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1. Introduction. Let M be a d-dimensional (d =2) connected orientable
Riemannian manifold and g be its Riemannian metric. Let A be the Laplace-
Beltrami operator on M and & be a C* vector field on M. Set L=A/2+b. Let
X=(X,,P,,x=M) be the minimal diffusion process corresponding to L. The
main purpose of the present paper is to investigate some homological behaviors
of the path of X. Our first objective is to define the intersection number of the
path of X and chains and to study its asymptotic behaviors. The usual inter-
section number of two cycles is defined as the product of their homology classes.
But we need in our study the intersection number for chains and its analytical
expressions. Theory of harmonic integrals gives such an expression. In passing
from smooth cases to stochastic cases, we use the so-called Fisk-Stratonovich in-
tegral, which enables us to write down the formulas formally in the same way as
in ordinary calculus. Based on the analytic expression of the intersection num-
bers expressed by the integral of double 1-form with singularity, we shall define
the stochastic intersection number with the aid of the integral of 1-form along
the path ([8]). By virtue of the approximation theorem for stochastic integrals
([8]), it turns out that stochastic intersection number enjoys analogous properties
to those for ordinary intersection numbers. In the study of the asymptotic be-
havior of the intersection numbers of the path and the cycles, the integrals of
harmonic 1-forms play an important role, which is due to the two facts that they
depend only on the homology class of the path and that they are martingales.

We then consider the following problem related to the asymptotic behaviors
of the intersection numbers. Let M be two-dimensional, compact and let « be
its genus (1=«< o). Let X be a Brownian motion on M. Our problem is
this. In what manner does the path of X wind holes asymptotically? We for-
mulate this as follows. Let (4;, 4.y;), 2==1, -+, «, be a canonical homology basis.
For any x,y € M, we choose a smooth curve ¢, , such that ¢, ,(0)=x, ¢, ,(1)=y
and ¢, ,(0,1) does not meet any A,(i=1,--+,2«). Set C={9, ,; x,yeM}. Con-
sider the homological position of the curve X[0,¢#], that is, using ¢xw x@, We

1) This work was partially supported by Sakkokai Foundation.
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define the cycle X[0, {]=X|0, f]+vrxw x@» Where Yy, x@()=dxm, xw(s/t),
0=<s=t and write

[0, 4] = Sx(0)4;,

where the equality means that the both sides are homologous. We call (x,(¢),
+++,%5¢(2)) the homological position of X[0,#]. The problem is then to investigate
the asymptotic behavior of (x,(¢), -*+,%(2)). Arnold-Avez [2] formulated an anal-
ogous problem for ergodic classical dynamical systems in a similar manner. They
studied the behaviors of each x,(#) and showed the existence of the limit

lim x,(¢)/t=p;. They call i_ u;A4; the mean homological position of X[0,z].

In our stochastic case, we study the asymptotic not only of each process
x,(t) but also of the N-tuple process (x; (2), -*+,%;,(2)) (where 1=N=<2«, 1=15,<

N
-+ <iy=2r). We say that X winds (4;,+,4;,) homologically if lim)f‘_, %, (1)
tyo0 A=1

=o0, a.s. Then our main result can be stated as follows:

X winds (4;, -+, 4;,) homologically if and only if N =3.

McKean [14] considered this problem for Brownian motion on M=R?—
{0,1} (genus=2). He treated it by considering the covering Brownian motion
on the homology surface of M, and reduced it to the problem of recurrence of the
covering motion. Our method is similar to McKean’s as will now be explained.

The main term of x,(¢) is the integral S ; ]a(‘) of the harmonic 1-form a®
x[o, ¢

(which corresponds to A;) along the path of X, i=1,2,:--,2¢. By virtue of
this, it is sufficient to study (S a(‘l),---,s ax). By using the corres-
x[o,t] x[o,¢1
pondence defined in § 6 (with probability one) between (S atv, .., S
XTo,t] xTo,¢1
and the position X;(¢) of the covering motion X; on the Abelian covering surface
M(I) of M defined in section 6 (where I=(iy, -++,iy)), our problem reduces to the
question of recurrence of X; which in turn leads to us to the type problem for
M(I). In the case of Brownian motion on a simply connected Riemann surface,
the equivalence of the recurrence of Brownian motion and the type problem was
already noted by Kakutani [11]. Since the type of the Abelian covering surface
of a compact Riemann surface was already decided by A. Mori [16], we obtain
our result.

The organization of this paper is as follows. In section 2, we collect the
facts about the integral of 1-form along the path of diffusion. In section 3, we
shall define the intersection number of the path of diffusion and a (d—1)-chain and
study its properties. In section 4, we investigate the asymptotic behaviors of
each x,(¢) for the case M is compact. In section 5, we collect several known
facts about covering surfaces and covering motions on them. This is a pre-

a(iN))
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paratory section to the next one. In section 6, we shall study the asymptotic
behavior of (x;(£),*,%;,(¢)) for Brownian motion on a two-dimensional, com-
pact Riemannian manifold. In section 7, we shall consider the winding problem
for a Brownian motion with a drift on Euclidean 2-space.

In a discussion of our results with Professor S.R.S. Varadhan, he gave a
purely probabilistic substitute for the proof of Theorem 6.1. His proof not
only decided the recurrence of covering motion, but also is interesting itself.
We present the proof at the end of section 6.

The summary of sections 3, 4 and 7 was announced in the previous note
[13].

Acknowledgement. The author wishes to express his hearty thanks to
Professor N. Ikeda for directing him to the problem with many kind sugges-
tions. The author also would like to thank Dr. J. Noguchi for indicating the
reference [16]. Finally we would like to thank Professor S.R.S. Varadhan to
whom we owe a probabilitsic proof of Theorem 6.1 and who permitted us to
publish this proof.

2. Lifted diffusion and a formula for the integral of 1-form along
the path. In this section, for later use, we summarize several facts about the
integral of 1-form along the path of a diffusion on a Riemannian manifold. Let
M be a d-dimensional (d=2) connected orientable Riemannian manifold with
the Riemannian metric g. Let A be the Laplace-Beltrami operator. Set L=
A[2+-b, where b is a C* vector field on M. Let X=(X,, P,,x€ M) be the minimal
diffusion corresponding to L. Denote by ¢ the life time of X. We always
assume the following condition:

(A) P, = )=1, foranyxcsM.

Let O(M) be the bundle of orthonormal frames on M and z: O(M)—M be
the natural projection. We write r=(x,¢), where x==(r) and e is an ortho-
normal frame at x. Let L(M) be the bundle of linear frames. Let (¥, -,x%) be
a local coordinate system on U. Then any frame e=(e,, ***,¢,) at x can be written
as

d
e=21el 0 i=1, . d.

It is easy to see that (¥, .-+, 47, (ef), 1 =<7, <d) is a local coordinate system of L(M).
Note that if (x,e)=O(M), then (e}) satisfies the following relation

d
,42=‘gpqegetjl‘ = 8,’], i,j == 1’ eey d .

The diffusion process X corresponding to L can be constructed as follows.
Let T' be an affine connection on M compatible with the Riemannian metric g
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corresponding to b in the sense of Ikeda-Watanabe [9. Chap. 5, 8§4]. Let B,=
(B}, +++, BY) be a Brownian motion on R?. Consider the following stochastic dif-
ferential equation.

d )
dXi= Z e§(t)odB{ ,
d
&1 dei(t) = — 3} Ti(X)e(t)od X1,
r(0)=r, r&OWM),

where T'}, is the coefficients of T' and r,=(X{,e}(#)) (cf. Ikeda-Watanabe [9]).
By solving this, we obtain a diffusion process r=(r,, P,,y € O(M)), where P, is the
probability law of the diffusion process 7. The probability law of the process
X,==(r;) depends only on x=m=(r), which we call P,. The diffusion cor-
responding to L is given by X=(X,,P,,x&M).

For the diffusion X, we can define the integral of 1-forms along the path as
in [8]. We sketch here the definition. First we consider a simple case. Let
U and V be coordinate neighborhoods with UCV. Let a be a smooth 1-form
on M such that supp(a)C U. Define the sequences of stopping times {o,},
{r.} as follows.

o =o,=inf{t; X,&V}, r=7,=inf{t; X,€U}?,

Oy = Tﬂ+0067") Ty = Gn+T°6<r n= 1) 2’ Tt

n—1

where @ is the shift operator of the process X. We define the integral of o
along the path as follows.

Tn

o At d ]
S a=3 S Sl a(X,)odX: .
xlo,#] n=0 Jo, A\t i=1

For the general case, we define S @ using a partition of unity. We shall omit
t

xlo,
the details, see [8].

Next we state a formula for the integral of 1-form along the path. Let a be
any smooth 1-form on M. Then we have the following formula

2.2) Smﬂa — S: é a,-(rs)dB;'—]-S:(a(b)—é— Sat) (X.)ds ,

where (@(7), -++,@4(r)) is the scalarization of & and & is the adjoint operator of d

(see [8],[9))-

3. Intersection number of the path of a diffusion and a (d—1)-
chain. In this section, we shall define the intersection number of the path of
diffusion and a (d—1)-chain by using the integral of 1-form along the path of

2) We set inf ¢=rco,
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diffusion. We retain the assumptions and notations in section 2.

First let us recall the expression of the usual intersection number I*(c,c’) of
a 1-form ¢ and a (d—1)-chain ¢’. We refer to de Rham [4] for the details. Let
9 be the space of square integrable 1-currents. Let 9),, 9, and 9; be the sub-
spaces of ) consisting of currents which are homologous to zero, cohomologous
to zero and harmonic, respectively. Then D=9+ D,+D;. Let H,, H, and H,
be the orthogonal projections on 9, 9, and D,, respectively. Denote by 9 the
space of currents which is continuous in mean at infinity. We extend the operator
H;on 9 as follows. For T€9 and ¢ PN C*, we set

HT, )= (T,H), i=1,2,3.

The current H;T(:=1, 2, 3) is again continuous in mean at infinity. It is known
that every current 7€ 9 is decomposed as follows.

(3.1) T=HT+H,T+HT.

Let A,(x,y) be the kernel of H, (see [4. p. 170]). We denote by e(x,y) the adjoint
form of A,(x,y):

(3.2) e(x, y) = *yhl(x’ ¥)»
where *, is the adjoint operator with respect to y.

REMARK 3.1.  Since A,(x,y) is C* except on the diagonal set, e(x,y) is also C*
off the diagonal set.
Now let ¢ and ¢’ be a 1-chain and a (d—1)-chain respectively such that

3.3) (cNdcYU@cne’)y=¢.

Then the intersection number I*(c,¢’) of a 1-chain ¢ and a (d—1)-chain ¢’ can be
written of the form

(3.4) ree)=| | eny—| | et

yECJxEC xE€ECV yEc
Although e(x,y) has singularity on the diagonal set, the above integral is well-
defined. Indeed, it is known that S e(x,y) is a C* (d—1)-form in y for yedc.

x€c

So the iterated integral S 5 e(x,y) has the meaning if ¢'N0c=¢. Similarly,
ye’Jxec

the second term of the right hand side of (3.4) is also well-defined if 9¢’Nc=¢
(see de Rham [4. §33]).

To define the intersection number I(X][0,1],c) of the path of diffusion and a
(d—1)-chain ¢, we need a more explicit formula for I*(c,c’). For this, we need
the following two lemmas. Let A be the Hodge-Kodaira’s Laplacian acting on
1-forms.
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Lemma 3.1 (de Rham [4. §30]). Given a sufficiently small domain U, there
exists a double current v(x,y) on UX U such that
(1) for any differential 1-form (3, the equation

Aa= g on U
has a solution o given by

a= SUV(x, YIN*B(y), x€U.

(i1) v(x,y) has the following properties.
(a) If x=y, then Ay(x,y)=0,
(b) v(x,y) is C* off the diagonal set of UX U.
We call ¥(x,y) an elementary solution.
Following lemma shows that A,(x,y) can be written in terms of 7.

Lemma 3.2. Let U be a domain determined by Lemma 3.1. Let o(x,y) le
a C= function on UX U with (i) supp(c) is contained in a neighborhood W of the
diagonal set of UX U, (ii) 0= 0 <1, (iii) o(x,y)=1 on a neighborhood W'(C W) of
the diagonal set and (iv) o(x,y)=a(y,x). We set v'=a7y. Then there exists C*
double 1-form \r(x,y) such that for x,y € U (x=* y),

(3.5) e(x; y) == dxaz*y'y,('x’ .y)—l—*y\l’(x’ y) .

Proof. (see de Rham [4]) Let T'; the operator having the kernel 7'(x,y).
Then we have AT,=I—T,, where T'; is a smoothing operator. Comparing the
d-closed part, we have d,8,7'(x,y)=H(x,y)—r(x,y), where yr is the d-closed
part of v,. Since yr is C*, the proof is completed.

RemARk 3.2. Since 4 is smooth, we have

66  eo)={ [ _deayen-|_[ _dsays),
for ¢,c’'CU.

We need one more lemma.

Lemma 3.3. Let ¢ be a finite C* (d—1)-chain. For any t>0, set

e, 1) = {0€Q; {(X(0) UX(5) N} UAX[O, ] NOc} = ¢} .

Then we have
3.7) P,(Q(c,2))=1,  for any x&c.

Proof. Let {U,}, {V;} be finite open coverings of ¢ such that (i) (V;,¢;)

3) In general, for an operator 4, A,f(x,y) means that 4 operates on x-variable.
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is a coordinate neighborhood (ii) U;CV;. Define the sequences of stopping
times
Tj,k == o‘,'.,,_l—l—’rjoe,,j,k_l, a-j,k = Tj’k_l—l—a'joo,,j,k_l, k = 1 2, e,

By using local coordinate it is sufficient to consider on R?. We can show that,
the diffusion X does not hit 3(V;N¢). Therefore X does not hit dc. On the
other hand, the minimal fundamental solution p(¢,%,y) for 8/0t—L (cf. [14]) is
continuous in y. So we have P, (X(f) Nc=¢)=1. Combining these two facts
with x& ¢, we have (3.7).

Now we proceed to define the intersection number I(X[0,2]),c) of the path
of diffusion X and a (d—1)-chain¢. By Lemma 3.1, we have for any yEc, there
exist domains U, and V, such that (i) yeU,, U,CV, (ii) V, is an &-neighbor-
hood of U, and (iii) an elementary solution ¥(x,y) exists on V,. Since ¢ is

m
compact, we can choose a finite number of points y,, +++,¥,,Ec such that cC.[:Jl U;

(we set U;=U,,). Choose p; on V;xV;(V,=V,,),(j=1,---,m) as in Lemma
3.2 and set Yj(x,y)=p;(%,2)7i(*,y), j=1,:--,m. Let ¢;, j=1,---,m, be a C
function of x with (i) supp (¢;)CV}, (ii) ¢;=1 on U; and (iii) 0=¢,;<1 on M.
Note that if we set

Fj(x: y) = ij(x)*y‘l"(xa y)"}"(l'—d’j(x))e(x’ y)+(¢j(x)_1)dx81*y'y,(x7 y) ’
then F(x,y) is a smooth 1-form of x for yecn U;.

Therefore the integral S F;(x,y)? is well-defined as the integral
r€Xxlo,t Ao x(0)]

of 1-form along the path ([8]), where oy(c)=inf {s=0; dist(X,, 9c)<1/N}, N=

1,2,::-. Now we define for yecN U;

stXEO,t/\o‘N(c)]e(x’ ¥) = 84,7 (Xinoyior ¥)— 84,7 (X0, ¥)

(3.8)
SxEX[O,t/\o’N(c)]Fj(x’ y)’ P’-a.s.

It is easy to see that this integral does not depend on the choice of {¢,}.

The integral (3.8) is smooth in y&cN U, for P,-a.s.» (cf. de Rham [4. §33. p.

171]). So the integral S
Iy(X[0,2],¢) by

e(x,y) is well-defined. Define

yE€en U,SxEX[O,f/\o‘N(c)]

m
14(X0, £], ¢) = g S e(x
N( [ ’ ]’ ) JZ=1{ yecnUjdzexlo, iAo y(o)] ( ’y)
(3.9)
— e(x P.-a.s.
Sxex[o,tAcN(c)]SyEcnt ( ,y)}, i
4) For a double 1-form a(x, y),s exto ”a(x, y) means the integral of 1-form @(+,y) in x along

the path of X.
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The second term of (3.9) is also well-defined as the integral of 1-form along the

path, since S e(x,y)isa C” 1-form in x for x&9(cN U;) (cf. de Rham [4.

yEeNUj

§33. p. 171]).

REMARK 3.3. As in Remark 3.2, Iy(X][0,¢],¢) can be written of the form

IN(X[O; t]» €)= 2 {S (Bx*y'yl(Xt/\wv(c)v y)-S,*y')"(Xo, y))
(3 10) j=1 JyecnUj

o SxEX[O,I/\o‘N(z)]SyEc n Ujdxax*yry (x’ y)} )
We have the following

Lemma 3.4. If xctc, then there exists a limit 1(X[0,1],c):

I(X[0, ], ¢) = lim I «(X[0, £, ¢), P,-a.s.
N>

Proof. Define the subset Q. ; y of by Q, ; y={wEQ; oy(w)>t}. Then by
Lemma 3.3, we have P, (Q(c,t) N Uﬂt.,,N)———l. For 0 €Q(c,t)N Q. ; y, We have
N=1

tAay/(c)(w)=t for N'=N. Therefore I,/(X[0,7],¢) is independent of N'=N.
Thus there exists a limit I(X[O0,¢],c)=1im I,(X[0,#],¢), P,-a.s.
N>

DeriNITION. We call the above limit I(X[O0,1],c) the intersection number
of the path of diffusion and a (d—1)-chain c.

To clarify the relation between the above intersection number and the usual
one, we shall show the following approximation theorem. Choose locally finite
open coverings {W,},en, {U,}.en and {V,},ey of M which satisfy the following
conditions:

(i) For any nEN, W, is a coordinate neighborhood.

(ii) For any neN, U,cV,cV,cW,.

(iii) For any nEN and x,yE W,, there exists a unique minimal geodesic v, ,
such that v, ,(0)=x, 7, ,(1)=y and {7, ,(s); 0=s<1}CW,. Leto,,and 7,, be
the stopping times defined by

Oy = lnf{t;thE Vn}) Ty = inf{t;XtEUN}) On,-1=— O,

Onk — Tn,k+0-n°07',,,,,) Tup = o'n,k—l_l'"Tnooen,k_l ’

for n=1,2,.-+, and k=0,1, -+,

Let z(m)={0=1#" <#{™ < -+-} be a subdivision of [0, o) and #(m)= {0=s{" <
s < -+-} be the refinement of z(m) obtained by adding {o,},:and {7},
Let X,, be the polygonal geodesic whose restriction on [s{™, s{%] is the minimal
geodesic joining X (m and X m) .
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Lemma 3.5. X,[0,¢] can be regarded as a C* singular 1-chain C,;
Cm(s) = i Cm,k(s)’ O§S§t )
k=1

(3.11)
Coi(8) = Xpu((s4P1—s8™)s/t+s5")

and the following equality holds.

(3.12) o= s‘ o, for any 1-form o .
Cmlo,1]

S Xmlo,t]

Proof. This lemma follows from the following fact: Let f, f;, fo: [0,2] >
M be singular 1-chains such that

B {fl(s/to), for 0=s=t,,
Jok) = SA(s—1)[(t—10)), for ty=s=<t, (0<¢<1),

then f; is homologous to f,+f, (cf. Spanier [19]).

By this lemma, the usual intersection number I*(X,[0,zAax(c)],c)=
I*(C,[0,t Aoy(c)],c) is already defined. Now we have the following approxima-
tion theorem.

Theorem 3.1. Let ¢ be a finite C (d—1)-chain and xcc. Then there
exists a subsequence m;<<my,<<-++ } oo such that

(3.13) lim I*(X,,[0, t Aan(c)], ©) = In(X[0, 2], ¢), P,-a.s.

Proof. Since S d.8.%,7'(x,y) is a smooth 1-form (in x), by the approx-
yENUj

imation theorem (see [8]), there exists a subsequence {m,} such that

(3 14) sxeka[O,t/\cN(c)]Syecnt dxsx*y'}' (x’ y)

sty any B ), Pt

j=1,--,. On the other hand, &*,Y'(X,, (¢t Aan(c)),y)—8*,7"(X,,(0),y) con-

verges to 8,%,7 (X(¢ A o n(¢)),y)— 8,%,7'(X(0),y) uniformly in y (€c N U;). There-
y y y y J

fore we have

Syanuj{&*ﬂ’(X m(ENTn(€)),3)— 82,7 (X,,(0),)}

- Syemu.{ax*yV'(X(t/\GN(C)),y)—Sx*y'Y’(X(O),y)} .

J

By Remark 3.2 and Remark 3.3, we have (3.13).
Using this theorem, we can show that I(X[0,],c) has similar properties as
the usual intersection number.



438 S. MANABE

Proposition 3.1. I(X[0,z],c) has the following properties for almost all o
(Py) (x&c).
(i) If x&kc,Uc,, then

I(XT0, 2], Mer-F2ats) = MI(XTO, 2], ¢0) + M I(X[0, 2], ¢2), A A ER .

(ii) If ¢ is a cycle, then I(X[C,t], c) depends only on the homology class of X[0,1].
(1ii) If X[0,£]Nc=¢, then I(X]0,2],c)=0.
(iv) If ¢ is a (d—1)-chain with Z-coefficients, then I1(X[0,t],c) is an integer.

Proof. In the proof, we write {m} for {m;} in Theorem 3.1 and omit the
term almost surely (P,). To prove (i), let oy=o0n(c;) Aay(c;). Then we have

I*(X,[0,2 Aay], Mer+Azt) = MIF(X,[0,2 A ay],e)+ 2L ¥ (X u[0, 2 Aon], o) .
By Theorem 3.1 we obtain
Iny(X[0,2], MertH2ots) = MIN(X[0,2 Ao n], 1)+ X W(X[0, 2 Aan), €2) -
Letting N— co, in view of Lemma 3.4, we have
I(X[0, 2], MerH22ez) = NI(X]O, 2], ¢1)+ ML (X[0,2],¢5) -

For (ii), we consider w which belongs to Q(c,£)NQ,,y. It is known that
I*(X,[0,t],c) depends only on the homology class of X,,[0,#] (see de Rham [4]).
Let X[0,¢] be homologous to a C* singular 1-chain+Jr. Since X,,[0,¢] is homotopic
to X[0,7] for sufficiently large m, X,[0,7] is homologous to X[0,#]. Therefore
X,,[0,2] is homologous to 4 for sufficiently large m. So there exists a C* singular
2-chain ), such that X,[0,f]=+r+0y,. This implies that I*(X,[0,¢],c)=
I*(yr,c) for sufficiently large m. By letting m—> oo, in view of Theorem 3.1, we
have I(X][0,#],c)=I*(yr,c), which proves (ii). Next we show (iii). If X[0,£]N
c=¢, then for sufficiently large m, it holds that X ,[0,£]Nc=¢. This leads to
I*(X,[0,#],c)=0. Using Theorem 3.1, we have I(X[0,#],c)=0. Finally let ¢
be a (d—1)-chain with Z-coefficients. Then we have I*(X,,[0,2A on(c)],c)EZ.
By Theorem 3.1, we have I,(X[0,?],c)€Z. Letting N—co, we have I(X][0,¢],¢)
€ Z, which proves (iv).

4. Asymptotic behavior of the homological position (I). Throughout
this section, we assume that (M, g) is a compact connected orientable Riemannian
manifold. In this section, we shall study the asymptotic behavior of the each of
the homological position of the path. First we give the definition of the homo-
logical position of X[0,#]. Let ¢,--,c; be a basis of the (d—1)-dimensional
homology group H,_,(M) of M, where k=dim H,_,(M). Let c{,:-+,ct be a basis
of 1-dimensional homology group H,(M) of M. For any point x,y&M, we

choose a smooth curve ¢, , such that ¢, ,(0)=x, ¢, ,(1)=y and ¢, ,(0,1)N O
i=1
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ci=¢. Set C={¢, ,;x,y=M}. We make a cycle X[0,#] as a sum of chains:
X[0,£] = X[0, ]+ vrx» x@ »

where Yy x0()=dxw,xo(s/t), 0=s=¢t. Then the cycle X[0,] can be written
of the form

X[0,2] = 3 w(t)ct,
where the equality means the both sides are homologous.

DeFINITION. We call (%,(2),+:-,%4(¢)) the homological position of X[0,¢]
with respect to ({c;}, {c/},C) (or ({c}},C) for short).

Before proceeding to study the asymptotic behavior of the homological posi-
tion, we discuss the relation between the stochastic intersection number and the
homological position of the path. To do this, we rewrite the stochastic inter-
section number. Let A be the Hodge-Kodaira’s Laplacian acting on 1-forms.
There exists a unique operator G (called Green operator) such that GB is the
solution of

Aa=B—HSE,
H30[= O,

where H; was the operator defined in section 2. This leads to the orthogonal
decomposition

B = ddGR+8dGR+H,B .

Since G has a kernel g(x,y), we have (with the same notation in section 2)
hi(x,y)=d,5,g(x,y). Using

d,0,8(x,y) = —0,d,g(%,y)—hs(x,y) (x=*y),
we can show that the formula (3.6) is written as

I*(C,C') = SxEcSJ'Eac’ Sy*yg(x’y)—l—ijc'SxEBc Sx*yg(x)y)

+ [ ey,

(cf. de Rham [4. §33. p. 174]).
Now the kernel &; of H; can be written as follows. Let A;,+:*,k, be an or-
thonormal basis of the one-dimensional cohomology group H*(M) (k=dim H'(M)).

(4.1)

Then hy(x,y) can be written as A(x, y)=Zi}lh i(®)h;(y). Let ¢, c, be a basis of

the (d—1)-dimensional homology group H,_,(M). We consider the intersection
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number I(X[0,7],¢;) of X[0,#] and ¢;. Let Q be a countable dense subset of

(0, 00) and .Qo:(ﬁ N Q(c;,t). We note that by Lemma 3.1, if x¢ Lk]c,-, then
i=1teqQ i=1

P (Q,)=1. Using (4.1), we can write I(X|0,¢],¢;) more convenient form.

Lemma 4.1. For any 0w EQ, and for each i=1,---,k, we have

(+2) 10, c) = | #3.80)

X () 5) .
a(‘) R

+
x=X(0) zexlo,t]

where o) = S % y(%, ).
yEci
Proof. Noting 0¢;=0, we have by (4.1)

IN(X[O, t], C,') = Syec.*yaxg(x!y)

Letting N— oo, we obtain (4.2).
Now we can state the relation between the stochastic intersection number
and the homological position of the path.

X(tA y(c;)) o

x=X(0) SxEX[U,t/\o'N(c,')]

Proposition 4.1. Let ci, -+, c} be a basis of H\(M) corresponding to a®,---,
a®, that is, Sc aN=8;, i,j=1,--,k.  Let (x,(t), -, %4(t)) be the homological posi-
k
tion of X[0,t] with respect to ({c;}, {c/},C). Then we have for x< (|c;
i=1
4.3) P,(x,(t) = I(X[0,1],¢;), i=1,---,k, t€Q) = 1.
Proof. Let X[0,£]=X[0,f]4+¥xw xw- Since I(X[0,1],c;)=1(X[0,],c;),
using (4.2), we have
(+.4) XY
yEe;

On the other hand, since

x.(f) — S a® :S a(i)+s a®
() Xlo, ] xlo,#1 ¥xcn,x0) ’

comparing this with (4.2), by (4.4) we have (4.3).

Now we proceed to study the limit behavior of x,(f). Set f(x)=a”(b) (x),
i=1,---,k. We note that ¢ is a harmonic 1-form and f; is a C* function on
M(i=1,---,k). Let p be the invariant measure of X with p(M)=1. Let R be
the potential operator:

a®.

X(t) S
x=X(0) Yx(, X0

Rfx) = | (T.f) P,

@[ _~f®)—f@.
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where T, f(x)=E.[f(X))], f€C(M) and f:SM f(x)(dx) (cf. [22]).

Theorem 4.1. (1) liﬁm@:ﬁ, i=1,- k.
t>o0
(2) In case f;=0, we have

fm 50— gy O _ g

= E— iy

t>=\/2 tloglogt >=\/2 tloglog;f -
where a; is constant defined by
12
(4.5) a,= ([ <a®+aRf, a+aRf> (x)u(a))
M
and { , > (x) denotes the inner product of T*¥(M).

Before proceeding to the proof, we state remarks.

ReEmMARK 4.1. Let M be a compact Riemann surface with genus #(=1).
Let (4;,Ac+:)i-1,.. « be a canonical homology basis and (a®,a®*?),; .. . be the
corresponding 1-forms:

S a® = 8;,4,j=1,,2¢c.
4j

We take {c;} and {c/} as follows: ¢;=A,.;, 1<i<k,=A;_, k+1=i<2r and
ci=A;, 1=i<2«. Intuitively, Theorem 4.1 implies the following. Denote by
C; the hole corresponding to (A4;,4«:;),i=1,---,«. For simplicity, we set C,,;
=C,i=1,,%.

If S a® (b)(x)p(dx) >0 (or <0), then for almost all w(P,), the path X[0,7]

M
winds C; infinitely often in the positive (or negative) direction along 4;. If
S a®(b)(x)u(dx)=0, then for almost all w(P,), the path X[0,] winds C; in-
M

finitely often in both directions along 4.

RemARK 4.2. (i) In the above theorem, we can give examples for which
each of two cases really occurs.

(ii) If X is symmetric with respect to some measure », then only the case
(2) of Theorem 4.1 can occur.

For the proof, we note that has a density g(x) with respect to the Rieman-
nian volume 7 and gq satisfies the following equation:

s Lu(x)q(x)m(dx)=0, for any ucC>(M). It follows that S(qﬁ—%dq):O,
M

where @ is the 1-form such that B, is the dual element of b, for any x& M.
Therefore ¢B s can be written
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4.7) qﬁ:%dq—l—&@l—}—,@z, where B, is a 2-form and @, is a harmonic 1-form®,
Then we have f;=(a®”, 8,), where (a, ,8)=S {a, B> (x)m(dx). Since a®, -+, a®
M

is a basis of H'(M), for prescrived real numbers a,, -+, a;, we can choose a har-
monic 1-form B, so that (a«,8)=a;, which proves (i). To prove (ii), we note
that the symmetricity of X implies §8,=/08,=0 in (4.7). Thus we have f,=0,
=1,k

Proof of Theorem 4.1. Since x,(¢) is of the form

ww=] aot|  av,
x[o,t1 Yx(n,x0

it is sufficient to consider S a®. Moreover since a” is harmonic, it holds

xlo,1
da?=0 and by virtue of (2,2), we have
(4.8) | a0 =31[apeyani+| f(xas.
xlo,t] i=1Jo 0
By the ergodic theorem, we have
(4.9) tim L{' £ x(opds = 7.
t>oo 0

d (. )
Set M(t)ZES a$(r,)dBi. Then M is a continuous martingale and its quadratic
ji=1Jo

variational process <M ) (t) is
1
M) = | <a®, a®>(X.)ds .
0
So by the ergodic theorem

(4.10) 1imM = | <a®, a®uan)=p,.
tpoo M

Since (hy, -, ;) is an orthonormal basis of H(M), we get p,>0. By the re-
presentation theorem for continuous martingales, there exists a one-dimensional
Brownian motion B(¢) such that

(4.11) M(t) = B(KM>(?)).
Using the law of the iterated logarithm for B, (4.10) and (4.11), we have
(4.12) fm_ M0y MO,

>=\/2 tloglogt =2 tloglogt
Combining (4.8), (4.9) and (4.12), we have

6) The use of the Hodge-Kodaira’s decomposition for g8 is due to S. Watanabe.
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.1 ;

1 ;S W= F,,
‘1:2 4 X[o,t]a ﬂ

which proves (1). Next we show (2). If f;=0, then Rf; is a smooth bounded

function and satisfy the equation LRf,(x)=—f,(x). Therefore by using Ito’s

formula, we have

(4.13) Sx[o,,]““’ — —(Rf(X)—RFf(X))
+ 31 [\ (@) + 2B yjamy,
jir=1do ox

where e} is a coordinate of orthonormal frames (see §2). The quadratic varia-
tional process of the second term of the right hand side of (4.13) is

ai(t) = S'<a<f>+de,., a®--dRF>(X.)ds
0
(cf. Ikeda-Manabe [8]). By the ergodic theorem, we have
(4.14) 1im“_ffﬂ = | <a+-arf, a®-+dRf> (i) = a.
> M

Here a;%0, in fact if a,=0, then <a®+dRf;, a®®+dRf>(x)=0. Thus a4
dRf;=0. From this, we conclude that a®=0. In fact, if f;=0, then a”’=0.
In case f;=0, the above equality implies a( is exact. Since o is harmonic, it
follows that ¢ =0. This is a contradiction. So we have @;0. Taking into
account that Rf(X,)—Rf,(X,) is bounded, we have

(4.15) fim (2 tloglogt)""zs a®
t-po0 Xlo,¢]

= —lim (2¢ loglogt)"”zs aV =a,,
(Rl xlo,¢]

which proves the assertion (2).

5. Covering motions. In this section, we prepare several known facts
about covering motions on normal covering surfaces of M, since in the next
section, covering motions on Abelian covering surfaces play an important role.
We refer to Ahlfors-Sario [1] for covering surfaces of a Riemann surface and
to Ito-McKean [10] for covering motions on covering surfaces. Throughout
this section, we assume that (M,g) is a two-dimensional compact connected
orientable Riemannian manifold with genus #(=1). Under this assumption,
(M,g) can be regarded as a compact Riemann surface with genus # by taking
isothermal coordinates.

Let M be a normal covering surface of M. Let G=m,(M) be its fundamental
group and ' be its covering transformation group. It is known that I'=z,(M)/G.
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Let zg: M— M be the natural projection. =z is a local conformal mapping. As
is described in It6-McKean [10. Chap. 7], we can define a covering Brownian
motion X=(X,, P;,X< M) on M by continuation along X.

By using the uniformization theorem, we can give a concrete construction
of covering motions (in case k=2). We begin with the following

Lemma 5.1 (Lévy, see [14]). Let (M, g) and (M’,g’) be compact, connected
and orientable Riemannian manifolds of dimension two. We regard them Riemann
surfaces. Assume that they are conformally equivalent. Let f be a conformal
homeomorphism of M onto M'. Let X and X' be Brownian motions on M and M’,
respectively. Then f~(X") can be obtained by a time change of X.

Following lemma is well-known (see Springer [20]).

Lemma 5.2. Let k=2. There exists a one-to-one correspondence between
normal covering surfaces of M and normal subgroups G of =(M) in such a way that
M=G\H (conformally equivalent), where H is the upper-half plane and 7,(M)=G.

Now we proceed to construct a Brownian motion on a normal covering
surface M of M (in case x=2). By the above two lemmas, it is sufficient to con-
sider the case M=G\H, G=x,(M). Let g be the Poincaré metric in H. Then
the distance d(#£,9) of £ and $ in H is of the form

. N - (921_5)1)2_‘_ (5::2_:92)2
(5.1) d(#,9) = cosh™| 14 E=IVE 5 ],
and satisfies
(5.2) d(v%,7v9) = d(%,9) for yEG.

Let G be a normal subgroup of G and M be the corresponding covering surface
of M. Let pz: H—M and p: H—M be the natural projections. Since Pg
and p are local diffeomorphisms, we can give the Riemannian metrics gz and g on
M and M, respectively, by the pull-back of g. Let Ay be the Laplace-Beltrami
operator corresponding to g and let $(z,£,9) be the fundamental solution of the
heat equation (see [15):

A - o ~b2/2t
5.3 bz, 2,9) = V2 be _ab.
-3) Pt 49) (27rt)3/2Sd(?c.9> V/ cosh b—cosh d(£, §)

Let X=(X',, P, 4= H) be the diffusion process corresponding to Ay/2 i.e.
Brownian motion on H. Denote by D and D(G) fundamental domains of G and
G, respectively. Define

5.4 Put%,y) = 2Pt £,79)
where £,9€D and x=p(£), y=p(#). Then py(t,x,7) is the minimal fundamental
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solution of 6/61—% Ay. Similarly define
(5.5) Pu(t,%,5) = 2 5(t, £,79)
p=r-]
where £,9€ D(G) and Z=pz(£), y=pz($). Then pu(t,%,¥) is the minimal fun-
1

damental solution of 6/6t—~2~ Aj. Let X and X be the diffusion processes on

M and M defined by X, =p()A(,) and X,zpa()A(,), t=0, respectively. Then the
transition probability densities of X and X are p,, and ps, respectively. X and
X are nothing but a Brownian motion on M and a covering Brownian motion
on M, respectively.

6. Asymptotic behavior of homological position (II). Throughout
this section, X=(X,,P,,x=M) is a Brownian motion on a two-dimensional
compact connected Riemannian manifold (M,g) with genus #(=1). We for-
mulate our problem as follows (cf. Arnold-Avez [2. Appendix 16]). Let (4,
A.y;), i=1, -, k, be a canonical homology basis and a®,a®*?, i=1,---,«, be
the harmonic 1-forms corresponding to 4;, 4,.;, respectively, i.e.

[ ao=5, Gj=1,20.
4j

We define {c;} and {/} as in Remark 4.1: ¢;=A4,,;, 1<i<k, =A4;_,, k+1=1<
2« and ¢f=A4;, 1=i=<2«. Consider the homological position (x,(2), -*-,%5(Z)) of
X[0,7] with respect to ({c;}, {c/},C) defined in section 4.

DrerFINITION. Let N be any integer with 1=N=2« and let 1=7,<--<
iy=2«k. We call the path of X winds (4,, -, 4;,) homologically if

N
lim 23 &;,(£)? = oo, P,-as.

>0 A=1

We shall prove
Theorem 6.1. X winds (4;,--+,4;,) homologically if and only if N=3.

1y

Especially the path of X winds (A, -+, A,) homologically if and only if £=2.

Proof. Note that (M,g) can be regarded as a compact Riemann surface with
genus « by taking isothermal coordinates. Denote I=(i;, --+,iy). Let M(I) be

the Abelian covering surface of M on which (Sp v, ..., Sp a'm) is single-valued
_Jb o
(see Tsuji [21. Chap. X. §15]). Let z;: M(I)— M be the natural projection.
For any curve 7 in M starting at p,, set \I’I(v)z(jya(il’, oy S a®s). Let p,be a
Y

point of M(I) which lies over py, i.e. 7, (B;)=p,. Note that, for the lift F(I) of ¥
starting at p,, it holds that
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— ¥l .. * ol )
Vi) (S?'(z)m at ’S?(nma )
Since this depends only on the end point # of (I), we can define a mapping
®(P) from M(I)into R" by ®,(§)=¥ (7). &,is acontinuous mapping from M(I)
into RY. Because M(I) is a normal covering surface of M, we can define a cover-
ing Brownian motion X; of X as in section 5. Now let

Yie) = S t]a(i’, i=1,-2k and ¥,(t) = (¥,(2),", Vi, (2)).

xlo,

Then we obtain
(6.1) Yi(t) = &,(X(2)) .
Indeed, let X, be a polygonal approximation of X and set

TR0 =, 2% T = (T, T130)
Because X, is piecewise smooth, it holds that Y{"(t)=®,(X,(¢)). On the other
hand, note that there exists a positive integer n,(w) such that X,[0,7] and X[0,z]
are homologous for #=>7n4(w). Since a” is harmonic, Y,() depends only on the
homology class of X[0,7] (see [7]), so we have Y ()= Y{”(t) for n=ny(w). Hence
(6.1) holds. By the definition of M() ([1], Chap. 1]), we see that for any compact
set K of ®,(M(I)), there exists a compact set K of M(I) such that &, (M(I)\K)c
R"\K. By using this fact and (6.1), we can easily see that the continuous sto-
chastic process Y; tends to infinity or not with probability one i.e., || ¥;(#)||?— oo
or not a.s. as #—>oo according as X, is transient or not. Since each x,(¢) differs
from Y(2) by only a bounded term (i=1, ---,2«), X winds (4;,, -+, 4;y) homolo-
gically or not according as ¥, tends to infinity or not with probability one. Hence
)f winds (4, , -+, 4;,) homologically if and only if X, is transient. If k=1, then
M(I)=R? for I=(1,2). Therefore in this case, X; is nothing but a time change
of a two-dimensional Brownian motion. So X; is recurrent, that is X does not
wind (4;,4;). Now let x=2. In this case, since M(I) is a normal covering
surface of M, there exists the transition probability density pss) of X; as is given
by (5.5). For simplicity, write p, for pa). Set

(6.2) 21(%,9) = S: i, %, 5)de .

Then it holds that (i) g,(¥,¥)= oo, or (ii) g,(X,¥)<<co, for £&3. Moreover, in
this case, g, is the Green function of M(I) (for the definition of the Green func-
tion, see [21. p. 18]). By virtue of the result of [11] and Theorem 6C of [1],
we see that the case (i) is equivalent to the recurrence of X; and the case (ii) is

7 Hyll=(‘é(y")2)”2 for y=(y, -, y7) ERF.
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equivalent to the transience of X;. Let us recall that the type of a Riemann sur-
face is hyperbolic (resp. parabolic) if there exists (resp. does not exist) a Green
function. In view of this, it remains to determine the type of M(I). Applying
the following theorem due to Mori to our situation, that is, F=M(I) and r=N,
the proof of Theorem 6.1 is completed.

Mori’s theorem ([16]). Let F be an Abelian covering surface of M whose
covering transformation group T(F) has rank r. Then F is hyperbolic if and
only if r=3.

In case x=2, using a concrete form of the transition probability density, we
have the following result.

REMARK 6.1. Let k=2. Then by Lemma 5.2, M=G\H(G=r\(M)). Gis
a Fuchsian group whose fundamental domain D is compact. It holds that M(I)
is parabolic according as X}||v||"2=cc, where ||7|F=a’+b*+c*+d?, ')I:(Z db)

ys@

and G is the normal subgroup of G corresponding to M(I).
Proof. Let g,(%,7) be the function given by (6.2). In view of (5.5), we

must check the convergence of the series 2 Swﬁ(t, £,7v9)dt. Fix a positive number
G0

a,. Since ${y=G; d(%,79)<a,} < oo (see Lehner [12. p. 117]), we have only to

examine the series >\ Smﬁ(t, 2, v9)dt, where G,= {v=G; d(%,v9)=a}. By a

ye&”0
formula of Laplace transform (see [5]), we have

“A 1 * e_b/zdb
6.3 t499)d=—L (7 .
(63) So*” &9t =15 sd(?:,‘iy)\/cosh b—cosh d(%, 79)

In view of the following inequalities

1

>e2 forb>a,
\/coshb——cosha——e orb>a

and
1 Sx/ 2 g 1 , forb>az=a,,
V'cosh b—cosh @~ Y 1—e %o Vb—a o
we have
(64) exp {—d(#,791) = | Bt, 4, v)dr=<Kexp {—d(£,79)} ,

where K is a positive constant depends only on g,. Using the inequality
Iyl Sexp{—d(vV—1, 7V =D} =2ll7||*,

(5.2) and the triangular inequality, we have
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(6.5) CllvlI?Sexp{—d(£,79)} =2C|lvII",

where C=exp{d(£, V' —1)+d(V —1,9)}. By these two inequalities (6.4) and
(6.5), it follows that

C IS B | oo 4 09)s20K B i,

PI=r: =N

which proves our assertion.

REMARK 6.2. We can consider the homotopic behavior. Let X[0,#] as be-
fore. Let ay,-+,05 be a generator of m,(M). We write X[0,t]=0oi---c}i(&, -+,
&=11), where the equality means that X[0,#] and o'}i-+ o} are homotopic. Set

I(t) = min{l; X[0,f] = o1+ ajl, &,+,& = £1}.

We call [(¢) the length of X[0,#]. We say that the path of X winds homotopic
if the length of X[0,#] tends to infinity as —>oco.

(i) If k=1, then =,(M) is isomorphic to H,(M), the problem is the same as the
homological behavior.

(i) In case «>1, then the path of X winds homotopic. In fact, since the
Brownian motion X on H approaches to the boundary of H, the length of X[0,7]
tends to infinity as #—oco,

Before closing this section, we present a probabilistic proof of Theorem
6.1, which is due to Professor S.R.S. Varadhan.®

In the sequel, we write Y(¢) for ¥;(#) and a® for a®? (j=1,---,N) for sim-
plicity. Let Y(t;y)=y+Y(t), Z=(X,,Y,) and P, (Z.€A)=P(X.,y+Y.)E
A). Then Z=(Z,, P, ,) is a diffusion process on M x RY. We give a canonical
coordinate (¥, -+-,»") in R¥. If ((x',%?), U) be any local coordinate system on M,
then the generator of Z on C*(U X R") is given by

131,

1
L=_—-A
+ ax’ay 2=t 'ay

1
2 2

31 31b(x)

where a'/(x)=<a®, a?>(x), b”(x)zE ai’(x)gi'(x). We set a(x)=(a'(x)). We
=1

note that a*(x) is invariant under the changes of local coordinate (x",x%). Without

loss of generality, we can assume

(6.6) SM<a“), a@>(x)ym(dx) = &;;, i,j=1,--,N.

Indeed, for given A,,---, Ay, it is sufficient to take a suitable 1-chains B,,---,
By such that corresponding 1-forms B, 1<i<N, satisfies (6.6) by Schmidt
orthogonalization.

8) Private communication.
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First we show the following lemma.

Lemma 6.1. Let >0 and Y,\(t;v/ 2y)=Y(At;v/ Ay)/\/N. Denote by
W the space of continuous functions from [0, ) into RY. Let P} , be the probability
measure on W induced by Y,. Then P , converges weakly to the probability measure
of N-dimensional Brownian motion P,. This convergence is uniform in xM and
yeEK for any compact set K in RV,

Proof. Set 0=(0,,-:-,0y)ER". By Ito’s formula

<o YOI VY 1< S” i(X,)ds0,0;
exp [0, T > 1<9,J’>+2M§1 .4 (X,)ds0,0,]
is a P, ,-martingale. So we have
e HODE, [¢i<0, ’:}‘;)H <0, 3 S:‘a(Xs)du?)] —1.

By the ergodic theorem, we have

1im<0, ij”a(xs)ds@ — #0,a0>,
Apoo A Yo

where a=(a"/) and a”:S a'/(x)ym(dx)=3;;. 'Thus we obtain
M

< Y(/It)>
6.7) lim B, ,[¢ — exp [ 149, ab>-+i<0, y>] .
By martingale inequality, there exists a positive constant C such that
4
A A < —s|?
(6.8) xeizlf}?st”y[ Yo ERven ]= Clt—s|®.

Therefore P , converges weakly to P,. Next we show the uniformity of con-
vergence. We shall show that
(6.9) lim sup | E},[f1-E”[f]l =0,

Ay zEM YE

for any bounded continuous function f on W. Suppose (6.9) does not hold for
some f EC(W). Then there exist £>0 and A; <A, <+ <A, 1 oo such that
(6.10) Sup |EM[f1—EP[fl1=e, n=1,2 -

Note that Eﬁ,"y[f ]*EP’[ f] is continuous in (x, y). Indeed, it is sufficient to
show that E »[f]is continuous in (x, y). Let x,,—x, and y,, —>y0 Then by
virtue of (6.8), there exists a subsequence (%,,(;), ¥m(j») such that P con-

Xm(32:Ym(5d
verges weakly to some Q. But by the strong Feller property of X, we see that
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the finite dimensional distribution of Q is Pi;' yor S0 Q= =P xey,- This implies

the continuity of EX[f]. Therefore there exist x, &M, y,EK such that
(Bl L1 ETf1l = _sup |EMI1-EPLf].

We can choose subsequences {x,(;} and {y,;} such that they converge to
some points x, and y,, respectively. Then we have

hmlEW [f1—EP%[f]] =0.

Xn(id Ynlid

This contradicts to (6.10), which proves the lemma.
Now we proceed to prove the theorem. Let 7, be the stopping time defined
by

—inf {5 |Vl =2""or 27}, m=1,2, -,
where ||yl|=<y, y>* for yERY. Define u,(x, y)=P, ,(||Y(7,)||=2"*"). Set
Yi(t)= X%Z’_) and ri=inf {1; 1Y, () :% or 2}, then it holds that

(6.11) Ty =27}, Y,(t7) = Y(1,)[2"
and
(6.12) uy(x, y) = P, ,(IlY(m2)ll = 2).

Proof of Theorem. Case of N=3. First we note that each point of
the set A={xeR"; ||x||=2"" or ||x||=2} is a regular point (of the Brownian
motion) for 4. Set T(w)=inf {t; ||w(7)||=2"" or 2} for wEW. Since the set
{weW; ||lw(7)||=2""} is a P,-continuity set, using Lemma 6.1, we have

(613)  lim _sup [Py pen(IY, ]l = 29— Pyllw(x)l| = 27)| = 0.

Ny ZEM,|
Therefore, since N=3, by wusing (6.13) and the well-known formula
P(llw(m)|=2"Y=(l|y|*"¥—22"")/(2N"2—2"¥*%) we conclude that there exist
positive constants 7,, oy and By with 4ayBy<1 and 27'< By such that for any
”g”m
(6.14a) sup P, (IlY(m,)ll = 2" < ay

zeM, ||yl|=2"*1
and
(6.14b) sup P, (IY(mp)ll = 2" <8y .
reM,||y||=2"*1
Define o,=inf {t; ||Y(#)||=2"} and 5,=Y(7,),n=1,2,---. Then using the
strong Markov property and (6.14), we have for x& M, || y||=2"*,
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Px,y("'n< o0) = Px,y("?n+1 = 2”)
+i Px y(ﬂn+l>2n’ nn+2>2”’ % 77n+2k—2>2”) NMn+2k-1 — 2")
=L y(’7n+1 =2 )+E >

E=2 gyt eeetegpo=—1
€y 0ty Egp_2=k

__ Ont2+e — Ont+2+e -+,
2 2, =2 2 2k -2,

Px,y(’?n+1 = 2" v Mnt+2 = **ts Mnt2k-

Npt2k-1 = 2")
= aN+E 2 aIvk:GNk-l .

k=2 gyt et epp-p=—1
&, vy Egp-p= 1

Because > 1=k (22:%), we have

b+ ey = —1
€y 0ty Egp—2= =

- 2k—2
=)

Using (ayBy)!=27%, 28,>1 and the following formula Z‘ k”l(Zk 2)2 T2
we conclude P, ,(o,<)<(28y)'<1. Thus lim || Y(t)H— o, a.s.

Next we prove the case N=2. We will show that the following estimate (6.15),
from which our theorem follows.

(6.15) sup  |u(w, y)—%l —0@2"), n-—>oo.

xeM,|y|=2"
Let r(y)=<y, y>"* and r,=7(Y;). Then by It6’s formula, we have log r,—log r,
- S‘(L log 7)(Z,)ds is a martingale. Therefore if ||y|["=2, then by a simple
0
calculation we get

E, ,flog r,,—log r;] = (log 2)[2u,(x, y)—1] .

So we have
(6.16) .y e y)__\
= 2 log 2 xe]v?}dg”uzﬂ IE"'J'(L lOg r)(Z-rn) ' .
Note that
(6.17) (L log 7)(x, y) = L@ =11 _{(a@®)—D)y, 5>

2r(yy* ()"
Since each term of (6.17) is of the form V(x)¢(y) with

(6.18) SM V(xym(dx) = 0,
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(6.19) ¢(y) is a homogeneous function of degree —2,
it is sufficient to consider

su

e VB[ g |

t
in order to estimate the right hand side of (6.16). Let A(t)zs V(X,)ds. Then
0

we have

B[ [T VX)e(¥ds | = B Ao~ E [ | 40w, Yoas ],

where Yr(x, y)=L¢. By (6.18), there exists a function v(x) such that Lo(x)=
V(x). Therefore by Ito’s formula,
At) = St V(X,)ds — S'Lv(Xs)ds
0 0
= v(X;)—v(X,)-+a martingale.

Set A*(#)= sup |A(s)|. By virtue of martingale inequality, we have
0ss<t

(6.20) E, JA* () ]I=K+K,(E, [*.)" p=12.
Using Lemma 6.1 and (6.11), we obtain
(6.21) sup E, [r]=C,2*, p=12.

reM, || y||=2"

Using (6.19), (6.20) and (6.21), we get

(6:22) | B AV ) = sup |9(9) | B JA%(r,)]27 70
< sup |$(9) |1Kot-Kin/ C2I2 2 D<K 27"

=1

Since 4 is a homogeneous function in y of degree —4, by using (6.20) and
(6.21), it holds

(6:23) Ex,y[S;"A(s)«lr(Xs, Ys)ds]
sup | Yr(x, y) |Ex,y[’T,,A*(Tn)]2'4("—l)

T xeM,|iyl=1

= _sup (%, 9) |(Bx [ ) AE; ,[A¥(r,)]) 274D

zeM,||yll=1

=K27".
Combining (6.22) and (6.23), we conclude that

IA

E || va)sve | <k2,

su
xEM,||§)||=2”

which implies (6.15). Now we proceed to the proof. We use the same notation
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as in the proof of the case N =3. By (6.15), we have

(6.24) inf P, (|Y(r)ll =2"")=2"'—K2™* forn=mn,.
reM,|yl=2"
Set S®=  inf P, (0,<c0). Using the strong Markov property and
zeM, |ly|=2""
(6.24), we obtain
P, (o,< )

= z,y(nn+1 = 2")+k_22 Px,y(’]n+1>2n, 77n+2>2n’ "ty 772k—2>2”) Nn+2k-1 — 2n)

= 1, y(nn-f-l = 2”)+2 2 Pz,y(’?n+l = 2”+2) Mn+2 — 2n+2+82 )
’ E=2 gyt et Eppg=—
€250 nyEp—p= 11

, = 2rteteyttey

n
*°ts Nn+2k— y Mn+2k-1 — 2 )

g(l—KZ“’)/Z-&i N 21—2k(1_K21—n)2lz—1
E=2 gpt et egpo=—1
€250 s€ap-2=F1

= (I—KZ“")/2+§Jzk“ (2,'::%)2’—2”(1—1<21-")2k~1 :
Thus we have

S ™ g i k—l(zlke_%)ZI—Zk(l_Kzl—n)Zk—-l .
k=1 -

Applying the formula (1—x)"?= 1—i k! (21}:_%>2‘"2”xk for x=(1—K2'"")? we
k=1 -
can estimate the right hand side of the above inequality: S™>1—K2 "2 n=n,.
By the strong Markov property, we have
inf P, (0,,<c0)= I 89, a>n,.

xeM,| y||=2" jzng+1

Since the series >} (1—S@) converges, the infinite product II S is con-

1=n0+1 j=n0+l

vergent. Thus I S®=8>0. So we obtain

j=no+l

inf P, (0, <o0)=8>0  forn>n,.

zeM,||y|=2"

From this inequality, it follows that

(6.25) inf P, (0,,<0)=8>0.

zeM,||y||s2"0

Now we can complete the proof as follows. Let [[y||>2%. Then using the
strong Markov property and (6.25), we have
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P, (t<0,,<o0) = E, ,[P7(04,<°); Ty > 1]
g 81Px.,(0',,0 >t) .
By letting t— oo, we have §,P, ,(o,,=)=0. Since §,>0, we have P, ,(c,,=°)
=0. Q.E.D.

7. Winding problem for R%. In this section, we discuss the winding of
a two-dimensional Brownian motion with a drift around the origin. Let X be
the minimal diffusion corresponding to L which is written in polar coordinate as

170 1 6 10
1 L=
(7.1) 2(6r T r 6r 7 802)+ ()

Let ¢c=[0, o0). We define the intersection number I(X][0, ¢], ¢) by
I(X[0, ], ¢) = lim I(X[0, ¢], c,), ~ where ¢, = {(x, 0); O=x<n}.

It is easy to see that (X0, £], ¢) can be written of the form

1
LX[0, 4, ) = —- ero 4O+,

where I, is bounded. We note that arg X(t):S . ]d0, (see [7]). Therefore
xlo, ¢
I(X[O, t], c¢) represents the winding number of X[0, #] around the origin. Set
qS(t):StrZst, where 7, is the radial part of X,. Let y=logr and &(f)=
0

5 o.o-1 )]d'y. Then the process £= {£(#), £=0} is a one-dimensional Brownian
xlo, =1t

motion starting from 0.
We have the following

Theorem 7.1. Let x#0. (¢) If b(r)eL([0, o), rdr), then X(t) winds
infinitely many times both clockwise and counterclockwise around the origin, P,-a.s.
(i) If b(r)=r?, 0 B2, then X(t) winds infinitely many times counterclock-
wise only around the origin, P a.s.

This theorem follows from the following

Lemma 7.1. Let x%0. (i) If b(r)eL'([0, oo),rdr), then

(7.2) s X0 _ a8 X0) _ o p g
= L(p(2)) = L((2))

(i) If b(r)=r=® 0<B <2, then for any 0<5<1,

73) lim arg X(¥) , P,-as.
o= L((@){log L(G@)} °
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In the above, L(t) is the local time at O of the process &.

Proof. Set
t
BO(t) = r(t)—ro— So;L: ,
(7.4) ;“(f)
B(t) = SX[O,di‘l(t)] da_SO b(rs)ds ’

where 7,=7(0). Then {(B®(#), B(f)), t=0} is a two-dimensional Brownian
motion. Set O(¢)=arg X(¢). Then it holds that

(7.5) e() — B (S:rs“zds) + S:b(rs)ds
and
(7.6) 8(¢~(1) = B(t)+S;b(roeé<s>)rge2€<s>ds .

Now let b LY([0, o), rdr). By (7.6), we have

071 _ B | 1 ('}, sonyzezogs
(7.7) 70 = L(t)+L(t) Sob( A EO) 2O ds

Since the process £ is independent of the Brownian motion B, the process

C(t)=B(L™'(2)) is a symmetric Cauchy process. Therefore since liTnE%I(’tL;)lz
—lim L) _ o, (see [6]), we obtain FmB0 — _imB®_ . For the se-

e L) o L) e L(Y)
cond term of (7.7), we note that b(re”)e**L!((— oo, o), dr), since b(r)E
LY([0, o), rdr). Therefore we have

t oo

(see [10. Chap. 6]). It follows from these two facts that

i ©67(0) _ _jyn €670 _ |
be L) e L)

This implies (7.2)
O] PAO)
Next let b(r)=r"%, 0=B8=2. We write S r3Pds as follows: g b(r,)ds
0 0

=Sm 5 Pe® P*L(¢, x)dx, where L(t,x) is the local time of the process & at x.
Define J,(#) and J,(t) by
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Ji®) = Sm X (- 01(X)r§ P P2L(L, x)dx
and

Jt) = wa(o,m) (x)r5 PeC P AL(t, x)dx ,

where X,(x)=1, for x4, =0, for xeeA. For J,, since X(_.. a(x)ri Pe®P*L’,
we have

(7.8) }Ligél((tt)) = g19((—m,o](x)rﬁ'se(z‘ﬂ)’dx
(see [10, Chap. 6]).
To estimate J,, set yo(t)=riP S“’ X, ($)L(2, ¥)dx, then Jy(t)=vr(f)—=

-1

rie S:X(O’w)({-’(s))ds. If we write L;l(z):SL “X 0. (E(5))ds, then {L51(z), =0}

is a one-sided stable process with index 1/2 (see [10. Chap. 6]). Since it holds
(see [3])

o L3

}_ir_gmt—):s_oo, for any 0<8<1,
we see that
(7.9) im— S

o L) log LB}

On the other hand, since lim %%LE =0, for any £ (0 <E=1)(see [6]), we obtain
t>o0 og

Be) . CLD)

li =
oo Lty {log LOY™ = L(5*{log L(1)}
Combining (7.8), (7.9) and (7.10), we conclude that

(7.10)

; 8(7'(®)  _
1 = oo
SoLp{log LOY
which proves (7.3).
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