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1. To find relations existing among the homological characters of the 

bundle space, of the base space, and of the fibre of a given fibre bundle is an 

important problem in topology. 

In the preceding paper [9] the author, in connection with this problem, gave 

a new formulation of the so-called Leray's algorism [10] on the one band, and 

generalized two theorems of Samelson concerning to homogeneous spaces to 

theo rems of fibre bundles ( see ~ 2 below) on the other band. 

The purpose of the present paper is to give them more detailed accounts 

and to derive almost all theorems in our direction.Il In part II characteristic 

groups and characteristic isomorphisms are defined for arbitrary set systems, 

and their fundamental properties are given.2l In this form they reveal a close 

bearing on the theory of Morse, classifying cycles according to critical levels. 

Moreover they may be applied to homotopy as weil as cohomotopy theories. 

In particular, if applied to cohomotopy theory, they give a formai answer to 

the classification problem of maps of an ( n+r )-complex into an n-sphere for 

arbitrary r but for sufficiently large n (Il, ~4). In part Ill results of part II 

are applied to fibre bundles over a complex. In part IV various formulas con­

cerning to U- and n-multiplications are given, and the theorems of Gysin [5], 

of Thom-Chern-Spanier [23], [3], and of Wang [24] are generalized. In part 

V o- and o-multiplications are introduced and as application several important 

theorems about homological trivialness are given, sorne of of which3l seem to 

be contained in the results announced by Hirsch [6]. 

2. To explain our problem we shall give here sorne theorems about homo­

logical triviality. 

Theorem A. (Künneth' theorem) l fA is the Product comPlex of two com­

Plexes B and F, the cohomology ring H*(A) is isomorphic ta the Kronecker 

Product H*(B)&;;H*(F) of the cohomology rings H*(B), H*(F) of B, F respec­

tively, where the rational number field is taken as the coefficient ring. 

1) Major parts of this paper (Part Il-IV) were published in Japanese in March, 1951. 
2) Another abstract formulation of Leray's algorism was obtained by H. Cartan, J. Leray 

[30], and J. L. Koszul [8]. 
3) Theorem 22 and Theorem 23. ln the case of homogeneous space these theorems are 

consequences of the results proved by Koszul [8]. 
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For a product bundle A=BXF, the cohomology ring of the bundle space 

A is therefore completely determined by the know ledge of those of the base 

space B, and of the fibre F. 

But besides product bundles there are many classes of fibre bundles for 

which the same proposition hold. For example we have the following 

Samelson's theorem [15]: 

Theorem B. Il a compact connected Lz"e grouP G acts on a sphere S transi· 

tively, and the isotropy group U(G/U=S") is connected, then 

(a) z"f n z"s odd, H*(G)R~H*(S"xU),c4) 

(b) il n is even, H*(G)R~H*{S2"'- 1 xll), where Il z"s a Product space of 

severa! odd dimensional spheres such that H*(U)R~H*(S"-1 x Il). 
Sacrificing the multiplicative observation, the conclusions (a), (b) of 

Theorem B reduce respectively to 

(2.1) 

(2.2) 

~G(t) = ~sn(t) X ~u(t), 

~g(t) = ~S2n-1(t) X ~n(t), 

where ~u(t)=~sn-I(t)X~n(t), and where ~M(t) denotes the Poincaré polynomial 

of M. In this reduced form the case (a) of Theorem B was generalized by 

the author to the following theorem [9], (V, ~ 6): 

Theorem C. I 1 A is a fibre bundle over an odd dimensional homology 
sPhere B (dim B=n,~B(t)=1 +t"), and if the group of the bundle Gis a compact 

connected Lie group, then 

(2.3) 

Incidentally in important applications (2. 3) plays also the role of (2. 2). 

In fact we may calculate the Poincare Polynomials of the closed simple groups 

belonging to the main Jour classes as well as of the SUe/el manz"/olds by making 

use of Theorem C atone. 

We cali a fibre bundle ty= {F, G, B, A, cp, cftu} homologically trivial when it 

satisfies (2. 3). It is known that the following classes of fibre bundles are also 

bomologically trivial : 

(2. 4) Fibre bundles over an acyclic complex (Ill, ~ 5 ), 

(2. 5) Even dimensional spbere·bundles over a complex (Cbern-Spanier [3]; 

(IV, ~8) ), 

(2. 6) Fibre bundles over an n-spbere with fibre F sucb that H~~>(F) =0 

(p)>n-1), or with fibre F which is a d-dimensional homology sphere witb 

d>n-1 (Wang [24]; (IV, ?;9) ), 

(2 7) Let A be a compact connected Lie group, and F a closed connected 

4) H* is the same as above. 
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subgroup. The coset space A./F=B is a fibre bundle of the type 

{F, F, B, A, ... , ... }. We shall cali it simply a homogeneous space. Then a 

homogeneous space over a homological r-manifold B (H*(B)~H*(ll), where 

II is a product space of several cdd dimensional spheres) (Koszul [8]. 

The non-trivial characteristic groups measure a deviation from homological 

trivialness. 

Part 1 

P reliminaries 

1. Fibre bundles. In this paper by a fibre bundle we mean a coordinate 

bundle in the sense of Steenrod [21], and we use the notations l1= {F, G, B, 

A, tj>, <Pu}, 'tr= {' F, 'G, 1 B, 1 A.,' tj>, 1 tP'u}, etc. to denote fibre bundles, where F, G, 

B, A, t/>, U, <Pu are respectively the fibre, group of the bundle, base space, bundle 

space: projection, coordinate neighborhoods, and coordinate /unction of 1r.5l By 

a fibre bundle of type (F o, Go) (type (F o, Go, Bo) ) we mean a fibre bundle l1 

such that F=Fo, G=Go (F=Fo, G=Go, B=Bo). l1 is a d-sphere bundle (an 

orientable d-sphere-bundle) if it is of type (Sa, Oa+I) (type (Sa, Ra,)), where sa 
is the unit d-sphere, Oa+l is the orthogonal group of d + 1 variables, and 

Ra=Ot+ 1 is the rotation gronp of sa.6 ) iY is a principal fibre bundle, if it is 

of type (G, G), where G zcts on itself as the group of left translations. A 

map7) h: A~' A is a bundle map h: u~'u, or it is admissile, if there exists a 

map h:B~'B such that (1) hc/J='tJ>h, (2)h\t/>- 1(x)isahomeornorphismonto 

'tJ;-1(h(x) ), where xE B, (3) for any V 3 :x, 'V 3 1 x=h(x) the corresponder.ce: 

Unh- 1('U) 3 x~'<J>;:. 1 .,hrftu,, E G is a rnap, where <Pu • .,: F~A is de:&ned as usual 

by <Pu • .,(y)=!J>u(x, y), y EF. iY and 'u of the same type (F, G) ( (F, G, B)) are 

equivalent (equivalent in the restriced sense) if there exists a bundle map 

h: 1r~'u. such that h: A~' A is a homeomorphism onto (if moreover the 

induced map h: B~' B=B is an identity map). 

F is a j;roduci bundle, if G=1, A=BxF, tj>(x, y)=x, U=B, !J>u(X, y)=xxy. 

If G is contained in a larger group G which operates on F, l1 gives rise to a 

new :abre bundle ~ = iYa by me rely replacing G by G. u and 'l1 wi th F = 'F are 

G-equivalent CG-equivalent in the restricted sense), if tra and '1ra are de:&nable 

and are equivalent (equivalent in the restricted sense). If l1 is G-equivalent 

5) Unless otherwise mentioned the definitions and terminologies are the same as may be 
found in the Steenrod's book [21], which we have in common as the standard text. 
We shaii refer it to [S]. It would have been more convenient if we had used the 
same notations. But it was too cumbersome for the author to rev'ce ali of the notat­
ions in the old manuscript, in which we used the terminologies and notations in the 
Chern-Sun's paper [2J. We shall refer it to [CS]. 

6) Generally tl with an arc-wise connected G is called orientable. 
7) A map of topologtcal space into a topological space is always assumed to eb continuous. 
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in the restricted sense to the product bundle A=BxF, it is roughly also called 

a product bundle. iJ is a portion of 'iY over BoC' B, and is denoted by 'iJ\Bo 

if F='F, G='G, B=Bo, A='cp- 1(Bo), c/J='c/J\A., U='VnB, </Ju='ifJ'u\(UxF). 1J 
is a product of '\J and "ir, and is denoted by {Y='{Yx"{Y, if F='Fx"F, G='G 

x"G, gy=('gx"g)·('yx"y)=('g.'y)x("g·"y) for gEG, B='Bx"B, A='A 

x 11 A, cp(a)=c/J(' a x 11 a)=' cp(' a) x 11 c/J(11 a), U ='V x "U, ifJu(X, y) =c/Ju(' x x 11 x, 1 y 
x"y)='ifJ'uC'x, 'y)x"ifJ"u("x, "y). ry is the induced bundle of '{1 by a given 

maP 1: B~' B, and is denoted by t1='i'Yr, if F=' F, G='G, A.=[the graph of the 

many valued function 1: B~' A8l]=[the subset of Bx' A consisting of points 

(x, 'a) such that /(x)='c/J(a)], 'cp(x, 'a)=x, U=J-1('U), ifJu(x, y)=(x, ifJ'u 

(1 (x), y)). Let~ be a fibre bundle of type (F, G, B). It is called a universal 

fibre bundle of type (F, G, B) if it bas the following properties: 

(i) For any {Y of type (F, G, B) there exists a map 1: B~B such that the 

induced bundle ~~~f1 9 l, 
(ii) If two maps h, 12: B~B are homotopie Ch-/z), then 'fih~'fifz, 
(iii) If ~11~~/z for two maps h, /z: B~B, then h -fz. In the case when 

F = G /U is a homogeneous space10l, and B is a polyhedron, the existence of a 
universal fibre bundle of type (F, G, B) was assured by Steenrod [S]ll). The 

following theorems, which were established by Chern-Sun [CS], are important 
in the sequel. 

Theorem D. Ci ven two fibre bundles {Y and '{1, where 'B is compact. Con­

siderthefibrebundle {1xJ,l2l and letf:'{Yx(O)~{Y be a bundle map. Then lor 

any homotopy Ï:'Bxl~B of the induced maP Ïo:'Bx(O)~B, there exists a 

bundle maP inducing Ï and such that 1\'{Yx(O)=/o. 

Theorem E. Let F be a principal fibre bundle such that rr;(A)=O (C<,i<_n). 

Then it is a universal fibre bundle of type (G, G, B), where B is a polyhedron 
o 1 di men si on at most n. 

Theorem F. The base space Bof a universal fibre bundle of type (G, G, B) 

is at the same time the base space of a universal fibre bundle of type (F, G, B) 
and vhe versa. 

The actual form of the universal fibre bundle of type (G, G, B") given by 

Steenrod [S] is {G,G,O,.,/On+1 xG,O,.,/On+l•···•···}. where Gis a compact 

Lie group and m is sufficiently large so that Om con tains On+l x G,1 3l If G is 

connected we may replace O~e by R1e-1 =Ot . 

8) f(x)=''f-=(f(x) )C' A for xE B. 
9) "~". "-" read "equivalent in the restricted sense to", "equivalent to" respectively. 

10) See (Introduction, ~ 2). 
11) The existence of a universal fibre bundle of type (F, G, B) was proved independently 

by Chern-Sun [CS], when G is a linear group, F is a coset space of G, and B is a 
polyhedron. 

12) l= the unit interval <0,1>. 
13) See, [S], 7.5. 
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1\J is called the associated principal fibre bundle of \J, if it is of type 

(G, G, B), 1 Ais the totality of bundle maps 'a: F~\}.14) 'cf;('a)=x, where 'a(F) 

=F,,'U=U,',Pu(x,g)=r/Ju,,og. In sucha case we may define a mapr;:'AxF 

--"A. by r;('a, y)= 1a·y.l5 l Finally if F=G/U is a homogeneous space Clntrcduc­

tion, ~ 2), the associated principal fibre '\J of \J together with the natural 

map 11: 1 a---"1 ay determine a fibre bundle of type (U, U, A.,' A, 11, ••• ). 

2. Eilenberg-Steenrod's axioms for cohomology theory. We expect that 

the reader are familiar to the seven axioms for cohomology theory as were 

given by Eilenberg-Steenrod [ 4].17) But for the sake of convenience we shall 

give them here but in a slightly differant form; the excision axiom adopted 

here is the strong one. 

Axiom I: Identity map !: (X, A)--(X, A.)18l induces the identity isomor­

Phism f*: HP( X, A.)=HP(X, A). 

Axiom II: For f: (X, A.)--( Y, B), g: (Y, B)->(Z, C), there holds the rela­

tion (g f)*=f*g*. 

Axiom III: For homotopie f, g: (X, A)->(Y, B), f*=g*. 

Axiom IV: The following sequence of homomorPhisms: 

}* i* a 
(2.1) ~HP(X, A.)~HP(X, B)~HP(A, B)~HP+I(X, A.)~ 

is exact, where j: (X, B}---(X, A), i: (A., B)->(X, B) are inclusion maps. 

Axiom V: Let il: (X, A.)->(Y, C), /z: (X, B)->(X, D), fs: (A, B)-(C, D) 

be induced from f: (X, A, B)----(Y, C, D). Then commutativity relations holds 

in the diagram: 

~HP(Y, C)~HP(Y, D)~HP(C, D)~HP+l(Y, C)~ 

lh* lh* lh* lh* (2.2) 

~ H(X, A)~ H(X, B)----'; H(A., B)---->;fiP+I(X, A.)~ 

Axiom VI': For the identity maP k: (X-Int A., A-lnt A)-(X, A), k* is 

an isomorphism onto (excision isomorPhism). 

Axiom VII: For a space consisting of a single point P, flP(P)=O (Pof=O), 

H 0(P)=a given group p (which is called coefficient group)_19l 20 l 

3. Immediate consequences of the Eilenberg-Steenrod's axioms. 

Lemma 1. HP(A, A)=O. 

14) Here F is regarded as a fibre bundle of type (F, G) over a point. 
15) See, [S], 8. 7. 
16) See, [S], 9. 6. 
17) See also [20], [16]. 
18) (X, A) is assumed to be a closed pair. 
19) Remember that HP(X,A)=O for p<O. 
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Lernma 2. If f: (X, A)->(Y, B) has a homotopy inverse, then f* is an 

isomorPhism onto. In particular if (X, A), (Y, B) have the ~ame homotopy 

type HP(X, A)=HP(Y, B). 

Lemrna 3. Let f: (X, A}--?(Y, B) be the identity map, and let Cf!t (C<;;t<;;l) 

be a deformation of Y such that ({!I(Y)CX, ({!c(B)CB, Cf!I(B)CA, ({!c(X )CX, 

Cf!t(A)CA. Then f* is an isomorPhism onto. 

Lemrna 4. If A is a deformation retract of X, then HP(X, A)=O. 

Lernma 5. Let X=X1UX2;X::JA::JXInX2, and let Àt:(Xt, XtUA.}-~ 

(X, A.), fJ.t: (X,, X,nA)->(X, XJUA.), Jit: (X, A}-~(X, XJUA.) ((i, j)=(l, 2) or 

(2.1)) be the identity maps. Then P.t* is an isomorphism onto, Wt=Jit*(P.t*)- 1 

is an isomorphism into, ~.* is a homomorPhism onto, HP(X, A)=wlHP(Xl' xl 

nA)+w2HP(X2, X2nA.) is a direr.t decomposition, and ),,*Wt=l. 

We give here on1y the proof of the last !emma. Since (X-Int (XJUA), 

(XJUA)-Int XJUA))=(Xdnt (X,nA), x,nA-Int (X,nA)), by making use of 

the excision axiom (Axiom VI') two times we see that P.t* is an isomorphism 

onto. By Axiom II p.,*=Àt*Jit*, À*tJit*CP.t*)-1=1. lt*wt=l. Renee Àt* is a homo­

morphism onto and Wt is an isomorphism into. It remains to prove that HP(X, A) 

=w1HP(X1, X1nA)+w2HP(X2, X2nA) is a direct decomposition. Firstly 

noticing that HP(Xt, X,nA)=HP(XtUA., A) by the excision axiom, the sequence 
v;* ,l;* 

HP(X, XtUA)-----*HP(X, A)-----*HP(X,, XtnA.) is exact. Renee if À1*w=À2*w 

=0 for w EHP(X, A), then W=Jil*u for sorne u EHP(X, x2nA), bence O=h*w 

=ÀI*Jii*u=p.1*u, implying that u=O, or w=O. Secondly œ,ut=W;UJ, uk E HP(}{k, 

X~:nA.) (k=l, 2) imply WtUt=WjUJ=O, i.e. W!HP(X 1. xlnA) +w2HP(Xz' XznA.) 

is a direct sum. For u.=Àt*wtUt=À;*wJUJ=À,*JiJ*(p.;*)- 1uJ=0. 

Now let w EHP(X, A.) be arbitrê.ry. Tben Àt*(w-wtÀt*W-w;ÀJ*tv)=Àt*tv 

- Àt*WtÀt*W- Àt*WJÀJ*W=Àt*W-- ),,*tv ·-0=0, implying that W=WtÀt*W +WJÀJ*tv. 

4. Mayer cochain complexes. By a Mayer cochain complex we mean a 
llp llP+l 

homomorphism sequence-----*CP-----*CP+I-----*CP+ 2-----* ... , sucb that oP+lop=O. 

It is denoted by {CP; op}. The P-th cocycle group ZP of a given Mayer complex 

{CP; Op} is de:iined by ZP=[the kernel of Op]CCP. Obviously Op-lCP-lCZP. 

The factor group HP=ZP/oCP-l ic called the cohomology group of the Mayer 

cocbain complex. 

5. Faisceau of groups. Cohornology theory with local coefficients. L.et X 

be a topological space, and {a} be a family of closed sets of X. If a group pO' 

is associated with each 11, and if a bomomorphism X( a', â): pO'->p.; is associated 

with each pair (a', a) with a<a', such that X( a", a1 ) X( a', a)=X(a11 , a) for a<a' 

<a", and such that X( a, a)=l, then, following J. Leray [10], we say that a 

faisceau of groups p= {pO', X( a', a)} is given over X. 
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We consider in the followings only tte case when X is a polyhedron and 

{a} is a family of all (closed) cells of X.2U Let K={ai} be a cellular decom­

position of X and K o its closed subcomplex. We define: Cq=the additive group 

of all linear forms cq = L: a;aj with a; E p0 ,r,, or equivalent! y all function a; 

=cq(aD deüned over ali q-cells of K -.Ko and with values in Pa;q. De::ïne a 
Lomomorphism 0: cq ~ cq-----oc E CQ+l by oc(a)+1 )= L: [a}+1: ai] X(dj+l, aD cq(aD.21l 

Remembering the property X(a~+2 , a]+1)X(a]+1, ab=x(ai+2 , aD, we can easily 

prove tbat oo=O, obtaining a Mayer coctain complex {Cq; o}. The cohomology 

groups of this Mayer complex are called the cobomology group with the 

faisceau of g;roups 'jJ as coefficient domain, and are denoted by Hq(K, p), 

Now assume that every X( a', a) (a'> a) is an isomorphism onto, and K is a 

simplicial decomposition. Then, if a'-:Ja ~ Xo, X1, X(Xo, a) X( a, Xl)=X(xo, a1 ) 

X( a', a) X( a, a') X( a', Xl)=X(Xo, a') X( a', xl), where X( a, o1 ) denotes [X( a', a)]-1 

for a'> a. This enables us to defi ne w( Xo, X1)= X(x1, a) X( a, xl) witbout ambi­

guity. w bas the property: w(XoXl) w(x1X2) ... w(.rqxo)=1 for a=(XoXl ... Xq). 

From the above we e2sily see ttat the cohomology theory with faisceau of 

groups as coefficient domain is essentially22 l the cohomology theory with local 

coeffioient in the sense of N. E. Steenrod [18]. 

6. U- and n -products. The consideration of U- and n -products appear 

only in the last two parts, where the axiomatic treatment is abondoned. But 

it is not at aH um:seful to enumerate the most important of their properties 
in an axiomatic form, following Steenrod [20].23 l The basic coefficient domain 

p of our oobomology theory is a ring ( with unit 1) when we are dealing with 
U-product only. It is a field for both homology and cobomology theories when 
we are dealing with u- and n-products. 
(6.1) For uPEHP(X,A1), vqEHq((X,A2) where X-:JA1UA2, the U-product 
uPUvq of uP and vP is an element of HPH(X, A1UA2). 

(6. 2) The le!t multiplication (uPU) :Hq(X, A.2)____.HPH(X, A1UA2) de:/ined by 
(uPU)vq=uPUvq is linear; similarly the right multiplication (Uvq): HP(X, A.1) 
-~HP+P(X, A1UA.2) de:/ined by (Uvq)uP=uPUvq is linear. 

(6. 3) Let ft: (X, A.,)-----(Y, Bt) (i =1, 2), 13: (X, A.1UA2)--(Y, B1UB2) be in­
duced from 1: (X, A1, A.2)-----(Y, B1, B2). Then !3*(uPUvq)=h*uPUf2*vq, tor 
uP EHP(Y, B1), vq EHq(Y, B2). 

(6. 4) l 1 vq EHq(X), (Uvq) maps the cohomo!ogy sequence of the triPle (X, A., B) 

into itself homomorPhica!ly but raising the dimension by q, i.e. commutativity 
re!ations hold in the diagram: 

21) [a1+ 1 : aq] denotes the inc;dence number of oj+ 1 and a1. For its axiomatic definition 

see [4], [16]. The cells wh:ch appear in this paper are homemrophs of the unit 
full-sphere. [: J is accordingly either=O or ±1. 

22) As for this formulation of local coefficients see also P. Olum's paper: Obstructions to 
extensions and homotopies, Annals of math. 

23) As for the concrete definition of U- and n-products, see Lefschetz "algebraic topology". 
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---+ HP( X, A)---+ HP( X, B~ HP(A, B~ HP+l(X, A.)---+ 

lcuvq) lcuvq) lcuvq) lcuvq) 
---+Hp+q(X, A)---+HP+Q(X, B)---+HPH(A, B)---+HP+Hl(}(, A)~ 

where (Uvq): HP(A., B)__,_HPH(A, B) is an abreviated notation of (Ui*vq), i* 

being induced by the identity map i: A--.X. Such abreviation is always used. 

(6. 4) The left multiplication (uPU) has the analogus property. 

(6. 5) uPUvq=( -I)PqvqUuP for uP E HP( X, A1 ), vq E Hq(X, A2). 

(6.6) (uqUvq)Uwr = uPU(vquwr) 

wr E Hr(X, As), X::JA1UA.2UAs. 

for 

The direct sum H*(X, A)= LP HP(X, A) thus becomes a ring with respect 

to the U-product and is called the cohomo!ogy ring of the pair (X, A.). The 

commutation rule (6. 5) holds in H.lf.(X, A). 

(6. 7) Now let us assume that p is a field, and (X, A) is a polybedral pair. 

HP(X,A) and HP(X,A) are dual to each other, i.e. inner product <uP, zP> 

of uPEHP(X,A.), zPEHp(X,A) are defined in sucb a way that (i) <uP, zP> 

is bilinear, (ii) any bomomorpbism r;: HP(X, A)-->p is representable in the form 

'fi(uP)=<uP, zp> in a unique way, (iii) any bomomorphism v: H p(Y, A }--+p is 

representable in the form v(zP )=<uP, zP> in a unique way. 

(6.8) For a maP f: (X, A)---(Y, B), the induced maps f*: HP( Y, B)-->HP(X, A), 

f*: H p(X, A)-->H p(Y, B) are dual to each other, i.e. <uP, f*zP>=<f*uP, zP> 

for uP EHP(Y, B), zP EHP(X, A). 

Now we define the n-product vqnzPH of vq E Hq(X) and zPH EH p+q(X) by 

the relation24): 

(6. 9) <uP, vqnzPH>=<uPUvq, zPH> for every uP E HP( X). Corresponding to 

(3. 3) we have 

(6.10) f *(f*uPnzPH)=upn f*zPH, for uP E HP( Y), zPH EH PH(X ). 

7. Composable and minimal elements.25) Let X be a connected polyt.edron, 

and let p be a field, as in the end of the last section. Then the cobomology 

ring H.lf.(X) bas a unit 1 EH0(X): lUuP=uPUl=uP for a~y uP EHP(X), and 

H 0(X)={a·l}, aEp (immediate consequence of the axioms). An element 

uP E HP( X), which can be generated from the elements of H 1(X), ... , HP-I(X) 

by U-multiplication and addition, is called a composable element of HP(X). uP 

is therefore of the form uP= :2.: VtUWt, where v,, w, are bomogeneous and of 

positive dimensions. The totality of P-dimensional composable elements 

obviously constitutes a subspace SP(X) of HP( X). An element uP of HP(X) 

whicb is not a composable element is caiied Primitive. We can choose an 

24) We need only the absolute case in this paper. 
25) See, [7], [15], [6]. 
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irreducible system of generators {1, u1, u2, ... , uz} of the cohomology ring H*(X) 

consisting of homogeneous elements. Obviously the P-dimensional u/s in the 

above system oonstitute a linearly independent representative system of HP(X) 

/SP(X), and conversely if we choose for each p a Iinearly independent repre­

sentative system of H P(X)fSP(X), their union com:titutes an irreducible system 

of generators of H*(X). Thus l= :Ev 1 dim (HP(X)/SP(X) ). It is called the 

rank of X. 

An element zP of H v( X) is called minimal, if it is orthogonal to every 

element uv of SP(X): <uv, zP>=O: zP is a minimal element of H v( X) if and 

only if it is contained in the annihilator MP(X) in H v( X) of SP(X). It is 

easily seen that the condition of minimality of uv is evuivalent to the following 

condition: 

(7.1) Il O<r<p, urnzv=Oior etJeryurEHr(X). For the minimal elements the 

/ollowing tacts are !undamenta!: 

(7.2) Leti:X-?Y be a mmap. Theni*:HP(X)-?Hv(Y) maps Mv(X) into 

Mv(Y). 

(7. 3) If H v(X)=O for O<P<d, then any ~.'1· E Ha( X) is minimal. ln Parti­

cu!ar a d-dimensional hom'Jlogy element of a homology d-sphere is minimal. 

(7. 4) The rank of X is equal to L:v>l dim Mv(X). 

(7.5) Let KvCHv(X) be a subspace and Kv its annihila/or in HP(X). Il 
KvnMv(X)=O for each P>O, {1, K1 ,K2, ... , Kv, ... } generales H*(X). 

We shall prove only (7.2). Let zP EMv(X). Then for each uv EHP(Y), 

O<r<P, ur nt *~P=f *(f*unzP)=O by (6.10). 

8. The cohomology ring of a group manifold. Pontrjagin ring. Let X be 

a group manifold.27) The structure of tLe cobomology ring H*(X) is investiga­

ted by H. Hopf [7] and H. Samelson [15]. We state here only such results 

which we need in Part V.28) Let H *(X)= :Ev H v( X) be the total homology 

group. We can introduce in H*(X) a multiplication zPozq as follows: Let 

r;: XxX-?X be defined by r;(x' xx" )=x'x". If cv and cq are singular cycles of 

X, then cvxcq and 7J(cPxcq) are singul:;;r cycles of XxX and X respectively. 

The homology class of 7}(cPxcq) is determined by the homology classes zv, zq of 

cv, cq respectively, and is denoted by zPozq. This product was first introduced 

by Pontrjagin [13] and is called the Pontrjagin Product. 

(8.1) H*(X) becomes a ring )J:(X) with respect to the Pontrjagin multiPli­

cation. 

(8. 2) Let M;l;,(X)= ::E li! v( X) and let (\ (M;i:(X)) be the Grassmann algebra 
P,i<l 

26) See, Theorem C (Introduction). 
27) In thi paper "group manifold of a compact connected Lie group". 
28) For detail see [7], [15], [8]. 
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over the field p of the space M;(X). Then /\ CM;CX) )= ~P /\p(M;(X)) 

~~(X) by the correspondence: 2a1 "'~2 ... tJk)=~Ia$2a ... a$k C$t E M;(X) ). 

The elements of :E /\P (Mit(X)) are called compo:-able (or more preoisely 
P;;o2 

a-compomb!e), and the elements of the annihilator M*(X) in H*(X) of 

:E 1\P (M~(X)) are called minimal (or more precisely a-minimal). Obviously 
P;;-2 

M*(X) is the direct sum of the spaces MP(X)=M*(X)nHP(X). We put 

M~(X)= :E MP(X). 
P~l 

(8.3) 1\(M~(X))~H*(X) by the correspondence Jc(~JJ\~2··· AÇ"k)=Ç"1U~2U ... 

U~k(~1 EM~(X) ). Thus the linearly independent basis of M~(X) together 

with 1 constitute an irreducible system of generators of the ring H""(X). 

We use further the facts: 

(8. 4) M 211(X)=O (11>0): every non-trivial minimal homogeneous element of 

H*(X) is odd dimensional. 
(8. 5) M 2'(X)=O (11>0); every non-trivial minimal homogeneous element of 

H*(X) is odd dimensional. 

As a dual operation of the left a-multiplication (zPa): H q(X)-+H PH( X), 

(zPa).zq=zPazq, where zPEHp(X), zqEHq(}{), we define an operation (c<-P): 

HPH(X)-+Hq(X) by: 

(8.6) 

Then the following is the lemma 2. 2 of [8] : 

(8. 7) Let a9=0 be a subring of H*(X). Il a is stable under every (L'z), 

z EH*(X), then ais generated by 1 and a subspace V* of M~(X), i.e. a con­

tains 1 and is generated by the minima! elements belonging to a. 

Part II 

1. Characteristic groups and characteristic isomorphisms of a set system. 

Given a set system IJl= {A=A,.:JA,_,:J ··· :JAo:JA-I}, we consider, for q>q'>q", 

the cohomology sequence of the triple (Aq, Aq1 , Aqll): 

Y~q, qr, qfl) 

(1.1) ~ HP(Aq' Aql) --~ HP(Aq' Aqll) 

~~q, qi, qfl) (q, qt, qll) 
<Xp 

For brevity we shall write [q', q"), (q, q'], [q1 ], (q) instead of (q' + 1, q', q11 ), 

(q, q', q' -1), (q' + 1, q', q'-1), (q, q-1, -1) respectively. Furthermore we put 

Aq=A,. (q>n), Aq=A-1 (q<-1). 

Now we define 

CL 2) 



(1. 3) 

(1. 4) 

Homo/ogical structure of fibre bundles 

t_~(p-q) = kernel r~~Hk+2 ' QJ =image i3~Q+k+ 2 ' qJ(k';Ç-2), 

'l)~(p- q) = kernel r~~-1 ' Q-k-2) = image a?.:-11' q-k-2\k)>-1). 
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Clearly .8%=23~+ 1 = ···, IS~dS%= ···for sufficiently large k: we shall denote them 
by l.'!x,, ~'fx, respectively. We see also that 

Let us prove for instace .E~::JIS'fx,. Remembering that the tr<>nsitivity re la· 

tion holds in the diagram : 

~1q+k+2> q) 

HP(Aq, Aq-1) +----HP(Aq+k+2, Ao-1) 
(q) ' ,. (q+k+2• q-1• -i) 

:::l-1)-1 ~ O.p-1 

HP-l(Aq-1' A-l)' 

we have 'E~=image J3~Hk+ 2 ' QJ::J image i3~Q+k+ 2' q3r;.~'l_+1k+ 2 ' q-I, -l) =image r;.~q2 1 ='13'/x,. 

Theorem 1. 

(1. 6) 

Theorem 2. HP, q being the kerne! of the injection homomorphism 

HPH(A, A-l)::>HPH(Aq, A-ù we have 

(1. 7) 

Lemma 1. Assume that the transitivity relations hold in the diagram: 

and that the homorphisms fh, if; 82, r/J aNJ e:xact. U we Put I'=kernel ~1, 

r'=kernel 011 , J=kernel 02' J'=kernel 02', we have r'/r=J'/J. 
Prao!: For :x Er'. O=OI':x=cJ;01:x. Therefore, from the exactness of 02, cp, 

fJ1:x=Ozy for sorne y E Gs. From the exactness of 01, if, 021Y=iffJ1:x=O, implying 

that y E J'. Although y cannot be determined uniquely, but for two such y 

02CY1- Yz)=O. Therefore Y1- Y2 E J. Thus we obtain a homomorphism r'-J' / J, 

which is easily verified to be an onto homomorphism. That the kernel of this 

homomorphism is r is also cie ar. 

Prao! of Theorem 1: We have only to apply Lemma 1 to the following 

diagram; 
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In the same way we can prove Tbeorem 2. 

Considering the factor groups of the groups in (1. 5) by ~g, we· bave 

(1. 8) 

and the isomorpbisms of Tbeorem 1, 2 become 

(1.9) 

(1.10) 

@le: f>~-1 (P)If>~(p) :=::: ~~!~+2(P-k-1)l~g+i:+Z(p-k-1)' 

~·: H~'+l,q- 1IH~'•q:=::: f>!.(P)I~!,(p). 

Definition 1. For the set system ~ we call f>KP ), ~g(p ), H~' • q ; UJ, ~· the 

cbaracteristic groups and the cbaracteristic isomorpbisms of ~. In the case 

wben one wisbes to make explicit the fact tbat they are associated witb ~r. 

they are written as s:>:• q(l}t), ~:· q(~). H~'• q(~); UJ(~). w(~). 

Definition 2. A map 1: A~ A' is called a map of the set system ~ into ~l' 

and is denoted by/:~1--..~l',ifi(Aq)CAl for eacb q, wbere ~l'={A'=A .. '::JA~- 1 
::J ··· ::JA~1}. 

Theorem 3. 1: ~l~~l' obviously induces the homomorphisms; 

(1.11) Jilf: s;,:•q(~l')~ ~·q(~l)' 

~~· q(~l') ~ ~:· q(~)' 

HP, q(~l')~ H~'· q(~l)' 

and hence the homomorphisms 

t i/f: -t>::~c~) 1-t>:· qc~o ~ s:>e~c~o 1s:>:· qc~o 
SP&.HC~OISt:· q(~') ~ ~:~~(~01~~· qC~O 

commute with the characteristic isomorphism: 

1 ilf(J)(~') = UJ(~l)/ i/f' 

1 :ft~·(~l') = ~·(~0/ i/f. 

The proof is omitted (cf, the proof of Theorem 4). 

Definition 3. Two maps 1 o, 11: ~l-+~' are called homotopï c (in the weak 

sense), if there exists a map F: A xl-A' sucb tbat F(a, 0)=/o(a), F(a, 1) 

=h(a), F(Aqxl)CA~+1 • 
Theorem 4. Il /o,h:~l--..~1' are homotopie, thenf~=lf, k>-1. 
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Proof: It is sufficient to proveffç-ffçE~g·o(~I) for any.3~'1q(~l'). Ifwe 
define ;. :A xl--A, P.t: A-A xl by 2(axt)=a, P.t(a)=ax(z"), commutativity 

relations hold in the diagram 
1* 

H lJ+q(A 1 A 1 ) <c-----~--~~--- HP+Q(A 1 A 1 ) .q' Q-l Q+l' q_l 

ltt* j* }.* F* l, 
H"H(Aq, Aq-l)~H"H(Aq, Aq-2)~H"H(AqX[ Aq-2Xl), 

P.i* 

and 2*, P.t* are inverses of each other. Choosing ~ E H"H(A~+l , A~_ 1 ) such that 

ç=z"*~. we have j*li*ç=j*ft*z"*~=p.>*F*~=0*)-1F*~. Therefore j*(lo*ç-fi*ç) 

=O, to*ç-fi*ç E~g·qc~o. t:=tfCk>-1). 

2. Leray's relation for Poincaré poJynomials. In this section we take the 

rational number field as the coefficient group of our cohomology theory. We 

define three kinds of polynomials as follows: 

)f)lt,s)= :E tP-Ck+Ilsqp(S)f:_Uf)~'q), where .o(m) denotes the rank of m. 
P#k+l 1 Q#O 

The following relation among these polynomials was given by J. Leray [11]: 

If f)~'1 q =f){;; q for any p, q, 

(2.1) 

+ :E t".sqp(s:;>g•qjs:;>f•q)+ :E t"sqp(S)f•qjf)~'q)+ ··· = :E t"sqp(S)",q) 
P~21 Q~O P>31 Q~O P~l1 Q~O 

-[ :E tlsqp(S)~'q)+ :E t 2sq.oCs::>i'q)+···]=~(t,s)- :E [t"sqp(S)~q)+t1 ,s0p(~~q) 
q~o q~o q~o 

+ t 2sqp( s:;,;;; q )+ · ·· ]=~Ct, s)- :E t"sqp( f)", q ). 
P, q;.o 

f 5k+2)f)k( t, s)= f :E 1v-,k+IlsHk+2p( R~:;:-~-1> Hk+2 ;.~~-k-I, Hk+2) 
k=O k=O P~k+J 1 Q~O 

= f :E t11sq(Sff~UR~.t)= :E t"sq(Sf{' 0)+ :E t 11 ~q.o(R~' 9/Ri'q)+ ··· 
k=Q P#O, Q;;..k+2 P;?0 1 Q#2 P>O, q;;.-3 

= :E t"s2p(Rf' 2)+ :E t"s3p(R~· 3)+ ··· = :E t"sqp(S'f~ q)= :E t"sqp(S'f~ q). 
P,;::O P#O P;;o;.O, Q~2 P;;<0 1 q_;:Q 

:E (tk+I +.sk+2) )f)k( t, s) =~(t, s)- :E t"sqp( f)~ q) + :E t"sqp(S'f~ q)=~(t, s) 
k~o P, Q;>Q P, Q;>Q 

- :Ë t"sqp(S)P, q/R~ q)=\l.!-(t, s)-- :E t 11 sqp(HP+I, Q-ljH11 •q)=~(t, s)-Œ(t, s). 
P,Q~O P1 Q~O 

3. Results for hornology theory. The discussions and theorems in the 

preceeding sections may apply to bomology groups, homotopy groups, as well 

29) This is the case in Part III. 
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as cohomotopy groups. For later use we state here the results for homology 

groups briefiy. The sequence corresponding to (1.1) is the homology sequence 

of the triple (Aq , Aq1 , Aq") : 

(3.1) 

-(q ' qi' qi!) 
lp 

~fîP(Aq, Aq1 ) ~-- H"'(Aq, Aqn) 
~~q > QI' qi!) ëë1q > qi' qi!) 

~--l7"'(Aq', Aq") ~-- fîP+ 1(Aq, Aq') ~. 

We define: 

~~~1 ' q-k-2 ) =image r~q-1 ' q-!;-2)' fB~(p-q) = "~S~-q' q (~l) = kernel ~~Q+k+2 ' Q) 

=image ~~+k+ 2 ' QJ. 

Theorem 1'. 

(3.4) 

Theorem 2'. H"'• q being the image of the injection homomorPhism fîP+Q 

(Aq, A-1)~fîPH(A, A-J) we have 

(3.5) 

(3.6) 

q:-1; fjP, qjfjP+1, Q-1 = F_'!,(p)j@'!,(p) • 

liq!~q:=J~ô = SJq:=J&5i:=J ··· :=JSJ"oo:=J .it"oo:=J ··· :=J.i'tg:=J .R:. 1 =o. 

Similarly Theorem 3', 4'. corresponding to Theorem 3, 4. hold for homology 

theory. 

If Aq are polyhedra and we are based upon suitable coefficient groups for 

instance the rational number :field for both cohomology and homology groups, 
we have the following dualities: f$_Y(p) and lfq(p) are dual to each other; 'B~(p), 
~l(p), are annihilators of "IS~(p), 'fi~(p) respectively. HP+q(A) and fîP+q(A.) 

are dual to each other; HP, q and fîv, q are annihilators of each other. 

4. Application to eohomotopy groups. Theorem 1-4 also apply to cohomo­

topy groups [16], under certain restriction of dimensions. Let K be an 

n-complex and let Kq be its q-section (q= -1, 0, · ·· , n). Let us put A.q =Kq such 

that we obtain a set system ~!= {K =Kn:=J ··· :=JK-1 =0}. 

Let rrq(X, Y) denote the q-th relative cohomotopy group. Tben ~q(p) 

=rcPH(Kq, .l(Q-1 ) for 2(P+q)-1>q, and 'Bq(p) for 2(P+q)-1>n. are defined; 

'!Sq(p) for 2(p+q)-1>q-1, Hv,q=rr"'•q for 2(P+q)-1>n, are also defined. 

Thus in these cases where 2(p+q)>n+2 and q=n, or 2(p-tq)>n+1 and 

q<;;n--1, we are not restricted in applying Theorem 1-4. In the remainder we 

assume that p, q range over the domain refered to above. 
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First of all it should be remarked that the following facts are known30): 

(5.1) r§}(p)=.;r"'H(Kq, Kq-1 )r:::::Cq(K, (P+q)q) zvhere (l)" denotes the h-th homo­

topy group of the l-sphere S1 • 

(5. 2) (l)" = 0 tor h<l, hence ~}(p) = 0 for P>O; (h)" r::::: 1; (h)"+1 ~ 12 lor 

h;;?3; (h)"+2 ~ l2 /or h;;?2. 

(5. 5) ~"(0) = ~~1(0) = ~:!,(0), ~u-1(0) = ~::ï1(0) = ~:,-- 1(0), 

~"-2(0) = ~::ï2(0)::J~~-2(0) = ~:,--2(0)' 

(5. 6) Sf~(O) = 0, Sf~( -1) = ~i(--1), ~~(- 2) = ~~(-2), 

(5. 7) W e also denote by (/) the following composite homomorphism: 
~~1(0) ~ ~~1(0)/~g(O) ~ ~1+2 ( -1)/~g+2 ( -1) = ~1+2 ( -1) = ~~+2 ( -1)C~~~2 

( -1). 11 in virtue of the isomorphism of (5. 3) we substitute Hq(K, l), 

HH 2(K, l2) lor ~~1(0), ~~~2( -1) respectively, the homomorPhism (/): ~~1(0) 
~ ~~~2( -1) coresponds to the Steenrod's squaring homomorphism: Sqq-2: 
Hq(K, l)~HH2(K, h), so that~g(O) and ~1+2( -1) may be identi:/ied to 
Kernel {Sqq-2} CHq(K, I), Image {Hq(K, I)} respectively. 

Keeping in mind the above remark, we have : 

(i) rr:"(K) ~ 7t"(K)/rr:0•" r::::: ~:!,(0)/~:!,(0) = ()"(0) ~ H"(K, I) (n;;?3).m 

This is the Hopf-Whitney's classification theorem of maps of an n-complex 

into an n-sphere 

(ii) rr:l• "-2/7to, "-1 ~ ~:,--1(0)/~:!,-J(O) = ~"-1(0), 

rr:O, "-117!-1, .. ~ ~:!,c -1)/~:!, = ~"c -1)/~::re -1). 

or 
rr:"-l(K)/rr:O, "-1 ~ H"-I(K, l)' 

rr:0 • "-1 ~ H"(K, I2)/SQn-4H,._ 2(K, I), Cn>5).m 

This is the Steenrod's classification theorem of maps of an n-complex into 

an (n -1)-sphere. 

(iii) rr:"-2(K) = rr:I,"-s, 

rr:l, n-s;rco, "-2 ~ ~:,--2(0)/~:,--2(0) = ~~-2(0), 

7to, "-2/rr-1, "-1 ~ ~:.-~c _ 1 )/~:!,-t( -1) = ~"-1/( _ 1 )/~~-1( _ 1), 

rr:-1, "-1;rr:-2," ~ ~:!,C -2)/~:!,( -2) = ~"C -2)/~~c -2). 

30) See [16], [25]. 
31) Our method does not aply to Iower dimensional cases. 
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n'~~-2(K)/n°• '~~-2 ~ Kernel {Sqn-4} CH"-2(K, I), 

no, n-z;n-1, '~~-1 ~ H'~~- 1(.K, l2)/Sqn-sH"'- 3(K, l), 

n-I, n-1 ~ H(l(, l 2)/r32l. 

In order to determine the group r or .~t·~( -2) we must consider: 

m: ~~-3(0)~ St~(-2)/St~( -2)C~nc -2)/St~C -2), 

m: .~"-2(-l)~St~(-2)/Sf~(-2) = Sf~(-2)C~"(-2), 

(!)': H~-3(.K, l)~ H'~~(K, lz)/K~( -2), 

(/)11 : H'~~- 2(K, !2)~ K~( -2) (H'~~(.K, l2), where H~-3(K,l) = Kernel 

{Sqn-s} CH'~~-3(.K, l). 

Part III 

Fibre bundles over a complex 

1. Let ~= {F, G; B, A., cp, çou} be a fibre bundle over a complex B, i.e. a 

fini te polyhedron with a defini te cellular decomposition B= {ai} .m We denote 

the q-section of B by Eq, and the inverse image cp-1(!2) of !2 by lï, where !2 is ---any subset of B. Let Bo a given subcomplex of B, and put Aq=BqUBo. Aq's 

form a set system ~l= {A =A ... :JAn-I:J ... :JAo:JA-1}, the characteristic groups 

and isomorphisms of which are now precisely analysed. The method is axio­

matic, and is closely parallel to the one which was used when Eilenberg-Steenrod 

proved the coïncidence of the axiomatic cohomology groups of a complex with 

the ordinary one calculated from its cellular structure. 

2. The case: B =Eq. If B =Eq, ~ is a product bundle, and without loss 

of generality we may assume that A=Eq=BxF. Let the northern and 

southern hemi-spheres of sr be denoted by E:, E: respectively. Then the 

equator is sr-1 =E'"+nE':... In this section we take Bo=O. Consider the coho­

mology sequence of the triple CE'"+, sr-1 , E.:-1 ): 

~ HP+r+l(E'"+' jt"_:-1)----? HPH-l(sr-1' E.:I) ~ H~'H(E:' sr-1) 

~ HP+r( E': ' E'::"I) ~ • 

Since H~'CE:, E'"_)=O by (I, ~ 3, Lemrna 4), the coboundary hornornorphism a 
in the above sequence is an isomorphisrn onto. On the other band, we obtain 
an excision isornorphisrn HPH-l(sr-l' E":')~HPF-l(E':;'' sr-2) by Axiom VI' 

(1, ~ 2). Cornbining these, we obtain isornorphisms : 

32) This is the only group which is not known to be calculable from a given simplicial 
decomposition of K. 
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(2.2) 
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gr-1: HP+"-1(fl.";1' sr-2) ~ HP+r(fl:' .s:-'), 
gq: gq-Jgq-2 · ·· go: nvcftn-----* HPH(fl~ , sq-1). 
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Futher it is easy to see that the injection homomorphism i-I<: HP(E~}-->-HP(ftn 
is an isomorphism onto, and combining it with gq we obtain the following 

isomorphism onto : 

(2.3) 

Since È~ is homeomorphic with the fibre F, we have 

(2.4) 

In P<>rticular, considering the case when H consists of a single point, 

(2. 5) HP(E~' sQ-1) = 0 CP=-t=q), otherwise~ H0(E~) ( = p: the coefficient 

group). 

3. The structure of HPH(Aq,Aq- 1 ):=Œq(p). We put u~=a~--a~. Let}.~: 

HPH(Aq, Aq-1)-HPH(â~, aD, 11~: HPH(Aq, (Bq-u'f)UBo)-+HPH(a~, aD, ~~~: 

HPH(Aq, (Bq-u'f)UBo)-+HPH(A.q, Aq-I) be the homomorphisms induced by 

identity maps Then fl~ is an isomorphism onto for ai$ Bo, and w~ =YKPD-1 

is de:iinable. Since fli=J..~~~i, ).~wi=1; consequently w~ is an isomorphism into 

and ).'i is a homomorphism onto. Now applying the argument in the proof of 

Lemma 5 (I, ~ 3 ), we see that 

(3.1) 

is a direct decomposition. Now let ]; : (È~, .Sq-1 )-(â't, a'f) be an admissible 

map, the existence of which is assured by the Feldbau's theorem. Then 

(3.2) 

is an isomorpbism onto. By (3. 1), (3. 2) we obtain: 

Proposion 1. The elements of flPH(Aq, Aq-J)=1q(p) are of the form 

:Et w'th'f(af), where af EHP(âD, and the summation is ranged over all i with 

a~$Bo. 

4. Mayer cochain complexes {Œq(p); a~?q} and {Lq(p, ij); lv. q}. SincE.: 

u~~+q~1a~?q =a~~ .. ;};Iq-1 1r1?H1a~'l,lq=0, 

(4.1) 

is a Mayer cochain complex for each fixed p. The corresponding cohomology 
groups are fijq(P)=ff!... 1(P). 

We define now another Mayer cochain complex. For any closed cell a of 

B, we dtfine p"=HP(â). If a<a', the identity map â-â' induces a homomorphism 
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X( a, a'): p,,_.Po-. But since for a point xE a both of the injection homomor­

phisms H 11(â1 )->HP(x), lfP(â)-.lfP(x) are isomorphisms onto, so is X(a, a'). 

WedefineX(a',a)={X(a,a')}-1. Then it is easy to see that {po-; X(a',a)} is a 

faisceau of groups over B. The Mayer cochain complex corresponding to this 

faisceau of groups is denoted by {Lq(p, ir), [p, P}. 

Our goal is the following theorem : 
Theorem 5. The two Mayer complexes {Œ:q(p ), rl~?d, {Lq(p, ir), /p, q} are 

equiva!ent: more Precisely, there exists an isomorphism K: Lq(p, F)--+Œ:q(p), such 

that 

(-1.2) 

K is actually given by K: Lq(p,ir)3L.,a~a'f->L.,wih'fa'fEŒ:q(p). 

Proof: It is sufficient to prove, for each afaY ELq(p, ir), 

Condition ( 4. 3) may be further simplified. Consider the diagram : 

"~q.;q 

lfPH(Aq' Aq-l) ------~ lfPH+l(A.q+l' Aq) 

1 "'1 fl1 \ v1 ° 1 1 À~+l 
lfPH(â'f, o'f) +--lfPH(Aq, .(Bq-uDUBo) 1 

o jO* 
lfP+q(oq+l)~lfP+q+l(aq+l 0q+l) 

j 0 j ' j • 

Since commutativity relations hold in the diagram, ( 4. 3) reduces to : 

(4.4) 

(i) The case: [aj+1: an =0. ( 4 4) becomes: 

(4.5) 

Consider the diagram : 
U·q 0* 

lfPH(â'f, o't) .;.,':-lfPH(Aq, (Bq-ui)UBo)~ lfPH(oj+1) 

""<f/1* l'Pz* /'PB* ----....--~ 
/{PH(à}+ 1Ua'f, iJ]+1UiJ't), 

where cp's are identity maps. Commutativity relations hold in the diagram; cp1* 
is an excision isomorphism; cp 3*=0. Consequently, 8*(,ui)-1=cpg*(cpi*)-1=0, 

which proves ( 4. 5 ). 

(ii) The case [a]+1: an=±l. Commutativity relations hold in the follow­

ing diagram : 
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0* 
_...,.... ./ 

HPH(o'f, aD~ HPH(Aq, (Bq -u'f)U Bo)~ HPH( aj+1 ) 

~'t'4* i 't'5* l 0 
~ 

HP+Q(o~+l, (a]+l_ul)) ~ fiP+Hl(a~+l, 0~+1), 

0 
where Y?'s are identity maps. 

Since Y?4* is an exision isomorpbism, ( 4. 4) reduces to: 

(4.6) 

Now let us consider the case [aj+1 : a't] = + 1. In this case'/ 1 = 11\ (E~ , SQ-l) 

~ft. Representing o't as a product space a'fxF, let ltCx, y)=(/t(X), g;(x, y)), 

'JJ(x,y)=C'IJ(X),gJ(X,y)), where (x,y)EÈ~. Then, since E~ is contractible, 

without loss of generality, we may assume itt(X, y)=g.y, itJ(X, y)=g;y where gt, 

g1EG. Further we may assume 'IJ=ft···ft*,IJ* is not changed by doing so. 

Thus assumed we have ft='];'jj, where g is an automorphism of Èt defined 
by: g:È~3(x,y)-4(x,gj 1gty)=(x,gy)EÈ~. It is obvious that, hqii*=ii*hq: 

fiP(Èq )-+HqH( Èq, SQ-l ). Renee o( Y?4* )-1ht=o( IP4* )-1( Jt*) hq Jt*=o( IP4*)(' J J*)-1 

(g*)- 1 hqg*'J.f<.=o(cp4*)('Jj)hq']*. Therefore (4.6) reduces to: 

(4. 7) 

The proof of ( 4. 7) is easy. 

Finally let [aj+ 1 : a'fJ= -1. Let r be defined by r( ~o, · ·· , ~q, ~Hl)=( ~o, · ·· , 

-Çq, ~Hl), and put fJ= !Jr and h]+l=CJlf1hq1*. Then h~+ 1 =(/1r)*- 1hq ( / 1r) 

=(11*)-1(r*)-1 hqr*/1*. Butsincett.e latter r-~' operating on HPH(E~+1 ) is the 

identity, while the former ( r*)-1 =r* operating on HPH(È~+l. Sq) only changes 

sign, o( IP4* )-1 hia~=Ji]+ 1 X( a~+ 1 , ai) a~=- hr1 X(aj+1 , a'f) ar, wbich proves ( 4. 6). 

Theorem 5 is thus proved. 

5. Orientable case (G=arc-wise connected). The group Lq (p, ty) is iso­

morphic to the ordinary cochain group Cq(B- Bo, HP(F)) of B witb the p-th 

cohomology group of the fibre as coefficient domain. The isomorphism is realized 

as follows: 
Let cp; : ai x F -•â't be any admissible map, and put !pt, ., : F 3 y->- cpt, .,(y) 

=cpt( X, y). !pt,"" induces obviously isomorphism IPT ., : fiP(ôi)=HP(F), not depend-
' ing on a special choice of xE aq. Then lê: Lq(p, ty) 3 2.:, a~ ai-+ 2.:, ( cpf .,aD aiE Cq 

' 
(B-Bo, HP(F)) is the desired isomorpbism. Now and throughout the remain-

der of this paper we assume that ty is orientable, i.e. G is arc-wise connected. 

Then the above isomorpbism i is indedendent of a special cboice of IPt . Let 

cp{ be another admissible map, then the map o'f 3 X-+cpi\cp} ., =gt., E G is homotopie 
' ' 

to the constant map df 3 x~e E G, where e denotes the unit element of G. Renee 
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If': .,=<pt'.,, as desired. From this we can prova that o =fil v, qïi-1 : Cq(B- Ba, 
H~(F) )'_,.CHI(B- Bo, HP(F)) is an ordinary coboundary operator. Thus we 

have: 
Theorem 6. The Mayer cochain complex {Lq(p, ir); lv, q}, and hence {Œ"(p ), 

r;.~?q}, is equivalent to the Mayer complex {Cq(B-Bo, HP(F)), o}. ln Parti­
cu!ar Sq(p ), '!Sq(p ), f:>q(P) are isomorphic to Zq(B- Bo, HP(F) ), Bq(B- Bo, 

HP(F) ), Hq( B-Bo, HP(F)) respective! y. ln Particular, if our basic coefficient 

domain is a field, f)q(p) is isomorphic to the Kronecker product Hq(B-Bo) 

(i;;HP(F). 

6. Invariance theorem. The characteristic groups and isomorphisms in the 

prec~eding sections depend not only on the fibre bundle ir but also on a cellular 

decomposition (K, Ko) of the base space (B, Bo). Therefore their strict nota­

tions should have been ·~~· q (ir; K, Ko), etc. Now let us consider for a given 

ir various c~llular decompostions of (B, Bo) and find the relations among the 

corresponding characteristic groups and isomorphisms. 

Theorem 7. With each pair {(K. Ko), ( 1K, 1Ko)} of cellular decompositions 

of (B, Bo), we may associate isomorphisms w{(K, Ko), ('K, 'Ko)}: 

f:>~' qŒ; 1 K, 'K o) ---+ Rf' qŒ; K, K o), R'f• qŒ, 1 K, 1K o) ---+ Rf' qŒ, K, K o), HP, q 

Œ,'K,'Ko)---+Hv•q(ir; K,Ko) such that (l)Œ; K,Ko)w{(K,Ko), ('.K,'Ko)} 

=w{(.K, .Ko), ('K, '-Ko)} (!)(ir; 'K, 'Ko), q:(if; K, Ko) w{(K, Ko), ('K, 'Ka)} 

=w{(K,Ko), ('K,'Ko)}~·Œ; 'K,'Ko), and such ihat w{(K,Ko), ('K,'K)} 

w{('K,'.Ko), (".K,"Ko)}=w{(.K,Ko), ("K,"Ko)}. 

Proof: Let /: ir---+1fr be a bundle map, which induces a cellular map 

Ï: (K, Ko}-<'K, 'Ko), where (.K, Ko), ('K, 'Ko) are given œllular decomposi­

tions of (B,Bo), ('B, 1 Bo) respectively. Then f induces a mapfll of the set 

system ~{=~Kir; K,Ko) into the set system '~l=~{('~; 'K,'Ko). By Theorem 

3(II, ~l)flt:~l--'~l induces in turn a homomorphism fff: ·~r·q('ir; 'K,'.Ko) 

--·~~· q(ir; K, Ko), etc., commuting with (/), w. Let Ir: ir--1 ir be another bundle 

map which induces a cellular map Ï1: (K, Ko)->( 1K, 1Ko), and which is con­

nected to fo=f by a continuous family of bundle maps: ir--'ir (O<;;;t<;;;l). We 

assume further that each fe induces Ïe: (B, Bo)--('B, 'Bo). Ïc need not be 

cellular, but we may suppose fc(Kq)C'-f(Hl for each q. For, if otherwise, we 

first replace Ïc by ife with the above property by deformation, and then replace 

fe by ge which induces ife by Theorem D (I. ~ 1). Thus assumed, fe induce;g a 

homotopy off~, f~: ~l--'~l. and by Tbeorem 4 (II, ~ 1) we obtain: 

(6.1) 

We first consider the case: ir=1ir, Bo=Bo, ('.l(, 'Ko)>(K, Ko) ( ('-K, 'K o) is 

a subdivision of (K, .Ko) ). Let if1 be a cellular map ('K, 'Ko)---+(.K, Ko) which 

is homotopie to the identity go: (B, Bo)->(B, Bo) the homotopy being 
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ift.ss) By Theorem D, there exists a continuons family of bundle maps gt which 

induces lit and such that go is the identity 1. Obviously g1('~l)C~l, and induces 
gf: Sjf•q(fr, 1.K, 1Ko)---+l{)f'qŒ. 1K, 1Ko), etc.; 1"C~l)C'm and induces 1*: 
l{)f'qCiJ,K,Ko)---+l{)f'qŒ; .K,Ko) etc. Now, since g~1~(m)cm and 1 11gf('~l) 
C 1m are homotopie to the identities 1: ~r-m, 1: 1m---+1~I respectively, by Theorem 

4 1*g*=1, g*1*=1.34) Therefora 1* and g* are both isomorpeisms onto, and 

inverses to each other. Since 1 (and bence 1*) depsnds only on fr: K, Ko; 
1K, 1Ko, sois g~. We put w{(K,Ko), ( 1K, 1Ko)}=1*, w{(1K, 1Ko), (K,Ko)} 

=g~. Obviously if ("K, 11Ko)>( 1K, 1Ko)>(K, Ko), w{(K, Ko), ( 1K, 1Ko)} 

w{( 1K, 1 Ko), (K, Ko)} =w{("K, 11Ko), (K, .Ko)}. Now let (.K, .Ko), (K, Ko) be 

arbitrary two decompostions of (B, Bo). Let ( 1K, 1Ko)>(K, Ko) be so fine that 

the identity map (B, Bo)--(B, Bo) can be approximated by a cellular rnap (p: 
( 1K, 1Ko)---+(K, Ko). 33) By rnaking use of Theorem D. a bundle map <Ji: fr..-..~ 

which induces </! can be defined, inducing homomorphisms ïi*: /{)f' q(fr, K, Ko) 

-i.>f• q(fr, 1 K, 1 K o) etc. By (6.1) <Ji* is independent of the special </1. We put 

w{(K, Ko) (.K, Ko)} =w{(K, Ko), ('K, 1Ko)} w{1K, 1K o), (K. Ko)}. It is inde­

dendent of the subivision chosen. Now by the discussion used in the special 

case: ( 1 K, 1 Ko)>(K, Ko), we see that w{(K, Ko), (K, Ko)} w{(K, Ko) ( 1 K, 1Ko)} 

=1, showing that w{(K, Ko), (K, .Ko)}'s ara isomorphisms onto. That 

w{(K, Ko), ('K, 'Ko)} w{('K, 'Ko), ("K, "Ko)} =w{(K, Ko), ("K, "Ko)}, and 

that w commute with (b, qr, are obvions, and the tbeorem is proved. 
By Theorem 7, we may unite i.>f•q(F; .K,Ko), etc. into s.>:•q(F,B,Bo) 

=:{ijf•q(fr; Kea), KoC"')), w{(.KCil), Ko'fl)), (KC"'), KoC"'))}} etc. An element u 

of i.>f' q(F; B, Bo) is of the form: u= {···, uca), ···}, uC"') E ijf• q(fr; KCa), K oC"')), 
u\il)=w{(K'fl', .K0Cfl)), (.KC"'), .KoC"'))} uC"). 

The influence under a general bundle rnap /: u->1fr may be discussEd in an 

obvions way. 

8. Results for homology theory. Ail the results in the preceding sections 

may be similarly st<Jtèd in terms of homology theory. In particular: 
Theorem 6. If G is arc-wise connected, the Mayer chain complex {~q(p), 

a1~-q~.:\} is equiva!ent to the Mayer chain complex {Cq(B, Bo; fïP(F) ), â}. In 
Particular [Rp), i!3q(p). f:>q(p) are isomorphic to Zq(B, B; fïP(F) ), INB, Bo; 

fïP(F) ), fïq(B, Bo; fïP(F)) respectivety. In particular, if our basic coefficient 
domain is a :/ie!d, fïq(p) is isomorphic to theKronecker product fïq(B, Bo) 
()!)HP(F). 

9. Corollaries to Theorem 6 (and 6'). Througbout the remainder of this 
paper B, F are assumed to be connected polyhedra of dimensions n and d 

respectively, and G is arc-wise connected. 

33) We may assume that gt(' Kq)CKH1. See, J. H. C. Whitehead [26]. 
34) (gf)~ =tf+ g~. 
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Cor. 1. If HP(F)=O, in partieular if P<O or P>d, then ff8P)=O. 

Cor. 2 HP(Aq', Aq)=O (q'>q>p). 

Proo/: HP(Aq, Aq)=O,HP(Aq+l, Aq)=:I1H 1(p-q-1)=0,HP(AH2• A.q)=O 

from the exactness of O=HP(AHz, AHI)---->HP(A.q+2, A.q) ........ HP(A.q+l, Aq)=O, 

and so on. 

The intuitive meaning of Cor. 2 is better understood in the dual form: 

(9.1) llP(A.q', Aq)=O (q'>q>p). (9.1) implies: 

(9.2) (Taking Bo=O), any p-eyele in A is homologous to a p-eyele in AP; any 

CP-1)-cycle zvhich is homologous to 0 in A is already homologous to 0 in AP. 

Cor. 3. HP(Aq, A.q1 )=0 (P-d-1>q>'q). 

Cor. 4. 2~-Q- 2(P)='f5~-1 (P)=2'fo(p), S.SLp(P)='fJ~-l(P)="E~(p). 
In pm·tieular, 2q(0)=.8:;,(o), ~BKO)=IS:;,(o); .8L1(d)=.8!.(d), "Eq(d)='fJ""(d). 

Cor. 5. JI HP(F)=O for O<P<d, 

(9. 3) 3qCo) = 2:;,coxJ~:;,co) = m:co)::JSSLlCo) = mqco), 

(9. 4) 'f/Cd) = 3L1Cd)::J3L1(d) = 3:;,(d)::J'fJ~(d) = S.Sq(d). 

Consequent! y 

(9.5) 'f)Q-a- 1(d)/.8~-a-1 (d)/ = 3~=~- 1(d)/3~:f- 1(d) ~ 'fJ%(0)/S.SLl(O) 
= m:;,(O)/~q(O). 

Cor. 6. From the definition, 

(9.6) 

Resides, 

(9.7) 

In partieular, if HP(F)=O for O<P<d, 

Consequently, 

(9. 9) nQ-l(A)/ Hl, Q-1 = Ha+1, Q-a-z; na, Q-a-1 ~ 2:;,-a-1 (d)/'fJ't:a-l(d) 

= 'fj?;;él-1(d)j'f)q-à-1(d). 

(9.10) .3q(O)/S.S:;,(o) = .8!.(0)/~!.(0) ~Hl, Q-l;no, q =Hl, Q-1. 

Cor. 7. Assvme that p is a :field, Bo=O. Il Hq(B)=O for O<q<n, it z·s 
obvious that .3q(P)=.3!.(p) ='fJ:;,(p)='.Sq(p). 

For q=O or =n, zve have 

3°(P) = .3La(p)::J.8LiP) = .82o(O)::J'f32o(p) = 'f3°(P), 

'f/'(p) = 3'!(P)::JS.S'!(p) = "E~-l(P)::J'f3~-2(p) = "E"(P). 
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Consequently non-trivial characteristic isomorphism (/) is: 

(9.11) 3°(P)/32o(p) = '1.3LiP)I'.Bn-2(P) = ~~-1CP-n+1)/~~-2(P-n+1) 
=~'!(P-n+ 1)/IJ'>n(P-n+ 1). 
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Si nee HP(A)=HP+l, -1-:JHP, 0= ... =HP-n+2, n-1-:JHP-n, n=o, 

characteristic isomorPhisms W are: 

non-trivial 

(9.12) 3n(P-n+ 1)/IJ'>:.!,(p--n+ 1) =3:.!,(P-n+ 1)/IJ'>:.!,(P-n+ 1) 

(9.13) JiP(A.)/flP, 0 = HP+l, -ljHP, 0 = Z2o(p)jB2,(p) = Z2,(p)/B0(p). 

Cor. 8. Il HPH(A, A-1)=0, then E'to(P)=~!,(p). 

10. The case: p=O, Bo=O. By Theo rem 6, and Cor. 4. Hq(B) 

=Hq(B, H 0(F) )=.Pq(O)=.P~(O). By Cor. 6, H 0 • q=O. Thus the characteristic 

isomorphism '1-": H 1• q_1/ H 0 • q=.P'to(O)/St'to(O) reduces to Hq(A)-:JH1• Q-1=·\:>'to(O) 

/St~(O), inducing a homomorphism: 

(10.1) 

It can be easily verified that the homomorphism (10.1) is equivalent to the 

homomorphism : 

(10. 2) cP*: Hq(B)-Hq(A), induced form i"he Projection cP: A-'>B. Therefore 

identifying S)q(O) to Hq(B) (if necessary), we see 

(10. 3) St'fx,(O) = K ernel cP*, (10. 4) H 1• Q-l =Image cP*. 

11. The case q=O, Bo=O. By Theorem 6 and Cor. 4, HP(F)=H 0(B. HP(F)) 

=Sjo(p)-::;,P2,(p)-::;St2,(p)=O. By Cor. 6, flP+l,- 1=HP(A). Thus the character­

istic isomorphism '1-": flP+l, -ljflP, 0=.PUp)jff2,(p) reduces to HP(A)/Hv, 0 

=.P2o(p ), inducing a homomorphism: 

(11.1) 

It can easily be seen that the homomorphism (11.1) is equivalent to the homo­

morphism: 

(11.2) i*: HP(A)-HP(F,), induced by the injectt'on i: F.,-'>A, where A-:JF, 

is a :libre at a :/ixed point x of B. 

Therefore, identifying S)~(p) to HP(F xo> (if necessary ), we see 

(11. 3) .'f)2,(p) = Image i* , (11.4) Hv,o = Kernel i*. 

Similarly identifying S/J0(p) to flP(F), 

(11. 3)' Sf!(p) = K ernel i*, (11. 4)' flr>, 0 =Image i*. 
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As for the cbaracteristic isomorpbism rb, by Cor. 4, rb: f;)~-iP)/!i;)L 1(P)= 
R~+l(O)/ St~~~(O) reduces to 

(11.5) rb: f;;I~(P)/f;;l!(p) = Sf~+ 1(0)/St~+ 1(0), where we Put 

!i;)~(p) = f;;l~-z(P), .11~+ 1(0) = St~~~(O). 

Dually, putting St~(p) = §.~_2(P), ~;+ 1(0) = ~~~~(0), we have 

(11. 5)' 

The properties of !i;)~(p), St~+ 1(0); fi.~(p), ~~+l will be investigated later. 

12. The case p=d, B 0 =0, iia(F)=p. By the dual forms of Tbeorem 6, Cor. 
4, and Cor. 7, we bave flq(B)=flq(B, flq(F))=~q(d)=f;)'!o(d), and fld+l,Q- 1 =0. 

_q -

Tbus the cbaracteristic isomorphism w- 1 : 1l11•q/fltt+l,Q- 1=f;;l""(d)/tl.'!o(d) reduc3s 

to fla, q=i6q(d)/ fi.'!o(d) inducing a bomomorphism 

(11.1) 

By Cor. 6, the characteristic isomorphism rb: stL 1(d)/ML2(d)=6~~~(0)/ 
6~+ 1(0), reduces to 

(12.2) 

The meanings of (12. 2) and (12.1) wil1 be given la ter (IV, ~ 6; ~ 7). 

13. Leray's relation. According to Tbeorem 6, in case where p is a field 

Leray's relation (2.1) (Il, ~ 2) becomes; 

(13.1) 

In particular putting t=s, we have: 

(13. 2) 

Immediate consequences of (13. 2) are: 

(13.3) 

(13.4) 

(13.5) 

XF·Xn = XA, where XM denotes the Euler characteristic of M, 

~F( t) · ~n(t) 7 ~A( t) (Leray' s inequality ), 

~F(t)-~n(t) =~ACt) if and only if .'ijq(p) = .Yj'foo(p) for any p, q. 

Part IV 

Multiplicative Properties of characteristic groups 

1. In this part the set system ~ is the same as in the preceding part. We 

sball assume fuxther that Bo is void; the group of the bundle G is a connected 

compact Lie group, and the fibre F is a bomogeneous space F=G/U. Under this 
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circumstance, given an arbitrary simplicial decomposition of B, A may be 

simplicially decomposed in such a way that Aq (q=O, 1, ... , n) are ali subcom­

plexes of A. Cohomology theory and U-product appearing here are those 

introduc:;d into polyhedra in the usual way.35 l 

2. The product of two fibre bundles. Let tl='{Yx"iY, and let 'B={'a~}. 

'A= {' r~ l, 11 B = { 11 af}, 11 A= {"rD be cellular decompositions such that 1 Aq, 11 As 
are subcomplexes of 'A, 11 A respectively. Then clearly B=' Bx "B= {'a~ x 11 a5}, 

A=' A x'' A={' r~ x 11 rH are callular decompositions of B, A respective! y, and At's 

are subcomplexes of A. In fact, the support of a point 'a x 11 a E A being the 

product 1 r~ x 11 r~ of the supports 'r~ , 11 r~ of 'a, 11 a respective! y, and the projec­

tions 'cJ:(' ..-n, 11 cl:(" rD being contained in the supports 'ai, 11 a} of 'cf;(' a), 11 cf;(" a) 

respectively, the actual form of At =Îf is At= UHs<t 1 Aq x 11 As. Then it is 

Easy to prove : 

(2.1) If 'u,"ii are cochains of'A,"A respectively, such that 'ul'Aq=O, "iil"A. 

=0, then 'ux"u is a cochain of A such that ('ux"u)lAHs+1=0. 

Now we dt.fim; the following multiplications: 

(2.2) 

(2.3) 

'\Iq(p)x"II"(r) C [H•(p+r), 

HP( 1 A) X H'( 11 A) C HP+r(A) . 

As for (2.2): Let 'uE'Viq(p)=.HPH( 1Aq, 1Aq-1), "vE"Vi"(r)E:.Hq+"("A., 
11 As-l) be: repnsent:;d r.:;spectively by cochains 'u, "v of 1 A, 11 A such that 

o'ul' Aq=O, 'ul' Aq-1=0; o"vl" A.=o, "vlAs-1=0. 

Then zv='iix"v is a cochain of A such that oiülAq+s=O, zvlAHs-l=O, representing 

an element w of HP+rH+"(AHs, AHs-1)=.~H"(P+r). That w is determined 

uniquely by 'u and "v is easily verified also by making use ot (2.1). zv is 

denoted by u x v. As for ( 2. 3) : this is the ordinary multiplication. 

By making use of (2.1) and repeating the above arguments we have: 

Theorem 8. For k ;:> 0, 

(2.4) 

(2. 5) 

(2.6) 

(2.7) 

':bic (p)x":6Ll(r) C :b~:':f(P+r), 

'~'fe (p)x"2L1(r) C~'fc+s(P+r), 

':6L 1(P)x"~~(1') C~'fc+s(P+r), 

1 HP,q X 11 Hr,s C HP+r-l,q+S+l 

Si nee '2':.1(P) x "IJJ~( r) C ~6+•(p+ r), '~6CP) x "2~1(r )C~6+•(p+ r), in (2. 4), 

(2.5), (2.6) we may replace 2.~ by .);>.~ respectively. 

Obviously the above multiplications are bilinear. and we may define for 
1 u" E '·f>Z(p ), the following homomorphisms : 

35) See Lefschetz's text. See also [1]. 
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(2. 8), 

(2. 9), 

(2.10), 
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('u,.x): "fJ;_1(t)/"~~(r) ~ ~~~f(P+r)/ ~~+•(p+r), 

('u,.x): "Sft+ 1(r)/"~~(r) ~ .Q~!f(P+r)/~~+~(p+r), 

('uooX): "fJ'.-,(r)/"~'.-,(r) ~ ~~+B(P+r)/ .Q~+B(P+r). 

Further we may define : 

(2.11), 

directly using cocbains. Tben we have: 

Theorem 9,. For 'u,.E'fi)~(p), 

(2.12), 

(2.13), 

( -1}"H ('u,.x )t!F/i1 = (f)"f 1('u,.x), 

(' u"" x )qrl:l = qr±l( 'lloo x ) . 

Replacing the left multiplications in (2.8)1-(2.12), by the right multiplications 

(x "v), we obtain in the same way the corresponding definitions and formulas 
(2.1)r-(2. 12)r. In particular: 

Theorem 9r. For "v,.E"tt(r), 

(2.12)r 

(2.13)r 

(x "v,.) (/)i1 = (f)i\ x "v,.), 

( x"v .. )qr±l = qr±l( x "voo). 

3. V-produet. Given a fibre boundle ~ we consider the self-product 

'~=~x~. Let the decomposition of B be simplicial. We first notice tbat tbere 

exists a map g1: B-+ 1B=BxB homotopie to the diagonal may go: B-"'B 36) 

sncb tbat g1(Eq)C'E'l. The following map h is an example of sncb g1. Let the 

vertices of B be simply ordered. h maps eacb ordered simpley a=(xoXl ... Xq) 

Onto {(Xo)X(XoXl ... Xq)} U {(XoXI)X(XlX?. ... Xq)} U ... U (Xo.%1··· Xq) X (Xq)} semi­

linearly as indicated by the following figure: 

(0,0)= :X:o 

Let g: Bxl-+'B be a bomotopy connecting go to g1. By Tbeorem D, the 

induced bundles (I, § 1) 1~u0 xl and '~u are equivalent in the restricted sense. 

But, since the bundle space of '~u0 Xl is a subset A of Bx' A xl defined by 

A={(x, 'a, t)\go(x)='rJ{'a)}, and the bundle spaca of '~u is a subset A of 

Bxlx' A defined by A={[x, t, 'a]\g(x, t)='c/J('a)}, the map X: A-A, giving the 

above equivalence may be written as: X(x,'a, t)=[x, t, ~.,,('a)], for 'aE'Fu 0ca:)• 

36) For xE B, Ec(x)=xXxE 1 B. See [3]. 
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where Ç,,t: 'FfJ 0Cxl~'Fycx,t) is a homeomorphism, and Ç,,t reduces to the identity 

when t=O. By making use of ~,,t's, we define a map 1: A xl--"' A by /(a, t) 

=.;,,t(lo(a)) tor a EF,, where /ois the diagonal map: A-?' A=AxA. Obviously 

'cf;f(a, t)=g(x, t)=g1Ccf;a, t); l1: A--"'A defined by h(a)=f(a, 1) satisfies 

h(Aq)C' Aq, inducing a map of the set systems /~: 1}{-'111. By Theorem 3, ! 11 

induces the homomorphisms tf of the characteristic groups: 

(3.1) 

(3.2) 

(3.3) 

(3.3)' 

If: 'H~::.ICP+r)---+ H~:..f(P+r), 

If: '.K~+"(P+r) ---+ K~+s(P+r), 

We give the following definitions: For uEf{)q(p), vEfO•(r); aEHP(A), 

bEH~(A); l!coEfO~(p), cEHr-1 ,'+ 1 /H~,•, c1EHP-1,H1 jHP•q, we define 

uVv = lf(uxv) EfOH 1(P+r), aVb = lf(axb) EHq+'(A), 

Then in virtue of (2. 4)-(2. 7). (5.1)-(3. 3), we have: 

Theorem 10. 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

IOL/P) V IOL1Cr) c fO~:..t(P+r), 
St~ (p) V IOL1(r) C st~+•(p+r), 

10~-l(p) v .lt~ (r) c sw·cp+ r)' 

Further îf we define (u~cV), CVu~c) for u~cEIO~(p) in the same way(u~cX),(Xu~c) 

were defined in the preceding section, we have in virtue of Theorem 9 and 

(3.1)-(3. 3)': 

Theorem 11. 

(3.8)z ( --1)PH(u~cV)(/)fl = @i 1(u~cV), 

(3. 9 )z (v. co V) ll'±1 = ljr±l(lloo V), 

(3. 8)r CVu~c)@f(: 1 = @i\Vu~c), 

(3. 8)r CVvoo)ll'-±1 = qr±l(Vuoo). 

We remark that if we denote by (} the following composite homomorphism: 

(3.10) 

we have: 

(3.11) 

(3.11) 

llco V C = O(uoo)Y C, 

O(v.ooVvco)=(}(voo)VOCvoo), for uEfO~(p), vEfO~(r). 

Now let us prove that the product V does not depend on a special g1 . For this 

purpose let g-1 be another g1, i.e. a map g-1: B--"'B which is homotopie to 
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the diagonal map go and sncb that g_r(Bq)C'Bq. Let f -1 be de:fined in the same 

way as f 1 was defined from gr. Then it is snfficient to prove in virtne of 
. . V h ! 11 • h t . t Il! . Tbeorem 4 and the defimtwn of the product t at - 1 Is omo op1c o 1 m 

the sense of (II, \'!;1). Let g:Bxl--"'B, X:'i'ifi 0 XI--'i'ia. ~,.t:'Ffl0 w-'Fflc"'•t) 
maps nsed to defi nef -1, where l- is the interval < --1, O>. 

The interval < -1, 1> being denoted by E, let g: BxE~' B, X: 'i{Yg 0 xE~'i'i'i 

be defined by: g=g, X=X, for tEl-; g=g, X=X, for tEl. Since g±1CEq)C'Bq, 

the homotopy g connecting g-1 to g1 may be deformed into a homotopy k such 

that k(Eq, t)C' BH1 for each t.33 ) Let l be a deformation of g to k: l is a map 

l: BxExl-'B such that l(x,t,O)=g(x, t), l(x, t, 1)=k(x, t), l(x, -1, s)=g-I(X), 

l(x, 1, s)=gr(x). Tben by Tbeo:rem D the equivalence X: ''i{Jg 0 XE-'i'i'i may be 

extended to an equivalence 8: i'iflo xE x [-->-'ife, sncb that, when we define 

~"'t•'lJ"',t•• by X(x,'a,t)=[x,t,~~,tC'a)], B(x,'a,t,s)=[x,t,s,1J,,t •• C'a)] for 

'a E 'Fu 0c,), we have 'lJ.,,t, o=~,.t, 1J,, ±r.s=~,, ±l. Noticing that f±l: A-"' A are 

given by /±I(a)=~,.±I(fo(a)), aEF,, we easily see that the map: AxE3 

(a, t)-'lJ,,t,I(fo(a))C' A gives the desired homotopy off~ to f~. 

4. Relation to the ordinary U-product. Let / 1 be the same as de:fined in 

the preceding section. The map f~: ~!-"'~l indnces a homophism ff: 'fJ}(p )-->­

(J}(p). Let uEfJ}(p),vE~'(r), and de:fine uVvEffH•(p+r) by uVv=ff(uxv). 
h ' hA 

Lemma. Let Ê be a subcomplex of B, and let i'i=i'i\B. Let i: A---A be the 

inclusion map, and let i*: f.fq(p)-&}(p) be the induced homomorphism ([[, ~1). 
Let Î; A-->ÂXÂ be obtained from !1 by restricting the range of definition as 

well as the range of values. Then we have : 

(4.1) 

Prao!: Let j: Â x Â _._..A x A be the inclusion ma p. Si nee it is easily seen that 

P"{ux v)=i*ux i*v, we have if<( uV nv)=ir< ff(u x v)=Cfd)*(ux v)=( j Î)t'i(ux v)= 

Î!i!i j!i!i(u x v)= Î!i!i(i!i!iu x i#v)=i#uV 1i#v. 

We apply this lemma to the case where Ê=a~+s. We notice that i.:?i: ffH• 

(P+r)-->~q+S(p+r) is identical with the homomorphism (III, ~3) ;_~+s HP+Hr+S 

(AQ+., AQ+s-1)--->HPH+r+S(â~+s, a~+•). If we identify ffq(p) to Cq(B, HP(F)) in 

virtue of the isomorphism in Theorem 6, from ( 4. 1) we have 

(4. 2) 

aja~ E C'(B, H'~"(F)). 

Now let us assume that a :fixed simple ordering of the vertices of Bis given 

and let us take g1 = h : the special one which was given in the preceding section 

as an example. We notice that HP(F) and H'~"(F) are paired to HP+r(F) by 

the ordinary (Cecb-Whitney's) U-prodnct, and tbat with respect to this pairing 
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Cq(B, HP(F) and c•(B, Hr(F)) are paired to CH•(B, HP+r(F)) in the usual 

way: by making use of the functional notation we define uUv E Cq+'(B, HP+r(F)) 

for u E Cq(B, HP(F)), v E C'(B, Hr(F)) by (uU v)(.Xo.XI ... XHs)=u(.XoXI ... .Xq)U 

v(.Xq ... .XQ+s ), where a=( Xo.X1 ... XHs) is an ordered simplex. We shall show that 

two multiplications Vr1 and U coïncide up to sign For this purpose it is 

sufficient to prove that J.~H((aM)Vr1 (ajaj))=±J.~H((afaDU(aj-rj)), i.e. 

(4.3) 

There are severa! cases. If either a~ or a} is not contained in a~+q, both 
sides of (4.3) vanish. If botha~ and aj are contained in a~+Q, a slight conside· 

ration shows that ( 4. 3) reduces to 

(4.4) (afaDVJ-(ajl1}) = ±(afUaj)(a~Uaj), whre 

afa~ E Cq(Ê, H'~'(F)), ajaj E c•cB, Hr(F)). 

(i) If a~Uaj=O, dim [(Image gl)n(a~xaD)J<q+s. Renee it is easily 

seen ttat both sides of ( 4. 4) vanish. 

(ii) If a~Uaj=FO, we may assume without Joss of generality that a~Uaj=a~+•. 

Since iY is a product bundle, we may assume that A=ÊXF. Then Î: a~+sxF 
->-a~+•xa~+•xFxF may be represented by Î(.x, y)= (h(x), ~.,(d(y))), where 

~,: FxF---+FxF is an automorphism which is homotopie to the identity and 

where d : F---+ F x F is the diagonal ma p. Let d : F---+ F x F be a cellular map 

wbich is homotopie to d. Sinca a~+s is contractible Î is homotopie to the map 
r;(x, y)=(h(x), d(y)), the projection [x->-h(x)] remaining fixed, (4. 4) reduces to 

(4.5) 

Si nee af a'f, aj11j may be represented by cochains of the form ai x cf, 11j x cj 

res pee ti v ely, ( af aD x ( ajaj) is represented by the cochain (a~ x cf) x ( aj x cj) = 

(--1)'~''(a~xaj)x(cfxcj). Renee (afaDVr1(ajl1j) is represented by the cocbain 

( --1)P"h*(af x a}) x d*(cf x cj), which represents ( -1)P'(afUaj)a~+•. 

Theorem 12. I denti!ying f:>q(p) to Hq(B, HP(F)), we have 

(4.6) 

(4. 7) 

uVv=(-1)'~'' uUv.for uEf:>q(p), vEf:>'(r), 

aVb = aUb, for a E HP(A), bE Hr(A). 

Proof : ( 4. 6) is the immediate consequl!lnce of the above discussion. ( 4. 7) 

is the immediate consequence of [1].36 l 

By this theorem, The'()rem 10 becomes : 

36) See [lJ. 
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Theorem 10 (U ). 

(4. 8) 

(4. 9) 

(4.10) 

(4.11) 
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·PL1CP) u ·PL1(r) c .P~.::f(P+r), 
~~ CP) u .PL1Cr) c ~r·cp+r), 
.P%-1(P) U ~~ (r) C Sf~+<(p+r), 

Corollary to Theorem 12. If pis a field, we have .Pq(P)=.Pq(O)V.P0(p). 

5. Algebras •P and H(A). We consider the direct sums .P=L:v,q.Pq(p), 

H(A) = L:vH.P(A). They are algebras with respect to V- (or U-) multiplication.37 ) 

In particular H(A) is the ordinary cohomology ring of A. The following facts 

are only the restatement of the results in the preceding sections : 

(5.1) In virtue of (3. 4) in Theorem 10, H 0 =L:vH0(p), H(O)=L:qHq(O), 

H k = L;p, q~~( p ), and ,P.,. = L;p, q~'!,(p) are subalgebras of ,P, and so are their 

intersections •P2=.P0 n·Pk, ·P~=.P0 n.P.,.. 

(5.2) In virtue of (3.5), (3.6) in Theorem 10, Sfk=L:p,qf.t~(p) is an ideal of 

.Pk-1. Renee Œk=.Pk-dSfk is an algebra, multiplication being induc::od from 

that of .Pk-1.38 ) Sfk(O)=SfknSf(O) and Sf""(O)=Sfoon.!'f(O) are ideals of •Poo(O)= 

.Pk-l(O)=·P(O). 

(5.3) If we put HP•*=L:qH.P•q, H*•q=L:.PH.P•q, in virtue of (3.7) in 

Theorem 10, EJl•* is a subalgebra of H(A); H*· 1 is an ideal of H(A). 

(5.4) Consider the direct sum f!!J=L:v,qHP+ 1·q-1 /H.P,q and introduce in it a 

multiplication V by making use of representatives. This is possible in virtue 

of (3. 7) in Theorem 10. Then (ft;~.Poo/.l(foo is a ring isomorphism according to 
(3. 12). 

6. 1\-product. In this section the coefficient ring p is a field. Under this 

assumption ·~=L:p,q~q(p) is dual to ,P, and fi(A)=L:vH.P(A) is dual to H(A). 

Then /\-product is defined as follows: Let v E .P"(r ), z E 6H•(p+r ). Then v!\z 

is a:r: element of Sjq(p) satisfying the following equation: <u, v/\z>=<uVv,z>, 

for every uE.Pq(p); let bEHr(A), zEfÏP+r(A). Then b/\z is an element of 

fÏ.P(A) satisfying the following equation: <a,b!\z> = <a!\b,z>, for every 
a EHP(A). 

Identifying S/)q(p) to Hq(B, fi.P(F )), we see from Theorem 12 that /\-product 

is essentially the same with the ordinary n-product. From Theorem 10 we have: 

37) .P is a doubly graded ring in the sense of H. Cartan. 
38) When we denote by ~k the following composite hornornorphisrn: Œk=.Pk-1/ ,l(fk~.Pk-1 

!.Pk~Sfk+dSfk~.Pk-1/Sfk=Œk, Œk becornes a graded ring with differentiai operator ~k, 
the cohornology ring of which is isornorphic to Œk+ "' See [8], [30]. 
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(6.1) 

(6.2) 

(6.3) 

(6.4) 
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.PLir) 1\ Sti:::iCP+r) c SfLlp), 

.P~-1(r) 1\ ~~+'CP+r) C ~~ (p), 

sr~ (r) /\ .P~:::~CP+r) c St~-1CP), 
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We define for ukE.P~(r) the homomorphism (uk;\): ~~+s(P+r)!S.S~:~CP+r)-> 
S/:)~(P)/·P.~+l(p) directly in virtue of Theorem 13, or we define it as the dual 

homomorphism of CVuk): ff~+ 1(P)/ ff~(p)---+ff~!~CP+r)/ff~+s(p+r). 
The other homomorphisms being similarly defined, we have: 

Theorem 14. 

(6. 5) (ud\)iDt;1 = iDt;1(ud\), 

(6. 6) (uoo/\)q:±1 = lfo±1(uoo/\), where u, O':>oo or U00 E .Poo/ffoo. 

Consider the following diagram : 

(6. 7) 
fh 

f()~( r) -------* 

1 (/\zoo) 

q,·-1 
.P~(r)/ ff~(r)---* H'~'+l,•-1jH'~',• 

1 (!\zoo) 1 ( I\!F{}2zoo) 

where ZooES.S~+•(p+r); Bt are natural homorphisms; (/\Zoo) and (/\lf"fi2Zoo) are 

defined in virtue of Theorem 13. Then we have: 

Theorem 15. Commutativity relations hold in the above diagram (6. 7). 

Proo/: C/\zoo)01=fJ2(/\zoo) is obvious. Let us prove that w-1(v)!\iffl2Zoo 
=iï-·(v/\zoo) for vE.P~(r)/!l~(r). In virtue of (5.4) for any aEHP+1,Q-1jHP,q 

we have <a, IF(v/\zoo)>=<lf"(a), vl\fl2zoo>=<lf'(a)Vv, fJzzoo>=<lf'(aV~J>'-1(v)), 

flzzoo> = <aVw-1( v), 1j:(}2zoo> =<a, w-1( v)/\ Wfl2zoo>. 

By (II, ?;9) \Ji: S5'Zo(d)/Sf'/;,(d)=fia,n;tJa+ 1•"'-1 reduces to q;·: S5"'(d)=H"'+à(A). 

Let zn, a E .P"'(d), z"'+à E H"'+à(A) correspond to each other under this isomorphism. 

Let us consider the case where r=O. P=d, s+q=n. Then in virtue of (IH, ?;9) 

(6. 7) reduces to: 

(6.8) f()"'-Q(O) -------* f()"'-Q(O) /Sf'':;;"q(O) -~ H 1·"'-Q-1 --;. Hn-q(A) 
81 w-1 Ba 1 (1\za,n) 1 (1\za,n) -- 1 (/\Z"'+a) 1 (/\Z,.+d) 

S5q(d) -~ Sjq(d)/Rq(d) -~ fjà,Q ~ HHà(A)' 

where fla, fJ4 are identity isomorphisms. 
Now if B is an orientable manifold, so is A, since F is assumed to be a 

homogeneous space (IV, ?; 1). Thus if we take as zn, a the generator of Sj"'(d). 
according to Poincaré duality the0rem39l we see that 

39) See [5]. 40) See (III, ~10), 
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are isomorpbisms onto. On the otber band, since the composite homomorpbism 

Oall·-101 : ~"-q(O)-H"-q(A) may be regarded as the induced homomorpbism 

cJ;*: H"-q(B)-+H"-q(A) (IU, §10), the composite homomorpbism 04wo~: $)1l(d) 

_.. iiq+"( A) may be written as: 

(6.9) 

Thus we see tbat the bomorphism i: ËÏq(B)-+HH"(A) observed in (III, §12) 

is in this case identiéal with the generalized Hopf's inverse bomomorphism. 

We shall caU J; the HoPf's inverse Jwmomorphism also in the general case where 

B is an arbitrary polyhedron and p is an arbitrary ring. Thus ~!,(d), ËÏ"•q 

are regarded respectively as the kernel and the image of the HoPf's inverse 

homomorphi sm. 

7. A theorem of Gysin. Consider the cbaracteristic isomorpbism: 

(7.1) (/): .l1!,(d)/stL2(d)R:t}~~~+1 (0)/~!,+<~+I(O), whicb was already considered 

in (III, ~ 12). 

This induces a bomomorphism 

(7.2) 

(7. 3) 

G : Sf!,(d)---* ~H"+ 1(0) /~!,+"+ 1 (0), or 

G : ~(d)---* f1H<l+I(B)/cP.Jlq+d+I(A). 

This ~omomorpbism was first considered by W. Gysin, and will be called Gysin's 

homom~r}lhism also in general cases. 

Now let us assume that ii"(F)=O for O<P<d. Then by Cor. 5 (III, ~ 9), 

we bave t'~~~+1 (0) = ~Ha+1(0) and Slll(d) =O. Thus we bave a generalized 

Gysin's theorem: 

Theorem 16. If ËÏ"(F)=O for O<P<d, then 

(7. 4) ,l1!,(d) R: f1H<l+I(B)Ir/J*Hil+iHI(A), 

(7.5) Sf!,(d) =[the kernel of the HoPf's inverse homomorPhism cp: Hll(B)­

Bq+a(A)]. 

8. Theorems of Thom [23] and Chern-Spanier [2]. Let us assume tbat 

H"(F)=O for O<P<d. Tben by Cor. 5, 6 (III, §9), we bave 

(8.1) 

(8.2) 

(8.3) 

0: ~q-a-1(d)/~!,-11-1(d) R: ~!,(0) C ~q(O), 

qr-1: ~q(O)/Sf!,(O) R: H 1·q-1 C Hq(A), 

ll': Hq- 1(A)/ H 1•q_ 2 R: ~!,-a- 1(d) C Hq-a-1(d). 

The;refore we obtain the following exact sequence; 
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(8.4) Hq-l(A) ~ fijq-•l-I(d)----* !Oq(O) --Hq(A)-
U IF U @ U ll!·-l U 

Ht, q-z s;.~-a-t( d) ~~(0) Hl, q 

Thus identifying f;)q(d) and !Oq(O) to Hq(B), in virtue of (III, ~ 10) we have: 

Theorem 17. Il H 11(F)=O /or O<P<d, we have the/ollowing exact sequence: 

(8.5) 
IF @ ~* Hq_1(A)- Hq-•l-I(B)----* Hq(B)- H(A)-. 

By (3. 8) in Theorem 11, commutativity relation holds in the following 

diagram: 
,f;)O(d) __ fijà+l(Q) 

l CVu) l CVu) 
s:;Q-à-1(d)- fijq(O) , where u E fijq-a-1(0). 

Thus we bave : 

Theorem 18. Put .fJ=fb(1), where 1 EH0(B). Then fb: Hq-a- 1(B)-+Hq(B) 

may be represented in the /ollowing !orm: 

(8.6) fb(u) = uUQ. 

The above theorems were announced by Thom and independently by Cbern­

Spanier in case where ir is a d-spbere bundle. They stated also: il ir is a 

d-sPhere bundle, Q is the image under the natural homomorphism Ha+ 1(B, I)---+­

Ha+1(B) of the Whitney-Steenrod's characteristic cohomo!ogy class of the sphere 

bundle ir. Il pis a field and d is even, Q vanishes according to the well-known 

properties of characteristic classes41 , hence fb are al! nul! homomorPhisms. 

Th us 

Theorem 19. An even dimensional sphere bundle ir is homologically trivial. 

We sball not prove it in this paper, since direct proof will be given in 

another paper. 

9. Theorems of Wang [24]. Let Bq(B, H11 (F))=O for O<q<n, and let 

Bn(B, Ë1 11(F))=Ë1 11(F): for example let p be a field and let B be a bomology 

spbere. Tben as Cor. 7 (III, ~9) we have: 

(7.1) rb : 6n(P-n+ 1)/S5:,cp --n+ 1) = Sl'!(p) C 6°(P), 

tr·-1 : BP+1(A)/B11 +1,o = 6;:,(p-n+ 1) C S)n(p-n+ 1), 

w: 6°(P)l§2,(p) = a:v,o c HP( A). 

Thus we bave the following exact sequence: 
- qr-1 - rb - ij;· -

(7.2) -H11 +1(A)---*Hn(P-n+1) ~H0(p)-H11(A)-. 

41) [21], [29]. 
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Identifying H 0(P) and fi"(P) to fi:"'(F), in virtue of (III, ~ 11) we have: 

Theorem 20. Under the assumptions given at the beginning of this section 

we have the /ollowing exact sequence: 
- -_ '* 

(9.3) -HP+l(A)-fi"'-"+1(F)~fi~'(F)-W-~H~'(F)-. 

If furtber H 11(F)=O for P>n-1, or if d>n-1 and H»(F)=O for O<P<d, tben 

@ are obviously null bornomorphisms. Tbus we bave 

(9.4) fi»(A) ~ fi~'(F) EB fi~'-"(F) in these cases. 

Tbeorem 20 is tbus a generalization of the tbeorems of Wang. 

Part V 

Further properties of characteristic groups and isomorphisms 

1 The general assurnptions througbout this part are the same as in the 

preceding part. Since we are dealing with polybedral spaces only, we may 

cboose the singular bomology and cobomology theories as our basic theories. 

2. a-multiplication. Let us define a kind of multiplication whicb is a 

generalization of Pontrjagin multiplication. Let'~= {G, G; B, 1 A, 'cp,' çou} be the 

principal fibre bundle of~- Notice tbat a point 'aEG.,='cp-1(x)C'A is an 

admissible map 'a: F-F.,. Let r;: 1 AxF-A be defined by r;('a, y)=1ay for 

'a E' A and y EF, wbere 'ay is the image of y under 'a. Given a singular q-cbain 

çq of 1 A and a singular P-chain a~' of F, the singular (P+q)-cbain r;(çq, a») of 

A is denoted by çqoa». Obviously çqoaP is bilinear and subjects to the usual 

boundary formula : 

(2.1) 

In particular: if çq, a~' are singular cycles, so is çqoa»; if moreover eitber çq or 

a» is a boundary, so is çqca~'. Tbus a bilinear multiplication fiq(A1 )ofi~'(F)C 

fi~'H(A) may be defined by taking representatives. More generally, for any pair 

of subcomplexes BCCCD, we may define a bilinear multiplication (or a pairing) 

fi~'('B, 'ê)ofir(F) C HP+r(È, è). In particular 8~'( 1 Aq, 1 Aql)oHr(F) C HP+r 

(Aq, Aq1). 

Obviously commutativity relations hold in the following diagram: 

(2. 2) ___.fi~'(' Aql , 1 Aq") _,.fi~'(' Aq, 'Aq") _,.fi~'(' Aq, 1 Aql) _,. fi~'-1( 1 Aql , 'Aq") __.. 
_ l (oar) _ l (oar) _ l (oar) _ l (oar) 

-+ H~'+r(Aql, Aqlf) _,. H~'+r(Aq, Aqll)-+ HP+r( Aq, A qi)-+ HP+r(Aql, Aqll)-+. 

From (2. 2) we may derive the following formulas: 

(2. 3) ':t3~(p)ofir(F) C ~~(P+r), 
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(2. 3) lfjP,qoflr(F) C BP+r,q. 

Si nee in particular 1'iBq(p )oH(F )C~q(P+ r ), we may replace ,3, SB in (2. 3), (2. 4) 

by -~. ~ respectively: 

(2.6) 1 K)~(p)of1r(F) C Kj~(P+r), 

The following relations are also obvious: 

When p is a field G-multiplication is defined starting from a-multiplication 

in the same way as n-product was defined from U-product: for u E HP+r( è' D), 
ar El1 7 (F), the product uoa is an element of HP('ê, 1D) such that <uoa,z>= 

<u,zoa> for every zEBP('C. 1D). Corresponding to (2.5)-(2.9) we have: 

(2.5)' HP+T,qoflr(F) C 1Hp•q, 

(2. 6)' ft>~(P+r)oBr(F) C 1 f;)%(P), 

(2.8)' @"t1(oaP) = (oaP)(f)(/, 

(2. 7)' ffg(p+r)oBr(F) C 1 ,ffg(p), 

(2. 9 )' lf-±1( oaP) = ( oaP )lf-±1 • 

3. Let cp~= cp; : a~--J A bè a slicing ma p. Then since cp; maps (a~, aD into 

(' a'f, 1 a'{), it represents an element e'f =e; of llq('ô'f, o'{), as weil as an element 

X'f::; of Bq(' Aq, 1 Aq-1) (II, ~ 3). e;, J.~è; do not depend on a special choiœ of 

cp;, sinca G is arc-wise connected. 

It is easily seen that the correspondence BP(F) 3 aP --+e;oaP E flPH(ô'f, oD 

gives an ÎSOmorpbism flP(F)~flPH( ô'f, o'f), and that: 

(3.1) the corresPondence Cq(B, flP(F)) 3 I:;afai-? L: O'f::;)oa'f E flPH(Aq, Aq-1) = 
ë$}(p) gives the isomorPhism Cq(B. flP(F))r:::::;Œq(p) in Theorem 61 • Renee (3.2) 

'itq(O)c;BP(F)=fKq(p ). We shall often identify Cq(B, BP(F )) to ffq(p ), and use 

the symbol in several ways: for instance a'f E Bq(' Aq, 1 Aq-1) implies a'f=)'f::,, 

a'f E flq(Aq, Aq-1) implies a'f=Ol::t)ol where 1 E H 0(F). 

The partial map cpt\ o'f represents an element of llq-1C'oD (as well as of 
HQ-1('Aq-1)), whichistheimage Be; (the image iJ~~h-l).'fe,)undertheboundary 
homomorphism a: llq('ô'f, 1oD---? llq-1C'oq) ( âJ~~h -l : llq(' Aq, 1 Aq-1-•llq-1(' Aq-1) ). 

For the sake of simplicity we shall denote ü~':."ir. -l),'fe; by <p,. Then we have 

by (2. 2): 

(3.3) 

4. From now on we shall assume that p is a field. In this case we obviously 

have: 

(4.1) 1Eq(O)oflP(F) = :!Jq(p), 

( 4. 3) 1 i;)q(O)oHP(F) = f;)q(p). 

)VIore generally we havt:: : 
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( 4. 4) tf:Jq(p )oËÏr(F) = ['~(O)HP(G)]oHr(F) = ~q(O)o[1.\5°(p )oËÏr(F)]. 

( 4. 3) is the dual form of Corollary to Theorem 12 (IV, ~ 4) in the following 

sense: (4.5) for any (1 E·~q(O), ( 11 Ef;;0(p), z.'E'~q(O), Z11 EH0(F) we have 

<('V('1 , z'oz"> = <(', z'> <(11 , z">, where <(', z'>, <(", z"> may be 

understood after suitable identifications. 

5. The homomorphism a~q+-q1~ï 1l. Consider the pairing Bq-1(' Aq-1)oHP(F) 

ci1.vH-1(Aq-r). This enables us to define a pairing of Hq(B, ilQ-1 ( 1 Aq-1)) and 

ilq(B, BP(F)) C= F:lq(p)) into i]P+H(Aq-1): explicitly KIO.~ ('f-1aL '2:, afaD 

= '2:, ('f-1 oaf EHP+Q-1 (Aq-1), where '2:, (i-1 a'f EZq (B, liq-1 (' Aq-1)), '2:, afa'f E 

Zq(B, HP(F)). 

Now it is obvious that a~~ï 1 ' -n : 'Œq(O)-+ liq-1(' Aq-1) corresponds to '2:, q,,a'f 
und er the isomorphism Hom {1Œq(O) -+Hq-1(' Aq-I)} =Cq(B, BP(F) ), where as in 
~ 3 (p1 =ü~q::{' -ll )'f~, E Bq-1(' Aq-1). Since rl~~ï1 ' -ll reduces to null homomorphism 

on 'Bq(O), '2:, ifita'f is a cocycle Ezq(B, Bq-1(' Aq- 1 )). 

On the other band we observed in (3. 3) that in the following diagram: 

fiPH(Aq, Aq-1) fiPH-1(Aq-1) 
ü(q-l, -1) / 

~~ .PH-1 ~ 

Cq(B, iJP(F)) _.-----~Kr·~~~iaio.) 
ü1\-l~ïn corresponds to the homomorphism K/('2:, (pta'f. ·). Since a~\-q:_:ï 1 l 

reduces to null homomorohism on 'i3q(p) (C.fJ!(p)) it induces a homomorphism 
av: fl;)q(p)-HP+Q- 1(Aq-1). It may be realizo;d in the from rJ..vu=Kl(rl, u), where 

rl E Hq(B, Bq-1( 1 Aq-l)) is represented by '2:, ~~a'f. If o.'= 0, uv= 0 for each p. 

Thus we have : 

Theorem 21. 'i>q(O)='·~:;,(o) imPlies i;,q(p )=f>:;,(p) /or each P. ln particular 
U iris a Principal fibre bundle, ~q(0)=6!(0) imP!ies .f)q(P)= ·f!(P) for each p. 

6. The groups F;;,~, ~~, Sl'>~'(O) and 6#(0). Consider the characteristic iso­

morphism 

(6.1) 11J: f:J~-2(P)/·~~-1(P)=$t~+ 1 (0C/Sl'~:::iCO), ib-1: .ït~-1(P)/~~-2 

= .t)~:::iCO)/·t5;+ 1(0). 

Since Sj~_ 1(P) = .f;;>C:,(p), St~+l(O) = ~!:,+ 1(0), §L1(P) =Sf2a(p) and 6~+ 1(0) = 

~!:,+l(o), putting .p~_ 2(P)=f:J~(p), ~;:::i(O)=Sl':+ 1(0), .R'~-2(P)=Si'~(p) and .~;:!:i(O) 

= ~:+1 (0), we have 

(6.2) ilJ: f;;~(p)jf;;2,(p)~~!:,+ 1(0)/Sl':+l(O), m-1 : $f2,(p)/.lf~(P)=S5:+ 1 (0)/·\S!:,+ 1 (0). 

The characteristic groups appearing in (6. 2) are of particular importance as 

will be recognized in the following theo:rems. Putting ~~ = 'L..v F:J~(p ), .i'f~ = 
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l:P ~~(p ), ... , we have : 

Theorem 22. Let îY be a princiPal fibre bundle. Then 

( i ) S)~ = S)2, implies ·~ 0 = ~~, or equt'valently 

(ii) Sf~ = §~ implt'es .~~ = 0, or 

Ciii) ~#(0) = ~oo(O) t'mpUes ~oo(O) = 0, or 

(iv) 6#(0) = ~oo(O) z'mPlies ~(0) = ~oo(O). 
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Remark 1. Since ·~~ is a subalgebra of ~0 , Theorem 22 is obvious in case 

S)~ generates ·~0 • The last condition is satisfied in the case of homogeneous 

(Koszul [8], Theorem 18. 3). The author could not generalize this to the 

corresponding theorem of fibre bundles. 

Theo rem 23. If îY is a principal :fibre bundle, we have: S)~(2v) = S)0 (2v) , 

or eqviva!ently §2o(2v)=R~(2v), or ~~+l(O)=S1~'+l(o), or ~~+l(O)=~~+l(o). 

Rem.ark 2. Hirsch [6] states that "§~;§~ may be regarded as a subspace 

of the group of minimal elements of ·15°. Such minimal elements are odd 

dimensional." This statement seems to contain both Theorem 22 and Theorem 23. 

Theorem 24. S)~=S)0 implies S)oo=Ô. 

ProJf: t()q(P)=f:Jq(O)VS)0(P)=S)~(O)V·~~(p)C~~(p)CS)q(p), in vi:rtue of 

Cor. to Theorem 12 (UI, §4), Cor. 5 (HI, §9) and Theorem 10. 

Theorem 25. If 1r is a principal fibre bundle, or a homological sphere 

bundle, S)oo(O)=·~(O) imp!ies S)oo=Ô. 

Proof: In virtue of Theorem 22 and Cor. 5 (III, ?,9), S)oo(O)=~(O) imlies 

ô~=S)0• Renee in virtue of Theorem 24, we have ~oo=~. 

Remark 3. ·~~=·~0 says that "i*: H(A)->-H(F xo) is an onto homomor­

or equivalently "i*: Ël(Fx0 )->-fl(A) is an isomorphism ". S)oo(O)=·~(O) says 

phism," that "c/J*: Ël(A)-Ël(B) is an onto homomorphism", or equivalently 

•· c/J"'-: H(B) _,. H(A) is an isomorphism." 

Theorem. 26. If B is an odd dimensional homology sphere, then ·~=~oo­

Proof : If 1r is a principal fibre bundle the proof is obvious according to 

Theorem 22, 23, 24. But Theorem 21 assures the validity of the theorem in 

the general case. 

Rernark 4. Theorem 24, 27 are in sorne sense generaJizations of Samelson's 

theorems [15]. 

Theorem 27. If \} is a principal :fibre bundle, ô~ is generated by the sub· 
space of ·~Z consisting of o-mt'nimal elements of S)0• 

The proofs of Theorem 22, 23, 27 will be given in the following sections. 

7. Proofs of Theorern 22. We shall prove that Sf~= st~ implies .R~=O. 

For P<l. we have §~(P)=st~(P)=StL2CP)=O. 
Let us assume tl:.at P>l. and that Sf~(r)=O (or equivalently ~~(r)=·~0(r)) 
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for r<P. In order to prove that Sf~(P)=O, it is sufficient to prove that St~(p) 
contains no non-vanishing minimal element of 6"0 • For if so, we have fi;)0 ( p) 

= fi;)~(P)+[Composable elements of fi;)0] n fi;) 0(p). But since fi;) 0(r) = fi;)2,(r) by 

assomption and since ~! is a subalgebra, we have ~~(P)=FQ0(p). Or §!(P)=O. 

Assume on the contrary there exists a minimal element O=f=zP E P'!(p )= §~(p) 

=SfL2(p), then the:re exists an integer k such that o<_k<_p-2, and such 

that z E if2CP)- ifZ-1CP ). 

Since O<p-k-1<p, by the definition of minimality we have u(\z=O for 
every u EHP-7c-1(G). Now, denoting by {z} the class mod KfL 1(P) of z, we 
choose a representative element Z E 6~+ 2(P- k -1) from dl-1 ({z }). Si nee ~~c+z 

(p-k-1)=ff5k+ 2(0)oflP-TH(G), Z may be written in the form Z=L:(toat where 

(tE fijk+ 2(0) and {a,} are a basis of flP-k- 1(G). Let {uJ} be the dual basis of 

HP-7c- 1(G). Then by (4. 5) UJ!\Z = :E c::to(uJ(\aJ) = (J. On the other band 

noticing that UJ E fi;) 0(P-k-1)=S:~(p-k-1), in virtue of Theorem 14 we have 
O=di-1( {uJI\Z} )=uJ/\di-1( {z} )=UJI\ {Z} = {uJI\Z} = {c;,J}. Consequent! y (JE 6~;~ ( 0). 

Thus in virtue of (2.6) we have Z=:E(toatE6~.t~CP-k-1). But this implies 
that {Z} =0, bence {z} =0, contrary to the assomption. 

8. Proof of Theorem 27. Since fQ~=fQ! when we restrict ourselves to 

Au2 , it is sufficient to prove that fQ! is generated by o-minimal element of fi;)0 

belonging to S:! . First of ali, fr;)! is a subalgebra of fQ0 • fi;)2, is non-void since 
it contains fQ 0(0). In vertue of (2.6)', for any aP EflP(G), 6! is stable under 

(oaP). On the other band we easily see that o- and o-multiplications in the 

sense defined in this part coïncide with those defined in (I, § 8 ). Renee by 

(8. 7) (I, ?; 8), fr;)! is generated by its subspace consisting of ali o-minimal 

elements of fQ 0 contained in fQ! . 

9. Proof of Theorem 23. Since fQL1(r)=fQoo(r) for r<P+1, and fQL1CP+1) 

=fQ>f(P+1), we have: 

fQL1 = fQ!(O)+ ··· fQ~(P)+fQ~(P+1)+ ······, 

fQ! = ~~(0)+ ··· fQ~(P)+fQ~(P+1)+ ······. 

Since fi;)~ is an algebra, an element of fi;)~_ 1(P+1), which may be generated by 

by multiplication and additio11 from lower dimensional elements of -l>L1 , is an 
element of fi;)~. But according to Theorem 27, an element of fQL1 (p + 1) is 

either a o-minimal element or composable from lower dimensional elements. That 

is to say, an element of fi;)~ which is not an element of fi;)~ which is not an 
element of fi;)~ which is not an element of fi;)~ is o-minimal. On the other band 

there is no even dimensional o-minimal element since G is a compact connect.::d 
Lie group. Renee -l>~(2Y) = fi;)~(2Y ). 
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Added in proof: The author obtained a proof of the following proposition 

(Cf. Remark 1, p. 137): ·~~ generales ~0 if iris a PrinciPal fibre bundle. This 

may be proved by the infinitesimal method of J. L. Koszul [8] if ir is the 

universal principal fibre bundle given by N. E. Steenrod (Cf. p. 104).* If ir is 

general, it may be proved by making use of Tbeorem 22. The above proposi· 

tion bas the following consequences: 

i) If Bis homologous to zero in 1 B, and if 1 ir is a PrinciPal fibre bundle 

over 1 B, then the ir='iriB is homologically trivial. 

ii) Every even dimerzsional homological sphere bundle is homologically 

trivial (Cf. Tbeorem 19, p. 133 ). 
* In this case our proposition is contained in a theorem of A. Borel -La transgression dans 

les espaces fibrés principaux, C. R. Paris 232 (1951). 
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