Kannai, Y.
Osaka J. Math.
25 (1988), 1-18

EXISTENCE AND SMOOTHNESS FOR CERTAIN
DEGENERATE PARABOLIC BOUNDARY
VALUE PROBLEMS

Yakar KANNAI

(Received July 21, 1986)

1. In [6], S. Ito has considered the following parabolic initial-boundary
value problem:
ou i 0’u

1.1 —= (%, t
(1 or i D g,

—}—é by(x, t)a—u——l-c(x, t)u
i=1 6x,~
in Qx R, with QCR",
(1.2) a(x, ?) fa’ﬁ(x, 1)+-8(x, Hyu(x, £) = f(x, ) on BQXR,
n

where 0/0n is the derivation in the direction of outer co-normal and

(13) alx, >0, B(x, 20, a(x, )+B(x, ) = 1,
and
(1.4) u(x, 0) = uy(x) for x€Q.

He solved the problem by constructing explicitly a fundamental solution. We
wish to apply instead the well-known method of reducing boundary value prob-
lems to pseudo-differential problems on the boundary [5, Chapter XX for the
elliptic case, and [3,10] for the parabolic case]. In [7] we have analyzed in this
manner the corresponding degenerate elliptic boundary value problem and es-
tablished the hypoellipticity of the appropriate pseudo-differential boundary op-
erator; in fact, under assumptions such as (1.3), one easily sees that this operator
satisfies the condition for the existence of a parametrix with symbol in a suitable
space S;'5(0Q). The parabolic case, to be considered in the sequel, differs
from the elliptic case in two respects: (i) The boundary operator induced by
(1.2) is no longer invertible in an S]'(0QXR,) space - one needs weighted
classes of symbols as introduced in [1] (in fact vector weights are required; (ii)
The manifold 8QX R, is a manifold with boundary 9 x {0} and a Cauchy
problem for a pseudo-differential equation has to be solved. We deal with
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these matters in sections 2 and 3, respectively, and establish existence, uniqueness
and smoothness of solutions to the problem (1.1), (1.2) and (1.4) in section 4.

One advantage of our approach is that we can consider cases where o and
B are not required to be real. 'The zeros of a can even be simple when regarded
as function of ¢ (but have to be multiple as functions of x). We could also
discuss non-cylindrical domains (as in [10] and [11]) and higher order operators
(there the conditions become however much more involved). We do not treat
here the delicate question of necessity, dealt with in [8] (compare [7, p. 327])
for an example of an unusual problem).

A substantial part of the research described here was carried out while I
was visiting Japan. I am very much indebted to Prof. S. Mizohata, who in his
gentle way encouraged me to consider this problem; to Professors M. Tkawa,
C. Iwasaki and K. Taniguchi, for helpful conversations; to Prof. H. Tanabe,
for being my host; and to the Japan Society for the Promotion of Science, for
supporting my visit to Japan.

2. In this section we shall prove the hypoellipticity of certain degenerate
pseudo-differential operators of (weighted) order 1 defined on open subsets of
cylindrical manifolds of the form H X R where H is a d-dimensional manifold.

Denote the general point of HXR by (x, t)=(x, ***, %, t), the dual by
&, )=(&,, *-*, &4, T), (where we have fixed a certain collection of coordinate
systems on H) and set

@.1) ME, ) = (L [E1 179 = (LG B+ |71

where a specific Riemannian metric has been chosen on the fibers of T'*(H).
For an open subset X of HX R, let S, 5(X) denote the class of all C* functions
a(x, t, €, ) on X X R**! such that for every compact K CX and each pair of
d-dimensional multi-indices @,@ and two non-negative integers ¢ .;, B4+, there
exists a constant C=C(at, B, ®y11, Bas1, K, @) such that

(2.2) [agz:g:::;(x, t, € 1) Sme~|a|p—2a4+1p+Iﬁ|6+2/94+16

where p and & are fixed constants satisfying 1>p>8>0 and la| =201 ay,
[B|=3_,8;, and &% “"“)—Oga‘:‘“DﬁDf 4+1g.  Note that S, ; coincides with

8,84+
the (Beals) class defined by the weight vectors ®;=:++=®;=N\°, Dy, =N\",
Pr=+=@; =N @, =A%, The following is a generalization of Theorem
3.1in [7].
Theorem 2.1. Let
(2.3) b(x, 8, &, ) = a(x, tle(x, t, E, T)+b(x, 8, &, T)

where
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24) a(x, )eC=(X) and a(y, t)=0

for (y, t)eX implies D, a(y, 1)=0, 1<j<d. Assume further that bES3 s,
eE S\ ,p,5 where $< %, that for every compact subset K of X and a, B, @ys1, Bain:
there exists a constant C=C(a, sy, B, Bas1, K) such that for all (x, t)EK,

(2.5) ]egg-,gxg(x, t, £, 7)| <C(1+|e(x, t, & 7)|n~1alp—28as10F1810+204::8

and that there exist positive constants c, &, such that

(2.6) la(x, t)e(x, t, &, 7)| 4+ 1b(x, t, &, T)| =¢
if A=>c, and
(2.7 |arg [a(x, t)e(x, t, &, 7)/b(x, t, &, 7)]| <m—&

if the argument in (2.7) is well defined and N> c.
Then there exists a positive constant C, such that

(2.8) [p(x, 8, €, )| =C,  if A=c
and for every o, 3, @41, Bawr and compact sbuset K of X there exists a constant
C,=Cy(a, ayiy, By Ba+1, K) such that for all (x, t)EK and &, T such that N>,

(2.9) ]pg‘;:gﬂg(x, t, E, 7)| <C,l p(x, t, £, 7)|n"1alp—20an0+ 8172+ baes

Proof. We shall denote by C any constant which is independent of x, £,
g 7 if (x, )€K where K is a compact subset of X and A(§, 7)=c. Note
first that

(2.10) lb(x, t, & 7)|<C|p(x 1, & )| .
In fact, (2.10) is certainly true if b(x, ¢, &, 7)=0 or a(x, t)e(x, t, &, 7)=0. Other-

wise

b = ([ae/b]+-1)""p

where by (2.7) |[ae/b]+1]| is bounded away from zero. Hence the triangle
inequality |ae| <|p|-+|b| implies also that

(2.11) la(x, t)e(x, t, &, 7)| <C | p(x, ¢, &, 7)].

The estimate (2.8) now follows from (2.6) along with (2.10) and (2.11).
To prove (2.9), note first that bES? , 5, §<$, and (2.8) imply that if A>¢
then

‘bgg, gdﬂ; I <O\~ |alpo—2a4+10+|810+284+:0
sHd+1) " T

(2.12) SClplx"’““’_z""“”|‘9‘5+2’9‘“"
<C IpI)\"‘Ialp_zadﬂp‘l'(m!/z)'*‘ﬂdn
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Thus we have to estimate only (ae)g;' . ‘l)) By Leibniz’s rule,

(ae)(G: 5223 (%, t, &, 7) =

= (Ie)(tedﬂ a(y,n+1)(x, t)egg’f;féiﬂﬁnu)(x, t, & )
v<B Y I \Ya+1
(2.13) Yg+15Bgss
=3 2 .2 2
v<B M+, =0 iv+drg, =1 ety =2
yd+lspd+1
=S4+

By (2.5), (2.8), and (2.11),

|S3=la(x, )] leF 5223 (=, 2, £ )]
Scld(x, t)|(1+|e(x, t, E, T)I)X—Ialp—2a¢+1p+|ﬂl5+2ﬂa+15

SC(1+ ]a(x’ t)e(x, t E’ T)l)x_lal—zadﬂp‘*' |8164+284+.0
<C Ip(x, t E, T) IX—Ialp—2a4+lp+(ﬂ/2)+ﬂd+l

(2.14)

if A>cand (v, )€K. If || +274,=1 then |y|=1, 74,,=0 and we use the
following essentially well-known

Fact. If a(x, f)eC*X) and a(y, t)=0 for (y, t)€X implies D, a(y, £)
=0, 1<j<d, then for every compact subset K of X there exists a constant
C(K) such that for all (x, #)e K and 1<j <d,

(2.15) |D,,a(x, £)] <C|la(x, )|

The fact can be proved exactly as lemma 3.2 in [7] with ¢ appearing as a para-
meter. It follows from the fact and from (2.5) that if (x, )€K then

ISI<CUD a0l 3 1650 4 & )]
(2.16) <Cla(x, V(14 |e(x, t, &, 7) |~ Io1p 2ot (1B =10+ Fa-0 .
But a(x, #) is bounded on K, and if A>c then by (2.8) and (2.11)
(2.17) la(x, t)[ ] e(x, £, &, 7)< (14| (ae)(x, 8, &, 7)])2<C | p(x, 8, §, 7).

Inserting (2.17) in (2.16), recalling that e S} ,; and §<% and noting that
|@] =1, we find that

I <C|pla~lele—2tano+UB1/2+ Bans
1

(2.18) 1-C|p Al lalo=2eario+ (18] =1)/2+Bass
<C|p|n~lalp 2000+ (181/2)+ Bas
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Using (2.5) once more, we see that if A>¢, (x, f)EK, then

3] <C(1+ Iel)x—lalp—zaaﬂp“l- |810—|7]04+2B44+10—274+10
2
(2.19) <A - lelp—204010+ 818 —710+284:110—274410

But 8<%, 171<|8B], Y4:1=<Byss1, and for 33, |v|+2744.,=>2. Hence

(1814284— 171~ 2¥a1) (=) =2 (17| +2741)+1<0

or

(2.20) 1+|ﬁ|8~ma+2m+la—2~/d+las'—§-'—+m+l.

Applying (2.8) and using (2.20) in the exponent of (2.19) we obtain the estimate
(2.21) I <LC|p(x, t, &, 7) l7\‘—lalﬁ—2a4+1p+(lﬂ|/2)+ﬂd+1 .

The conclusion (2.9) now follows from (2.12), (2.13), (2.14), (2.18) and
(2.21).

As in [1], [4] and [9], we denote by LY , 5(X) the class of (pseudo-differential)
operators P such that for every f € C§(X) there exists a symbol p.(x, ¢, &, 7)€
X 0.8(X) such that for all p= C7(X)

(222)  P(fo)(x 1) = @r)y e ([ eesmp (a1, & (e, ndgdr

Note that, as usual, the symbol of PELY, s(X) is unique modulo S35:;=
Nm-0 Sxps(X). In an analogy to (a special case of) theorem 4.2 in [4], we have

Theorem 2.2. Let P L}, s(X) and assume that the symbol p(x, t, &, 7) of
P satisfies the inequalities (2.8) and

29) 15553 (x, 1, & T <Cilp(, 1, E 1) [aT 1010 20eno 1610428000

with 8<p. Then P has a (right and left) parametrix E L3 , (X) and P* is
hypoelliptic.

Proof. By theorem 8.7 of [1], the operator P* is also in L% , 5(X) and its
symbol p¥(x, ¢, £, 7) has an asymptotic expansion

(2.23) Pt 1)~ 3 () an)PCS
in the sense that for any positive integer IV,
@24 P e (B )P0 E ST

Choosing N>(p—38)~! and using (2.9") we infer first that for A sufficiently large
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| p*| is bounded away from zero. Differentiating (2.24) we see that for all
a, Agyy, :84+1, ﬁr

$(a, ag.1q) -1 ~1xuta, pg+aq4q)
|2, 8 2 () (e ) TP 8 20|

<C7~M~N((p—6)— |al p—2a4.10+ | B 0+2B4+10 )

By (2.9’) and the fact that | §| is bounded away from zero for large A we deduce
that (2.9’) holds also for p* replacing p. Hence we have to construct only a
right parametrix for P (for the adjoint of a right parametrix for P* is a left par-
ametrix for P). If A€L? ,4X), BELY,4X) and if one of them is properly
supported, then by theorem 8.4 of [1] their composition 4B is in L% (X) and
the symbol acb of AB has the asymptotic expansion

(2.25) asb~ 33 (a)) (e !) @ ® %, o

M'ﬂ‘+1

in the sense that for any positive integer NV,

(226) acb— 51 (@) Hag) a0

JESTn -Ne-
WPy .
@i +2iag, <N

Qa,0g+1

Moreover, by the (local analog) of theorem 4.13 of [1], given a sequence @;&
SELHP~9(X), j=0, 1, ---, there exists a properly supported operator A€ LY, (X)
with symbol a€ S¥; 5(X) such that a~>37. g; (i.e., for every N,

(2.27) a— 3 a;€ST55CV(X)).
<N

Hence it suffices to construct a symbol e(x, ¢, &, 7)€ S? , 5(X) such that
(2.28) poe—1ES8554(X)
and this will be achieved by first solving the recursion formulas

P(x’ t, Ea T)eo(xs t, E, T)Nl ’
(2.29) p(x, t, &, 1)eju(x, 2, E, 7) ~p(x, 2, &, T)ej(x, t, E, T)—poe; for j>0,

and then setting e~337., ¢; (we say that a~b if a—bE S5 5(X)).

Define ey(x, ¢, &, 7)=p(x, t, &, 7)~* if M(&, 7) is sufficiently large and extend
the definition so that ¢, & C=(X X R‘*"). Then ¢, is bounded and pe,=1 for A
sufficiently large. More generally

leo(% 5971 ) (%, 2, £, 7)| < | C e A P18l ~20@ust 1813426400

(230) SCK_Plal_zpad-u‘l“|ﬂ|5+2ﬂ4+15

for A sufficiently large. In fact, we can prove (2.30) by induction over
la| +as+ Bl +Ba+; (for a=a;,,;=B=B441=0 it is just the boundedness of
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). Differentiation of the equation p(x, ¢, £, 7)ey(x, ¢, £, 7)=1 gives, when A is
large, '

(a, Ag+1) (u, 1 )(a ma Ha+y)
Peog faiy= 23 Cupgrrvvars P0vg, 5 0008 —v, Bgir—vary

where Cyp,, | v,va+: are constants and the summation is extended over multi-
indices p, pg41, ¥, Yoy With p<a, pe<ayp, v<PB, v4,<Bsyy and |p+v|+
ta+1+v441>>0. Using (2.8), (2.9’) and the induction hypothesis, we obtain (2.30).
We claim that more generally

(2.31) ef(x, t, £, 7)€SxI4(X)  holds forall j>0,
or that for all &, &y, B, Bi+1, (%, )€K and A\ sufficiently large,

(2.32) Ieigg' g::i;(x, t, E, T)[SC?\._]'(P"—B)"la1p~2ad+1ﬂ+|ﬂla+2ﬂdﬂa.

We prove (2.31) by induction on j. Note first that the recursion formula de-
fining e;,, (for large A(£, 7)) may be written (for any positive integer N) in the
form

(233) P = — o<m+§a+1<ﬂ (YD Vg ) D iy, TN

where 7; yESi;4*7¥(X). Choosing N>(p—8)™'+1 we obtain 7;yE
SxY3Pe=9(X), and applying (2.8) and (2.9’) we deduce that (2.32) is valid for
a=a,;,=B=R::,=0. We now use induction over increasing |a+28|+a .+
Bair.. Differentiation of (2.33) gives

Pe (a, ag+y) 2 Cp. Bty V,1+1P(ﬂ, ﬂd+1) (a—pu, Qgs1—ta+1)

ITUB, Bar) W,va+1) J'H(a Vv, Ba+1—Va+1)
-y, P(T+u.rd+1+/ld+1) (a—u, g +1—Ug+y)
B, vd+1°<'7'+274+1<'” W, va+1) éj T+B—v,ra+1t+Ba+1—Va+1)
(a, aq+y)
(2.34) 7588 Bard

where the Cuu,, v,v,,, and the Ciu, | +,,,, are constants, the summation in the
first sum in the right hand side of (2.34) is extended over multi-indices y, pg4,
v, vaq such that p <o, v<B, py <Agyy, Vi <PRur and | p+v| +pgi+v41,>0,
and the second summation is extended over all p<a, v<B, pi<As4y, Vi<
Bair1- Applying (2.9°) and the induction hypothesis (2.32) for lower derivatives
of €.y, (2.9°) and the induction hypothesis (2.32) for e;, and the assumption
on 7; y, and dividing by p in accordance with (2.8), we conclude that the first
sum, second sum, and third term in (2.34), respectively, are each bounded by a

constant times 2~V D=~ lalp =220 +18104264:190 504 (2.32) is proved.

From Theorem 2.1 and 2.2 we obtain at once
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Corollary 2.3. If the symbol p of the operator PE L} , (X) satisfies the as-
sumptions of Theorem 2.1, then P is hypoelliptic and has a (right and left) parame-
trix E ELg,P,lIZ'

In section 4 we will use the following fact which was established in the
proof of Theorem 2.2.

Proposition 2.4. Let a, b, e satisfy the assumptions of Theorem 2.1. Let
e, be equal to [a(x, t)e(x, t, &, 7)+b(x, t, &, 7)]"* for M(&, 7) large. Then

(2.35) (ae+-b)oey—(ae+-b)e, & STEHA(X) -

The relation (2.35) follows from (2.29) (with p=ae+b) and (2.33), where
we also use (2.9), (2.30), and |p| |e|=1. .

3. We shall derive here results concerning existence and uniqueness of
solutions of a Cauchy problem for a pseudo-differential equation in a cylindrical
domain. Note that the construction of a right parametrix in section 2 is not
enough for obtaining existence (even in the case of a compact manifold without
boundary), as the cokernel, while finite dimensional in the compact case, might
nevertheless be non-trivial. Moreover, the pseudo-local character of the opera-
tor under consideration calls for some care in the consideration of problems in-
volving domains with boundaries. It turns out that both difficulties are overcome
via the realization of the fact that the operators which figure in the analysis of
parabolic equations are Volterra operators [2], [9], [10], [11]. To introduce and
discuss those latter operators we need several further definitions.

Given a d-dimensional manifold H and a real number T, set H,= {(x, t)
HXxR:t<T}. In[1] weighted Sobolev spaces were introduced, and their pro-
perties investigated, for general weight vectors. For our purposes here a simpler
representation is possible (compare also [9], [11]): for all s€R, denote by
H’(R4*") the space of temperate distributions % such that # is a function and
the norm

3.1) llul2 = S NH(E, 7) | A(E, 7)|*dEdT

Rd+l

is finite, and by H 3 (R*") the closed subspace of H*(R%*!) consisting of those u
for which u(x, £)=0 if ¢<0. If H C R’ we can define H°(HX R) and H{(HXR)
as the spaces of the restrictions of elements of H*(R‘*") and H3(R4*") respectively,
with the norms

|lulls = inf |[ U],

where the infimum is extended over all extensions U of . If H is a compact
manifold without boundary then one can define H*(H X R) and H ;(H X R) using
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appropriate systems of local cooradinates and partitions of unity. Given a com-
pact subset o of H, we denote by H(H X R) (H3(H X R)) the closed subspace
of H'(HXR)(H{(HxXR)) consisting of distributions with support in o XR.
Given a positive number T, we define H'(Hp)(H i (Hy), Hy(Hy), HS (H7)) as the
space of distributions uD'(H;) which are extendible to HX R such that an
extension U of u is an element of H'(HXR)(Hi(HXR), H;(HXR), H:(HX
R)) and

llll, = inf||U]],

where the infimum is extended over all such extensions.

In conformity to the usual terminology in system theory, we say that an
operator PE L}, 4(X) is causal if, for all {,€R and all p =CF(X) such that
@(x, t)=0 for t<t, we have (Pp)(x, t)=0 for £<f,. Properly supported causal
operators extend 'naturally to H$(Hz) (with values in D’(Hz)), and all causal
operators extend to H 3 (H7).

Proposition 3.1. Let PE L}, ;(X), and suppose that for every feC3(X),
the symbol p (%, t, E, 7) can be continued analytically to the half-plane Im <0 so
that (i) p (%, t, &, 7) is continuous in X X R*X {r: Im7< 0}, (ii) there exists a con-
stant p (which might depend on f) and for every (x, t)E X there exists a constant C
such that

(3.2) [ps(x, t, E, )| KCAHE, 7) for E€RY Im7<0.
Then P is causal.

Proof. Let p=C5(X) and ¢(x, £)=0 for t<1, for a fixed ;& R. Choose
f€CF(X) such that supp o {(x, ): f(x, t)=1}. Then for every (x, )€ X we
have

(33) (Po)(x, 1) = P(fo)(x, 1) = 2m) ™ ([ detvmp (u, 4, &, (e, m)dkar .

The Paley-Wiener theorem implies that for every N >0 there exists Cy>0 such
that for all £ R? and complex numbers 7=7,+i7, with 7,<0 we have

(34) | PE, Ty+iy)| SCy NN (E, 7)o

By (3.2), (3.4) and Cauchy’s theorem we can move the 7 integration in (3.3)
to a line Im 7=, for a fixed 7,<<0 and obtain the estimate

(3.5) |(P@)(x, £)| <CCy(27)~@+D SS ANE D g dr

If we choose N> p-+d+2 and let 7,—>— oo we find that (Pp)(x, £)=0 if ¢ <t,.
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A causal operator PE LY, 4(X) is called a Volterra operator if m<0. We
have (compare [9], [11]) the following:

Proposition 3.2. Let P L}, (H;) be a properly supported Volterra
operator, and let op=CF(H), geH\(H;), s€R. Then there exists a unique
€ Nociar Hi(H ) such that

(3.6) f+oPf=g.

Proof. Theorems 9.5 and 9.10 of [1] and m<0 imply that for every
Y Cs(—oo, T), the operator yr(¢)p(x)P is a compact operator in the Hilbert
space H3(Hy). We solve first the equation

3.7 fAVvePf=g.

It suffices to show that the homogeneous equation f4++r@Pf=0 has only
the trivial solution in H}(H;). For any real number a, the operator A§, given
by
(3.8) (Agu)(x, £) = (27;)-15 (r—i) "N (x, 7)e"" dr

where #/\(x, 7) is the partial Fourier transform of « with respect to the ¢ variable,
is a causal operator in Lf , 5. If a<<—m then P,=Alyr@P is a Volterra operator.

We turn now to estimate the norm of P in H5(H,) for 0<t<<T. For
this we note that JypPuc H (H,) with o=suppe and that a norm in
H? ,(H,) may be given by the formula |[u||, ,=[|L’U|l,; where U is an extension
of u (supported at o X {t=>0}) and L’ is given by

(39) (LU 1) = ey [ desrmigpri O, dgds

for the analyticity of (£2+i7+1)¥? in the half-plane Im >0 implies that the
restriction of L°U to H, does not depend on the extension U. Note also that
L* and A§ commute, and for we H)(H X R), and a>0,

(As*w)(x, t) = St e"(t—t/)(t_tl)alz—lw(x, t)dt
0

so that
t t
IATew|3, < So I sol(tl—t’)“/z‘lw(x, £YdE | o d
(3.10) <Ct'lw|l3,; .
Hence

llyrPull,,; = ||L*prPully,; = ”A(TaLsPﬂ‘”o,t
< Ct||L*Pyillo, < Cy || Py . < Co 1| | rp P | 15,1
(311) SCatah“u”s+a+m.tScataﬁ“u”s.f .



DEGENERATE PArRaBOLIC BOUNDARY VALUE PRBOLEMS 11

It follows from (3.11) that the solution f(x, t) of the equation f4Jr@Pf=0
is equal to the zero element of H{(Hy ) if 0<T¥*<C3'. TIteration of the argu-
ment proves that f=0 in H,. By Fredholm’s alternative, the equation (3.7) is
uniquely solvable. Moreover, (3.11) implies that if g(x, £)=0 for 0<t<¢, then
f(x, t)=0 for 0<t<<t,. Let now y,€C7(—o0, T') be such that Jr;()=1 in a
neighborhood of 1[0, ¢;], i=1, 2 for 0<t,<¢?,<T, and let f; be the unique
solution of f;++r@Pfi=g, i=1,2. Then f(x», t)=f,(x, t) for t<<t;,. Thus we
can construct f(x, t) (the solution of (3.6)) to be the common value of the solu-
tions of (3.7) for those y» which are identically equal to 1 in a neighborhood of
[0, t]. By causality of P, f defined in this way satisfies (3.6).

Combining Propositions 3.1 and 3.2 with some arguments from the proof
of Theorem 2.2, we can deduce solvability of the equation Pu=f in H;(H,), say,
if the symbol p(x, ¢, &, 7) satisfy the conditions of Proposition 3.1 and Theorem
2.2 and the symbol p(x, t, £, T) never vanishes for EER?, Im 7<0. We will not
give the details here, as a stronger result will be proved in the next section (in
the process of proving Theorem 4.3).

4. Let Q be an open, bounded subset of R” (or of an n-dimensional smooth
manifold) with a C~ boundary Q. Let L be a second order parabolic operator,

u
0x;0x;

@1)  Lu(x, t) = %— S 4y, 1) 31, t)g_“+c(x, f)u

ii=1 i=1 x;
where a;;, b;, c€C~(Q2x R,,) for 1<, j <n, and the elliptic part of L is strongly
elllptic, i.e.,

(4.2) .Re (Anv;ll a;i(x, t)E;£;)>0

for all (x, )€ x R, and £ R"\{0}. This is equivalent to L being parabolic
(compare [10], [11]): For all £eR" and r&C with Im 7<0, |&|+ |7| >0,

(4.3) i7'+“2:14u(x, 1)EE+0.

Boundary value problems for L have been studied in [3] and in [10] via
pseudo-differential operators on the boundary; we introduce some further nota-
tion in order to summarize the information needed for our purposes.

Let H and X be as in section 2. (We write down explicitly the definition
for X C R?, with obvious modifications if H is a manifold.) Denote by C~ the
set of complex numbers with non-positive imaginary part, and by S™(X) the
class of functions p(x, ¢, &, 7)€ C=(X X R**!) which are the boundary values of
functions defined and continuous on XX R?Xx C~ and holomorphic in 7 for
Im7<0, and such that there exists a sequence of functions p;(x, ¢, &, 7),
j=0, 1, -+, satisfying
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(i) p;EC=(XXR™*N\{0}), p; is the boundary values of a function defined

and continuous on XX (R?XC~\{0, 0}) and holomorphic in = for
Im <0,

(i) pj(x, 2, NE, M) =A""Tpy(x, ¢, &, 7) for all A>0, (x, H)EX, (§, 7)E
R¢xC~\{0, 0}.

(iif) For every compact subset K of X, pair of d-dimensional multi-indices
a, B and two non-negative integers @;4;, B;4; and for every positive
integer IV there exists a constant C such that

(4-4-) lpgg’ /‘;::3 (x, t &, 7')— %lpjgg» ;d+l)(x’ L E, T)I <C[ME, T)]m-—N— |a| —2a44+,
’ j=0 , Ba+1)
whenever (x,t, £, 7)€ KX R*** and M E, 7)>1.

Note that S™(X) is a subset of S%,,(X). It was proved in [10] that p,, is
invariant under diffeomorphisms of H.

Let N be a C™ unit vector field defined in a neighborhood of 8Q, trans-
versal to 0Q and pointing to the exterior of { (this includes as special cases the
unit normal or conormal vector fields). If usC?*Q;) we denote by v the
restriction of % to (0Q); and by «,u the restriction of Nu to (0Q);.

Proposition 4.1. (i) The linear maps 7v; extend continuously to bounded
Linear maps of {us H ;(Qz), Lu=0 in Q} into H;™/~¥3((6Q),) for j=0, 1, sER;
(ii) For every s€R and we H;((0Q);) there exists a unique us H*¥(Qy) such
that Lu=0 in Qp and v,u=w; (iii) The linear map Q: we H((0Q);)—> 1 uE
H:7'((09)1) (where u is the solution of Lu=0 in Q, and yyu=w) is a pseudo-
differential operator in L, ,((0Q);) with symbol g= S*((0Q);). The leading term
q(x', t, &', 7) of g can be computed at an element (x', t, &', T) of the cotangent
bundle T*(8Q X R) with (¢', 7)== (0, 0), x'€0Q, t<T, as follows: Choose a local
coordinate system in an R**' neighborhood of (x', t) in which Q is given by x,>0,
0Q={(x’, 0)} where x'=(x,, ***, x,-,) and N=—28/0x,. Then q, is the solution of
the quadratic equation

(43) 5 anle, OBEHTS) (@', D+ au('s OE—anw', 1gi-+ir = 0
which satisfies Re ¢;>0.

Proof. Statement (i) is a special case of Proposition (29) in [10]. State-
ment (ii) is the well-known solvability of the mixed initial-boundary value
problem for parabolic equations with vanishing Cauchy data at ¢=0 (and can be
proved by the results of sections 2 and 3 above, compare also [2], [3] and [10]).
Statement (iii) follows from the discussion in page 69 of [10]. In fact, the

. T . . . . . .
function ¢ 8)"a% js a solution of the “frozen’” differential equation, and is
2

a
bounded in x,>0 if Re ¢,>0. The.assumption (4.2) that 237 ;.1 a;;(x, t)—ax-ax-
s J
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is strongly elliptic implies that the equation (4.5) has exactly one root with a
positive real part. Hence the symbol of the Calderon projector consists of
projecting the Cauchy data «,, vy, at x,=0 onto the subspace generated by the
Cauchy data of i ¢)-astir,

Let now a(x, ¢) and b(x, ) be (complex-valued) C= functions defined on
80 x R, and consider the degenerate initial boundary value problem

(4.6) Lu = g(x, t) in QXR,
4.7) a(x, t)(Nu)(x, £)+b(x, t)u(x, t) = f(x, t) on 0QXR,
(4.8) u(x, 0) =u(x) in Q,

where g(x, £)e C=(QX R.), f(x, )& C=(0Q x R.) and u(x) € C=(%).
We assume that the data satisfy the following compatibility conditions (com-
pare [8]):

“9) 8 (x 0) =2 [aNw+bul(x, 0), xcbQ, k=0, 1, -
ot otk T

where the right hand side is computed explicitly by successive use of Leibniz
rule, (4.6) and (4.8). Note that it suffices to solve (4.6)—(4.8) in Qx [0, T') for
some 70, for one can then obtain the solution for all ¢€R, by iterations.
Let A(x, )eC=(0Q2X R,) satisfy the compatibility conditions for the mixed
Cauchy-Dirichlet problem (i.e., for =1, a=0 and % replacing f) and let v(x, #)
be the solution of the problem

(4.10) Ly = g(x, t) in QXR,
(4.11) o(x, t) = h(x, 1) on 0QXR,
(4.12) o(x, 0) = uy(x) in Q.

Replacing # by #u—v and noting that the mixed Cauchy-Dirichlet problem is
well-posed, we see that we may, as we will from now on, consider the problem
(4.6)—(4.8) in the case that g(x, £)=0 in QX R, and u(x)=0 in Q (f being
modified by subtracting a(Nv)+-bv). Then the restriction of the problem (4.6)—
(4.8) to Q% [0, T') is equivalent by Proposition 4.1 (and after extending a(x, f)
and b(x, t) to 0QX(—oo, T)) to the following problem: Find weC>((0Q))
such that w=0 for <0 and

(4.13) a(x, £)(Qw)(x, )+ b(x, tyw(x, t) = f(x, t) in (0Q)r

13
(Note that the compatibility conditions and #,=0, g=0 imply that g tf". (x, £)=0
for x€0Q, t=0, k=0, 1, --.) By Proposition 4.1 (iii), (4.13) is a pseudo-
differential equation on (3Q); of the form p(x, ¢, D,, D,)u(x, t)=f(x, t) where
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(4.14) b(x, t, &, 7) = a(x, t)g(x, t, E, T)+b(x, t) .
We wish to apply the results of sections 2 and 3 (with d=n—1, H=0Q, X=

(0Q)7). To do so we assume that a(x, t) satisfies (2.4), i.e., the zeros of a are

multiple relative to x. We assume also that there exists a positive € such that

(4.15) |arg[a(x, t)q(x, t, &, 7)/b(x, t)]| <z—E&

for (x, ¢, &, 7)€ T*(0Q X R,), (§, 7)=0 such that the argument is well defined.
Proposition 4.2. If a and b satisfy (2.4), (4.15) and do not vanish simulta-

neously, then the symbol p(x, t, &, ) defined in (4.14) satisfies the assumptions of

Theorem 2.1, the operator aQ-+b has a (right and left) parametrix and is hypoel-

liptic on the boundary 9QXR and the solutions of the initial boundary value
problem (4.6)—(4.8) are C= smooth.

Proof. By Proposition 4.1, Theorems 2.1 and 2.2, and Corollary 2.3, it
suffices to prove the first assertion. Set p=1, §=0, H=0Q, e=¢q, d=n—1, and
X=(0Q),. By definition

e(x’ t) E’ T) == ql(x) t’ 51 T)+(q—ql)(x7 t: g) 7") ==
= ql(xs L, Er -r)—i—r(x, L, ga 7')

where r& S%X) and ¢, is given by (4.5), so that
(417) ql(x’ t, &, T) = 7\‘(&’ T)ql(xr L EK_I(E) T)) 77\'—2(57 T))

and Reg,>0. Hence there exists a constant ¢>0 such that

(4.16)

(4.18) le(x, ¢, &, )| = eME, T)
if (x, £)€0Q X [0, T) and (€, 7)=c. It follows that

(4.19) | e 528, £, & )| SONIIo 2
<Cc™le(x, t, E, ) | N1¥172%an1

which is equivalent to (2.5). The inequality (2.6) follows from the non-vanish-
ing of |a|+-|b| and (4.18). By (4.16), (4.17) and (4.18),
(4.20) lim [arg ¢(x, t, &, 7)—arge(x, t, £, 7)] =0

ACg,T)>

uniformly in 8Q X [0, T']. Thus (2.7) follows from (4.15).

Proposition 4.2 provides the extension to the parabolic case of results ob-
tained in sections 2 and 3 of [7] in the elliptic case. To get existence (not just
modulo a finite dimensional subspace) and uniqueness we strengthen the as-
sumption (4.15) to: There exists a positive & such that
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(4.21) |arg [a(x, t)q\(x, t, &, T)[b(x, t)]| <m—&

for (x, ¢, £, 7)€ T* (002 X R) (where T*~(0Q X R) is the set of complex cotangent
vectors such that £ is real, r€C"), (£, 7)=(0, 0) and the argument is well-
defined.

Theorem 4.3. Let a and b satisfy (2.4) and (4.21) and assume further that
a and b do not vanish simultaneously. Then the initial boundary walue problem
(4.6)—(4.8) has a unique solution in C*(Q X R.).

Proof. By Propositions 4.1 and 4.2 and using the same argument as in

the beginning of the proof of Proposition 4.2 we see that it suffices to prove that
for every >0, s€R and feH((0Q);) there exists a unique element we
n 0<[<TH:((aQ)‘) SuCh that

(4.22) aQu+bw =f on (0Q);.

Note that the uniqueness theorem for the mixed Cauchy-Dirichlet problem for
the operator L in QX R, implies that the operator Q is causal. (Hence the
operator aQ+b is also causal.) Set

(4.23) g(x, t, €, 7) = q(x%, t, E, 7—1) .

Then g€ C=((8Q); X R*"*X R), and is holomorphic in 7 for Im7<0 (actually for
Im r<1). For every pair of (r—1) dimensional multi-indices @, 8 and every
pair of non-negative integers «,, 3,, and for real £, T such that A(§, 7) is large
enough, we expand qlg‘;: g:g(x, t, &, 7—i) according to Taylor’s theorem and
obtain the formula

N—-1/__Nj 6
Gawnen =3 e e

w20+ L e o 6 s

By homogeneity,

B 485380 1,8, i) = 2, e

(4.25) aa S0 590, 8, ENTHE, 7), (r—is)ATHE, 7))

The argument of the right hand side qlgz" g’;;' N) of (4.25) lies in a compact subset

of T* (8O XR) if 0<s<1, M(&, 7)=>1+38 for §>0, and (x, t)€ K where K is

compact subset of 0Q X R. Hence (4.4) is satisfied, & S(0Q), and §—q¢(=—4,
—q)E€83,.((092)7). By (4.21),
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(4.26) |arg [a(x, DZ(x, 2, &, 7)/b(x, ]| <z—&

for all (x, ¢, &, 7) € ((8Q);) X R*"'x C~) such that a(x, t)=0, b(x, £)==0. By
assumption, @ and & do not vanish simultaneously, so that (2.6) is satisfied with
g=e. Hence (as in (2.8))

(4.27) |a(x, 1)g(x, t, &, 7)+b(x, t)| >C,

for all (, ¢, &, 7)=(0Q)r; X R*"*xX C~. Note that the analog of (2.9) holds for
agb as the “elliptic”’ symbol g satisfies (2.5) for real = and p=1, §=0. Arguing
as in the proof of Theorem 2.2 (with p=1, §=4), we conclude that the symbol

1
a(x’ t)q(x’ t, Ey 7)+b(x, t)

is an element of S3 ,,,((8Q);), and by (4.27) and Proposition 3.1 the pseudo-
differential operator R L3 ; ,/,((0Q);) (given by the symbol 7) is causal, and the
symbol of (aQ+b)R—1 is given by

(4.28) r(x t & 7)=

(ag+-b)or—1 = [(ag+b)or—(ag+b)r]+alg—q)r
(4.29) +[a(g—)or—a(g—)] = pr+patps -

By proposition 2.4 (here e,=r) p,=Sx13:((0Q);). By (4.28) arg=1—bre
S31.1:((8Q)7). But the principal symbol ¢, of  is invertible of degree 1. Hence
ar € S51,12((0Q)7), and the fact that g—g & S}, 0((8, Q);) implies that p,E
Sh2((09)7). By (2.26) p,€SxY4.((0Q);). It follows that the operator
V=(aQ—+b)R—I is a Volterra operator, and by Proposition 3.2 (where we put
@=1 by compactness of 3Q) the equation

(430) I+Vyo=f

has a unique solution V& Ny H5((0Q),) for all f in H3((0Q)r). Thus
w=RoE N o<;<7 H5((0Q),) is a solution of (4.22). By a similar argument (or by
passing to adjoints) we can show that the operator V'=R(aQ-b)—1 is a Volterra
operator. Hence there is only one solution w for the equation

(4.31) (I+7V")Yw = R(aQ+b)w = Rf
in the appropriate space.

ExampLE 1. Let the coefficients of Lu be real-valued, let a;;=a;; and let
N be the conormal vector field. Then (in a coordinate system where Q is
defined by x,>0) we have (compare (1.5) in [6])
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and if we choose coordinates so as to have N—=—2/0x,, it follows that a;,=8§;, on
the boundary. It follows from (4.5) that in this case ¢;=+/g+:b where a is

non-negative if £’€R*!, reC~. Hence |arggq,]| S%, and (4.21) is satisfied
whenever the functions 4 and b do not vanish simultaneously and there exists a

positive € such that |arg[u(x, 2)/b(x, 2)]| S%’ —& for (%, )€ 0Q X R such that a=+0,

b=+0. This condition is satisfied if @, 5>0 (the case considered in [6] and [8]),
but the non-negativity or even the reality of @ and b are irrelevant—one can take
e.g. a real (with odd multiple roots) and & purely imaginary. Moreover, the
condition (2.4) restricts the zeros of a to be multiple only with respect to the
space variables; the zeros can be simple with respect to ¢ (intuitively, the order
of the zero with respect to the variable in X should be higher than the order of
the symbol with respect to the dual variable, and ¢, is of order  with respect to
7). Thus a=t—t, and b=7 (0<#,<T) or a=ux* (1—1,) for k>2 and b=1 satisfy
all conditions.

ExampLE 2. In general it follows from the homogeneity of ¢; and the fact
that Re ¢,>>0 on the compact set where A(§,7)=1 that there exists a positive

& such that |arg q,lsjzi—%g. Thus (4.21) can be satisfied if |arg(a/b)| >

%—{—%. Once more a and 4 do not have to be real and non-negative.

ReMARK 1. The methods of this paper work equally well if we consider
non-cylindrical domains (compare [10] and [11]).

ReEMARK 2. Using similar methods we can allow b to be a pseudo-differential
operator of order zero (and not just a multiplication operator), if we impose ap-
propriate ellipticity conditions near the zeros of a(x, £).

Remark 3. Extending our theory to systems, we could treat degenerate
boundary value problems for higher order operators. The conditions become
however much more complicated.

REMARK 4. One can define the concept of a hypoelliptic boundary value
problem in analogy to the definition in [7] and show that problems satisfying
the conditions of Proposition 4.2 are actually hypoelliptic.
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