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1. Introduction.

Rao has firstly introduced the Riemannian structure associated with the Fisher
information matrix over a finite dimensional parametrized statistical model. He
proposed the Riemannian distance as a measure of dissimilality between two
probability measures. (cf. [2], for example) In [1], Amari introduced a pair of
dual affine connections with respect to the metric and discussed of the differential
geometry of the space of a finite dimensional parametrized statistical model. It
provides a differential geometrical meaning to statistical inference.

In the present paper, we realize the above idea for a family of equivalent
(i.e.,mutually absolute continuous) Gaussian measures on a Banach space. Our
main result is as follows.

Let B be a real separable Banach space and P be a centered gaussian measure
on B, the topological dual of B (cf. [6]). The covariance of P naturally determines
the Hilbert space H. i.e., for arbitrary x; and x,e B, let

C"(x1,x2)=f x4, E<xo, HP(AC)

be the covariance operator of P where {-,-) denotes the natural pairing between
B and B'. The completion of (B, C(-,)) is a separable Hilbert space. We denote
it by (H,(,’)). The space B is continuously embedded in H, so the following
relation is satisfied

Bc H~H c B.
- —

Let us denote

11 O, ={A4€eL},(H); (I+A) is positive definite}
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where L{,(H) is the totality of symmetric Hilbert-Schmidt operators on H. It is
a well-known fact that a Gaussian measure Q which is equivalent to P has a
mean vector be H, i.e.,

f {x, E>Q(dE)=(x,b)y for all xeB
»
and has a covariance operator (I+A4)~! with 4e®,, ie.,
CQ(xl,x2)=J <X1,é><x2,§>Q(df)=((I+A)_1x1ax2)n
.

for all x,,x,eB. Let
(12) =0, xH

and denote the above Q by P, with 0:=(A4,b)e®. The totality of Gaussian
measures on B’ which are equivalent to P, say S, is parametrized by O, i.e.,

(1.3) S={Pg,;0e0}.

Since we obtain the explicit formula for Radon-Nikodym derivative dP,/dP for
arbitrary e ®, we can introduce the Fisher information at 6e®. Let

(1.4) # =L, (HxH

and call the following symmetric and nonnegative definite bilinear form on 5# the
Fisher information on S at e ®

G,[u,v]=E,[D(O)DO)]  with 1(0)=1ogd£4".

Here, u, ve 5#, E,[-] denotes the expectation with respect to P, and D./(f) denotes
the Frechét derivative of /0) which will be defined in Section 4. In our case,
because %,[-,] is strictly positive definite, it can be interpreted as a Riemennian
metric on S. First, we establish the following:

Theorem 1. The set S is a Hilbert- Riemannian manifold with a global chart
D:030—>DO)=PyeS

and with the Riemannian metric

(1.5) Golu,v]=(I+ A)uz, v5)u +%T T+A)TUU+ATY)
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at 0=(A4,b)e® and for u=(U,,u,), v=(V,,v,)€H# under the identification between
the Hilbert space # and the tangent space T,S.

ReMARK: The Fisher information is exactly the hessian of H(P|P,), the relative
entropy of P with respect to P,. In fact,

1 1
(1.6) H(PIPy)= = I+ A4)" i}~ — log dety(I+A),

Next, for e R and u, v and we s, we will set
(a) 1—
olw; V] = ELDJOXD3AE) +— =D, J0)DIO)]

and, with this trilinear form on J#, we will define a 1-parameter family of affine
connections on S. We obtain the following:

Theorem 2. (i) ForaeR,0e® andu=(U,,u,),v=V,,v,)andw=(W,w,)eH,
(@)
(1.7) LColw;u, vl=(Uyv, + Viuy, wo)y

1—a
- “2—(( Viwa, ua)g + (Wi, vo)g + (U va,ws)y)

—-1_;‘5 T+ A) LU+ A~V (I+ 4)~ W),

(@)
The corresponding affine connection on S, say V, is torsion free and satisfies

(1.8) ZE X, Y)=F4[V.X, Y]+ EX, V Y]

for any vector fields X, Y and Z on © under the identification of S and ©. So,
(—a) (@) 0)
V is called the dual connection of V with respect to the metric. Especially, V is

the Levi-Civita connection.
1) (-1
(i) V and V are flat connections on S. In fact, for 0=(A,b)e ©, set

(1.9) 0=019)=(0,(0), (72(0))=(—%A,(1+A)b)

(1.10) and n=n(0)=(1,(0), n,(0))=((I+A)~" +bRb,b).



74 J. SEKINE

(1) (-1
Then, (1.9) is a V-flat, (1.10) is a V flat coordinate, respectively.

ReMark: (i) For 6, 8 €©, let us denote

~

0=000), 0=00) n=n0O) and n'=n@).

ey _ -
Then, from the assertion (ii), the V-geodesic between § and ¢ is given by

(1—0nf+10  (0<t<))

(-1
and the V -geodesic between # and #’ is given by

(I—0n+ty 0<t<),

respectively.

(ii) Theorem 2 is the extension of the results in finite dimensional statistical
model cases. Especially, the assertion (i) is the analogy of finite dimensional
exponential families cases (cf. Section 2 or [1]), since our Gaussian family can be
interpreted as “an infinite dimensinal exponential family”.

The Gaussian family on a finite dimensional space R? has non-positive sectional
curvatures with respect to the Levi-Civita connection. Analogous result is obtained
in our infinite dimensional case.

Theorem 3. The Riemann-Christoffel curvature tensors Ry[-;-,-,-] on S is equal
to

1—a?
(1.11) Rz u,v,w]= —““4"{(1‘*‘/1)([]1"2“ Viuy), (Zywy—Wiz,)y

for aeR, 0 =(A4,b)e® and u=(U,,u,), v=(V,v,), w=(W,w,) and z=(Z,,z,)e K.
When a=0, the sectional curvatures are non-positive. Therefore the manifold S has
non-positive curvature with respect to the Levi-Civita connection.

In Section 5, we will deal with an example of the family of linear Gaussian
diffusions X={X,},.,<r defined by the following stochastic differential equation

(1.12) {dXt(w) =dB{w)+(a()Y{w)+b())dt (0<t<T)

XO=XER

where dBJ(w) is the Wiener integral. We will regard (a,b) as parameters, so will
denote the law of the above X by P{? and will use the notation P instead of
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PP which is the Wiener measure on C([0,77],R). We obtain that

P ~ P <> (a,b)e L¥([0, T], tdt) x L¥([0, T], d1)

3

where “~” denotes the equivalence (i.e., mutual absolute continuity) between
probability measures. Let us set

(1.13) Sy={P&;(a,b)e LX[0, T), tdt) x L*([0, T}, d1)}.

Further, in this example, by It formula, we get the explicit expression of X(w)
and by Cameron-Martin-Maruyama-Girsanov formula, the Radon-Nikodym
derivative is written as

(a.b)
djp ——(B(w)= exp{j (a(t)B(w) + b(1))dB(w) — f (a(t)B )+ b(1))*dt}
T

We will take

plt)=(m(t), (1) = (ELX.], E[(X, —m(1))*])

for 0<¢<T as a new coordinate and will compute the Fisher information and
the a-affine connections (xe R) on S with respect to this coordinate.

Theorem 4. Let u=(u,,u,), v=(v,,v,) and w=(w,,w,)e(C'[0,T])* and for
p(t)=(m(r),a*(t)) € (C'[0, T)?, set

Ld o)1
j K,,u,—au1 Wal
(1.14)
1 d  Go¥)—
TP e )

The Fisher information and the o-affine connections on S in p-coordinate are
equal to

(1.15) GTuv]= JT{(LPuz)(vaz)az(t) + (K, u;)(K,v,)}dt
0

(1.16)
(a)
L, rlwu,v]=— '[ {(uz(L V3)+va) + oL ,u)ML,w,)

+ (u1(LpV2) + V1(Lp“2))(KpW1)}dt
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T
_J {(Lpul)(LpVZ)WZ
o

+ ((Kpul)(LpVZ) + (val)(Lpu2))wl }dt

1—

= x J C{(L,us)(L,v2)w,

+(L,v o Lwa)us +(Lyw ) Lus)vs}

+{(K us XL,v3) + (K, v XL,us)}wy

+{(K, v )(L,w,)+(K,w,NL,v,)}uy

+ {(K,w XL us) + (K ,u XL,w,)}vy]dt.

In Section 2, we give a brief survey of the differential geometrical structure
associated with the Fisher information of an exponential family and mention that
it appears naturally in the limit and the rate of convergence in the central limit
theorem.

In Section 5, we compute the covariance of the functional [Jf(t)dX; of the
scaled diffusion X*(f) :=¢X(%) (¢>0) and observe the behavior as ¢ = 0. The Fisher
information, 1-and (—1)-connections naturally appear in the asymptotics.

AckNOWLEDGEMENT. This paper originates in my Master Thesis. I would like
to express my sincerely gratitude to my supervisor, Proof. Y. Takahashi, for all his
encouragements. I also thank to the referee for his careful reading and his valuable
suggestions.

2. A Differential Geometrical Structure of Exponential Families.

Let us consider a family S of mutually absolutely continuous probability
measures. Such a family is usually called a statistical model in statistics. We fix
a measure space (Q,%,m) so each PeS can be written as P(dw)=%(w)m(dw).
Sometimes we identify S with the space of Radon-Nikodym derivatives

{p(w):Z—P(w):Pe S}.
m

A special type of statistical model called an exponential family plays an
important role in statiatical inference.Gaussian family and Poissonian family are
typical examples of exponential families. In this section, we restrict our statistical
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models to finite dimensional exponential families and give a brief survey of
differential geometry on them. We call it, following Amari(cf. [1]), the information
geometry of exponential families. Simple explicit expressions can be obtained on
them.

Let X(w)=(X'(w), -+*, X"(w)) be an R"-valued random variable on (Q, #,m) and
(-,*) be the standard inner product on R”. Assume that there existsw a domain®
in R" such that

J exp{(X(w), 0)}m(dw) < oo
(2]
for all 6e®. We set
Y(0)=log J exp{(X(w), 0)}m(dw)
Q

for e ®. By definition, Y(0) is an analytic function on ®. Now, we will call
the following statistical model

(2.1) S={exp{l(w; 0)};0€ O}

where /(w; 0)=(X(w), 0)—¥/(0),
an (n-dimensional) exponential family. The function /w;:) on © is called the
loglikelihood and the parameter 8=(0,,---,0,) is called a natural parameter of the

exponential family S in statistical inference.
The Fisher information matrix is the following symmetric nonnegative matrix

0l(w; 0) 0l(w; 0)
00, 00;

J

(22) Go—(glj(e))151 j<n _Eo[ ]

where E,[-] denotes the expectation with respect to Py(dw) :=e"Om(dw). If we
assume it is strictly positive definite, it gives the Riemannian metric (-,-) on the
tangent space 7,5 by

(2.3) (u,v)y= 2 gi,(e)“ivj

1<i,j<n

where u=3"7_,u(z5)s and v=7"7_ V(G )s€ T,S.

Next, we will define a 1-parameter family of torsion free affine connections
(@)
V (xeR) on S by

N 010) 0*10) , 1~ 240) 31()
(24) G i),,(ae 2000~ El s Gazo * 2 0, 26,
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(@) (-a)
By definition, V and V satisfy

(@) (—a)
(2.5) A(B, O)y=(V 4B,C)y+(B, V 4O)

(—a)
for any smooth vector fields 4, B and C. So V is called the dual connection
(@ ()
of Vwith respect to the Riemannian metric. The connection V is actually the

Levi-Civita connection(cf. [5]).
(1) (-1
Furthemore, we can observe that V and V are flat affine connections on

1) -1
S. In fact, we can choose V and V flat coordinates as follows:

Since

o) o210
2.6) G )0, V2 )y = E SO 21O

0 00, 00; 00, 00, 60]

_NO) . 210),
80,00, Es 90,

_ (o) L0
80,90, E[é?,f =0

) (-1
for 1<i,j,k<n, so the natural parameter 6 is a V-flat coordinate. A V -flat

coordinate is defined by

2.7 n=n(0)=(n"(0), -, n"(0))=E{[X]

and called the expectation parameter of S. It is easy to see that
n06).
( i )i<ijen=G0e>0,

20,

which shows # is actually another coordinate of S. It follows from

G4 )o, on, ),,(o))o

that
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a. v o
(2.8) ((a)‘i)o, v A.,(%).,w))e

=AolC- )o,( )q(o))o (VAg( )o,( ),,«a))o

is satisfied for arbitrary 1<i, j<n and a smooth vector field 4. Hence, 7 is a
(-1
V -flat coordinate.

These geometrical quantities appear in a natural manner when we compute
the rate of convergence in the central limit theorem as follows.
Let {X(-)} ;v be the independent copies of X(-) and let

~ 1 X
=S (X,—E[X)).
XN \/Nj;‘( j 0[ j])

Of course, Xy goes to the n-dimensional centered Gaussian random variable with
covariance matrix Gy in law when N goes to infinity by the central limit theorem.
For arbitrary ue R, we obtain the followings.

E)[(Xy,u)]=0
E:[(‘?N’ u)Z] =(u, u)y
(-1
(2.9) ) E§[(Xyu)*]= —? (V ,uu)
EY[(Xy, )*]=3(u,u)3)

1 =D (=D
+N(( Vo Vo, u)+3(u,u)5)

et cetera where E}[] denotes the expectation with respect to Py :=[ [V Py(dw). The
(-1 ~
k-th iterates of V appears in the k-th moment of Xy. These formulas are

understood in a more natural manner when we look at the cumulant expansions:

(2.10) J exp{s/— 1(Xy, u)} P(dw)
(R™)N

1 o 1 / 1" (- 1) (‘1)
=exp{—§(u, wWet Y, ——3 0 (V o V o, u)).
k=3 NT \-—'“r——"
(k— 2)times



80 J. SEKINE

In the next section, we will deal with the family of equivalent Gaussian
measures on a Banach space. It is an example of “infinite dimensional version
of exponential family”.

3. Gaussian Measures on a Banach space.

Let B a real separable Banach space. A centered Gaussian measure P on
B’ is characterized as follows. Since its one dimensional marginal {x,-), is a
Gaussian distribution with mean 0, so {(x,-), is square integrable, we have a natural
embedding j: Bax+—{x,">e L*(B,P). We denote the completion of the range of
j in L*(B',P) by H, which is a separable Hilbert space. We regard j as a map

from B to H, so we obtain the relation as Bc H=~H <B'. This structure
— —

(j,H,B',P) is called as abstract Wiener space and P is called as abstract Wiener
(the standard Gaussian) measure. For details, see [6] for example. The
characteristic function of P is expressed as

f PNESRERS p(dé)ze—%*xlﬁ
5

where xe B and |'|y=./(",")y is the Hilbert norm on H.
We choose our statistical model as the set of Gaussian measures on B’ which
are equivalent to P and denote it by S through this paper.

Theorem 0. Let P be the standard Gaussian measure on (j,H,B'). Then, a
Gaussian measure on B, say Q, is equivalent to P, if and only if there exist Ac®,
and be H, and the characteristic function of Q is given by the following:

(3.1) J exp{/ — 1{x, £>}G(dé)=exp{/ — 1(x,b)y — —; [T+ A)~12x|%)}
.

for xeB.

Sketch of the Proof: Let

1 x?
tildx) =—— exp{— —}dx
n 2

N

)= [0 g (L@ —b)®
2n

d
2 yx
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be Gaussian measures on R for ke N and consider two Gaussian measures on R
such that

where [[* () denotes the infinite products of probability measures. Then, by
using Kakutani’s theorem (cf. [6]), straightfoward caluculations tell us that

p~v<>Y af<+o0 and Y bZ < +o00.
k k

The proof of general Banach space’s case reduces to the proof of the above RM’s
case. For details, see [9] for example. W

Set
0=0,xH

and write the above Gaussian measure Q as P with §=(4,b)e®. The set S is
expressed as

S={Py: 0€0®}.

Next we need to express the Radon-Nikodym derivatives. When A4 is a trace
class operator and b balongs to B, we can write down dP,/dP immedeately. Let

0,={AeLf, (H);, I+A4 is positive definite}
where L{;(H) is the totality of symmetric trace class operators on H.

Lemma 1. Let 0=(A4,b)e®, x B. Then,
apry . )
(3.2) ;i—I;(C) =exp{/(¢; 0)}
where  I(¢&; 0)=% log det(/+ A)— —; CAE—Db), E—b)+<b,EY— —; 1Bl

ReMARK: The quantity <A(¢—b), &-b) will be defined in the proof below as
the random variable on B'
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Proof: Take eigenfunctions of 4 consisting of an orthonormal basis of H,
say {e,},n» and corresponding eigenvalues, say {a,},.x. Then, a,>—1 for all
neN, X,|a,| < + oo and for any he H,

Ah=Y ahe, with h,=(he,)y.

Let us denote the projection on H to the span {ey,---,e,} by Q, and write 6,=((Q,4,
Q.b)for 0=(4, b))e ®; x B. When ¢ e H, the Radon-Nikodym derivative is expressed
as

dP 1 1
71%'(5) =/ det(I+ Q,4) exp{— E(Q..A(é —b), E—b)u+(Qub, Ou— 7 1061}

or equivalently

n

dP, n 1
d—;"(f)=( [TA+a)"exp{— = Y ol e)u—by)?
k=1 2

k=1

n 1
+ Z bk(é: ek)H - 5 |anl?i}
k=1

Here, (£,¢) can be extended to £e B’ as the Gaussian random variable on B’ with
mean O and variance 1, which we will denote e, (§) (€ B'). (cf. [6])
So, for £ e B', Radon-Nikodym derivative is written as

dpP, " 2 12 = 1
dP"(C)=( [T(1+0)"?)exp{ ~3 Y oaleld)—b)’ + Y bkek(é)——EIQ..bI%}
k=1 k=1 k=1

Martingale convergence theorem (cf. [3], for example) assures the existence of the
limit ‘

Po _ lim o,
dP .., dP
and its integrability
AP0 = tim F =y,

dP™ .., dP

hence follows the lemma.



HILBERT RIEMANNIAN STRUCTURE OF GAUSSIAN MEASURES 83
. . dpP, . .
When we will write down E(é) for A€ ®,\0O, and be H\B, since the expression

of the above lemma lose its mean so we have to renormalize it. In fact, we can
express it as the certain limit as stated below.

Lemma 2. Let {P,},.n be a sequence of finite dimensional projection on H
such that P,—I as n—oo with respect to the operator norm. Then, the limits of

CP(I+A)b, &5
and <PnAé, €>—Tr(PnA)

in both L*-sense and almost sure-sense as n— oo exist.

Proof: If P,=(Q,, which was defined in the proof of Lemma 1, we have

QI+ Ab.&= 3. (1 +abied)

and <Q,4¢,&)—Tr(Q,4)= Y, m(el&)’—1).

k=1

Khinchin-Kolmogorov’s theorem tells us that if independent random variables
{filken satisfy E[f,]=0 for all ke N and ), E[f;*] < oo, then the limit lim, Y 5_, f;
in both L?-sense and almost sure-sense exists (cf. [3]). Since {e,(")}en is @ sequence
of independent identically distributed Gaussian random variables with means 0
and variances 1, the assertion is proved. It is an easy step to complete the proof
for general {P,},.n (cf. [6]). W

NoOTATION 1. We denote that

(33) T+ A)b, Ey:=1lim (P(I+A)b, &)
(34) (A4, & —Tr(d):= lim {<P,A4¢, &> —Tr(P,A)}.

DerFINITION 1. For a Hilbert-Schmidt operator A on H, let us define
det,(I+ A)=det(I+ A)e™ %)
(cf [8))

ReMARK: In particular, if 4 is a trace class operator on H,
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dety(I+A)= [T {(1-+o)e™™} = (det(I+A)e™™

n=1

where {a,},.n are eigenvalues of A.
Lemma 3. For arbitrary 0=(A4,b)e®, let
1
(3.5) A&, 0).=— §:<A{, & —Tr(A):+ (I + A)b, &):
1 1
—E|(1+A)“2b|§+ 3 log det,(I+ A)
and let 0,=(P,A, P,b) where {P,},.n is as same as in Lemma 2. Then,
(3.6) & 0):=1lim L& 6,)

n—oo

in both L*(P)-sense and almost sure-sense and it satisfies

(3.7) Elexp{ 0))]=1.
Therefore,

(33) o )= explilz; 0))

. —p O =expl(& O

for almost everywhere (€ B'.
Proof: We will only show in the case of P,=Q, for all ne N. By Lemma
1, we see that

(&G 0= % meldr+ 3 (+abeld

k=1

1 1 n
— 101+ )b+  log( [T (1+ )
k=1

1
== oale(8)* — 1)+k‘;l (1 +o)brenl()

k=1

1 1 n
= 1O+ Al 5 log{T1 (1 +owe ™9},
k=1
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80, (3.6) is obtained by Lemma 2. Further, (3.7) comes from martingale convergence
theorem, hence follows the lemma.

REMARK: Let v and A be probability measures on a mesurable space and let
H(v|4) be the relative entropy of v with respect to A which is given by the formula

dv ; )
H(vll):{'“()g bdv  ifvx 3
+ otherwise

In our Gaussian case, P« P, is equivalent to P~ P, (~denotes the mutual absolute
continuity between probability measures) and for e ®, we have

H(P|\P,)= — E[:[0):] = %1(1+ A)'2bj4 — % log det,(I+4),

hence, we observe that
P~P0<$H(P'P9)< 0.

4. Gaussian Statistical Manifold.

In this Section, we will construct an infinite dimensional version of information
geometry for Gaussian measures. We will start with the following:

Lemma 4. The function
logdet,(/+)|g,:©;—>R

which is restricted to ©,, an open set of Lf,(H), is C®-Fréchet-differentiable. i.e.,
for instance, the continuous linear function D (log det,(I+ A)) on L{,(H) which satisfies

[log det,(I+ (A +sU,))—log det,(I+ 4) —sDy (log det (I + A))| = o(s)
Jor Uye L, (H) as s — 0 exists for each A€ ®, and it is computed as
4.1 Dy, (logdet,(I+ A)) = —Tr(A(I+ A)~ ' U,).
The second and the third derivative are equal to
Dj, v (logdet,(I+A))= Dy,(Dy,(log det (I + A)))
4.2) =—Tr(I+ A~ 'U(I+A)" V)

D}y w (logdety(I+ A))= Dy (D}, w,(log det,(I + A)))
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4.3) =2Tr((I+A) ' U,(I+ A~ 'V(I+A)~'W))
Sfor Vy, WieL,(H)

REMARK: When 4 € ®, since A4 is a compact operator, 0 is the only accumulation
point of eigenvalues, so (/+4)~ ! is a bounded operator.

Proof: The analyticity is obvious from the definition, and to obtain the
derivatives we use the following relation. (cf. [8])

dety(I+ A + B+ AB)=det,(I+ A)det,(I + Bje TP
for Hilbert-Schmidt operators 4, B. Then, for arbitrary Ue L{,(H) and seR,

det,(/+A4 +sU)
=det,(I+ A)det,(I+s(I + A) ™' U)e~ AT+ HTID)

=det,(I + A){1 —sTr(A( + A4)" ' U)

2
+%(—Tr((I+A)‘1U(I+A)‘ LU)+(Tr(A(I+ A)~ ' U))?

+%2Tr((I+A)_ LU+ A4)~'UI+ A)~ ' U)—(Tr(A(I+ A)~10)?)

+3Tr((I+ A) " UI + A) " U)Tr(A(I + A)~ ' U) + o(s?)}.
Hence follows the lemma.

Lemma 5. Let 0=(A4,b)e® and U be an open neighborhood of 0 in ©®, such
that A+%e€®,. Then, the function

(:l(0+'):)IUxH:%XHHLZ(Po)

which is retricted to U x H is C®-Frechét-differentiable. Especially, first two
derivatives are given as follows

(4.4)
D, I(&; 0):)=— %(2 CUE, O —=Tr(U)) + U+ A, &5 - + :{Ub, &>

—((I+A)b,u)y— %(Ub, b)y— %Tr(A(I+A)‘ D)



HILBERT RIEMANNIAN STRUCTURE OF GAUSSIAN MEASURES 87

DL (I 0):)=KUvy + Viuy, &> —(Uyvy + Viyuy, by
4.5) —((I+ Ay, v))g— %Tr((I+A)‘ ! U,(I+A4)” 1 V)

where u=(Uy,uy),v=(V,,v,)€ #:=L{,(H)x H.
Moreover, the derivatives belong to L*(Pg) for any ke N.

Proof: Differentiability is obvious, because :/(&;-): is the sum of continuous
(multi) linear functions. By direct computations, we get (4.4) and (4.5). Higher
derivatives D¥:/(0):) for k>3 are also obtained directly. Integrability of the
derivatives is straightfoward from the expressions of them. W

Now, we can introduce the Fisher information and the a-affine connections on S.

DerFINITION 2. (i) The Fisher Information on S at 0€® is the following
symmetric, nonnegative definite bilinear form on #

(4.6) Golu,v]=E,[D.(:10))D,(: (0):)]

Jor u,ve #, where Eg[-] denotes the expectation with respect to P,.
(ii) For aeR, the a-affine connection on S at 0e€® is the following trilinear
form on H#

1—

. %D K6):)D: KO )].

(@)
4.7 To[w; u,v] = Eo[D,(: (O):XDZ(: K0):) +

They are well-defined by Lemma 5, and are computed as follows.

Lemma 6. Let 0=(A4,b)e®, u=(U,,uy),v=(Vy,v,) and w=(W,w,)e ¥ and
xeR. Then,

(i) Folu, v]=(I+ Ay, v2)y + %Tr((l +A)T U+ A7)

(@)
(1) Tolw,u,v]=(U,v,+ Viuswy)y

1—a
- “‘2—‘{( Viwa, ty)g+ (Wit v2)g +(Uy vy, wo)g}

1

;aTr((I+A)‘ LU+ A) V(I +A) W),
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Proof: (i) For any 0=(4,b)e®, take Q,, the projection on H which was
defined in the proof of Lemma 1, and set 0,=(Q,4,0,b). It is easy to see that
E[D*e"®™)] = D{E[e'*)] =0
for k>1. In particular, we have
E[D;,, (e"*)]=EL(D; . /0, + D, J6,)D, (0,)e"*"]=0
for any u,ve # with u,=(Q,U,, Q,u,),v,=(Q,V1,Q,v,)- So,

go,.[um vn] = EO,.[Dli.v,‘l(on)]
1 -
=(I+ QuA)Qpttz, V2)u + ETT((I +0,A) U1+ Q,A4)" V)
and by using Lebesgue’s dominated convergence theorem, we get

Golu,v]=lim E(D, /0, D.,,,I(O,,)e'“’"’]

n—oo

=lim (gon[um vn])

1
=((I+ A)uz, v2)u+ ETT((1+ AU+ AT,
hence the assertion (i) follows.

(ii) Note that
EO,.[Dw"l(Bn)Dz,.v,.l(On)] = (Qn( Ul Va2 + Vl uZ)’ an2)H

holds for w=(W,,w,)e # with w,=(Q, W1, Q,w,). So, using Lebesgue’s dominated
convergence theorem, we get that

4.8) Eo[D,(: (0): )DL K0):)]=(Uyvy+ Vysty, wr)y.
In the similar way, we see that

4.9)
D (%4[u, v])=D,(E[D,(: (6):)D(: [6):)e"®]

= Eg[D}.(: (6):)D(: £0): )] + Eo[ D,(: (6):)D3,(: (6):)]
+ E,[D(: L6):)D(: (6):)D,(: 6):)].
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The left hand side of (4.9) is computed as
(Wittgy vo)y —Tr((I+ A) U (I+A) V(T + A)~ ' W)).
Now, it is easy to deduce the assertion (ii) from (4.8) and (4.9). W
Proof of Theorem 1: We can take a map
D:030-D(O)=P,eS

from ®, an open set of J, to S as a global chart of S. Therefore, S is a Hilbert
manifold with the model space ® (cf.[7]). Further, since the Fisher information
Gol-,-] is strictly positive definite for any e @®, it defines the Riemannian metric
((,"))p on the tangent space T,S by the formula

(U, Mey=%6[(@.)5 ' U,(@.); ' V]
for U, Ve T,S with
(D,)p: H# > T,S,

the differential of ® at 0, which is a linear isomorphism between the Hilbert
space # and the tangent space T,S. Therefore, Theorem 1 is established. W

(@)
Proof of theorem 2: (i) It is obvious that V is torsion free, so let us observe

the relation (1.8). Take a smooth curve c={0(t);te(—¢,e)} on O for some
¢>0. For arbitrary

X={0@),u(t));te(—e )} and Y={(0(t),u(t));te(—¢,e)} < O x H#,

smooth vector fields along the curve ¢, we see that
d d
E(%m[u(t), )] = Z(E[Du(t)(: IO(0):)D (o O(D)): O]
@
= (G Lit(1), V()] + T gy [1(2): 6(2), u()])

(—a)
+ (o Lu(t), W] + T g [u(t); 6(2), 1))

(a) (—a)
= go(,)[Vo(,)u(t), (GIES gom[u(’), v o(z)V(t)]

where
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d . d o d
0(t)= 2;(!)(t), u(t)= ;i—tu(t) and W(f)= a—tv(t).

0)
Hence, (1.8) follows. Obviously, V is the Levi-Civita connection.

(i) If we take
~ ~ s 1
9=(91,92)=(91(9),92(9))=(—5A,(1+A)b)

as another coordinate of S, then, the log-likelihood function is written as
CIO)Y)=CHOBY):)=(: (B}, EREY —Tr(B,): ) +(: (B, £:)— (B

where y(f) is a non-random function of . So, # is “a natural parameter” of our
“infinite dimensional exponential family” (cf. Section 2). Therefore, we get

E[Dy(: (8):)D3 : (0): Y] = — D} W (D)Eo[ Dy(: (6):)] =0
for i1, ¥ and we # where Egf -] denotes the expectation with respect to Pyq. Hence,

N 1)
6 is a Vflat coordinate.

Furthermore, if we take
n=011,12)=01(0),n,(0)) =(E,[£® ], Eo[£])
=((I+A) "' +b®b,b)
as a new coordinate of S, it is “an expectation parameter” of S (cf. Section 2), so,

(-1
by the similar way in Section 2, we see that # is a V flat coordinate. W

Proof of Theorem 3: The Riemann-Christoffel curvature tensors (cf. [5])
R[] at 0=(4,b)€® is

(a) (a) (@) (@)
(410) R:[L u,v, W] = gt?[(vuvu - Vuvu)wa Z]

(a) (@)
= Du(ge[vvw’ Z]) - Dv(gﬂ[vuw’ Z])

(@) (—a) (x) (—a)
_{gﬂ[vvw’ \% uZ] ‘“go[vuw’ v vZ])

for u=(Uy,uy), v=(Vy,v,), w=(W,,w,) and z=(Z,,z,)e #. Note that
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(@) —
D (%[ V,w,z]) =D {E,[(D,(: [6):) + 1—j—G‘Dv(: KO):)D,(: [0):)D(: (0):)1}

= E,[ D3 (: (0):)D(: LO):) + D3, UO):)DL(: (6):)
+D,(:10):)D5,(: £0):)D.(: 1(6):)]

1—
+— ZEoLD2,(: 6):)D: 6):)D.: 10):)

+D,(: [(0):)D2,(: (0):)D,(: [():)
+D,(: [(0):)D,,(: [0):)D2,(: [6):)
+D,(: [0):)D,(: (0):)D,,(: kO):)D,: I6):)]-

A little tedious computations tells that

(a) (@)
4.11) D %[V ,w,z])— D (%4[V.w,2])=0.
Let us denote
§ &=+,

~ 1
Eij=v2(1+ A)"H{e;®e;+e;®e},

7

then, we get that
.(90[0, éi), ©, éj)] = 5.’,‘
l Gol(E0),(Ew0]=1 when {i,j}={k,])
=0 otherwise

With this orthonormal basis of #, we can observe that

(@ (-a) (@) - (—a) -
(412) gO[va’ V uz]= Zga[vuwa(Eip O)Jgo[ v uza(Eij,O)]

i<j
@ . (-a) .
+ Zgﬂ[vvw’ (0, ej)]go[ v u?s (0’ ej)]'
J
Now, it is easy to deduce that

1—a?
(4.13) Rg[z;u,v,w]= ——4—((1‘1' AYU vy, —Viuy),(Zywy — Wi2)))n

91
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from (4.10-12) and (1.7). Of course, (4.13) vanishes when a+1. Let us compute
()
the sectional curvature K{'[ - ] for the Levi-Civita connection V (cf. [5]). Wehave

KBO)[{éi, éj}] = Ri)o)[éé &, é,', éj] =0

KéO)[{Eiﬂ ek}] = R(OO)[ek; (%) Eija E,'j] = - 5 when ke {l,_]}
=0 otherwise
K:)O)[{Eip Ekl}] = R:)O)[Eij; Eij, Ekh Em] =0,

hence, Theorem 3 is established. M

5. An Example —Linear Gaussian Diffusions—.

Let (Q,%,u,{F },<:<7) be a probability space with {# },.,.r increasing,
right continuous family of sub o-algebras and consider a 1-dimensional linear
Gaussian diffusion X={X,},,<r on it which is defined by the following stochastic
differential equation.

{d&(w) =dB(w)+ @)X (@) +b)dt  0<t<T)
Xo(w)=xeR

where dB(w) denotes the Wiener integral. We will deal with only 1-dimensional
diffusion to simplify the discussion and notations. Of course, similar results are
obtained in general multi dimensional cases. By It6 formula, the explicit expression
of X is given by

@~ (s)b(s)ds + f@“ Y(5)dB ()}

0o

(5.1) X,(w)=d>(t){x+f

0o

where ®(r)=exp {[ a(s)ds}. As stated in Introduction, we will regard (a,b) as
parameters, so let us denote the law of the above X = X(a, b) on the space C([0, T], R)
by P§Y. When a=b=0, we will use the notation P, instead of PP, If a(?)
and b(t) e C([0, T'], R), immedeately by Cameron-Martin-Maruyama-Girsanov formu-
la, we obtain the absolute continuity of P{? with respect to Py and the formula
of the Radon-Nikodym derivative (cf. [4])

dpi&d

d—;—(B(w)) =exp{/(B(w); a,b)}
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where I;(B(w)); a, b)=f:(a(t)B,(w)+b(t))dB,(w)— %J:(a(t)B,(w)+b(t))2dt. By the Re-
mark of Lemma 3, we have
H(Pr| P§M) <00 <> Pp.~ P,
so, it is easy to see that
PP ~ Pr <> (a,b)e LY[0, T, tdf) x LX([0, T1, d?).
We will set
Sr={P§";(a,b)e LX[0, T}, tdf) x L*[0,T], d1)},

then, we can introduce the Hilbert-Riemannian structure associated with the Fisher
information on Sy in the similar way as Section 4. Let us take

p(t)=(m(t), 0*(1)= (ELX,], E[(X,—m(1))*])

as a new coordinate of S; and compute the Fisher information and «-affine
connections in p-coordinate. By (5.1), we get

m(t)=D(t){x + J‘qr 1(s)b(s)ds)

[\]
o2(1) = ®(1)*{ f ®~2(s)ds},
]
so, m(f) and o*(f) satisfy the following ordinary differential equations

dm(t) =a(t)m(t) + b(t)

e
ﬁoz(t) =2a(t)o*()+ 1.
dt

Therefore,

o’ (H)—1

26%(f)

o) -1
= 0 m(?).

a(t)=alp(1) =

b(t)=b(p(t»=%<m(t»—

Let us denote /1{(p)=Ir(a(p),b(p)) and define the Fisher information and the
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a-affine connections by the formulas:

45 [u,v]=E,[DIr(p)D,lr(p)]

(2) _
Ly alwit6 1= E [DpXDLdp)+ %Dulr(p)uvlr(p»]

for u=(uy,u,),v=(v,,v,) and w=(w,,w,)e(C'[0, T1)? and D.l(p) denotes the Gateaux
derivative of [(p). Straightfoward calculations lead us to Theorem 4 in Introduction.

Finally, let us observe the behavior of the scaled diffusion X*(f):=¢X(%) (¢>0)
as e > 0. We set

{al(t)zt"‘ where k> 1,
b(t)=t""! where />1/2

and consider the Gaussian diffusion X(a,,b,). Note that P§+*Ve S, for any T>0,
since (a,,b,)€ L*(R,tdf)x L(R,df). For &¢>0, the scaled diffusion X%(a,,b,):=
{eX(2)}15 0 satisfies

{de(a)) =edBy () + (8" 'a (D Xiw) +&* by ()dt (0<t<T)
Xp=x,

so, the law of X*(a,,b,) is equal to PE< '®#* "0 Obviously, PE* "*** " 'b) goes

to P weakly as ¢ — 0 and if we compute the covariance of the functional {7 fir)dX;
for any test function fe C*([0, T]), we get

T T
(5.2) ET( f Adx)?]= E[(j SOAXPexp{le~ a2 b,)}].
0 0
In (a,b)-coordinate on Sy, we can observe that

Dy, upirla, b)= f (u1(0)B, + u(1))(dB, —(a(1) B, + b(1))dl)
0

T
D(zul,uz)(vl,vz)lT(a, b)= f (u (B, +u())v,()B, + v,(1)dt
0

et cetera for any (a, b), (u,,u,) and (v, v,)€ L*([0, T, tdf) x L*([0, T],df). Therefore,
(5.2) is equal to
E[(D o, !0, 0))%exp{lr(e*~'a*, * 7 1by)}]

and it is easy to observe that
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E( f :f(t)de)z] = E[(Do,11(0, 0)*{1+&"" Dis,.0)/1(0,0)
+e271D g 170, 0)} ]+ o(®~ DV 2= 1)
— 97,0 (0,1),0,)]
£ T 0100, 00,0,
— T 000201, 05 0,0, O.NT}
+E Y T 1000 2L0,5,5 0.0, 0.0

(1)
- r(o,O),T[(Oabl); (O!f)’ (Oaf)]}

+ 0(8(("— 1)v(l- 1))).
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