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0. Introduction

In the present paper we show a commutator estimate of pseudo-differential operators
in the framework of L2(R™). As an application we give a sharp form of Garding’s in-
equality for sesqui-linear forms with coeffiencients in B2. There has been similar kinds
of commutator estimates. In [5], Kumano-go and Nagase obtain a result on commutator
estimates and used it to show a sharp form of Garding’s inequality for sesqui-linear form
defined by elliptic differential operators of the form

Blu,v] = Z (aap(z)D2u, DPv)
la|<m,|B|<m

where the coefficients a,s(x) are B?(R™) functions.
In [3], Koshiba shows a sharp form of Gérding’s inequality for the form

Blu,v] = (p(X, Dz)u,v)

where the symbol p(z, £) of the operator p(X, D,) is B? smooth in space variable = and
homogeneous in covariable &, and used the sharp form of Garding’s inequality to the study
of the stability of difference schemes for hyperbolic initial problems. On the other hand in
[2], N. Jacob shows Garding’s inequality for the form

Bluol= Y. [ @ @QDM@ADN @)

1,7=1

where P;(D) and Q;(D) are pseudo-differential operators, and a; j(x) are non-smooth
functions. The symbol class of the present paper is similar to the one in [2].

In section 1, as a preliminary we give definitions and fundamental facts of pseudo-
differential operators. In section 2 we treat commutator estimates and give the main the-
orem relative to the commutator estimate. Finally in section 3 we give the sharp form of
Gérding’s inequalities for our class of operators.
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1. Preliminaries
Leta = (ay, ..., an) and 8 = (i, ..., 3 ) be multi-integers. We denote
la| =a;+...+a,

We denote n-dimensional partial differential operators by

0 2y ad Do=lto =L 0 .. 2,

862(8_51"“’55 i i 0z, Oxp,

Then for a function f(z, £), we denote
0 D" f(x,€) = £(5) (,€)
and
0¢D." Do f(z,€,2') = {5y, (@, &, 2)

for a function f(x,&,z’). We denote by BF = BF(R™) the set of k-times continuously
differentiable functions on R™ which are bounded with all upto k-th derivatives. We denote
by C§°(R™) the set of C°°-smooth functions with compact support. Moreover S denotes
the Schwartz space of rapidly decreasing functions on R"™. Let A be a real valued smooth
function on R” satisfying

O A =1
() A < Ca(e)
for any c. Then we say that the function A(£) is a basic weight function(see [5]).

Let A(£) be a basic weight function. Then we say that a function p(z, £, z’) on R™ x
R™ x R™ belongs to 577 5 if

18 (@,€,2)]| < Ca g ME) P12 01840
for any multi-integers o, (3 and §'. For any p(z,&,2') in S} |, we define the pseudo-
differential operator p(X, D, X') by

(X, Dy, X' u e @=2Vep(z € o' u(z')dz' dE

for any u in S. In the present paper the integrations / are taken on R™. In particular if

p(z,&,2') € Sy  is independent in 2, that is, p(x, ) € S} 5, the operator p(X, D) is
defined, as usual by

P(X. DoJula) = G [ e pla, )it de
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where 4(£) denotes the Fourier transform of u(x), that is,
w(€) = /e‘”l'éu(x')d:c'
For any functions f(z) and g(z) on R", we define the inner product of L?(R") by

(fr9) = / f(2)g@)dz

and denote the usual L? norm of function f(x) by

171l = { [ 17(@)Pdoy

For any real number s and u € S, we define the norm ||u||s,» by

s 1
lullos = { [ (D) u(w)Pdo}
~ (e [ N©rale) ey
- (@m)n
In particular if s = 0, the norm || - ||s, coincides with usual L2 norm || - ||.
The space H; ) is defined by the completion of the space S by the norm || - |5 x. It is

not difficult to see that the space H; » is a Hilbert space.
Let s and m be real numbers. For a symbol p(z, §,z’) in S}’ , we have

lp(X, Dg, X )ullsx < Cllul]sm,a
for any u in S (see [5]).

2. Estimates of commutators

Let us consider commutators of pseudo-differential operators in L?(R™). The esti-
mates is essential for the proof of sharp Garding’s inequality. However the estimates itself
are interesting subject.

Let 0 < § < 1 and A\(£) be a basic weight function and ¢(x) be an even function in

C§° (R™) satisfying / ¢(x)dx = 1. For a function b(z) on R", we define

bz, &) = / $(2)b(z — A(€)~2)dz

Then in [5], the following approximation theorem is shown.
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Lemma 2.1. Ifb(z) is a bounded function, then b(z, £) belongs to S1 S
() If b() is a function in B! , then b(a) (z,&) belongs to S1, safor |a| < 1and we
have

I{b(X) — b(X, D) }ul| < Cllul| -5
foranyuinS.

(ii) If b(z) is a function in B2, then 5(0)(:10, €) belongs 10 S? ; , for |a| < 2 and we
have

I{b(X) = (X, Dz)}ull < Cllul|-26x
foranyuinS.
From Lemma 2.1 we can prove the following lemma 2.2.
Lemma 2.2. (i) Ifb(z) is in B, then we have
[1{b(X) = b(X, Dz)}ulls,x < Cllull

forany uin S.
(i) If b(x) is a B2, then we have

I{B(X) — b(X, Dq)}ull2,1 < C|lull
forany uinS.

Proof. We prove (i), and (ii) can be shown in a similar way.
For any u and v in S, we have

({6(X) = b(X, Da)}u,v) = (u, {b(X) — b(Da, X')}v)

where b(¢,z') = b(x',€). Then by using the asymptotic expansion formula of pseudo-
differential operators (see, for example [4]), we have

b(Dg, X') = b(X, D;) + b1(X, D)

where

N
-3 z K@)+ Ru(w,) and Ru(z,8) € ST
i=1|a|=j
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Since b(z) € B, we can see by Lemma 2.1 (i) that
bo)(z,8) € ST 117 forla] £ 0
Hence taking N sufficiently large we can see
bi(z,€) € S5
Using Lemma 2.1 (i) and the boundedness of pseudo-differential operators we have

1{B(X) = b(Da, X")}ol| < CII{b(X) = b(X, Da)}ol| + |[b1 (X, Da)vl]
< Clfo]l-s,x

Therefore by Schwarz inequality and duality argument of the spaces H, », we have the
estimate.

0

In order to show the main estimate in this section, the following theorem plays an
essential role.

Theorem 2.3.  Let b(x) be a function in B2, andlet 0 < & < 1. For a basic weight
function \(€) we define a symbol b(z, £) by

bz, 6) = [ 6(2)b(o — N©) )iz
where ¢(z) is an even function in S with / ¢(z)dz = 1. Then for any s € [0, 28] we have

I{B(X) = b(X, Do) }ulls,x < Cllulls—251
forany uin S.

Proof. For the proof, we use the three line theorem in complex analysis.
Let u and v be functions in S and we consider the complex function

f(2) = (M(D2)?O2{b(X) ~ b(X, D)M(Dz)***u, v)

Since v and v are in S and A\(£) > 1, it is clear that the function f(z) is holomorphic in

the complex z = o + iT-plane C. Since the symbol A(§)* is in Sﬁgf/\, independent of

and |A(£)'| = 1, we can see from the Lemma 2.1 and 2.2 that

|£(7)] < [IM(D2)**{b(X) = b(X, D2)}A(Da)**Tul| [[v]] < Cllul| [|v]]
(1 +7)| < {b(X) = b(X, Do) IM(D2)* 7| [[o]| < Clful [[o]|
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Hence from the three line theorem (see [7]), we have
[f(o)| < Cllul| [v]]

for0 <o < 1. Takingo =1 — 25 we have

[(A(D2)*{b(X) = b(X, D) }A(Dz) ~* 2w, v)| < Cllull [Ju]]

for any u and v in S. Hence using the usual duality argument, we can get the inequality.

0

Theorem 2.3 implies the following estimate.

Theorem 2.4. Let b(x) be a function in B? and let a(€) in S5,  with0 < 5 < 1.
Then we have

2.1 llla(Dg), b(X)]ullox < Cllulls—1,x

foranyuinS.

Proof. We take an even function ¢(z) in C§°(R"™) such that / ¢(z)dz = 1. For
b(z) we define a symbol b(x, ) by

b(z,€) = [ o(2)b(o — AQ) )z
for s < § = 112(< 1). We write

[a(Ds), b(X)Ju = a(Dz){b(X) — b(X, Dz)}u(e)
+ a(Dg)b(X, Dy)u(x) — b(X, D;)a(Dy)u(x)
+{b(X) — b(X, Ds)}a(Dq)u(z)

Since a(§) € S7 ; 5, we can see that the first term can be estimated by

lla(D2){b(X) = b(X, Do) }u(z)|lox < C||A(Da)*{b(X) = b(X, Dz)}u(z)|lo,»

and therefore by Theorem 2.3 we have

lla(D2){b(X) = b(X, Da)}u(@)llo < Cllulls-z2s,x

(2.2)
< Cllulls-1,2
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The third term is estimated by Lemma 2.1(ii) and we have

I{b(X) — b(X, Ds)}a(Dz)u()|| < Clla(Dz)ul|-26,x
< Clla(Dz)ulls—1,x

(2.3)

The second term is estimated by the usual asymptotic expansion formula for pseudo-
differential operators (see [4]), that is, we have

a(Dg)b(X, Dy) = b (X, Dy)

and
br(@,€) ~ b(z,&)a(€) + _Z bi(x,€)
bi(@,6) = 3 b, €a(E)

|| =3

Since the symbols 5(a)(x, £) belong to S7 5 , for |a| < 2, we can see that by (z, €) € Sf,‘é,l)‘
and b;(z,&) € Sls,_d”;(j_z)é for j > 2. Hence we can write

a(Dz)b(X, Do)u — b(X, Dy)a(Dg)u = By (X, Dg)u
where B (z, ) belongs to S5 5 Therefore we have

lIla(Da)b(X, Dz) — b(X, Dz)a(Dz)lu(z)|| < [|B1(X, Da)ull
< Cllu(@)l|s—1,x

24

From the estimates (2.2), (2.3) and (2.4), we have the estimate (2.1).
O

In particular we have

Corollary 2.5. Let b(z) be a function in B? and let a(§) be in SE o.x- Then we have

lla(Dz), b(X)]ullox < Cllull 1,5

2

foranyuinS.

REMARK 1. We note that if the basic weight function A(¢) =< £ >= (1 + [¢?)?,
we can get more general results for LP(R™) (1 < p < co) than the ones in this section.
Because in case of < £ >, we can use the kernel representations of the operators(see [5]).
We can see sharper results in [1] than in [5] in the case A(§) =< & >.
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3. A sharp form of Garding’s inequality

Let us begin with the following inequality, which we can say a sharp form of Gard-
ing’s inequality.

Theorem 3.1. Let § < 1. We assume that a symbol p(z,§) in ST's \ satisfies that
p(p)(x,&) are in ST's , for |8 < 2 and

Rep(z,§) 20
for some constant cy. Then we have
Re (p(X, Da)u, w) > ~Cllulft
forany uinS.
For the proof of this theorem 3.1 we use the following lemma

Lemma 3.2. (see [5]) Let 7 be a real number. Let 1)(x) be a infinitely smooth
function on R™, and let \(§) bea basic weight function. Then for any a we have

A @)} = Y ara©{NE 2} I (ANE) @)

lo’|<|e
where ¢ (&) belong to S;lla(,) for all o/ with |a'| < |a.
Proof of Theorem 3.1.  First we note that we can assume that the symbol p(z, §) be

real-valued. In fact, if a real-valued symbol r(z, §) € ST’ , satisfies the same assumption
of p(z, £) in Theorem 3.1, then we have

Re(ir(X, Dy )u, u) = %Im({r(X, D) — (X, D,)}u, )

Since the symbol r(z, £) is real-valued, by using the expansion formula for the symbol of
the formal adjoint operator 7*(X, D;) we have

Therefore using the assumption we have

r(x,{)—r*(x,{) ( €) 15)\
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From this relation we have

IRe(ir(X, D,)u, u)| = %|Im({r(X, D,) — (X, Da)}u, u)|
= SI(R(X, DaJu, )

< ClIUHm L)

Now we assume that the symbol p(z, ) is real and non-negative. We take an even and

real-valued function ¥ () in S such that / ¥(z)%dz = 1 and we put

oz, 6,2 /w €}z — 2)PAE) ' — 2)p(z )dzA(E)?

Then using the lemma 3.2 we can see that pg(z, £, 2’) is in S1 1 and changing the order
of integrations we have

Re(pg(X, Dz, X Yw, w) >0
for any w € S(see [6]). Moreover by using the formula of simplified symbols in [4] for the

operator with double symbols we can see that the operator pg (X, D, X') can be written
asymptotically as

pa(X, Dz, X') ~ Y p;(X, Dz)
7=0

where p;(z,§) is in S1 1A for any j and has the form

l (a
pj(xag) = Z |p(G )(a)(x,ﬁ,z)

|a|=3

In particular, po(x, &) can be written as

po(z,§) = pc(z,§, T)
=X© [ WO @ - 2)Ppl i
=X©* [ 0O 20l - 2 0)d:
= [ ol = Az 0z
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By using the Taylor expansion for the second expression, we have

p(z - 2,6) =p(@,&) + Y ip(g)(2,6)2” + Ry(z,,€)
|8]=1

where the remainder term Rz (2, x, &) is
Ry(z,2,€) = M; ﬁ'/ (1 —1)2°pgy(z — tz,€)dt
2

Since 1(z) is an even function we see that

/MMQ%Vf&=0

for | 8| = 1. Therefore we have

1 1

=M@ [UO© (e Oz + MO [BN©1 Ral,2,0) dz

=p(z,€) + \(¢)? (1 —1t) [ PYE)22)pg)( — t2,€) dz
YR
= p(z,§) + r2(x, &)

From the assumption of the symbol p(z, &), the symbols p(g)(z — tz, ) belong to ST ;
for | 3| = 2. Hence using Lemma 3.2, we can see that

ra(z, &) = (1 —t)- [ 2PP(NE)22)pg)(z — t2,€) dz
2 MQﬂu/ /

isin SA 1, ; Thus we can write

po(iE, 5) = p(IL', 6) + T'Q(.’L', é)

with symbol r3(z, §) in SY'; I
Similarly for |a| = 1, since

1

Pl (:6:2) = 2O [ W10 oz —2.de)
we can see that

Pf:?)(a)(wf,x) = Og{\( €)¢/¢ % (O‘)()\( )%z){p(a:,f)+R1(z,x,§)}dz}
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where the remainder term R, (z, z, £) is

Ri(z,x,£) = Z / (1—1)2P Ps)(x —tz,&)dt

|8l=1
Since /w(z)w("‘)(z)dz = 0 for |a| = 1, we can see that

1

Py (@, €,0) =OF{N(E)F /w )22)p @ (A\(E)22)Ry (2, 2, €) d)

=> i / (1—t)dt

|B]=1
x 02 {\(€)"F / PO} )@ AE) 2)Ppiay (@ — t2,€) d)

for |o|] = 1. In a similar way to the estimate of Ry(z,z,&), we can see from Lemma
3.2 and the assumption of the symbol p(x, £) that p; o(x,§) = pg')(a) (z,&, z) belongs to

S s for |a| = 1. Therefore we can see that

p1(z,§) ESAM

Thus we can write
p(;(X, Dy, X/) = P(X, Dz) + R(X, Dx) + Q(Xv D:r)

where Q(z,&) € SAI& and R(z,&) € S/\1 3

and the algebra of pseudo-differential operators with symbols in UmerSY 5 for any &
with 0 < § < 1, we can see that

(QX, Dg)u, u)| < |Q(X, De)ul zmar ) |lullms y < Cllul|ma )\2
(R(X, DzYu, u)| < [|R(X, Da)ull st slul|mzs < Olfullmzr \

Now from the L2-boundedness theorems

Therefore we have

Re(p(X,Dz)u, u)
= Re(pg(X, Dz, X')u, u) — Re(R(X, Dg)u, u) — Re(Q(X, Dg)u, u)
> —|(Q(X, Dz)u, u)| — |(R(X, Dz)u, u)|
—Cllul|mr 52

O

If a function \(£) is a basic weight function, then we can see that for 0 < p < 1 the
fractional power A\(£)” is also a basic weight function. Using this fact and Theorem 3.1 we
have
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Corollary 3.3. Let 0 < § < p < 1. We assume that a symbol p(z,§) in S}'s
satisfies that p(s)(z, §) are in S} | for |B| < 2 and

Rep(z,£) 20
Then we have
Re (p(X, Do), u) > —Cllulfn_s
for anyuinS.
Proof. Since A(£)” is a basic weight function, we see that

Spn =Sy

P59, lv%)Ap

Hence we can see that the symbol p(z, £) in Corollary satisfies the assumptions of the one

in Theorem 3.1 as the class of symbols in S.* Therefore we see that

1,2,a¢°
Re (p(X7 Dz)ua U) > _C”u”?"‘—l)/Z,\P
_CHUHM A

O

REMARK 2. Let0 < p < 1. Then we can show a similar sharp form of Garding’s
inequality to Theorem 3.1, under the assumption that the symbol p(z, £) belongs to FSY
and p(g)(z, €) belongs to S}, , for any 3 with [3| < 2, by using the similar approximation
pc(z, &, z') defined by

(2,6, 2" / POE)E (@ — 2))BE)E (' — 2)p(z )deA(©)F

and L2-boundedness theorem(Theorem of Calderon and Vaillancourt, see [4]) of operators

with symbols in S° oA

Now using the commutator estimates in section 2 we can show the following sharp
form of Garding’s inequality.

Theorem 3.4. Let a;(§) and c;(€) be in ST, , and let bj(z) be B? functions for
3 =1,...,N. We assume that

N
Re | a;(€)bj(w)e;(§) 2 0
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Then there exists a positive constant C such that
Re Z(b )aj(Da)u, ¢j(Dz)u) > =Cllull7,_,

foranyu € S.

Proof. We set d;(£) = A(€)"™"2a;(€) and &(€) = A(€)~™"2¢;(£). From the
1
assumption we see that @;(£) and &;(€) are in S7, . So writing

N N
3 (05(X)a5 (Da)u, c5(Da)u) = 3 (5;(X)d; (D) MDa)™ Fu, &(Dp)A(Da)™ Hu)
j=1

j=1
we put
N
Z(b Ju, ¢;(Da)u) =y (5;(X)&(Da)d;(Dz)v, v)
j=1
N
+Z([C](D$)7bj(x)]aJ(D v, v)
j=1
(3.1 =1+1I

1
where v = A(D,)™ 2w . Since a;(§) and ¢;(&) are in S? ,, using the commutator
estimate in Corollary 2.5 we can see that

1[¢3 (D), b;(X)]d;(Da)v]| < Cllol| = Cllulln—1

Hence the second term II of (3.1) can be estimated by
N
. 2
11| < Z ([¢;(D2), b;(X)]a;(Dz)v, v)| < Cllully,—g »

Now we consider the operator

with symbol
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For the symbol p(z, £) we define a new symbol p(z, £) by
#0,6) = [ $wple - XA,y
— [0} @ - »pln, 9O

where ¢(z) is a non-negative function in C§°(R™) with | ¢(z)dz = 1. Then by Lemma

1

2.1 (ii) we can see that the symbol (z, £) belongs to S 1 |, P(g)(z, §) belongs to Si 1
12 IR

for any || < 2 and satisfies
1{p(X, D2) - 5(X, Da)}ol] < iln{bjm ~ 5,(X, D2)}6 (D2)d; (Da o
where ]
b5(2,6) = [ owbi(e — MO Hu)dy
Then by Lemma 2.1 (ii) we have
15(X) — 55X, Do)}l < Cllwl| 1,5

for any w € S and therefore we have

N

I{p(X, Dz)) = B(X, Dz)}o|| < C' Y 1&;(Dz); (De)vl|-1,1
j=1
(32) < Cl||
Moreover p(z, £) satisfies
Re p(z,£) > 0

Thus the symbol p(z, &) satisfies the assumption in the Theorem 3.1 with m = 1 and
& = . Therefore we have

Re (B(X, Dz)v, v) > —Cllully,»?

From (3.1) we see

N
Re ) (b;(X)a;(Dz)u, c;(Dz)u) = Re{I + IT}

j=1
= Re(p(X, Dg)v,v) + Re({p(X, D) — Re(p(X, D) }v,v) + 11
> —||{p(X, Dz) — Re(p(X, D) }vl| - [|v]| — |I1]
> —C|Jv?
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Hence we have the theorem.
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