SU(n) f > k k > 2 ezk1-1 * · · · · * ezkj-1 = ezk1-l, .... ,zkj-1 ;Or n = 1> · · · · > 'j = • 

H (Sp(n) · z) _A (eSp(n) eSP(n) . . . . eSP(n)) * , ' - 3 ' 7 ' ' 4n- 1 ' 

em':!!* .... * eff}~)l = eff~~\ .... ,4kj-l for n 2: kl> .... >k.i 2: 1 

Proof. The Statements 1) -6) are in [7]. The Statements 7), 8) are trivial 
by the lemma 8. 4. As for 9), the statement that X*X =0, where x EH*(Sp(n); 
Z) is not yet proved. To see this, consider an isomorphism into (herein, one­
to-one, ~~ homomorphism into) appeared in the lemma 7. 7, 

i*: H*(Sp(n); Z)-H*(SU(2n); Z). 
Since H*(SU(2n); Z) is an exterior algebra, i*(X*X) =i*(x)*i*(x) = 0. Hence we 
have X*X=O. q.e.d. 

9. Primitive element 

Let X be a space and r a coefficient field. Denote by D*(X; r) the subgroup 

of the cohomology group H*(X; l') generated by the elements of the form u u v5 >, 

where u and v are elements of dimension >0 in H*(X; r). Let a be a homog­

eneous element of the homological group H(X; r) such that dim a>O. We shall 
a homological primitive element of H(X; r) if a is orthogonal to D*(X; r). 

LEMMA 9. 1. If a is a homological primitive element of H(X; r), then we 
have 

d* a= a 0 1 + 1 ®a, 
where d* : H(X; r)-H(X; r)Q9H(X; r) is the homomorphism induced by the diagonal 
mapping il: x-xxx such that d(x)=(x, x), and conversely. 

LEMMA 9. 2. Let f: X-Y be a mapping. Then for any homological pri­
mitive element a of H(X; r), the image f*(a) is also a homological primitive element 
of H(Y; r). 

LEMMA 9. 3. Let f: x-Y be a mapping. If all cup products are trivial in 
H*(X; r), then the image f *(a), where a is any positive dimensional homogeneous 

5) u u v is the cup product of u and v. 
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element of H(X; r), is a homological primitive element of H(Y; r). 
Analogously, let G be a topological group and r a field. Denote by D*(G; 

r) the subgroup of H(G; r) generated by the elements of the form a;! b, where 
a and b are elements of dimension >0 in H(G; r). If a homogeneous u of H*(G; 

r) such that dim u>O is orthogonal to D*(G; r), then u is called a (cohomological) 

primitive element of H*(G; r). 
LEMMA 9. 4. If u is a primitive element of H*(G; r), then we have 

h*(u)=u®1+l®u, 
where h* :H*(G; r)-+H*(G; r) ®H*(G; F) is the homomorphism indt4ced by the 

group multiplication h: GxG-+G, and conversely. 

LEMMA 9. 5. Let G1 and G2 be two topological groups and f: G3-+G1 be a 
continuous homomorphism. Then for any primitive element u of H*(G1; r), f*\t~) 
is also a primitive element of H*(G2 ; r). 

If X (resp. G) has no torsion, the above definition is also appicable to the 
case of the homological (resp. cohomological) primitive element of H(X; Z) (resp. 
H*( G; Z)) with integral coefficient. 

THEOREM 9. 1. 9. 1. 1.) e~f.~t!:ll for n 2; k 2;1 is a homological primitive 

element of H( S0(2n+ 1); Zp), where P*2. 

9.1. 2) e~f.2J~~~ for n-12;k2;1 and e~~~~) are homological primitive elements of 

HIS0(2n); Zp), where P*2. 
In O(n), the results are similar as SO(n). 

9.1. 3) ef,<:':l1 for n2;k2; I (resp. e~f~f for n2;k2;2) is a homological primitive 

element of H(U(n); Z) (resp. H(SU(n);Z)). 

9·1. 4) e~C~l for n2;k2;1 is a homological primitive element of H(Sp(n), Z). 

TH:EOREM 9. 2. 9. 2. 1) e~O(n) for n-1 2; k 2; 1 is a primitive element of 

H*(SO(n); Z 2). 

9.2. 2) e~M:+b for n2;k2;1 is a primitive element of H*(S0(2n+1); Zp), 

where P*2. 
9 2 3) 2k, 2k-l } 1 >k>1 d zn-1 p · 't · l t 1 H*(S'O . . e50(Zn) or n- = = an e50(zn) are nmz zve e emen s o 

(2n); Zp), where P*2. 
In O(n), the results are similar as SO('n). 

9.2. 4) e~h;;/ for n2; k 2;1 (resp. e~'U(J) for n2;k2;2) is a primitive element of 

H*(U(n); Z) (resp. H*(SU(n); Z)). 

9.2. 5) 4~(n\ for n2;k2:;1 is a primitive element of H*(Sp(n); Z). 

Proof. These theorems are the direct consequences of the structures of the 

cup products ( cf. Theorem I 0. 1) and Pontrj agin algebra ( cf. Theorem 8. 1.) of 
these groups. 

10. Cup products in G(n), SG(n); Sn,m• F, and X, 

Throughout sections 10 and 11, it is convenient to extend our notation for 

cells (cycles or cocycles) by requiring that, for example, 
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e~~)t, ··· ,2kj-I =sign w e~~~v-I, .. ··,Zkc..\jJ-1 

e2k],2kl-l, ····,2kj,2kj-1- sign e2k,(1),2kw\1)-!,····,2kw(j},2kw\j}-l 
P SO(n) - w P SO(n) 

for all permutations w of the indices 1, · · · ·, j and that 
e2n1-1, .. ··,Zkj-I _ 0 ( e2ki,2k1-I, ····,Zkj,Zkj-1-0) 

U(n) - P SO(n) -
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if some ks = k1 for s=t=t, if some ks>n, or if some ks< 1. We use similar notations 
for ek1, ··· ,kj ezk1-L ····,Zkj-1 e4k1-t, ····,4kj-1 ezk1, ····,2kj and e4k1-3, ····,4kj-3 etc 

SO(n) ' SU(n) ' Sp(n) ' Fn Xn · 

THEOREM 10. 1. The cohomology algebras H* (G(n); r) and H* (SG(n~ r) 
are given as follows (e~(n) and e~G(n) are u -units). 

10.1. 1) H* (SO(n); Z2)= L1 (ebo(nl' e~o(n)• · · · ·, eso(~l), 
and 

ek u ek1 . .... ,kj _ ek,ki, .... ,kj+"j ek1> .... ,k;+k, ... ,kj 
2 SO(n) 2 SO(n) - 2 SO(n) "-'i=l 2 SO(n) 

for k, k; 2'; 1. 
Especially we have 

10.1. 2) 

and 

10.1. 3) 

and 

10.1. 4) 

and 

10.1. 5) 

and 

10.1. 6) 

and 

if 2k < n, 

e2k1,2k1-t u ..•• u e2kj,2kj-1 _ ezk1,zk1-t, ····,2kj,2k2-t 
50(2n) S0(2n) - S0(2n) 

e2n-1 u e2kJ,2kl-1 u u e2kj,2kj-1 e2n-1,2kv2kl-1, ····,2kj,2kj-1 
S0(2n) SO(Zn) " " " . S0(2n) = SO(Zn) 

H* (U(n); Z)= A (eh(n)' e::,(n)• · · · ·, et'(~/), 

ezk1-t u .... u eZkj-1 = ezk1-t, .... ,zkj-1 
U(n) U(n) U(n) ' 

H* (SU(n); Z) =A (e~u(n)• 4u(n)• · · · ·, e~u(n\) 

e2k1-t u u e2kj-1 _ ezk1-L .... ,zkj-1 
SU(n) . . . . SU(n) - SU(n) ' 

H*(Sp(n); Z) =A (e~ptn)• e~p(n)• · · · ·, e~;(n~) 

e4k1-t u .... u e4kj-1 = e4k1-1, ···,4kj-l 
Sp(n) Sp(n) Sp(n) 

Proof. These formulas essentially are due to that e~~~~ and e~~(n\ are primi­
tive elements. We remember that dimensions of primitive elements are odd and 

2x=0 follows x=O in H*(SO(n); Zp), H*(U(n); Z), H*(SU(n); Z) and H*(Sp(n); Z). 

As the proof is performed analogously as in the case of the proposition 2.8, [2], 

we shall omit here, 
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THEOREM 10. 2. The cohomology algebras H*(Fn; Z 2) and H*(Xn; Z) are 

given as follows 

10.2. 1) H* (Fn; z.) = J (4n' 4n' · ... , e}:- 2) 

and 

10.2. 2) 
and 

e4k1-t v e4k2-t, ····,4kj-1 _ e4k1-t,4k2-t, ····,4kj-1 
'Xn Xn - Xn 

Proof. We can see, by applying that p;n and p"fcn are isomorphic into, Jm­
medetaely. 

11. Steenrod's reduced powers 

Let p be a fixed prime number, K a finite complex and L a subcomplex of 

K. The Steenrod's reduced powers <S!j, are homomorphisms 

<S!j,: Hq (K, L; Zp) ~ HH2'(P-l} (K, L; Zp) 

defined for all two integers s, t~O and all couples of K and L, where L is a 
subcomplex of K. On the other hand, if P=2, there exist, as is well knnwn, 

Steenrod's square homomorphisms Sq' 
Sq': Hq (K, L, Z2)-+ HHS (K, L; Z2) 

defined for all s, t~O and all couples (K, L). These two operations <S!j, and Sqs are 

combined by the relation (Sl~=Sq2'. 

We shall use only the following formulas. 

11. 1) Ifj: (K, L)-+(K', L') is a mapping, then <S!j,o f*= j*o<S!f, (resp. Sq'of*= 
j*oSq'). 

11. 2) 

11. 3) 

11. 4) 

11. 5) 

<S!j,oo=oo<S!f, 
11. 6) 

()!~ (resp. Sq0) is the identity isomorphism. 

<S!f, is trivial for q<2s (resp. Sq' is trivial for q<s) 
<S!j,(x)=xP s) for xEH2'(K, L; Zp) (resp. Sq'(x)=x2 for xEH'(K, L; Z 2 )). 

o :Hq(L; Zp)-+HH1(K, L; Zp) be the coboundary homomorphism, then 

(resp. Sq'oo=ooSq'). 
()ij, (x v y) = L: ()!~ (x) v <Sib (y) (resp. Sq'(x v y) = .I; Sqi (x) v Sqi(y) ). 

~+J-S <+J-S 
(Cartan's formula) 

Throughout this section, coefficients will continue to be taken exclusively 

in Zp. Let (;)be the binomial coefficient reduced modulo p. This symbol is 
to be zero when it makes no sense, that is, if either j or k is negative or if k<j. 

The (n-1 )-dimensional real projective space P n-1 has k-dimensional cell (l)k 

for n-1~k~O and, as is well known, we have 2rok=(2ro1)k 7 l. The (n-1)-dimen­
sional complex projective space Mn-1 has 2k-dimensional cell uu for n-1 ~k~O 
and, as is well known, we have u2k =(u2)k 7 l 

6) xP denotes the p-fold cup product of x. 
7) The expression in the right hand side is zero if it has no meansing. 
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LEMMA 11. 1. In the real projective space P n-v we have 

Sqs(ro~)= ( ~ )wk+s. 

Proof. we proceed by an induction on s. 
Sqs(wk) = Sq'( (w1)k) = sqs(w1 v wk-1) = sqo w1 v Sqs(wk-1) +Sq~ w1 v Sq•-1(w·~-1) 

and 

_ 1 v (k-1) k-1+s+ 2 v (k-1) k+s-2 - m s ro ro s-1 ro 

= ( ~) rok+s. 

LEMMA 11. 2. In the complex projective spaee M,_1, we have 

<9s (uzk) = ( k ) u2k+2s(P-1) 
p . s ' 

{ Sqzs (uzk) = ( ~) uzk+as 
sqzs+1 (uak)= 0. 
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Proof. The proof is similar as P,_1 • The formulas for Sqs is a special case 
of <9j,(u2k), since Sq25+1= 0. 

In order to compute the reduced powers in E(Mn-1), put 

E+(Mn-1) = { (ti, v'1-tz X); 0 ;;S t ~ 1, X E M!_t}, 

Mn-1 = { (0, X); X E M!_t}, 

E_(M,_1)={(ti,v'1-tzX); -l<t:::::;O, XEM!-t}· 

Define a mapping g: E+(M,._1)~E(M,.-1) by g (ti, v't-tz X)=((2t-1)i, 2 v't(1-tz) 
X). Using that E+(M,_1) is contractible and the excision of (E+(M,_1), M,_1)c 
(E(M,-1), E_(Mn-1) ), 

B g* 
Hq(M,H) ~ HH1 (E+(Mn-1), Mn-1) ~ HH1 (E(Mn-1)). 

0 and g* are isomorphisms and we have vzk-1 = g*-l ou2k-z. 

have 

and 

LEMMA 11. 3. In the suspended space E(Mn_1) of M,_1 (also E(M .. - 1)) we 

{ Sqss(vzk-1) = ( k-;1 )vzk-1+2s1 

sqzs+1 (vzk-1) = 0. 

Proof. g* <9j,(vzk-1) =<9j,g*(vzk-1)=<9j, o(uak-a)=o <9f,(uzk-2) =o( k-; 1) uzk-z+as(P-1) 

= g* ( k-; 1 ) v2k-1+2s(P-1). Since g* is isomorphic, we have the first formula. The 
formulas for Sqs are obtained as similar techniques. 

- O f'so(,.)Xi O O h Let hso(n): P,_1XS (n-1) S (n) XS (n) ~ SO(n) 
and 
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- f' SU(n) Xi h 
hsu(n): E(Mn-1 )XSU(n-1) SU(nlxSU(n)--» SU(n) 

be defined to be the compositions hso(n) = h o (f~O(n)Xi) and hsu(n) = h o (f~U(n)Xi; 

respectively, where i is the inclusion map. 

and 

and 

LEMMA 11. 4. 11. 4. 1) hso(n) is cellular. 2 hSO(n)* is onto 

for n>k1 and n-1 >ki 

for n-1>ki. 

hsu(,,)* (v2k1-1X eff,~~ i: ~ 1 ... , Zkj-1) = eg"~~l, zk2-1, .... , zkj -1 

for n 2;: k1 and n-1 2;: ki 2;: 2. 

h- (v XeSU(n-1) ) = eSU(n) . SU(n)* o 2k1-1, .... ,zkj-1 2k1-1, .... ,zkj-1 
Proof. 11. 4. 2) : 7i = lisu(n) is certainly cellular since it is the composition 

of mappings we know to be cellular. Furthermore, 

h* (v2k1-1X eg~~l, 11 ... , 2,j-1) = h* (eg~<.:'lx eg~<,:>l, .... ,zkj-1) 
_ eSU(n) '"· eSU(n\ _ eSU(n) 
- Zk1-1 " 2kz-1, .... , 2kj-1 - Zk1-1, 2k 2-1, .... , Zkj-1' 

and 

h- (v XeSU(n-1) ) _ h (eSU(n)X eSU(n) ) * o 2k1-1, .. .. ,zkj-1 - * o zk1-1, .. .. ,zkj-1 
_ eSU(n) " eSU(n) _ eSU(n\ 
- o " 2k1-1, .... ,zkj-1- zk1-I, .... ,zk1 -t· 

In any of the degenerate cases, these are valid. 

11.4. I) is similar as 11.4. 2). 

LEMMA II. 5. II. 5. 1) 2h;o(n) is isomorphic into. If ki2;;1, then 
/'. /'. 

2h;o(n) ( 2e~tc-.;,· ·' "j) = 2W 0 X 2e~1o(~:...·i)kj + ~l-1 2w"i X 2e~10(~:...·1)"i· · · · ·' kj 

11. 5. 2) h;u(n) is isomorphic into. If ki 2;: 2, then 

h-* (eZk1-I, ····,zkj-1) _ ox 2kt-I, .... ,zkj-1 SU(n) SU(n) - 1! eSU(n) 

+"'j (-1)i-t vzk·-txezkt-1, ····,~1, .. ··,Zkj-1 
.L..i-1 ' SU(n-1) · 

Proof. This is a corollary of lemma I1. 4, since li* is the dual map to fi*. 
These formulas are valid in the degenerate cases. 

THEOREM 11. 1. In the classical Lie groups, some reduced powers are given 
as follows. 

11. 1. 1) In H*(SO(n); Z 2), we have 

5 s ( k ) ( k ) k+s q eSO(n) = s eSO(n)• for k 2;: 1. 

Sqs (ekt. ""' "J') - "' (kj) (kj) e"l· ""' ,J. SO(n) -. .L.. . • . ' ''' '. SO(n) 
>t+· .. ·+>j~S ~J ~J 

11. 1. 2) In SU(n), we have 

e9s (e2k-l) _ ( k-1) e2k-1+2s(p-1) 
P SU(n) - s SU(n) ' 

for ki 2;: 1, i = 1, ... ·,J. 
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rns (e2kJ-I, .... ,2k1·-l) _ " (kc-1) (k 1-1) e2ki-1+2i1(P-1),····,2k1+2i1(p-l) 
\.f p SU(n) - . L.. . i ' ' '' . i SU(n) 

•1+· · · ·+•j~S 1 1 
and 

Sqzs (e2k-1 ) _ ( k-1 ) e2k-1+2s 
SU(n), - s SU(n) 

Sq' (ezk1-1, ··,2k1·-1) _ " (k1-1) (k1-1) ezk1-1+2i1, .... ,z,.1·-1+2i1· 
SU(n) - . L.. . ' .• '' '. SU(n) • 

•t+ .. +•j=S 21 2J 

Sqs+J = 0 

11. 1. 3) In Sp(n), we have 

s(jJ- 1)( 2k 1) e9s (e4k-l) = (-1)~-2- - e4k-1+2s(p-1) 
P Sp(n) s Sp(n) ' 

s(p-1) 
CSJS (e4kJ-1, .. ,4kj-1) -( 1)-2- " (2k1-l) (2kj-1) e4k1-1+2i1(p-1),··,4Pj-1+2i1(p-1) 

I> Sj>(n) - - .:.... • • • • Sp(n) 
iJ+"+ij-S 21 2J 

and 

Sq4s (e4k-1) = (2k-1) e4k-1+4s 
Sp(n) \ 2s ' 

Sq4s (e4k1-1, ····,4kj-1\ = " (2kc:-1)·. ·(2kcl) e4k1--1+4i1, .. ,4k1-t+4ij 
SP(n) J • .:..... 221 22. Sp(n) ' 

'J+ .. +•j=S J 

Sqs = 0 for s $ 0 (mod 4) 

Proof. 11. 1. 2) If n=2, the theorem is trivial. For n>2, we proceed 

inductively, supposing the theorem is valid for SU(n-1). By making use of 
lemma 11. 5, we have 

lttu\n1 (CSlj, (e~'h(~))) = CSlj, (lt;u(nl (e~'h(!l))= CSlj, (v 0 Xe~'h(Lwr-vzk-Ixe~u(n-1)) 

=V X (k-1) e2k-1+2s(P-l)+(k-1)vzk-1+2s(P-l)Xeo 
0 s SU(n-1) s SU(n-1) 

_ (k-1) h-* (e2k-!+2s(P-1l) - s SU(n) SU(n) 

Since lttu(n) is isomorphic into, we have the first formula To see the second 

formula, we shall use the Cartan's formula by an induction on j. 
e9s (e2kJ-1,2k2-1, .... ,2kj-1) _ e9s (e2kt-1 u ezk.-1, .... ,z,.j-1) 

p SU(n) - p SU(n) SU(n) 

_ "tnl ( 2kt-1) u tnm( 2k2-l, · · · ·,2k1-1) 
- ..:.... \.Y p eSU(n) \.Y p eSU(n) 

l+m=s 

_ "(k1-1) e2k1-1+2l(P-1) u " (k2-l) (k1-1)e2k2-1+2i2(P-1),··,2k1·-1+2i1(p-1) 
- ..:.... [ SU(n) . L.. • ' ' • . SU(n) 
l+m=s '2+ .. +ij-m 22 \ 21 

_ " (kl-l)\(k~-1) (k1-·-1) e2k1-1+2i1(P-1),2k2-1+2i2(P-1),····,2k1-!+2i1(p-1) - ..:.... • . •••. . SU() 
i1+ .. ij-s t1 22 21 n 

The other formulas are obtained quite similarly. 

11.1. 1) is proved as similar as 11.1. 2). 

To see 11.1. 3), we remember that the inclusion map i: Sp(n)--'>SU(2n) in­

duces an isomorphism into: i*: H(Sp(n); r)-H(SU(n); r), where r is Z or Zt. 

By theoem 9.1. 3), e~f!::i (n2; k 2;1) is a homological primitive element in Sp(n) 

(for any coeffient Z or Zp)· i*(e~&<~ll)) is, hence, also a homological primitive 

element in SU(2n) for Z and Zp (lemma 9. 2). In SU(n), however, e~f~~l is the 
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base of the (4k-1)-dimensional homological primitive element. So that we have 

i* ( e~~~l) = 6 e~f~~n) where 6 is 1 or -1. 
To determine the sign 6, consider the diagram 

E 3 XE4k-4 F 3 XE4k-4_E4k-1 fsp(n) Sp( ) Psp(n) s4k-1 
R R ~ · · Q Q - Q -----;. n ____,. Q (/JRQ 

E4k_{' '>4s4k-1 
R R · 

'>4 f p /CfJQR 
E1XE~k-2 ~ E~XE~k-2=E~k-1 ~ SU(n) ~S~~-1 

We note that ({JCQ{r. (S?k_1) = (-1)" Sfk_1, (bacause CfJRC 0 cpcQ (x) =(a, b, c, -d) for 

Q 3 x = a+ib+ Jc+kd = (a+ib)+ j(c-id)). Now, 

Psu(n) 0 i* (eJf~n{)= (/JCQ{r. 0 Psp(M(e~fl~l) = CfJCQ{r. 0 EQ{r. (E?k-1) = - (/JCQ{r. (S?k-1) 
= (-1)k+1Sfk_1. (lemma 7.1). On the other hand, 

6 Psu(nl*(e~f~2t>) =6 ~c* (Efk_ 1) =-6 Sfk_ 1. Hence 6 = (-1)k. 
So that we have the following 

LEMMA 11. 1. i* (et~(.".~) = ( -l)k 4t(~J· 
We shall continue the proof of 11. 1. 3). Now 

i*: H* (SU(2n); Zp) ~ H* (Sp(n); Zp) 
is homomorphic onto and the kernel K is an ideal in H*(SU(2n); Zp) generated 

by e~t(in) for k$0 (mod 2). Hence we have H*(SU(2n); Z1 )jK·'"'H*(Sp(n); Zp), 

and 

{ 
i* (e~t(inl) = 0 for k $: 0 (mod 2) 

i* (ett(2~)) = (-1)k et~(n~· 

It is readily verified that K is invariant by <9j,; <9j,K cK, using the formulas 11. 

1. 2). Now we have 

<9j, 4~(,,~ = (-1)" <9j, i* (e~'U(f,)) = (-l)ki*<9J, e~t(in) 

= ( -1 )ki* (2k-; 1 J e~t(J~2s(P-1) = ( -1 )" ( -1 )I<+ s(P2-ll Ck-; 1) e~~(;)+2s(P-l) 
s(P-1) 

_ (-1) -2- (k-1) e4k-l+2s(P-1) 
- s SP(n) • 

By making use of Cartan's formula 11. 6 and the same technics as <9j, in SU(n), 
we have the other formulas. q.e.d. 

REMARK 11. 1. Using the isomorphisms into P!: H*(Sn,m• Zp)--;.H*( G(n); 
Zp), we can easily compute the reduced powers in the Stiefel manifols Sn,m· 

T:f{EOREM 11. 2. In the spaces Fn and Xn, some reduced powers are given as 
follows 

11. 2. 1) In H*(Fn; Z2), we have 

Sq2s ( e2k) = (2k) e2k+2s 
2 F 11 2s 2 F,. ' 

Sq2s ( 2e~k1, · · · · ,2kj) = 2: (2~1) .... (2~j) 2e1{'1+2il, · · · ·, 2kj+2ij 
n il+ ... ·ij=S 2~ 1 \2~j n 
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SqBS+1 = 0. 

11. 2. 2) In H*(Xn; Zp), we have 

<9s (e4k-3) = (2k-2) e4k-3+2s(P-l) 
p x,. x,. 
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<9J, (e~;-3, ··,4kj-3)=:= L:. (2k~-2)· .. ·(2kj_~2) e~1-3+2i1CP-ll, ··,4kj-3+2ijCP-ll 
•1 +. ·+•j=S ~1 ~J n 

Sq4s (e4k-3)=(2k-2) e4k-3+4s 
Xn 2s Xn 

Sq4s (e~1-3, ··,4kj-3)= L: (2k1-:-2)· .. ·(2kr-:-2). e~1-3+4i1 , ··,4kj-3+2i1CP-l) 
n il+··+ij=s\ 2~1 2~j n 

Sqs = 0, for s =P 0 (mod 4). 

Proof. By applying that p;,. (resp. Pin) is isomorphic into, we obtain, in a 
trivial fashion, formulas from the formulas in 50(2n) (resp. (SU(2n)). 

12. Appendix 

A cellular decomposition of a space determines how to attach a cell to the 
lower dimensional cells than it. In the lowest dimensions of the classical Lie 
groups, the attaching mappings are familiar ones. 

THEOREM 12. 1 In SO(n), the 2-dimensional primitive cell e~O(n) is attached 
to the !-dimensional primitive cell e1ocnl by the mapping f.£: s1~s1 whose degree is 2. 

THEOREM 12. 2. In U(n) {resp. SU(n)), the 5-dimensional primitive cell 
ehcnl (resp. e~U(n)) is attached to the 3-dimensional primitive cell eb(n) (resp. e~U(n)) 
by the suspended Hopf map E(v) : 54~53• 

THEOREM 12. 3. In Sp(n), the 7-dimensional primitive cell e~PCnl is attached 
to the 3-dimensional primitive cell 4Pcn> by the Blaker-Massey's map p: 56~53• 

This mapping p is a Hopf construction of the mapping p': 53XS2~S2 such that 
p'(x, y)=xyx, where 5 3 is quaternion numbers whose norms are 1 and 5 2 is pure 
imaginary quaternion numbers whose norms are 1. 

proof. Theorem 12. 1 is obvious, because the real projective plane P 2 is 

attached to P 1 by the mapping whose degree is 2 and /~oc2> is homeomorphic 
on P 2 • 

Theorem 12. 2. is also obvious, since the complex projective plane M 2 is 
attached to M 1 by the Hopf map v (so that E(M2) is attached to i!(M1) by E(v)) 

and /~sc2> is homeomorphic on E(M2 ). 

In order to prove theorem 12. 3, we consider the formula 

/sp(a) (q, x1) = (1 +~P%1 xlPXs ) E sp (2). 
x2 PX1 1+x2 Px2 

If qE52, then P=2v't-lql2(q- v'l-[q!2)=0. Hence fspC 2)(q, x1)=I2• Further­
more, if X=X1E58 , then X2=v'l-!x!2-0, Hence we have 

fstCsl (q, x) = C +gPx ? ) , 
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where 1+xPx=l+2xv1-jq[z(q- vl-[q[z) x. If we put q=y sin fJ, whereyE52 

and O~fJ~n: /2, then 
1 +xpx = 1 +2xcosfJ (y sin fJ-cosfJ) x =-cos2fJ+sin2fJ xyx. 

This shows that a mapping (q, x)_,1 +xpx is nothing than a Hopf construction of 
a mapping (x, y)_,xyx. 
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