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1. Introduction and results

Let us denote a coordinate of 7%(R") by the following notation:
T*(R") = {(x,y; &, 1): x, EER™ and y,nER"} .

Here n=n,+n,. In this paper, we shall study the hypoellipticity of semi-
elliptic operators in R" which degenerate at x=0. It is well known that non-
degenerate semi-elliptic operators are hypoelliptic. For the definition of semi-
elliptic operators, see Kumano-go [5, p.85]. We consider a differential operator
of the form

(1.1) L = a(x,y, D,)+g(x) b(x,y,D,) in R"=RuaXR},

satisfying the following conditions. (Throughout this paper, the coefficients of
differential operators are assumed to be functions of the class C*.)

(A1) g(0)=0 and g(x)>0 for x=0.
(A.2) a(x,y, D,) is a differential operator of order 2/ and

Re a(x, y, £)=C, |E|¥

holds for sufficiently large |£].
(A.3) b(x,y, D,)is a differential operator of order 2m and

Re b(x, y, )= C, | n|*"

holds for sufficiently large |n|. Here C; and C, are positive constants and I,
m are positive integers.

Our main result is the following:

Theorem 1. Let L be an operator of the form (1.1) satisfying (A.1)~(A4.3).
Then L is hypoelliptic, i.e.,

sing supp Lu = sing supp # for uc9g'.
Taniguchi [12] showed that L is hypoelliptic if g(x) is non-negative and
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for any «° there exists a multi-index « suth that D? g(x°) =40, under the assump-
tions (A.2) and (A.3). Morimoto [7] showed that L is hypoelliptic if L satisfies
(A.1)—(A.3) and the following condition (G).

(G) For any multi-index @ there exists a constant C such that
| D g(x)| <Cg(x)*~"'" near x=0,
where o satisfies 0<o<1/(2Im—+2m—2I).

Theorem 1 implies that (G) can be eliminated for L to be hypoelliptic.
Next we study the hypoellipticity of the following operator in R®

(1.2) L = D¥-g(x) D"+D%

satisfying (A.1), where /, m and k are positive integers. Note that the following
operator in R?
L, = D'+g(x) D"

satisfying (A.1) is hypoelliptic, in view of Theorem 1 (Cf. Theorem 5 in Fedii
[1]). But it is known that for L to be hypoelliptic, we have to restrict the vani-
shing order of g(x) at ¥=0. The following theorem is about a sufficient condi-
tion for the hypoellipticity.

Theorem 2. Let L be an operator of the form (1.2) satisfying (A.1). As-
sume moreover that
(A4) lim |x|"*| log g(x)| = 0.

20
Then L is hypoelliptic.

In the case where I=m=k, the hypoellipticity of L was studied in Mori-
moto [9]. Hoshiro [4] studied more general case. Morimoto [9] showed
that L is hypoelliptic under the assumption /=m=~k if g(x) satisfies (A.1), (A.4)
and the following condition (G)’.

(G) For any j there exists a constant C such that
|g”(x)] <Cg(x)*"" near x=0,
where g)(x)=Dj g(x) and o satisfies 0<a<<1/(21?).
Theorem 2 implies that (G)’ can be eliminated for L to be hypoelliptic.
We also remark that a certain condition which is almost complementary to

(A4) is also sufficient for the non-hypoellipticity of L. Indeed, Morimoto
[8] has shown that L is not hypoelliptic if g(x)=0 and

(A.5) lim inf |x|"*| log g(x)| 0.
x>0
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ExamPLE 1. Let ¢ be a positive constant. Theorem 2 and the condition
(A.5) show that the operator

L = D¥ 714177 D" D3
is hypoelliptic if and only if o<<//k (Cf. Proposition 3.1 in [9]).

The plan of this paper is as follows. In Section 2, we introduce Sobolev
spaces which are necessary to prove Theorem 1. In Section 3, we explain our
microlocal energy method and complete the proof of Theorem 1. The proof of
Theorem 2 will be given in Sections 4 and 5. Finally in Section 6, we prove the
lemma in Section 3.

2. Preliminaries

We begin this section by preparing the following Sobolev spaces which are
necessary for the proof of Theorem 1.

DerFINITION. We denote by H%/(— oo <d, j<<oo) the space of all distribu-
tions v S’'(R") satisfying

[] 14, mixecn dg dy<eo

(.eR™, n=R™), where % is the Fourier transform of # and {¢>=(1-|&|?V2
ue H"> means u< H%* for any k.

Furthermore we say that a distribution « is locally of the class H*/ at (x°, y°)
(x**= R}, "= RY) if there exists a function ¢ C7(R") with ¢=1 in a neighbor-
hood of (#°, y°) such that pucs H%.

Now let L be an operator of the form (1.1) satisfying (A.1)~(A.3), then we
have the following proposition.

Proposition 2.1. If LucC> and ucH" at (0,)°), then it follows that
ue H** at (0, y°).

Proposition 2.2. In the case where Luc C¢ at (0, y°), there exists a function
(%, ) Ct(R") with p=1 near x=0 such that for any M

@ [, 19uE, m) 1, o dE dy<oo

where Q= {(£, n)ER"; |E|°= ||} with p=min (1, [j(m-+1)).

Theorem 1 follows from Proposition 2.1 and 2.2. Indeed, it follows from
(2.1) that uH* at (0,)°) for some j. Note that 2|5|**=|&|*+ |y|? for
(&,7)€Q, || =1. Then from Proposition 2.1 we see that usH®*= at (0, y°).
Therefore we have
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N\
22) [ 198 m)1%E ™ dE dy<oo

for any M. From (2.1) and (2.2) we see that u C* at (0, y°).

The remaining part of this section is devoted to the proof of Proposition 2.2.
We say that 7(x, y, &, 7)€ C~(R} , X R ,) belongs to S} , if for any multi-indices
a and @ there exists a constant C,; suth that

|ng;(x, ¥, &, 77)| §C¢p<§, n>i-ﬁldl+51ﬂ| ,

where r{=29¢ , D¢ ,r. Furthermore we say that the pseudo-differential opera-
tor R belongs to OPS/ , if the symbol of R belongs to S} ;.

Now take four non-negative functions @,(t)eCs(R), k=1, 2, 3,4 with
@,=11n {|#| £9—2k} and @,=01in {|#| =10—2k}. Take moreover four non-
negative functions A, €C~(R), k=1,2,3,4 with A,=1 in {|¢|=2k+1} and
2=01in {|2| <2k}. We define y,(&, 5) by

V(& 1) = @11~ 17]) M(1E124121%),

where p=min (1, //(m—+1)). It is easy to check that Jr,., &, (k=1, 2, 3), i.e.,
the support of ., is contained in a neighborhood of the closed set where
Yp=1. We define the pseudo-differential operator ¥, by W,=+(D,, D,).
Take g=nJ,;/p, where p denotes the symbol of L. Then the pseudo-differential
operator R is defined as follows:

2.3) R=QL—v,,

where Q=¢(x,y, D,, D,). Now we see that R OPS;§. Indeed, the asymptotic
expansion gives
cor—V1~ 2 (YN b
ET=1

where g, denotes the symbol of QL. Observing that 4, & S;% and
| D, 9, &, m) | < CupCE, "1

in the support of +Jr, together with the assumption (A.2), we have ¢ p, &S, §1".
Therefore it follows that ReOPS;§. From (2.3) we have

(2.4) ¥, QL = ¥, (I+R).

Since ReOPS; %, we can define E€OPS}, to have the following asymptotic
expansion:

(2.5) E~I+ 3 (—1) R

and then,
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(2.6) E(I4+R)—I=OPS~—.
Now from (2.4) we see that
(2.7) V,EY,QL = Y,E(I+R)—¥;E(1—¥,) [+R).

Since Yy, it follows that W,E(1—¥,)€OPS~=. Then in view of (2.6) and
(2.7), we have

2.8) BL— w,4+K
with B—W,E¥,Q and K& OPS-~,
REMARK. @ belongs to OPS; %' and so does B.

Now we consider the case where Lue C* at (0, 1°). We may assume uc&’.
Let ¢(x, y)=C7 be a function with ¢=1 near (0, »°) such that LucC*> in a
neighborhood of the support of ¢. Then from (2.8) we have

(2.9) $BLu = ¢Wu+dpKu .

Since B has the pseudo-local property, we see that ¢BLucC7. So we obtain
¢PucsCy. Moreover we have

(2.10) U (fu) = ¥, dVu+ W, d(1—) .

Since r,&vr;, we see that W, (pu)eH=. This implies (2.1) holds and the
proof is completed.
The proof of Proposition 2.1 will be given in Section 3.

3. Microlocal energy method

In this section we give the proof of Proposition 2.1. Here we use the
microlocal energy method of Mizohata [6].
First we define the microlocal smoothness of distributions as follows.

DEFINITION.  Let (2%, y°)e Rj: X Rz and 7€ R"2 with |°| =1. Forucg)’
we say that u is microlocally of the class H>> at (% 3°; %°) if there exists a func-
tion ¢ = C7(R") with ¢=1 in a neighborhood of (x°, °) and a conic neighborhood
T(CR™) of ° such that

AN
{1, 190, m 1™ dg dy<co
for any positive number s, where
A = R"XTy= {(&, n): EER", nETy} .

RemMARK. ue& H®> at (x°, y°) if and only if # is microlocally of the class H*



568 T. MoRIOKA

at (x°, y°; 7°) for all yER" with |7°|=1.
Now let ®= C§(R") be a function satisfying

®=1 in {=:|z|=r'}
and

®=0 in {=:|z|=7}.

Here we assume that 0<r'<r<1.
Our microlocalizers {a,(n), B(y)} are defined in such a way that

an(’?) = @(%__770) ’ B(y) = ¢(y—y°) ’

where 7 is a positive integer.
Our microlocal energy is

o + ” ;q gp)( J’) (‘E () u)”i2 ’ uES,(R”)
|p+al<N
with c;q_—n(uz)(lﬁl-'lql).

REMARK. a and B¢, denote 8} a, and D! B, respectively.

Now we have the following lemma whose proof will be given in Section 6.

Lemma 3.1. Let ucH® at (0,9°) for some j. Then ucs H™ at (0,°; n°)
if and only if there exists a function X(x)E CF(R%) with X=1 in a neighborhood
of x=0 such that

Sy, «(Xu) = O(n™%)
when n— oo, for any fixed N and s.

Remarx. In general, ¢,=O(n"*) means that there exists a constant B such
that |c,| <Bn~* when n is large.

Let us now begin the proof of Proposition 2.1. The semi-ellipticity of L
except at x=0 enables us to know that the right hand side of the equation

\b‘L(X‘u) = [a (x’ s D,), X(x)] u+X1]/‘Lu

is of the class C7 if Lu is of the class C= at (0,)°). Here we supposed that
X(x)eCF(R™) and +(y)=Cs(R") have their supports in small neighborhoods
of x=0 and y=)°, respectively. So we can write

3.1) wLlo=h,

where v=Xu and A€Cfy. In view of Lemma 3.1, our aim is to show that
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Sy, v=0(n"%) for any N and s. We choose r>>0 sufficiently small such that
Ber. Let us operate af’ B, to the both sides of (3.1), namely,
(3.2) af BgpLo=af Byh.
The asymptotic expansion gives
Re (L‘vn.t,q’ vn.p.q) = Re (_[a’(‘p) 18(4)’ L] 'U_I"hn.p [ ‘vmﬁ,q)

5

3.3) —Re I,
k=1

with

Un,p.¢ = af B(q) 7, hn.t.q = af :8(4) h,

b= 3 (=) ) HE) M O s Onn)
Iz = _(g(x) r’Ilv.i’.q v, 'vn,p,q) ’
L= — > (8D)7(aw) Vn, pts,g Vnpg) 5

1SIHER - 1p+4]
I, = —(72.5.0 9 Vn,p,0)
I; = (hn.p.q’ vﬂ.p.q) ’
where N is a large integer whose definition will be given later.

REMARK. ([agp) B(q)) a] v, ‘vn,p.q) = I3+I4 and ([agp) B(q)! g(x) b] Y9, vn.p,q) =
II+I2'

Now we are going to estimate each |I,|. From Garding’s inequality, it
follows that

IAY w|P< C, Re (bw, w)+C, ||w|[? for weS(R"),
where C, and C, are positive constants.
Taking w=g(x)¥* v, , , and noticing that ¢ #=< |5 | <cn for pEsupp a,, we
have the following estimate:
" || g(x)% 04, 1"

S CsRe (g(%) b4, 5,0) Vs, p o) Co 1|0, 5,4l1* -
On the other hand, we see that for any K>0

34)

l (b&)) g(x)m U, ptit,g4+v> g(x)lﬂ ‘vn.ﬁ.q) I
S Kn= |[bG) g(%)2 0, prn, gl PHK 2 027 || g(x)V2 0, 4 12 -

Noticing that the order of b)) is 2m— |»|, we obtain from (3.4) and (3.5)
L= 3 AK™(CsRe(g(%) b0y, 0 Un,pa)

NSKE+V|SN -[p+1]

(3.6) +GCs ||‘Un.p,q”2)+K”—zm(C7 Re (g(x) bvn,p+#,q+w Uy, pbhh, g+v)
+GC “vn.p+l",q+v“2)} .

(3.5)
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Since Garding’s inequality is also applicable to a(x, y, D,), we obtain

ILl= 3 {K7(CsRe(avy, 0 Un,p.0)

ISIHISN - [p+1]

(3.7) +Cy Ilvn,p,qllz)+K(Cll Re (@, p4n, g Vs, ptit,q)
+C12 “vn,ﬁ+l".q”2)} .

We estimate |I,|, |I,| and |I;] in the following way:

(3.8) | L] = K|lrsls.q 0lP+K o, 5,417
(3.9) I L] SK|l7sp.0 0lP+ K |25,
(3.10) [ Is| S K |lg, p,ol 14K [0, -

Writing the symbol of 77, , by an oscillatory integral together with the
fact that ¢c™'n=< |5| =cn for nEsupp «,, and introducing the partition of unity
in the 5-space, we see that

172 5.allg0is 2= const. |7}, ;| < const. p~N*ldl+2m=i=1
where |w|§’ denotes a seminorm in S{ o(R™), i.e.,

lo|§” = max sup|wfd(y, 7)<~ .
| +V|<k

For detail, [6, p.58]. Therefore we have
llcsa 72.5.0 D= o 172 5.al |07 5 22 |1Nr0] | gos < const, m= DN +2m=j=1

for | p+q| <N.
Then if we choose N sufficiently large such that —% N+2m—j—1<—s,

we obtain

(3.11) llche 72 5.0 2l = O(n™)

for |p+¢q| <N. By the parallel way, we also obtain

(3.12) licse Ta.p,q ©ll = O@®™)

for | p+¢q| =N if we choose N sufficiently large.
Let us now observe that cj,=n-W2U¥-"D¢7 .. then from (3.3) and
(3.6)—(3.12) we have for any £>0

1 1
“'2'" Re (awn,p.q’ wn,p,q)—}'? Re (g(x) bwn,p,qv wn,p,q)

(3.13) =K _ 3 TG Re (8(%) bW, piw, s W, pris g 4v)

ISIK+VISN - |p+4|

+Cy4 ”wn,p+#.q+u”2)
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+K n~"(Cys Re (aw w
15%5;_“’”[ (G5 ( n 0+, ¢ n.p+#.q)

+Ci |n, ps, ol ) +E |20, g, I
+Klc3 b, p,ol*+O(m7")
by taking K sufficiently large. Here w, , ,=¢}; 0, ;,,-

Summing up the both sides of (3.10) with respect to (p,¢q) satisfying
| p-+¢] <N, then we see that

Gth L4y, ] BusKC 7 Ay KO By,
+26 Sy, 9+ KSy , - O("%)
where
Ay =M+ENRe (a4, 5,05 Wi, p,0) 5
By, = 'M%LNRC (8 (%) b, p,g» Wn,p,q) -

By Garding’s inequality, By ,=0 holds for sufficiently large #. Sy , k=
O(n~%*) since heC7. So from (3.14) we have

(3.15) %AN,”S__E Sy, 0+-0(n~%).

Recall that € can be any positive number.

Lemma 3.2. If we choose the supports of X(x) sufficiently small, then we
have

Ay w288y, v
for some §>0.
Proof of Lemma 3.2. By Gaérding’s inequality, we have
Re (aw, w)= K, ||AL w|]*—K,||w|]* for weS(R").
Taking w=wv, , ,, We see that
(3.16) Re (av, 5,05 U, p,0) Z 8|0y, 5.0l »
since we can write

Vn,p,0(% ¥) = X(%) iP(D,) (B Xa 4) (%, ) »

where X,(+) € C5(R™) and XE&X,.
Multiplying the both sides of (3.16) by (c},)? and summing up with respect
to (p, q) satisfying | p-+¢| <N, we obtain the desired estimate. Q.E.D.

ReMARK. From (2.1) and the definition of a,(n), we see that v, , €H™.
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Since the support of v, , , is compact with respect to the x variable, Poincaré’s
inequality is applicable.
From Lemma 3.2 and (3.15), it follows that
SN,” V= O(n'z") .

In view of Lemma 3.1, the proof of Proposition 2.1 is completed.

4. The uncertainty principle
The proof of Theorem 2 is devided into the following two propositions.

Proposition 4.1. Let g(x) be a smooth function satisfying (A.1) and (A.4).
Then for any €>0 there exists a constant N >0 such that

(togln1)* | 1p(x)1" dx

(4.1)
<& (192612 du-t o | 2 () 17 )

for pC3(—1,1) and | 9| =N. Here ;o(')(x):(di)' o(%).
X

Proposition 4.2. Let L be an operator of the form (1.2). If g(x) satisfies
(4.1), then L is hypoelliptic.

The proof of Proposition 4.2 will be given in the next Section. We shall
devote the remaining part of this section to the proof of Proposition 4.1. We
prepare the uncertainty principle of Morimoto [10]. Consider a symbol of the
form

(4.2) (%, ) =E4+V (%),

where V' (x)=0 belongs to C=(R). For >0 and x,R, we denote by Bj(x,)
a box

(= 8): lx—w| <8, |EI S+ 87 .
2 2
Clearly the volume of By(x,) is equal to 1.

Theorem A. Let p(x, &) be the above symbol and let M be a positive con-
stant. Assume that there exists a constant ¢>1—2""*' such that for any §>0
and any %ER,

(4.3) #({(%, £) € By(%): p(%, £)2 M})=c,

where y is Lebesgue measure on R?. Then there exists a constant K>0 which is
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independent of M and V (x) such that
(4.4) (p(x, D)u, u)=KM||u||* for ucsCF(R).

Theorem A is a paticular case of Theorem 1 in [10]. For the proof of
Theorem A, see Section 1 and 2 of [10].
Now Proposition 4.1 follows from Theorem A. Indeed, taking V(x)=»"

g(x), ie.,
p(x, &) = E¥4-7"" g(%)

and M=¢&(log |n|)*, by the assumption (A.4) we see that p(x, &) and M
satisfy (4.3), when |5| is sufficiently large. It follows from Theorem A that
(4.4) holds. Clearly, (4.4) implies (4.1). Thus the proof of Proposition 4.1
is completed.

5- Proof of Proposition 4.2

The proof of Proposition 4.2 is quite analogous to the one of Theorem 2 in
[4]. In this section H?/ denotes a space of distributions in S'(R?®) satisfying

m [A(E, m, ) |}EY Ly 0¥ dE dy dr< oo,

where we denote a coordinate of T*(R®) by (,y,t;&, 7, 7). The local and
microlocal smoothness of distributions are defined in the same way as in Sections
2 and 3. Now for the proof of Proposition 4.2, it suffices to show that u is
microlocally of the class H** at (0, y,, £3; 70, 7o) for all (ng, 7o) E R? with n§+75=
1, when Lus C= and uc H%' at (0, ,, 4,).

We end the preparation of the proof of Proposition 4.2 by recalling the
microlocal energy method which Hoshiro has used in [3]. Choose first a sequnce
v,yeCF(RY, N=1,2... with

Ty=1 in {0 y+E<r?
and
Uy=0 in {(y1):y*+#2r%}
satisfying
| DP* Wy | SCUCN)# for |p|<N,

where Cu and C are constants which are independent of N. We supposed
that 0<r'<r<<1. We define our microlocalizers as follows:

0[”(77, T) = ‘PN,(‘Z‘_%’ %_To) ’

Bu(yst) = ¥y (Y0 t—1)
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with N,=[log n]+1.
Our microlocal energy of v&S'(R?) is defined in such a way that
S¥v=_31 |lcz a(D,, D) (Buo V)i

|p+49|< NV,
with cj,=n?\(M log n)~'**9. Here af’=05 02 a, and B,,=D% Di: B, with

2=(p1, p2) and g=(g,, g»), respectively.
Then we have the following lemma whose proof was given in Section 6 of

[31-

Lemma 5.1. Let ucH* at (0, y,, t,) for some j. Then u is microlocally of
the class H* at (0, y,, ty; 70, 7o) if and only if there exists a function X(x)= Cq(R)
with X=1 in a neighborhood of x=0 such that for any positive number s, there
exists a constant M such that

Su(Xu) = O(™*),

when n is large.

Proof of Proposition 4.2. Let X(x) and (¥, ) be smooth functions whose
supports are contained in small neighborhoods of x=0 and (y, £)=(y,, t,), res-
pectively. The semi-ellipticity of L except at =0 enables us to know that the
right hand side of the equation

W L(Xu) = [ D3*, X(x)] u+Xr Lu
is of the class C§ if Lu is of the class C* at (0, y,, %) . So we can write
(5.1) Lo =h,

where v=Xu and 2= C5.
Assume that |p+¢q| <N, and >0 is chosen sufficiently small so that
B.S+yr. Let us operate af’ B, to the both sides of (5.1), namely,

(5.2) a? Bupy Lo = af’ Bup b -

Furthermore the asymptotic expansion gives
(5.3) LOn s Onpd) = _;Eo(—l)m(” DL Vn,p,gvs Vo)
+(Pn, .00 Vn.p.0) »

where v, , ;=P B ¥, Fup=0P Buy k and L™ is the differential operator
whose symbol is 8, , L(x; &, 9, 7).
Thus we have the following estimate:
(5.4) (Log, 5,05 v,_,,q)glw%}o [(LM 0, 5 035 On,pa) |
el i+ P
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where €>0 is an arbitrary constant. Moreover, multiplying the both sides of
(5.4) by (c3,)?, we obtain
(L, p,0» @n,p,0) %EO(M log n)!™! [ (LY 2,5, ¢4> Wi,p,0)

+E 10,5, ol P47 [I€hg a4l

where w,, , ,=¢}; U, 5, Note that cj,=(M log n)!™ ¢} ;4.
Now we are going to estimate the first term on the right hand side of (5.5)
under the assumptions that |7| = |7,| and || =< |7,|, respectively.

(3.3)

A. In the case where |ng| = |7y
(1) For »=(d, 0) (i.e., L™=const, g(x) D3"~%), we see the following. Since
¢ n=|y| =cn for (3, r)Esupp a,, we have

| (L(V) wﬂ.p.q+v’ wn,p,q) '

= const. | [ 28) 7774 w4.5.040(83 7, 7) iy o5 7, 7) div iy |
< const. n7* [ {{ 25) 72711, gs 1P+ 108,00 17) dv dy i

where w; , (x; 7, T) denotes the partial Fourier transform of w, , /(x,y, ) with
respect to (Y, t).
Therefore it follows that

(5.6) (M log )™ | (LY w,, g4 W, p,q) |
. ge{(Lwn,p,q+w wn,p,q+v)+(Lwn,p,q) wn,p.q)} ’
when 7 is large.

(2). For »=(0,d) (i,e., L™=const. D*~%), we have

(M log m)™ [ (L w4, p,¢4v) Wa,p,0)

= const. (M log n)?| SSS T 5 0a(%5 0, T) Wi p.o(%; 9, 7) dx dy dr ]| .

Observing that for any £>0 there exists a constant KX >0 such that
(M log n)? | 7| %4 < &%+ K (M log n)* ,
then from (4.1) we have
(Mlog m)" [(LY @, g1os W, p.0)|
< const. SSS {&7%*+ K (M log n)*}
X | w3 5,049 |*+ |W3,5,01% dx dy dr
<const. E{(Lw,, 5 q+vs Wn,pg+v) LWy 5 0y Wa 5.0} >

when 7 is large. Note that log n~log|y| in the support of w; , ,(x; , 7).
Combining (1) and (2), we obtain for any €>0
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57) (Law,, 5,q Wy, 5,q) = cOnSE. GMS%‘”#(Lw,,, 2+ Wnp.g+v)
+E kg Pa, g ol P4-E Nl 5 0l

when # is large.

B. In the case where |55 < | 7]
(3). For »=(d, 0), we have
(M log n)"™ | (LY @y, p,g4vs Wa,p,) |
= const. (M log n)?| Sss gxX) " wp y un(®; 9, T) Wi o(%5 7, T) dx dy dT |
Observing that for any §>0 there exists a constant K >0 such that
(M 10g n)d l 7 l 2m—d§8172m+KM2m n,
we have
(M log n)™ | (L™ wy, p, gvs Wh,p,) |

=< const. SSS 2(x) {&r*"+ KM?*™ n}

X {| Wi p.qev|?+ Wi 5,q|% dx dndr

= const. 8{(Lwn,p,q+'w wn,p,q+v)+(Lwn,p,q> wn,p.q)} ,
when # is large.
(4). For »=(0, d), we have

I(L(V) wn,p,q+w wn.P.ﬂ) |

= const. | [[[ 74 w0035 0, 7) Wi 55, ) v iy |

<const. n™¢ SSS T\ Wh p.gav |2 | Wi 50| %) dx dy dr
és{(Lwn,p,q+\n wn,p,q+v)+(Lwn,p,qa wn,p,q)} ’

when 7 is large.

Combining (3) and (4), we also obtain (5.7) for any £>0.

Now, let us sum up (5.7) with respect to (p, q) satisfying | p+¢q|<N,—2
(m+Fk). Then the first term of the right hand side of (5.5) will be absorbed into
the left hand side (by taking & sufficiently small). Thus we have
(5.8) 3 (L, p g Wap,) SE SY 0+0(n~%),

16 +4IS Ny
since the microlocal energy of 4 is rapidly decreasing as #n—>co. To establish
(5.8), we used

Lw = O(n~%
N,,-z(m+h)§|p+q|§1v,,( hho w"'p'q) ( ) ’

for sufficiently large M. Cf. Lemma 1 in [2].
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By Poincaré’s inequality,
(L@n,p,q» W, ,0) Z Dz w0, P 8|0, lI°
holds for some §>0. Therefore have
N LWy p g Wy pg) =8SH .

[p+9|SNy

So from (5.8), we see that for any number s there exists a constant M such
that

(5.9) SH(Xu) = O(n~%).

In view of Lemma 5.1, it follows that u< H®* at (0, ¥y, ; 70, To) for any (z,, 7o)
with n5+75=1. Now the proof is completed.

6. Proof of Lemma 3.1
Here we give the proof of Lemma 3.1.
Necessity. First we suppose ¢=X(x)(y) is a cut-off function which

satisfies pues H*> at y’-direction, i.e.,

S‘SAH/);(‘E’ ) |2<p>¥ dE dy<<oco for any j
with
A = RNXT, = {( 7): EER", nETy,

where Ty is a small cone which contains »°. Furthermore, choose >0 suf-
ficiently small so that @<+ and supp «,&T,. Now let us take v=Xu and
consider the following estimate:

) By o = I () (Beo 0) (& I
<const. [la®(n) (Bep 9) (€, ) <n> I

/N :
<const. {{ [du(t, n)[? < dt dy.

Recall that ¢! n< || <cn for nEsupp a,. Then we see that
llas? Bigy vll = O(n™’) for any j.
So it follows that
Sy.a(Xu) = O(n™™)
for any N and s. Q.E.D.
Sufficiency. If Sy ,(Xu) = O(n~%), we have
lle, Boll = O(m™),
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where v=%Xu. Let us observe that

)y a,(n)? W= const. {n)*
n=1

for 5 contained in some conic neighborhood Ty of %° with |»|=1. Then we
see that

SSA/ |'/3\”(E’ 7) |2 < dE dp< i-‘; llet, Bo|[? n*' 1< oo

for any s'<Cs, where A'=AN{&, 5): [I=1}. Now it follows that u is
microlocally of the class H** at (0, ¥°; 1°) if Sy, v is rapidly decreasing as #—>oo.
Q.E.D.
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