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Introduction

An answer to the holomorphic equivalence problem for arbitrary bounded
Reinhardt domains was given in [1]. It seems interesting to investigate wheth-
er a similar result on unbounded Reinhardt domains holds or not.

Now, for a pair (a,b) of non-negative real constants with (a, 5)==(0, 0) and
a positive real constant 7, let us consider an unbounded Reinhardt domain D, ,
(r) in C? given by

D, 4(r) = {(z, w)eC?| | 2|*|w|*<r}.
Here, when ab=0, for example, when 6=0, the domain D, ¢(r) is understood as
D, |r) = {(z, w)EC?| | 2|°<r}.

We are concerned with the holomorphic automorphisms and the equiva-
lence of the domains D, ,(r). In the present paper, we confine ourselves to
the case where a and b are integers. The case where a and b are arbitary non-
negative real constants will be treated in the subsequent paper [3].

Our main result of this papet can be stated as the following theorem.

Theorem. If a domain D, ,(r) with (a, b) E(Zx,)* is biholomorphic to a do-
main D, (s) with (u, v) E(Zxy)?, then there exists a transformation @ given by
@: C*D(2, w) - (az, Bw)sC*?
or
@: C*2 (2, w) — (yw, 82)EC?
such that @(D, 4(r))=D, ,(s), where Zs, denotes the set of non-negative intergers
and a, B, v, O are non-zero complex constants.

This paper is organized as follows. In Section 1, we recall basic concepts
and results on Reinhardt domains. In particular, we give a general formula-
tion of the holomorphic equivalence problem for Reinhardt domains as well as the



610 S. SuiMIZU

motivation of the consideration of domains D, ,(r). In Section 2, we introduce
the notion of a Liouville foliation, which plays a key role in our investigation.
Section 3 is devoted to the study of a certain class of unbounded Reinhardt do-
mains in (C*)%. The results are used in Section 4 for discussing the holomor-
phic automorphisms and the equivalence of domains D, ,(r) with (a, b) E(Z5,)*.
The author would like to thank Professor Bedford for helpful suggestions.

1. Basic concepts on Reinhardt domains

We first collect some notations and terminology. The set of non-zero
complex numbers is denoted by C*. The multiplicative group of complex
numbers of absolute value 1 is denoted by U(1). An automorphism of a complex
manifold M means a biholomorphic mapping of M onto itself. The group of
all automorphisms of I is denoted by Aut(M). Two complex spaces are said
to be holomorphiclaly equivalent if there is a biholomorphic mapping between
them.

We now recall some basic concepts and results on Reinhardt domains (cf.
[2, Section 2]). Write T=(U(1))". The group T acts as a group of automor-
phisms on C” by

(ab Tty an)'(zl’ 0y By) = (4R, **y An2y)
for (o4, =, a,)ET and (2, -z, EC"

By definition, a Reinhardt domain D in C" is a domain in C" which is stable
under T, that is, such that ¢-DC D for every a=T. The group T then acts
as a group of automorphisms on D. The subgroup of Aut(D) induced by T
is denoted by T(D).

An automorphism ¢ of (C*)" is called an algebraic automorphism of (C*)"
if the components of @ are given by Laurent monomials, that is, @ is of the
form

P: (C*)”B(zl» ) z,,) = (wl’ ) w,,)E(C*)”,

w; = a‘z‘l’n‘.nzz,u‘, 1= 1’ e n,

where (a;;)€GL(n, Z) and (a;) (C*)". The set Aut,,((C*)") of all algebraic
automorphisms of (C*)” forms a subgroup of Aut ((C*)").

Let @ be an algebraic automorphism of (C*)" and write @(2)=(p,(), **,
@4(2)). In general, the components ¢, -++, @, have zeroes or poles along each
coordinate hyperplane. If, for two domains D and D’ in C”" not necessarily con-
tained in (C*)", they have no poles on D and @: D—C" maps D biholomorphi-
cally onto D’, then we say that ¢ induces a biholomorphic mapping of D onto
D'

Consider a biholomorphic mapping @: D—D’ between two Reinhardt do-
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mains D and D’ in C”. Then ¢ is induced by an algebraic automorphism of
(C*)" if and only if it is equivariant with respect to the T-actions, or equivalently
if and only if it has the property that pT(D)@™'=T(D"). Biholomorphic map-
pings between Reinhardt domains equivariant with respect to the T-actions
may be considered as natural isomorphisms in the category of Reinhardt domians.
In view of this observation, we say that two Reinhardt domians in C” are al-
gebraically equivaelnt if there is a biholomorphic mapping between them induc-
ed by an algebraic automorphism of (C*)".

In terms of the notion of algebraic equivalence, the holomorphic equi-
valnce problem for Reinhardt domains may be formulated as the problem of
studying the relationship between the holomorphic equivalence of Reinhardt do-
mains and the algebraic equivalence of them. It is clear that if two Reinhardt
domains in C" are algebraically equivalent, then they are holomorphically
equivalent. What we have to ask is whether the converse assertion holds or not:

Problem. If two Reinhardt domains D and D' in C" are holomorpically
equivalent, then are they algebraically equivalent?

To specify this problem to the case where both D and D’ contain the origin,
we need the following lemma, whose proof is straightforward, and is omitted.

Lemma 1.1. (cf. [1, Section 4]). Let @ be a biholomorphic mapping be-
tween two domains in C" both containing the origin. If the components of ¢ are
given by Laurent monomials, then ¢ is induced by an algebraic automorphism of

(C*)" of the form

(C*)ﬂs(zl’ ) zn) — (wI! % wn)E(C*)n)

Wi = QiR e(i)s 1= 1, e, M,
where o is a permutation of {1, ---, n} and (ay, -+, @,) E(C*)".

The concept of an algebraic automorphism of a Reinhardt domain will
be needed later. An automorphism of a Reinhardt domain D in C” is called
an algebraic automorphism of D if it is induced by an algebraic automorphism of
(C*)". The set Aut,, (D) of all algebraic automorphisms of D forms a sub-
group of Aut(D).

We conclude this section with observations which motivates the considera-
tion of the unbounded domains D, ,(7) given in the introduction.

In order to express a Reinhardt domain D in C” geometrically, it is conve-
nient to consider the image of D*:= DN (C*)" under the mapping ord: (C*)"—
R” given by

ord (zv oy By) = ('—(2”’)—1 log |25 -, _(275)—1 log [2al) -
The subset ord(D*) of R" is called the logarithmic image of D. Clearly, ord
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(D*) is a domain in R".

Here are some observations about the relationships between Reinhardt
domains and their logarithmic images (cf. [1, Section 2]). Firstly, if D is a
Reinhardt domain C”, then D is bounded if and only if

ord (D*)C {("Ev R Eu)ERulEl>cp ) En>cn}

for some constants ¢, -++, ¢,. Secondly, if D is a Reinhardt domain in (C*)",
then D is algebraically equivalent to a bounded Reinhardt domain if and only
if the logarithmic image ord (D) of D has the convex hull containing no com-
plete straight lines. Thirdly, if a Reinhardt domain D in C” is pseudoconvex,
then the logarithmic image ord (D*) of D is a convex domain in R".

Let D be a Reinhardt domain in C*. In order to discuss the holomorphic
equivalence problem, we may assume without loss of generality that D is pseu-
doconvex. The observations above give a consequence that D is essentially
unbounedd when a convex domain in R” given as the logarithmic image ord
(D*) of D contains complete strainght lines. In case =2, the condition that ord
(D¥*) contains complete strainght lines implies that ord (D*) is of the form

ord (D*) = {(&,, &) ER?|c<a it +aE,<c'},

that is, D* is of the form
D* = {(2, %) EC?| €' < | 2| 74| 2| ~2/** <}

for some real constants a,, a,, ¢, ¢’ with (a,, a,)==(0, 0) and —oo<e<<c' <00,
The domains D, ,(r) with which we are concerned are basic objects among
those Reinhardt domains in C? whose logarithmic images are half-planes.

2. Liouville foliation

Let M be a complex manifold. A collection {3,} ,c, of subsets 3, a4

of M is called a Liouville foliation on M if the following four conditions are satis-
fied:

(L1) If oy, ;€4 and a;Fa, then =, N Z,,=0;
(L2) U Z.=M;
1=

(L3) For each subset 3, any bounded holomorphic function on M takes
a constant value on 3 ;

(L4) For every a, a,€ A with a, % at,, there exists a bounded holomorphic
function 4 on M such that the constant values of 4 on =, and 3, are different.

If there exists a Liouville foliation on M, then we say that M has a Liouville
foliation. 'The following lemma shows that }/ has at most one Liouville foliation.
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Lemma 2.1. If {3,},c4 and {3/} cy, are two Liouville foliations on a
complex manifold M, then they coincide, that is, there exists a bijective correspon-
dence 7: A—A’ between the index sets A and A’ such that 5,,=3/, for every
aeA.

Proof. We first show that if 3, N3/ %0, say pe3,N =, then =, ,=3/.
Suppose contrarily that 3,#+3/,. Then there exists a point g& M such that g&
SA\Z4, or g€\, where, for example, 3,\Z,/ denotes the intersection of 3,
and the complee complement of %/, in M. We may assume without loss of gen-
erality that g&3/\3,. Since pEZ, and g& 3, it follows from (L4) that there
exists a bounded holomorphic function 4 on M such that A(p)=+#(g). But, since
pE3Sl and g3/, this contradicts (L3).

Now, it follows from (L1), (L2) and what we have shown above that, to
each element o = 4, there is associated a unique element ~(a)E A4’ for which 3,
=3!. The desired correspondence is given by A2 a—7(a)EA4’. q.e.d.

The next proposition plays a key role in our investigation.

Proposition 2.1. If ¢: M—M' is a biholomorphic mapping between two
complex manifolds M and M', and if M and M' have Liouville foliations {3} ,c 4
and {ZL} wen, respectively, then there exists a bijective correspondence v: A—A’
between the index sets A and A’ such that @(2,)=21,) for every ac A.

Proof. It is readily verified that {p(Z,)} e is a Liouville foliation on M’.
We have only to apply the above lemma to the Liouville foliations {@(=,)} ye4
and {Z//} s on M'. q.e.d.

3. Domains D¥,

For an element (a, ) of Z? with (a, b)==(0, 0), we define an unbounded
Reinhardt domain D¥, in (C*)? by

D}, = {(z, w)=(C*)?| |z|*|w|?<1}.

Note that D¥ ;=A* x C*, where A*={{eC|0| <|{|<1}.

In this section, we discuss the automorphisms and the equivalence of the
domains D};. The results will be used in the next section.

We begin with a remark that DF,=D¥, if (a, b)=Fk(u, v) for a positive
integer k. Consequently, in the study of domains D¥;, we may assume with-
out loss of generality that (a, b) is a primitive element of the free module Z7,
that is, (a, b) is not a positive integral multiple of any element of the free module
Z? except itself. Throughout this section, we assume that (a, b) is a primitive
element of Z2.

We now discuss the equivalence of domains D¥,.
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Lemma 3.1. Every domain D¥, is algebraically equivalent to the domain
D¥,.

Proof. Since (a, b) is a primitive element of Z?% we can find integers ¢, d
for which ad—bc=1. Using these integers ¢, d, we define an algebraic auto-
morphism ¢ of (C*)? by

@: (C*)?D(2, w) — (2w’ 2'w?)(C*)?.
Then it is readily verified that @(D¥;)=Df,. q.e.d.

As an immediate consequence of this lemma, we obtain the following pro-
position.

Proposition 3.1. Every two domains D¥, and D¥, are algebraically equiva-
lent.

ReMARK. In the above proposition, D¥, is algebraically equivalent to D¥,
under a transformation of the form

Jr: D¥ , 2 (2, w)—(2?w?, Fw’)e D¥, ,

where

A:— B’ ﬂeGL(z, z)
satisfies
3.1 (a,0)4 = (u,v) .

By Lemma 3.1, in order to describe the automorphisms of domains D¥,,
we need to investigate the automorphisms of the domain D¥,.

Lemma 3.2. If G(D¥,) denotes the subgroup of Aut(D¥,) consisting of all
transformations of the form

D¥ o2 (2, w) — (2, M2)w)eDFf,,

where \ is a nowhere-vanishing holomorphic function on the punctured unit disk A*,
then

Aut (D¥,) = G(D¥,)«Aut,,, (D¥,) .
Furthermore, Aut,, (DY) consists of all transformations of the form
Dfo>(3, w) = (az, B2*w®)€ DY,
where ke Z, e=4-1, ac U(1), and B=C*.

Proof. Note first that D¥, has a Liouville foliation. Indeed, for each {e&
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A¥*, set 3= {(2, w)e D¥ | 2=}, Clearly, the collection {3} ¢eas of the subsets
3¢, §EA*, of D¥, satisfies (L1) and (L2). Since, for each { € A*, the subset =
is an analytic subset of D¥, which is holomorphically equivalent to C*, (L3) fol-
lows by Liouville’s theorem. To see (L4), consider the bounded holomorphic
function % on D¥, given by A(2, w)==2. Then, for every { €A*, we have Z;=
{(z, w)ED¥o|h(z, w)=E}. This implies that if §,{’eA* and §=¢’, then the
constant values of % on 3; and 3/ are different, and (L4) is verified.

Now, let f be any element of Aut(Df;). By Proposition 2.1, there exists a
bijective correspondence 7: A*— A* between A* and itself such that f(3;)=3)
for every {€A*. This implies that f can be written in the form

f: D¥o3(3, %) — (1(2), (2, w)) € D¥,

where 6(z, w) is a holomorphic function on D¥,. As a consequence, the map-
ping 7: A*—A* is holomorphic. Since = is bijective, it follows that 7(2)=az
for a constant a € U(1).

To determine 6(2, w), let 6(z, w)= i va(2)w" be the Laurent expansion

of 0(2, w) with respect to w, where v,(2), € Z, are holomorphic functions on
A*. Fix any point § of A*. It follows from the relation f(3;)=3, that
the mapping C*>w+— (5, w)EC* gives a biholomorphic mapping of C* onto
itself, and hence that 0({, w)=vw* for a constant y&C*, where £&=1 or §=—1.
By the uniqueness of the Laurent expansion, we have «,(§)=0 for all n=4-1,
while we have either ,(§)=v=0 and ¢_,(§)=0 or ,(§)=0 and y_,({)=v=0.
Since this holds for every {€A*, we see that 8(2, w)=x(2)w® for a nowhere-
vanishing holomorphic function A on A*, where €&=1 or §&=—1.

The results of the preceding paragraphs show that every automorphism
f of D¥, is given by

f: D¥oD (2, w) - (a2, M2)w®)eDF,,

where E=-41, a= U(1), and A is a nowhere-vanishing holomorphic function on
A*.  If we set f'eG(D¥,) and " € Aut,, (D¥,) as

f': D¥o3 (2, w) > (2, (\ox) (2)w) € D¥,
and

f": D¥i2 (2, w)— (a2, w*)ED¥,,

where z denotes the automorphism of A* given by z(2)=a™z, then f=f'of”,
which proves the first assertion. To prove the second assertion, it is enough to
observe that f € Aut,,,(D¥,) if and only if A(2)=g=2*, where k€ Z and SEC*.

Proposition 3.2. If G(D¥;) denotes the subgroup of Aut(D¥,) consisting
of all transformations of the form
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(3.2) D}, (2, w) — (M) %2, M=w?)'w)eD¥,,

where \ is a nowhere-vanishing holomorphic function on the punctured unmit disk
A¥, then

Aut (DF,;) = G(Dfs)- Aut,g (D7) -
Furthermore, Aut,,,(D¥ ;) consists of all transformations of the form
(3.3) D¥;3(z, w) — (az?w’, B'w')e D¥, ,
where a, BEC* satisfy
(3.4) lal®IB]* =1

and
4= [f ‘-ﬂeGL(z, z)

satisfies
(3.5) (a,b)4 = (a, b).

Proof. Using the biholomorphic mapping @: D¥;— D¥, given in Lemma
3.1, we have Aut(D¥;)=¢ ! Aut(D¥,)p, and hence, by Lemma 3.2, Aut(D},)
=@ 'G(D¥o)p-@! Aut, (D¥o)p. Since peAut((C*)?), it follows that Aut,,,
(D¥)=@ * Aut, . (D¥o)p. On the other hand, a straightforward computation
yields that G(D¥;)=@'G(D¥)p. Thus we conclude the first assertion. The
second assertion follows immediately from the relation Aut,, (D¥;)=¢! Aut,,
(D¥o)e and the second assertion of Lemma 3.2. q.e.d.

4. Automorphisms and equivalence of domains D,;, with (a, b)c
(Z20)?

In what follows, we always deal with domains D, ,(r) for which (e, b)e
(Z2)

We begin with preliminary observations. Firstly, for every positive con-
stant 7, the domain D, 4(r) is algebraically equivalent to the domain D, (1)
under a suitable transformation the form

C*>(z, w) — (az, Bw)EC?,

where (a, B)(C*)®. Hence, in order to discuss the automorphisms and the
equivalence of domains D, (), it is enough to deal with domains D, ; (1). For
brevity, we set D, ,=D, ;(1). Secondly, in the study of the domains D, ,, we
may assume without loss of generality that (g, b) is a primitive element of Z% In
fact, as remarked at the beginning of the preceding section, we have D, ,=D,,
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if (p, 9)=Fk(u, v) for a positive integer k. Throughout this section, we assume
that (a, b) is a primitive element of Z% In particular, in case ab=0, we have
(a,5)=(1,0) or (a,b)=(0,1). Note that D, ;=AXC and D,;=C XA, where
A={teC||f]<1}.

We now present a basic lemma.

Lemma 4.1. Every domain D, ; has a Liouville foliation.

Proof. Consider first the case where ab==0. For each {€A, set Z;={(z,
w)e D, ;| 2"w*={}. Clearly, the collection {S¢} sca of the subsets 3¢, EEA, of
D, , satisfies (L1) and (L2). Since, for each { € A*, the subset 3¢ is an analytic
subset of D, , which is holomorphically equivalent to C* under the transforma-
tion @ given in the proof of Lemma 3.1, and since 3, is the analytic subset of
D, , given by 3= {(2, w) €C?| 2zw=0}, (L3) follows by Liouville’s theorem. To
see (L4), consider the bounded holomorphic function % on D, ; given by h(z, w)
=z"w’. Then, for every { €A, we have 3;={(z, w)e D, ,|h(z, w)=C}. This
implies that if £,{’€A and {#{’, then the constant values of / on Z; and 3
are different, and (L4) is verified.

Consider next the case where ab=0. Suppose (@, b)=(1,0). Then, for
each L €A, set S;={(z, w)eD,o|2=C}. As in the proof of Lemma 3.2, we
can show that {S;ca} is a Liouville foliation on D,,. When (g, 5)=(0, 1), a
similar construction gives a Liouville foliation on D, , as well. q.ed

An application of this lemma gives the following result on automorphisms.

Theorem 4.1. According as the cases (i) ab=0 and (ii) ab+0, the auto-
morphisms of D, ; are described as follows.
(1) Aut (D,,) consists of all transformations of the form

D103 (2, w) = (7(2), MR)w+p(2) €Dy,

where & Aut(A), N is a nowhere-vanishing holomorphic function on A, and u is a
holomorphic function on A. Also, Aut(D,,) is given by Aut(D,,)=cAut(D, 5)o?,
where

o: Dy y3(z,w) = (w, 2)ED,, .

(1) If G(D,,) denotes the subgroup of Aut(D,,) consisting of all transfor-
mations of the form

D, ;3 (2, w) — (\(2‘w®) %z, Mzw®)w)eD,;,
where \ is a nowhere-vanishing holomorphic function on A, then
Aut (Da,b) = G(Da,b) 'Autalz (Da,b) .

Proof. Consider first the case (i). To prove the first assertion, let {Z}zea
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be the Liouville foliation on D, 4 given in Lemma 4.1. If f is any element of
Aut(D, o), then, by Proposition 2.1, there eixsts a bijective correspondence r:
A—>A between A and itself such that f(3;)=3., for every {€A. This implies
that f can be written in the form

Ji D13 (%, w) > (7(3), (2, @) E Dy

where 6(2, w) is a holomorphic function on D,,. As a consequence, the map-
ping 7: A—A is holomorphic. Since 7 is bijective, 7 is an automorphism of
A.

To determine 6(z, w), let 6(z, w)= i v.(2)w" be the Taylor expansion of
nm=0

0(z, w) with respect to w, where v,(2), #=0, 1, 2, -+, are holomorphic functions
on A. Fix any point § of A. It follows from the relation f(Z;)=3,) that the
mapping Cow— (5, w)eC gives a biholomorphic mapping of C onto itself,
and hence that 6(§, w)=yw--3 for constants y&C* and §&C. By the unique-
ness of the Taylor expansion, we have v,(§)=0 for all n==0, 1, while we have
7(§)=0. Since this holds for every €A, we see that (2, w)=\(2)w+ u(2)
for a nowhere-vanishing holomorphic function A on A and a holomorphic func-
tion g on A.

The results of the preceding paragraphs conclude the first assertion of
(1). For the second assertion of (i), it is enough to observe that & gives a bihol-
omorphic mapping between D, , and D,,.

Consider next the case (ii). Let {S¢}¢ca be the Liouville foliation on D, ,
given in Lemma 4.1. If f is any element of Aut(D, ;), then, by Proposition 2.1,
there exists a bijective correspondence 7: A—A between A and itself such that
[(Z)=3Ze) for every fEA.  As a consequence, %, and =, must be holomor-
phically equivalent. As we saw in the proof of Lemma 4.1, for every { € A*,
the analytic subset 3; is non-singular, while the analytic subset 3= {(2, w)&
C?|2w=0} is singular. Therefore we must have 3,4=3,, so that f(Z)=X%,.
Since D, ; is the disjoint union of D¥, and 3, this implies that f(D¥;)=D¥,,
and hence that the restriction f* of f to D¥, gives an automorphism of D¥;.

By Proposition 3.2, there exist an element f’ of G(D¥;) written in the
form (3.2) and an element f” of Aut,,(D¥,) written in the form (3.3) such that
f¥=f'of"”. Using (3.4) and (3.5), we see that f* is written as

f*: D¥;=(2, w)+—

(4.1) (0[(7\.071') (zawb)'bz’w”, 18(7\,0 7z) (zawb)azrwS) = D:k.b ’

where 7z denotes the automorphism of A* given by #z({)=a’B8’. Note that
Moz is a nowhere-vanishing holomorphic function on A*. Since f* has the
holomorphic extension f from D¥, to D, ,, it follows that (Aoz) () has at most
pole at £=0, and hence that (Aeoz)(§)=C*A*() for an integer k and a nowhere-
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vanishing holomorphic function A* on A. Substituting this into (4.1), we have
(4.2) FH(z, w) = (an¥(z'w?) =¥ 0, BA¥(z°w?)*s"w),

where p'=—kab-+p, ¢'=—kb*+q, r'=ka®+r, and s'=kab-+s. If we define an
element g of G(D, ;) by

8(z, w) = (Wror™) (3*w’)’z, (W*or™)(3'0’) "),

where z is regarded as an element of Aut(A), then, by (4.2) and (3.5), for (z,
‘ZU)ED;k_b,

(g°f) (2, w) = (gof*) (2, w)

= (az’w?, B2"'w").

Since go f € Aut(D, ;) and since D, ; contains the origin, it follows from Lemma
1.1 that gofeAut, (D,,;). If we write g'=gof, then f=g~log’, where g~
G(D,;) and g’ Aut, . (D,;). This proves (ii). g.e.d.

In view of the observations made at the beginning of this section, our the-
orem stated in the introduction is an immediate consequence of Theorem 4.2
below.

Theorem 4.2. If D,; and D, , are holomorphically equivalent, then they
are algebraically equivalent under the identity transformation or the transforma-
tion of the form

C’> (2, w) > (w, 2)EC?.

Proof. Let @: D, ,—D,; be a biholomorphic mapping of D, , onto D, ;,
and let {3} ¢ca and {24} yca be the Liouville foliations on D,; and D, , given
in Lemma 4.1, respectively. By Proposition 2.1, there exists a bijective cor-
respondence 7: A—>A between A and itself such that o(2{/)=3, for every
f'eA.

Suppose first ab=0. If wv=0, then the analytic subset 3} is singular,
Since, for every £ €A, the analytic subset 3, is non-singular, this contradicts the
relation @(2§)=3,p. We thus conclude that uv=0, and our assertion follows
immediately.

Suppose next ab=0. Then, arguing as in the preceding paragraph, we see
that uv==0. Since the analytic subset 3§ is singular, the analytic subset ==
@(=6) is also singular. Note that, for every {&A*, the analytic subset % is
non-singular. Therefore we must have 3, 4=3,, so that ¢(2§)=%,. Since D,,
is the disjoint union of D, and 3¢, while D, , is the disjoint union of D¥;, and
S, this implies that @(D¥,)=D¥,, and hence that the restriction @* of @ to D¥,
gives a biholomorphic mapping of D¥, onto D¥,.
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By Proposition 3.1, there exists a biholomorphic mapping «": D ,—D¥, of
D¥, onto D¥, induced by an algebraic automorphism of (C*)?. Hence @* can
be written in the form @*=/fov’, where f € Aut(D¥;). According to Proposi-
tion 3.2, we write f=f"of”/, where f' € G(D¥;) and f” €Aut,,,(D¥;). Then we
have @*=f"o0 f”/o4)s’, and the biholomorphic mapping f”oyr" of D}, onto D¥,; is
induced by an algebraic automorphism of (C*)2

Note that if, for constants o, B€C* with |a|?|B|?=1, we set the trans-
formation 7 as

7: C*2(z, w) — (az, Bw)eCl?,

which is an automorphism of D}, as well as an automorphism of D, ;, and if &
is any elemet element of G(D¥,), then woh=h~'ox for some h'€G(D¥;). There-
fore, replacing @ by mog for a suitable transformation 7 of this form, we may
assume that yr:= f"’o4)’ is given as in the remark after Proposition 3.1.

Write f’ in the form (3.2). Using (3.1), we see that @* is written as

(4.3) @*: D¥,2 (2, w)—
. (M(zw?)"t2tu, A(2'w®)’2'w*)e D¥, .

Note that A\ is a nowhere-vanishing holomorphic function on A*. Since @* has
the holomorphic extension ¢ from DJ¥, to D, ,, it follows that A({) has at most
pole at {=0, and hence that \({)=C*A*({) for rn integer k& and a nowhere-
vanishing holomorphic function A* on A. Substituting this into (4.3), we have

(44.) ¢*(z’ w) — ()\'*(zawb)-bzp’qu, 7\',k(za‘w)))azr/‘ws;) ,

where p'=—*kab+p, ¢'=—Fkb+q, r'=ka’+r, and s'=kab+s. If we define
an element g of G(D, ;) by

&(2, w) = (W*(2'w®)bz, A¥(2°w?)~‘w),
then, by (4.4) and (3.1), for (2, w)e D¥,,

(&°9) (2, w) = (gop*)(2, )
= (2w, 2w .

Since gog is a biholomorphic mapping of D,, onto D,, and since both D,,
and D, ; contain the origin, it follows from Lemma 1.1 that gogp is either the
identity transformation or the transformation of the form

C*> (2, w) — (w, 2)EC

This completes the proof of Theorem 4.2.
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