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Abstract
Let E be an elliptic curve overQp which has potentially supersingular good

reduction. LetL=Qp be a totally ramified extension such thatE has good reduc-

tion over L and QE be the reduction ofE mod � , where � is a prime element
of the ring of integersOL of L. Let OE be the formal group overOL associated
to E=OL . The multiplication by p map [p] W OE ! OE is written by power series
[ p](x) D px C c2x2 C � � � C cpxp C � � � C cp2 xp2 C � � � 2 OL [[x]]. By using the

liftings over OL of the Dieudonné module ofp-divisible group QE(p) over Fp, we
determine the values ofvL (cp).

1. Introduction

Let p � 5 be a prime number andE be an elliptic curve over thep-adic number
field Qp. We assumevp( j ) � 0, wherevp is the normalized additivep-adic valuation
and j is the j -invariant of E. Then E has potentially good reduction overQp. Let
E=Zp be the minimal Weierstrass equation forE over the p-adic integer ringZp. Put
eD 12=gcd(vp(1), 12), where1 is the discriminant ofE=Zp. Let � be an element of
the algebraic closureNQp of Qp such that�eC pD 0. ThenL D Qp(�) is the unique
totally ramified extension of degreee over Qp. Then E has good reduction overL.
Let E=OL be the minimal Weierstrass equation forE over the ring of integersOL of
L. Let QE=Fp be the reduction ofE=OL mod � . Let OE be the formal group overOL

associated toE=OL [7, IV, §1]. The multiplication byp map [p] W OE ! OE is written
by a power series [p](x) D px C c2x2 C � � � C cpxp C � � � C cp2xp2 C � � � 2 OL [[x]].
The purpose of this paper is to determine the valuation of a coefficient cp of xp, whenQE=Fp is supersingular.

Theorem. Assume that j is integral andQE=Fp is supersingular. If cp D 0 orvL (cp) < e, we have the followings.
1) For eD 1, cp D 0.
2) For eD 2, cp D 0.
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3) For eD 3, cp D 0 if and only if j D 0. If j ¤ 0, then vL (cp) D 1 or 2. More
precisely, if vp(1) D 4 then vL (cp) D 2, and if vp(1) D 8 then vL (cp) D 1.
4) For eD 4, cp D 0 if and only if j D 1728. If j ¤ 1728, then vL (cp) D 2.
5) For eD 6, cp D 0 if and only if j D 0. If j ¤ 0, then vL (cp) D 2 or 4. More
precisely, if vp(1) D 2 then vL (cp) D 2, and if vp(1) D 10 then vL (cp) D 4.

Under the condition of Theorem, it follows thatvp(1) D 4 or 8 for e D 3 and thatvp(1) D 2 or 10 for eD 6.
If we assume that there exists an elliptic curveE0 overQp and an isogeny�W E!

E0 of degree p over Qp, then vL (cp) < e by Lemma 4.1.1. Moreover sinceE and

E0 are isogenous,E0 has good reduction overL. Let OE0 be a formal group overOL

associated toE0=OL . Then we can construct an isogenyO�L W OE! OE0 of height 1 over
OL . Let O�L (x) D a1x C a2x2 C � � � . We are interested in the valuation of the leading
coefficienta1. Put t D vL (a1). By Lemma 4.1.1,t D e� vL (cp) if e< p. So we can
determine the value oft by Theorem.

In [6], we determine the image of a local Kummer mapÆ W E0(K )=�K E(K ) !
H1(K , ker�K ), where K is a finite extension ofQp and �K W E ! E0 is a p-isogeny
over K . The image ImÆ is the local image of the connecting homomorphism at a prime
over p of the Selmer group of an isogeny of degreep over a number field. And the
image is described using the filtration on the unit group ofK and the valuation of the
leading coefficient of the formal power series of�K . It is important to know the value
of t in order to calculate the Selmer groups of isogenies of degree p overQ.

Corollary. 1) For eD 1, E does not have isogenies of degree p overQp.
2) For eD 2, E does not have isogenies of degree p overQp.
3) For eD 3, if j D 0, then E does not have isogenies of degree p overQp. If

j ¤ 0, then tD 1 or 2. More precisely ifvp(1) D 4 then tD 1, and if vp(1) D 8
then tD 2.

4) For eD 4, if j D 1728, then E does not have isogenies of degree p overQp.
If j ¤ 1728, then tD 2.

5) For eD 6, if j D 0, then E does not have isogenies of degree p overQp. If
j ¤ 0, then tD 2 or 4. More precisely ifvp(1) D 2 then tD 4, and if vp(1) D 10
then tD 2.

In order to prove Theorem, we must know the formal logarithm log OE of OE, since
[ p](x) D log�1OE Æp Æ log OE. In §2, we obtained the power series expansion of logOE in
Proposition 2.2.1. IfeD 1, log OE is uniquely determined by the theory of Honda for-
mal groups. Whene> 1, we prove that logOE corresponds to a generator of the lifting

of the Deudonné module of thep-divisible group of QE over Fp and describe the power
series of logOE by using the parameter� 2 OL which appears in the lifting. In §3, we
determine the value ofvL (cp) by using the proposition of Volkov [10] under the con-

ditions thatE is defined overQp and QE is supersingular. In §4, we consider isogenies
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of degreep over Qp and prove Corollary. We give examples of elliptic curves whose
values oft can be determined by Corollary.

2. Honda formal groups and Dieudonné modules

Let notations and assumptions be as in §1.

2.1. The caseeD1. For a commutative ringR, we write R[[x]]0D{ f 2R[[x]] j
f � 0 modx}. Let 0 be a formal group overZp and log0(x) 2 Qp[[x]]0 the formal
logarithm of0=Zp [7, IV, §5]. It satisfies log0(x)D x C � � � and log0(x)C log0(y)D
log0(0(x, y)). For

P
ai xi 2Qp[[x]], define the Frobenius endomorphism' by

(2.1) '�X ai x
i
� DX ai x

pi .

Assume that log0(x) is of type T2 C p, that is ('2 C p) log0(x) � 0 mod pZp[[x]]0

[5, §2].

Lemma 2.1.1 (cf. [3, 2.4, Lemma]). We have

log0(x) D 1X
kD1,p2k

1X
mD0

�
(�1)m

1

pm
bk C mX

iD1

1

pm�i
a(k)

i

�
xkp2m

,

where b1 D 1, bk 2 Zp and a(k)
i 2 Zp. Therefore letlog0(x) D xCb2x2C� � �CbpxpC� � � C bp2xp2 C � � � , then

8<
:

bi 2 Zp for p2  i ,vp(bp2m) D �m for mD 1, 2, : : : ,vp(bkp2m) � �m for mD 1, 2, : : : and p2  k.

Especially we can choose0 over Zp in the strong isomorphism class such that

log0(x) D x � 1

p
xp2 C 1

p2
xp4 C � � � C (�1)m

1

pm
xp2m C � � � .

Proof. Let log0(x) D x C b2x2C � � � C bpxp C � � � C bp2xp2 C � � � . Then

('2C p) log0(x)

D xp2 C b2x2p2 C � � � C bpxp2 C � � � C bp2xp4 C � � �
C pxC pb2x2C � � � C pbpxp C � � � C pbp2xp2 C � � � C pbp4xp4 C � � �

� 0 mod pZp[[x]]0.
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Let p2  k, then pbk � 0 mod pZp. So bk 2 Zp. Sincebk C pbkp2 � 0 mod pZp,

bkp2 D � 1

p
bk C a(k)

1 , a(k)
1 2 Zp.

Sincebkp2(m�1) C pbkp2m � 0 mod pZp,

bkp2m D (�1)m
1

pm
bk C mX

iD1

1

pm�i
a(k)

i , wherea(k)
i 2 Zp, for mD 2, 3, : : : .

We choose the0 overZp in the strong isomorphism class such that ('2C p) log0(x)D
px. Then log0(x) D x � (1=p)xp2 C (1=p2)xp4 C � � � C (�1)m(1=pm)xp2m C � � � .

If eD 1, E has good reduction overQp. Assume that the reductionQE=Fp of E=Zp

is supersingular. LetOE be the formal group overZp associated toE=Zp and logOE(x)

be the formal logarithm ofOE=Zp.

Proposition 2.1.1. For eD 1, if cp D 0 or vp(cp) < 1, then cp D 0.

Proof. If eD 1, log OE(x) is of type T2C p ([4, Theorem 5], [5, Theorem 9]). So
let log OE(x) D x C b2x2C � � � C bpxp C � � � , then b2, : : : , bp 2 Zp. Hence log�1OE (x) D
x C d2x2C � � � C dpxp C � � � , whered2, : : : , dp 2 Zp and

[ p](x) D log�1OE Æp Æ log OE(x)

D pxC � � � C pbpxp C � � �
C d2(pxC � � � C pbpxp C � � � )2C � � �
C dp(pxC � � � C pbpxp C � � � )p C � � �

D pxC � � � C (pbp C p2s2C � � � C pp�1sp�1C ppdp)xp C � � � ,
wheres2, : : : , sp�1 2 Zp. So vp(cp) � vp(p) D 1, we havecp D 0.

Let QE(p) be the p-divisible group of QE over Fp [8, §2] and M D M( QE(p)) D
HomDFp

( QE(p),bCWFp) the Dieudonné module ofQE(p) over Fp [2, p. 126], whereDFp DZp[F, V ]. For a commutative ringR, let 3(R) D R[[x]] and 30(R) D R[[x]]0. By

Yoneda’s lemmaM D HomDFp
( QE(p), bCWFp) is a DFp-submodule ofbCWFp(30(Fp)),

where CW is the group of Witt covectors [2, p. 74] andbCWFp(A) D CW(A) for a
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profinite Fp-ring A [2, p. 90, p. 93]. For (: : : , a�n, : : : , a�1, a0) 2 bCWFp(30(Fp)), let

F(: : : , a�n, : : : , a�1, a0) D (: : : , a�n
p, : : : , a�1

p, a0
p)

and

V(: : : , a�n, : : : , a�1, a0) D (: : : , a�n�1, : : : , a�2, a�1).

By [2, III, Proposition 6.1] the functorM induces an anti-equivalence between
the categories ofp-divisible groups overFp and freeZp-modules of finite rank. Let� W QE(p)! QE(p) be the p-th power Frobenius endomorphism, thenF D M(�). If QE
is supersingular, thenM is a freeZp-module of rank 2 andF satisfiesF2 C p D 0.
Let e1 be a generator of theZp[F ]-module M. Then (e1, e2) is a Zp-base ofM and
e2 D Fe1 [10, p. 86].

Let P(30(Zp)) D { f 2 Qp[[x]] j d f =dx 2 Zp[[x]]} \Qp[[x]]0. Define

w W bCWFp(30(Fp))! P(30(Zp))=p30(Zp),

by

(: : : , a�n, : : : , a�1, a0) 7!X
p�n Oapn�n.

For a DP bi xi 2 Fp[[x]], let Oa DP[bi ]xi , where [ ]W Fp ! Zp is the multiplicative
system of representatives ofZp D W(Fp). Then ' D w Æ F . By abuse of language,
we denote' by F . So P(30(Zp)) is Zp[[ F ]]-module andw is an isomorphism ofZp[[ F ]]-modules [2, p. 240]. Let

MHZp(0) D { f 2 P(30(Zp)) j f (x)C f (y) � f (0(x, y)) 2 pZp[[x, y]]0}

and

M HZp(0) DMHZp(0)=pZp[[x]]0.

By [2, III, Proposition 6.5],wW M ' M HZp(0) is an isomorphism ofZp[[ F ]]-modules.
Let

LHZp(0) D { f 2 P(30(Zp)) j f (x)C f (y) � f (0(x, y)) D 0}

and

� W LHZp(0)
inclusion�����!MHZp(0)

mod pZp[[x]]0��������! M HZp(0) ' M.

Then LHZp(0)=pLHZp(0) ' M=F M as Fp-vector space by [2, IV, Proposition 1.1].
And LHZp(0) is a freeZp-module of rank 1 generated by log0(x).
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Lemma 2.1.2. For a generator e1 of Zp[F ]-module M, there existslog0(x) of
type T2C p such thatw(e1) D u0 log0(x), where u0 2 Z�p.

Proof. Let M D Zpe1CZpe2D he1,e2i ande2D Fe1. Then Fe2D F2e1D �pe1.
SinceLHZp(0)=pLHZp(0) ' M=F M ,

hlog0(x)i=phlog0(x)i ' he1, e2i=hFe1, Fe2i
D he1, e2i=he2, �pe1i
' he1i=phe1i.

Therefore there existu1 2 Z�p and a0 2 Zp such that

w(e1) D u1 log0(x)C pa0 log0(x)

D (u1C pa0) log0(x).

Putting u D u1C pa0, thenw(e1) D u0 log0(x), whereu0 2 Z�p.

2.2. The casee > 1. By [10, 4.1.3], if e< p� 1, we consider liftings overOL

of M, that is OL -submodulesL of rank 1 of M D OL 
Zp M C p�1�OL 
Zp F M
such that

L=�L 'M=p�1� 
Zp F M .

BecauseM D Zpe1C Zpe2, Fe1 D e2 and Fe2 D �pe1, OL -moduleM is written by

M D h1
 e1, 1
 e2, p�1� 
 e2, � 
 e1i D h1
 e1, p�1� 
 e2i.
By [10, 4.2], liftings overOL of M correspond bijectively to

L(�) D (1
 e1C � p�1� 
 e2)OL , � 2 OL .

Indeed, we define W L!M=p�1� 
 F M by

1
 e1C � p�1� 
 e2 7! 1
 e1C � p�1� 
 e2 mod p�1� 
 F M .

Then is surjective because

h1
 e1C � p�1� 
 e2i C p�1� 
 F M

D h1
 e1C � p�1� 
 e2, p�1� 
 e2, � 
 e1i
D h1
 e1, p�1� 
 e2i
DM.
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Let � 2 OL such that�(1
 e1C � p�1� 
 e2) 2 hp�1� 
 e2, � 
 e1i, then� 2 �OL .
So L=�L 'M=p�1� 
Zp F M .

For OL andDFp-moduleM, we defineMOL as in [2, p. 190]. Forj 2 Z, M( j ) is

a DFp-submodule ofM defined in [2, p. 188] andv W M( j )!M( jC1) (resp. f W M( j )!
M( j�1)) is defined byv(a)D V a (resp. f (a)D Fa). If f is injective f j W M( j ) ' F jM.
If 1 < e� p� 1, MOL is defined by the inductive limit of the following diagram,

�OL 
M
v0 K

'0 K
p�1�OL 
M(1)

OL 
M OL 
M(1)
f0

K
'00K

where '0(� 
 a) D � 
 a, f0(� 
 a) D � 
 f (a), '00(� 
 a) D � 
 a, v0(� 
 a) D
p�1�
 v(a). ThenMOL is written by

OL 
M� p�1�OL 
M(1)=hIm '0, Im f0, Im '00, Im v0i,
where Im'0 D �OL 
M, Im f0 D OL 
 f (M(1)) D OL 
 FM, Im '00 D OL 
M(1)

and Imv0 D p�1�OL 
 v(M). If f is injective, f W Im '00 D OL 
M(1) ' OL 
 FM

and f W Im v0 D p�1�OL 
 v(M) ' p�1�OL 
 FVM D p�1�OL 
 pM D �OL 
M.
Therefore if f is injective,

MOL ' OL 
M� p�1�OL 
 FM=h�OL 
M, OL 
 FMi.
Denote the above isomorphism byf 0.

Let N D CW(Fp[[x]]). When MD N, f is injective andv is surjective [2, p. 199,
p. 202].

Lemma 2.2.1. f 0 W NOL ' OL 
 N C p�1�OL 
 F N.

Proof. We must showOL 
 N \ p�1�OL 
 F N D h�OL 
 N,OL 
 F Ni. Since
V N D N, p�1�OL 
 F N D �OL 
 p�1F N D �OL 
 V�1N D �OL 
 N. So OL 

N \ p�1�OL 
 F N D �OL 
 N � h�OL 
 N, OL 
 F Ni. Since F is injective,
OL 
 F N � OL 
 N. So h�OL 
 N, OL 
 F Ni � OL 
 N \ p�1�OL 
 F N.

Let P(30(OL )) D { f 2 L[[x]] j d f =dx 2 OL [[x]]} \ L[[x]]0. Since V N D N,w00W NOL ! P(30(OL ))=�OL [[x]]0 is defined and anOL -isomorphism by [2, IV, Prop-
osition 3.2]. Define'1 W p�1�OL 
 N ! OL 
 N by p�1� 
 a 7! � 
 c, where
c 2 N mod kerV such thatv(c) D a. So ' W p�1�OL 
 F N ! OL 
 N is defined
by p�1�
 f (a) 7! �
 c, where pcD f Æ v(c) D f (a). Let w0 D w00 Æ ( f 0)�1. Thenw0 W OL 
 N C p�1�OL 
 F N ! P(30(OL ))=�OL [[x]]0 is written byw0 D 1
 w C
(1
 w) Æ ' [2, p. 199].
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Lemma 2.2.2. For 1
 e1C � p�1� 
 e2 2 OL 
 N C p�1�OL 
 F N,

w0(1
 e1C � p�1� 
 e2) D 1
 w(e1)C �� 
 p�1Fw(e1).

Proof. Fore1 2 N, there existsc 2 N mod kerV such thatv(c) D e1, so pcD
f (e1). Sincew is an isomorphism ofZp[F, V ]-modules, pw(c) D f Æ v Æ w(c) D
f Æ w(e1). Sow(c) D p�1 f Æ w(e1). Hence

w0(1
 e1C � p�1� 
 Fe1)

D (1
 w)(1
 e1)C (1
 w) Æ '(p�1�� 
 Fe1)

D (1
 w)(1
 e1)C (1
 w)(�� 
 c)

D 1
 w(e1)C �� 
 w(c)

D 1
 w(e1)C �� 
 p�1Fw(e1).

When M D M, f is injective. We putM0 D OL 
 M, M 0
0 D �OL 
 M, M 00

1 D
OL 
 F M and M1 D p�1�OL 
 F M . Then f 0 W MOL ' M0� M1=hM 0

0, M 00
1 i.

Lemma 2.2.3. MOL 'M.

Proof. SinceM0 � M1=M0 \ M1 D M0 C M1 DM, we must showM0 \ M1 DhM 0
0, M 00

1 i. Because

M0 \ M1 D OL 
 M \ p�1�OL 
 F M

D h1
 e1, 1
 e2i \ hp�1� 
 e2, � 
 e1i
D h� 
 e1, 1
 e2i

and

hM 0
0, M 00

1 i D h�OL 
 M, OL 
 F Mi
D h� 
 e1, � 
 e2, 1
 e2, p
 e1i
D h� 
 e1, 1
 e2i,

M0 \ M1 D hM 0
0, M 00

1 i.
For the formal group OE over OL , we define

MHOL ( OE) D { f 2 P(30(OL )) j f (x)C f (y) � f ( OE(x, y)) 2 �OL [[x, y]]0}

and

M HOL ( OE) DMHOL ( OE)=�OL [[x]]0.
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By [2, IV, Proposition 4.1], theOL -isomorphismw00 W NOL ! P(30(OL )=�OL [[x]]0

induces theOL -isomorphismw00 W MOL ' M HOL ( OE). We define

LHOL ( OE) D { f 2 P(30(OL )) j f (x)C f (y) � f ( OE(x, y)) D 0}

and

� 0 W LHOL ( OE)
inclusion�����!MHOL ( OE)

mod�OL [[x]]0���������! M HOL ( OE) ' MOL 'M.

ThenLHOL ( OE)=�LHOL ( OE) ' MOL=p�1� 
 F M as Fp-vector space by [2, IV, Prop-
osition 4.2].

Lemma 2.2.4. Let LD � 0(LHOL ( OE)) and lD 1
e1C� p�1�
e2 be a generator
of L D L(�), then log OE(x) D uw0(l ), where u2 O�

L .

Proof. LHOL ( OE)=�LHOL ( OE) ' M=p�1� 
 F M ' L=�L as Fp-vector space.
So logOE(x) D u2w0(l ) C �a00w0(l ), where u2 2 O�

L and a00 2 OL . Put u D u2 C �a00,
log OE(x) D uw0(l ).

Lemma 2.2.5. If vL (cp) < e, then the value ofvL (cp) does not depend on the
choice of a minimal model E=OL .

Proof. PutRD OL=(�e). Then we have an isogeny[ p](x) D [ p](x) mod (�e) DNpxC � � � C Ncpxp C � � � over R. Since R is a ring of characteristicp, there exists an

integerh such that[ p](x) is a power series ofxph
[6, Lemma 2.1.1, Lemma 2.1.2]. IfvL (cp) < e, thenh must be 1. So[ p](x)D NcpxpC� � � . Hence we havevL (c j ) > vL (cp)

for j D 2, : : : , p� 1. Let E1=OL be the other minimal model ofE over OL and OE1

be a formal group overOL associated toE1=OL . Then there exists an isomorphism W OE ! OE1 written by  (x) D x(b0 C b1x C � � � ), where b0 2 O�
L and b1, b2, : : : 2

OL . Put x0 D  (x) then �1 is written by �1(x0) D x0(b00C b01x0 C � � � ), whereb00 2
O�

L and b01, b02, : : : 2 OL . Hence the coefficient ofx0 p of [ p](x0) D  ([ p]( �1(x0))) is
cpb00pb0C higher valuation terms. So its valuation is equal tovL (cp).

Proposition 2.2.1. We have

log OE(x) D x C b2x2C � � � C bp�1xp�1C �bp C ��
p

�
xp C � � �

and

[ p](x) D pxC � � � C (�� C pa)xp C � � � , a 2 OL .

Therefore the valuevL (cp) does not depend on the choice of a generator e1 of Zp[F ]-
module M andvL (cp) D vL (��).
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Proof. By Lemma 2.2.4, logOE(x) D uw0(1
 e1 C � p�1� 
 e2). Let log0(x) D
x CP1

iD2 bi xi . Then by Lemma 2.2.2 and Lemma 2.1.2,

log OE(x) D uw0(1
 e1C � p�1� 
 e2)

D u{1
 w(e1)C �� 
 p�1Fw(e1)}

D u{1
 u0 log0(x)C �� 
 p�1Fu0 log0(x)}

D uu0
(

1

 

x C 1X
iD2

bi x
i

!
C �� 
 p�1

 
xp C 1X

iD2

bi x
pi

!)
.

By the definition of logOE(x), uu0 D 1. So

log OE(x) D x C � � � C bp�1xp�1C �bp C ��
p

�
xp C � � � .

Let log�1OE (x) D x C d2x2C � � � C dp�1xp�1C dpxp C � � � . Then x D log�1OE Æ log OE(x) D
x C (b2 C d2)x2 C � � � C (bp C ��=pC � � � C dp)xp C � � � . Sincebk 2 Zp for p2  k,
d2, : : : , dp�1 2 Zp and dp D ���=pC dp

0, wheredp
0 2 Zp. Hence

[ p](x) D log�1OE Æp Æ log OE(x)

D pxC � � � C pbp�1xp�1C (pbp C ��)xp C � � �
C d2{pxC � � � C pbp�1xp�1C (pbp C ��)xp C � � � }2C � � �
C dp{pxC � � � C pbp�1xp�1C (pbp C ��)xp C � � � } p C � � �

D pxC � � �
C �(pbp C ��)C p2s2C � � � C pp�1sp�1C pp

����
p
C dp

0��xp C � � � ,
wheres2, : : : , sp�1 2 Zp. So cp D �� C pa, wherea 2 OL . SincevL (cp) < e, we havevL (cp) D vL (��).

3. Proof of Theorem

Let notations and assumptions be as in §1 and §2.
Let Ke be the Galois closure ofL in NQp. Since the order of (Z=eZ)� is 1 or 2,

p� 1 mod e or p� �1 mod e. Let �e be a primitivee-th root of 1. So the cases of
Ke are as follows. IfeD 1, K1 D Qp. If eD 2, K2 D Qp(�) and Gal(K2=Qp) D h� i
(�� D ��). If eD 3, 4, 6 ande j p� 1, Ke D Qp(�) and Gal(Ke=Qp) D h� i (�� D�e�). If eD 3,4,6 ande j pC1, KeDQp2(�)DQp(� ,�e) and Gal(Ke=Qp)D h� iÌh!i
(�� D �e� , ��e D �e, !� D � , !�e D �e

�1) [10, p. 74].
Let e2 {3, 4, 6} and e j pC 1. For [�e] 2 AutFp2 ( QE), put �eDMFp2 ([�e]( p)). Then

we can take the basis (e1, e2) of M 
Zp Zp2 such that�ee1 D � "e e1 and �ee2 D ��"e e2,
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(" 2 {�1}) [10, p. 87]. Moreover using the conditionE is defined overQp, � acts on

M
Zp Zp2 rising from h� i ,! AutFp2 ( QE) and the action is preserved onL(�)
OL OKe.
Then �e1 D �ee1 D � "e e1 and �e2 D �ee1 D ��"e e2, (" 2 {�1}) [10, p. 94].

Proposition 3.1.1 ([10, Proof of Proposition 4.8]). Let � be as inLemma 2.2.4
and e2 {3, 4, 6} such that ej pC 1 and e< p� 1. Assume thatQE is supersingular.
Let j -invariant of QE be 0 ( for eD 3, 6) and 1728 (for eD 4). We choose a generator
e1 of Zp[F ]-module M and e2 D F(e1) such that�ee1 D � "e e1 and �ee2 D ��"e e2, where" 2 {�1}. Then
1) The j-invariant of E is0 if and only if � D 0 for eD 3, 6. The j-invariant of E
is 1728 if and only if � D 0 for eD 4.

2) E is defined overQp if and only if

�� 2 �Zp for " D 1,� 2 �e�3Zp for " D �1.

By the Tate algorithm [9], ife D 3 or 6 then j ( QE) D 0 and if e D 4 then
j ( QE) D 1728.

Lemma 3.1.1. If QE is supersingular, e j pC 1.

Proof. By [7, III, Theorem 10.1], ifeD3, 6 (resp.eD4), Aut QE'�6 (resp. Aut QE'�4). So Aut QE 3 �e. In order to provee j pC 1, we must show that AutQE is not defined
overFp but overFp2 if QE is supersingular.

We write QE by the equationy2 D x3C AxC B, A, B 2 Fp and the automorphism
by the form (x0, y0) 7! (u2x0, u3y0) D (x, y), whereu 2 NF p.
1) The casej D 0

In this case, QE W y2 D x3C B and u6 2 F�p . By [7, V, Example 4.4],

E1 is supersingular

� the coefficient ofxp�1 in (x3C B)(p�1)=2 is 0

� p � 2 mod 3.

If p � 2 mod 3, then (F�p )3 D F�p . So u2 2 F�p . Henceu 2 Fp2. Since 6 p� 1, u is
not contained inFp.
2) The casej D 1728

In this case, QE W y2 D x3C Ax and u4 2 Fp. By [7, V, Example 4.5],

QE is supersingular

� the coefficient ofxp�1 in (x3C Ax)(p�1)=2 is 0

� p � 3 mod 4.
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Since #(F�p2)D p2�1D (p�1)(pC1), u4D cpC1, wherec 2 Fp2. SouD c(pC1)=4 2 Fp2.

Since 4 p� 1, u is not contained inFp.

Lemma 3.1.2. If eD 3 and vp(1) D 4, then � (e1) D �ee1.
If eD 3 and vp(1) D 8, then � (e1) D ��1

e e1.
If eD 4 and vp(1) D 3, then � (e1) D �ee1.
If eD 4 and vp(1) D 9, then � (e1) D ��1

e e1.
If eD 6 and vp(1) D 2, then � (e1) D �ee1.
If eD 6 and vp(1) D 10, then � (e1) D ��1

e e1.

Proof. For a generatore1 of Zp[F ]-module M, put e2 D F(e1). Then there exists
log0(x) of type T2C p such thatw(e1) D u0 log0(x), whereu0 2 Z�p by Lemma 2.1.2.
By Lemma 2.1.1, we can choose0 such that

log0(x) D x � 1

p
xp2 C 1

p2
xp4 C � � � .

We regard (e1, e2) as the basis ofM 
 Zp2 D MFp2 ( QE(p)) D HomDF
p2

( QE(p), bCWFp2 ),

whereDFp2 D Zp2[F, V ]. And as in §2, let

w W bCWFp2 (30(Fp2))! P(30(Zp2))=p30(Zp2).

Thenw is Zp2[F ]-isomorphism. Moreover we regarde1 as the element ofL(�)
OKe.
For the parameterx, let (w Æ �e)(x) D � "e x, (" 2 {�1}). Then

w(�e(e1)) D u0�� "e x � 1

p
(� "e x)p2 C 1

p2
(� "e x)p4 C � � � �

D u0�� "e x � 1

p
� "e xp2 C 1

p2
� "e xp4 C � � � �

which by (� "e )p2 D � "e , since� pC1
e D 1

D � "e e1.

Since F(x) D xp,

w(�e(e2)) D w(�e(F(e1)))

D u0�(� "e x)p � 1

p
(� "e x)p3 C 1

p2
(� "e x)p5 C � � � �

D u0���"e xp � 1

p
��"e xp3 C 1

p2
��"e xp5 C � � � �

which by (� "e )p D ��"e , since� pC1
e D 1

D ��"e e2.
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Hencee1 satisfies the condition of Proposition 3.1.1.
Let OE=Zp be a formal group overZp associated toE=Zp. Let z be a parameter

of OE=Zp such thatx D uz, whereu 2 OL . If eD 3 andvp(1) D 4, then we can take
u D � . So

w(e1) D u0��z� 1

p
(�z)p2 C 1

p2
(�z)p4 C � � � �.

Then

� (w(e1)) D u0�� (�z) � 1

p
� ((�z)p2

)C 1

p2
� ((�z)p4

)C � � � �

D u0��e�z� 1

p
(�e�z)p2 C 1

p2
(�e�z)p4 C � � � �

D u0��e�z� 1

p
�e(�z)p2 C 1

p2
�e(�z)p4 C � � � �

D �ew(e1).

If eD 3 andvp(1) D 8, then we can takeu D �2. So � (w(e1)) D ��1
e w(e1).

If eD 4 andvp(1) D 3, then we can takeu D � . So � (w(e1)) D �ew(e1).
If eD 4 andvp(1) D 9, then we can takeu D �3. So � (w(e1)) D ��1

e w(e1).
If eD 6 andvp(1) D 2, then we can takeu D � . So � (w(e1)) D �ew(e1).
If eD 6 andvp(1) D 10, then we can takeu D �5. So � (w(e1)) D ��1

e w(e1).

Proof of Theorem. The casee 2 {3, 4, 6}. Except for the casee D 6, p D 5,
the conditione < p � 1 is hold. Assumevp( j ) � 0 and QE is supersingular. The as-
sumptions aboutj -invariant are hold ande j pC 1 is hold by Lemma 3.1.1. By Proof
of Proposition 2.2.1,cp D pbp C �� C p2s2 C � � � C pp�1sp�1 C pp(���=p C dp

0),
where bp, s2, : : : , sp�1, dp

0 2 Zp. If � D 0, then cp 2 pZp. Since vL (cp) < e, it
must becp D 0. Conversely ifcp D 0, then (1� pp�1)�� 2 pZp. So ��=p 2 Zp.

Then logOE(x) 2 Qp[[x]] by Proof of Proposition 2.2.1. SinceQE is supersingular,OE is
strongly isomorphic to0. Therefore� D 0. Hence foreD 3, 6, cp D 0 if and only
if j D 0 and for e D 4, cp D 0 if and only if j D 1728 by Proposition 3.1.1, 1).
Since E is defind overQp, by Proposition 3.1.1, 2),vL (�) � 1 mode for " D 1 andvL (�) � e� 3 mode for " D �1. For e D 3, if j ¤ 0 and vp(1) D 4, then " D 1
by Lemma 3.1.2 sovL (cp) D vL (��) D 2 sincevL (cp) < e. For eD 3, if vp(1) D 8,vL (cp)D 3�3C1D 1. For eD 4, if vp(1)D 3, vL (cp)D 1C1D 2 and if vL (1)D 9,vL (cp)D 4�3C1D 2. For eD 6, if vp(1)D 2, vL (cp)D 1C1D 2 and if vL (1)D 10,vL (cp) D 6� 3C 1D 4.

If eD 6 and p D 5, there exists a quadratic twistED which is isomorphic toE
over the quadratic extensionQ5(

p
D), that is E 3 (x1, y1) ! (x1,

p
Dy1) 2 ED. Let�m 2 NQp such that�m

m C p D 0, then
p

D D �2u, whereu is a unit of the ring of
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integers ofQ5(
p

D). Let 1D be the discriminant ofED. Then v5(1D) D v5(1) C
6 � 4 or 8 mod 12 fore D 6. HenceeD D 12=gcd(v5(1D), 12)D 3. So ED has
good reduction overL 0 D Qp(�3) which is a totally ramified extension of degree 3

over Qp. Let OED=OL 0 be the formal group overOL 0 associated toED=OL 0 and let x0
be a parameter ofOED=OL 0 . Let [p](x0) D px0 C � � � C cp

0x0 p C � � � . So if v5(1D) D
4, vL 0(cp

0) D 2 and if v5(1D) D 8, vL 0(cp
0) D 1. For the parameterz D �x1=y1 ofOE=Zp, we take the parameterz0 D �x1=(�2y1) of OED=Zp. We choose the minimal

model ED=OL such thatx0 D (�3
2=�2)zD �6z, so x D �6zD x0. Hence we can take

cp
0 D cp. Therefore ifv5(1) D 2, vL (cp) D 2 and if v5(1D) D 10, vL (cp) D 4.

The caseeD2. For� 2Gal(Ke=Qp), �e1D�e1, �e2D�e2 and��D�� [10, p. 78].
By the similar argument of the proof of [10, Proposition 4.8], � acts toL(�). So

� (l ) D (�1)
 e1C � (�)
��
p

(�1)
 e2.

SinceL(�) is OL -module of rank 1,

� (l ) D (�1)

�
1
 e1C � �

p

 e2

�
.

Hence� (�) D ��. So � (��) D �� , that is�� 2 Zp. If � ¤ 0, vL (cp) D 0 by Prop-

osition 2.2.1. Since QE is supersingular, ht([p]) D 2. This is a contradiction. Hence� D 0. Thereforecp D 0 sincevL (cp) < 2.

4. The isogenies of degreep over Qp

Let notations and assumptions be as in previous sections.

4.1. Leading coefficients of isogenies of degreep. Assume that there exist an
elliptic curve E0 over Qp and an isogeny� W E ! E0 of degreep over Qp. Since E

and E0 are isogenous,E0 has good reduction overL. Let OE0 be a formal group over
OL associated toE0=OL . Then we can construct an isogenyO�L W OE ! OE0 of height 1
over OL . Let O�L (z) D a1zC a2z2C � � � and putt D vL (a1).

Lemma 4.1.1. If there exists an isogenyO�L W OE! OE0 of height1 over OL and if
e< p, then vL (cp) D e� t < e.

Proof. Let O�L W OE=OL ! OE0=OL be an isogeny of height 1 overOL . Then there

exists LO�L W OE0=OL ! OE=OL such thatLO�L Æ O�L D [ p]. Let O�L (x) D a1x C a2x2 C � � � C
apxpC� � � and LO�L (x)D a01xCa02x2C� � �Ca0pxpC� � �. ThenvL (ai )> 0 for i D 1,:::, p�
1, vL (ap) D 0 anda1 j a j for j D 2, : : : , p� 1 [6, Lemma 2.1.2]. SimilarlyvL (a0i ) > 0
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for i D 1, : : : , p� 1, vL (a0p) D 0 anda01 j a0j for j D 2, : : : , p� 1 [6, Lemma 2.1.2].

[ p](x)

D LO�L Æ O�L

D a01(a1x C � � � C apxp C � � � )C a02(a1x C � � � )2C � � � C a0p(a1x C � � � )p C � � �
D a01a1x C �a01a2C a02a2

1

�
x2C � � � C

 X
kD1,:::, p

a0k X
i1C���CikDp

ai1ai2 � � � aik

!
xp C � � � .

Put vL (a1) D t . Since vL (a01a1) D vL (p) D e, vL (a01) D e� t . Since a01 j a0j for

j D 2, : : : , p� 1, vL (cp) D min{vL (a01ap), vL (a0pap
1 )} if vL (a01ap) ¤ vL (a0pap

1 ). If e< p,vL (a01ap) D vL (a01) < e< p � pvL (a1) D vL (a0pap
1 ). HencevL (cp) D e� t < e.

Proof of Corollary. By Lemma 4.1.1, ifcp D 0, OE does not have an isogeny of
degreep over OL and if cp ¤ 0, vL (cp) < e. Therefore we can substitute the value ofvL (cp) in Theorem fort D e� vL (cp).

4.2. Examples. We consider an elliptic curveE defined overQ satisfying the
following conditions:
(i) There exist an elliptic curveE0 and an isogeny� W E ! E0 of degreep defined
overQ.
(ii) The curvesE and E0 have potentially supersingular reduction atp.

We can find the following examples of such elliptic curves in the table of [1].
We regard� as an isogeny overQp by the inclusionQ to Qp. By Corollary, we can
determine the value oft for each� and the dual isogenyL� of �.

We use the next notation in examples. LetN be the conductor ofE, then E0
has the same conductor [7, VII, 7.2]. The notation ‘CM’ implies that E has complex
multiplication and ‘non-CM’ implies thatE does not have complex multiplication. For
E0, denote the discriminant by10 and e0 D 12=gcd(vp(10), 12). We definet 0 for L� by
the same method ast for �.

EXAMPLE 4.2.1. For p D 5 and N D 50D 2 � 52,

E W y2C xyC y D x3 � x � 2

satisfies the conditions (i), (ii) and we havevp(�) D 4, eD 3 and non-CM. Then

E0 W y2C xyC y D x3 � 76x C 298

and we havevp(�0) D 8, e0 D 3 and non-CM. There exists 5-isogeny� W E! E0 overQ. By Corollary, we havet D 1. The dual isogenyL� W E0 ! E is 5-isogeny overQ.
By Corollary, we havet 0 D 2.
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EXAMPLE 4.2.2. For p D 7 and N D 49D 72,

E W y2C xyD x3 � x2 � 2x � 1

satisfies the conditions (i), (ii) and we havevp(�) D 3, eD 4 and CM. Then

E0 W y2C xyD x3 � x2 � 107x C 552

and we havevp(�0) D 9, e0 D 4 and CM. There exists 7-isogeny� W E ! E0 over Q.
By Corollary, we havet D 2. The dual isogenyL� W E0 ! E is 7-isogeny overQ. By
Corollary, we havet 0 D 2.

EXAMPLE 4.2.3. For p D 11 andN D 121D 112,

E W y2C xyD x3C x2 � 2x � 7

satisfies the conditions (i), (ii) and we havevp(�) D 4, eD 3 and non-CM. Then

E0 W y2C xyD x3C x2 � 3632x C 82757

and we havevp(�0)D 8, e0 D 3 and non-CM. There exists 11-isogeny� W E! E0 overQ. By Corollary, we havet D 1. The dual isogenyL� W E0 ! E is 11-isogeny overQ.
By Corollary, we havet 0 D 2.

EXAMPLE 4.2.4. For p D 11 andN D 121D 112,

E W y2C y D x3 � x2 � 7x � 10

satisfies the conditions (i), (ii) and we havevp(�) D 3, eD 4 and CM. Then

E0 W y2C y D x3 � x2 � 7x � 10143

and we havevp(�0) D 9, e0 D 4 and non-CM. There exists 11-isogeny� W E! E0 overQ. By Corollary, we havet D 2. The dual isogenyL� W E0 ! E is 11-isogeny overQ.
By Corollary, we havet 0 D 2.

EXAMPLE 4.2.5. For p D 17 andN D 14450D 2 � 52 � 172,

E W y2C xyC y D x3 � 3041x C 64278

satisfies the conditions (i), (ii) and we havevp(�) D 4, eD 3 and non-CM. Then

E0 W y2C xyC y D x3 � 190891x � 36002922
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and we havevp(�0)D 8, e0 D 3 and non-CM. There exists 17-isogeny� W E! E0 overQ. By Corollary, we havet D 1. The dual isogenyL� W E0 ! E is 17-isogeny overQ.
By Corollary, we havet 0 D 2.

EXAMPLE 4.2.6. For p D 19 andN D 361D 192,

E W y2C y D x3 � 38x C 90

satisfies the conditions (i), (ii) and we havevp(�) D 3, eD 4 and CM. Then

E0 W y2C y D x3 � 13718x � 619025

and we havevp(�0) D 9, e0 D 4 and CM. There exists 19-isogeny� W E! E0 overQ.
By Corollary, we havet D 2. The dual isogenyL� W E0 ! E is 19-isogeny overQ. By
Corollary, we havet 0 D 2.

Remark that Example 4.2.1 has been already known in [6, Example 5.2.1] by cal-
culating the generator of ker�. And if E has complex multiplication,t D e=2. So
Example 4.2.2, 4.2.4, 4.2.6 have already known. We can determine the value oft in
Example 4.2.3 and 4.2.5 for the first time by using our Corollary.
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