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Introduction

Let R be an arbitrary ring and let M be a finitely generated right R-module.
Then the dual module M*=Homg(M, R) of M is a left R-module. If R is
a left noetherian ring or finite dimensional algebra, then M* is also finitely
generated. But this property does not hold for a general ring. However,
we prove that R has this property if R is a regular right self-injective ring (Pro-
position).

The purpose of this paper is to prove the following theorems.

Theorem 1. Let R be a regular ring. Then the following statements are
equivalent.
1) R is a right and left self-injective ring.
2) For every finitely generated non-singular right (resp. left) R-module, the dual
module is a non-zero finitely generated left (resp. right) R-module.

In particular, if R is a commutative regular ring, then we have the follow-
ing theorem.

Theorem 2. Let R be a commutative regular ring. Then the following
conditions are equivalent.
1) R is a self-injective ring.
2) For every finitely generated R-module, the dual module is also finitely generated.

Throughout this paper, we assume that R is a ring with identity element
and all modules are unitary. We denote the maximal right quotient ring of
R by Q.

Let M be a right R-module. Then we denote the right (resp. left) an-
nihilator ideal by r(M) (resp. I(M)), i.e. r(M)={reR|Mr=0}, (resp. (M)=
{reR|rM=0}).

We denote the category of right R-modules by Mod-R. Let M be a right
R-module. Then M is said to be a cogenerator in Mod-R if Homg(—, R) is
a faithful functor. In particular, if R is an injective cogenerator in Mod-R,
then R is said to be a right PF-ring.
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1. Proofs of the theorems

Proposition. Let R be a regular right self-injective ring. Then for any
finitely generated right (vesp. left) R-module M, the dual module M* is also finitely
generated.

Proof. Let M be a right R-module and let {m,, m,, ---, m,} be a set of
generators of M. Then we prove Proposition by the induction on the number
of generators. If n=1, then we may assume that M=R/I for some right ideal
I of R. In this case, the dual module M* is isomorphic to /(I). On the other
hand, since R is a right self-injective regular ring, R is a Baer #ing, so that I(J)
=eR for some idempotent element e of R. Therefore we have that M *=Re,
whence Proposition holds in the case #=1. Let #>>1 and assume Proposition
holds in the case where the number of generators is less than #. Set M=m,R
+mgR+++++m,R and take the exact sequence 0— M — M — M/Il_l —0. Then
we have the exact sequence 0—(M/M)*—M*—M*—0, since R is self-injective.
From the induction hypothesis, (M/M)* and M* are finitely generated. Hence
M* is also finitely generated. Next let M be a finitely generated left R-module
and let 0—-K—F—-M—0 be an exact sequence with a finitely generated and
free left R-module F. Then we obtain the exact sequence 0—M*—F*—C—0,
where C is the cokernel of the map M*—F*. Since K* is a torsionless right
R-module, C is a finitely generated torsionless right R-module. We claim
that C is projective. Since C is a finitely generated right R-module, C* is also
finitely generated. Note that C* is non-zero, since C is torsionless. Hence
we have that C* is projective since R is a regular ring. Consequently, C**
is also projective and C is isomorphic to a finitely generated submodule of C**,
Then [1, Theorem 1.11] shows that C is projective. Thus we obtain that
M* is a direct summand of F*, which implies that M* is finitely generated.

Proof of Theorem 1.

1)=2). Since R is a right and left self-injective regular ring, by the above
Proposition and [1; Theorem 9.2], 1) implies 2).

2)=>1). Let I be a non-essential right ideal of R. We consider the right R-
module M=R/I. Then there exists an exact sequence 0—(M/Z (M))*—M*
where Z,(M) is the singular submodule of M. Since I is a non-essential right
ideal of R, M=+Z,(M). Therefore by our assumption, (M/Z,(M))* is a non-
zero and finitely generated left R-module, whence M* is also non-zero. The
same is true for any non-essential left ideal. In this case, Theorem of Utumi
[4; Theorem 3.3] shows that the maximal right quotient ring of and the maxi-
mal left quotient ring of R coincide. Next let a be any element of the maximal
quotient ring Q of R. Then we set J={reR|ar&R} and K={r&R|racR}.
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Clearly J is an essential right ideal and K is an essential left ideal of R. We
set N=aR-+RCQ, then by the assumption, N* is non-zero finitely generated.
We claim that N*=K as left R-modules. For any element f of N*, we put
fla)=x and f(1)=y. Then we have, for any element z of I, f(az)=yaz. Hence
we obtain that x=ya since Q is a non-singular right R-module. Now we
define an R-homomorphism @ from N* to K by ¢(f)=f(1). Evidently, @ is
a well-defined R-homomorphism. We shall show that ¢ is injective. If @(f)
=f(1)=0, then from x=ya, it follows that f(a)=0, whence @ is injective. Final-
ly, we shall show that @ is surjective. Let k be any element of K. Then we
define the element f, in N * by the left multiplication by k. Clearly, o(f,)=k.
Consequently, we have N*=~K as claimed. This implies that K is finitely
generated since N* is finitely generated. On the other hand, since K is an
essential left ideal of R, K must be equal to R. Therefore we obtain that a
is in R, which shows that R is a right and left self-injective ring.

Proof of Theorem 2.

1)=2). This is a direct consequence of the above Proposition.

2)=1). Let Q be a maximal quotient ring of R and let a be any element of
0. We set M=aR-+R. By the proof of Theorem 1, it suffices to prove that
M* is non-zero. We set [={r&R|arcR}. For any element i of I, we can
define R-homomorphisms f;: M—R by the multiplication map by 7. Hence
fi€EMH*, so that M* is non-zero. Therefore R is a self-injective ring.

ReEMARK. In the above Theorems, we can not drop the assumption that
R is a regular ring. For example, let Z,) be the Prufer group (p a prime), and
Z,. be the ring of the p-adic integers, considered as the endomorphism ring
of Z,.. Define a multiplication by (a, x) (b, y)=(ab, ay-+xb), for a, bEZ,
and %, yEZ,., on the additive group R=Z(,)Z,... Then by [3], R is a com-
mutative quasi-local PF-ring but not a noetherian ring. Furthermore we
shall show that R does not have the property: For any finitely generated
R-module M, the dual module M* is also finitely generated. In order to show
this fact, we prove the following result. “Let R be a right PF-ring and suppose
that R satisfies the above property. Then R is a QF-ring”. In fact, let M
be a finitely generated right R-module. Then since R is a right PF-ring, M is
torsionless. From the assumption, M* is also finitely generated. Now since
we have an exact sequence F—M*—0 with a finitely generated and free left
R-module F, we obtain an exact sequence 0—>M**—F*. Since M is torsion-
less, M can be embedded in a free R-module. In this case, by the Theorem
of Faith and Walker [2], R is a QF-ring. Therefore in our example, R does
not satisfy this property. Hence R is a self-injective ring but not a regular
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ring, and does not satisfy the property: For any finitely generated R-module
M, the dual module M* is also finitely generated.
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