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The paper referred to in the title appeared in this journal in 1966 (vol. 3,
pp- 243-256). Unfortunately Theorem 1 of the paper as it stands is incorrect.
There is a wrong assertion made on p. 249 in the proof of Assertion III (about
representations of SL(2)). (I am indebted to Dr. Ruh and Dr. Im Hof for
drawing my attention to the error). We give here a modified (weaker) result
with the requisite additional arguments for its proof.

The notation is as in the 1966 paper: G will denote a connected real simple
Lie group and p a representation of G on a complex vector space F; K will be
a maximal compact subgroup and T" a discrete uniform subgroup; X=G/K
and H(T, X, p) will be the p"* cohomology of the complex of F- valued I'-
equivariant smooth forms on X (if T" acts fixed point free on X, these are simply
the Eilenberg-Maclane groups of I' with coeflicients in p). Let g, (resp ;)
denote the Lie algebra (resp. Lie subalgebra) of G (resp. K). Let g (resp. )
denote the complexification of g, (resp. k). Let b be the orthogonal comple-
ment of f in g w.r.t. the Killing form. Let by, be a Cartan-subalgebra of £, and
B, Dy, a Cartan-subalgebra of g,. Let § (resp. By) be the C-span of f, (resp. fy,)
in g. Leth,chnp. Let @ denote the Killing form on g and A be the root
system of g w.r.t. h. For a €A, let H, be the unique element of %) such that
p(H, H,)=a(H) for all HEY. Let h*=3lucr RH,=hDY),. Let 6 be the

Cartan-involution of g, determined by f, as well as its extension to g. Let

A = {a€A|0(E,) = E,}

B = {acAl|f(a) + a}

C= {acsAl|l(E,) = —E,}
(Here E, is a root vector corresponding to «); then A=A4AUBUC. Also ¢
stabilises § as well as A, AU C and B; moreover §(a)=a if acAUC. We

will say in the sequel that an order on the (real) dual of h* is admissible if it is
obtained in the following manner: let /), -+, H, be an orthonormal basis of §*
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so chosen that H,, ---, H, constitute a basis of tby ; and o &dual of h* is positive
if the first nonvanishing «(H;) is positive. If we denote by O one such an
order for any subset E in the dual of ), E*(O) denotes the positive elements in
E.

For an irreducible representation p of G, let A,(O) be the highest weight
of p w.r.t. §and the order O. Let Z,(0)=C*(0)U {a€B*(0)|a>0(x)} and
SL(0)={acs>"; (0)|p(A(0), a=0)}. With this notation we have

Theorem Let p be a finite dimensional irreducible representation of G.
Then if 3, (O) contains (strictly) more than q elements for every admissible O,
then H!(T', X, p)=0 for 0< p<gq.

As is deduced in [1] from the work of Matsushima and Murakami, the
vanishing of H(T, X, p), 0<p<gq, will follow from the following:

Let X, -++, X, be abasis of g with ¢(X,, X;)=+438;; and X,k for 1<i<N
forming a basis of K. Let ¢'=—>c,cy X7 and c=—>V1c;<y X4+ y<i<aX?
in the universal enveloping algebra U(g) of g. We denote by p the extension of
p to U(g) as well. Let E be the p'* exterior power of p and T4: FQE—FQ®E
be the endomorphism

Th = 2(p@1)(c)+(1®a)(c)—(pR1)(c")—(pR0o)(c") .

Let {, ) denote the natural hermitian scalar product on F QE deduced from
the involution § and @ on g,. Then the hermitian quadratic form,

n = T, m)
is positive definite for p<g provided the hypothesis of the theorem holds.

As in [1], let E= 3} E, be a decomposition of E into its (f-) irreducible

PEM(O)
components and similarly F=3>, ., Fy a decomposition of F into irreducible
f-modules. The indexing sets are the dominant weights w.r.f. an admissible
order O on the dual of h*. We denote by V3, the f-irreducible components of
Vie=F\QE,; then each V}, is contained in a eigen-space of T? and let
a(n, p, v) be the corresponding eigen-value. Let a(\, p)=a(X, p, A+p).
We assume in the sequel that G is simple (over R)

Assertion 1. a(\, i, v)>a(, p) for all N L(O), p€ M(O); equality occurs
only if v=x+p.
This is proved in [1].

Assertion II. Let f, be a dominant weight vector of Fy, A&L(0). Sup-
pose that there exists o € B*(O) such that E, f,+0&F,, N &L(0); then
a(n, p)>a(n, p).

For a proof see [1].
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Assertion III.  Suppose that f, is a (non-zero) dominant weight vector in F),
and that E,f,=0 for all « € A*(O)UB*(0). Then if a(n, p)=0 for some
wEM(0), there exists an admissible order O' on the dual of %* such that f, is
dominant for O'(i.e. E,f=0 for all a=A*(0")).

We need the following Lemma.

Lemma. Let E+=(8 6) , E_=<(1) 8) and H=<(1) _(1)) be the standard

basis of SL(2). Let 7 be a finite dimensional irreducible representation of SL(2)
and v a weight vector for H of weight . Then

T(ELE_.+E_E,)(v) =\ v
with N'> | ]| ; also equality occurs if and only if N\ is dominant (positive or ne-
gative).

Proof. Let b=E,E_+E_E,+H?2 be the Casimir element. Then 7(b)
is a scalar equal to N (H)?*//2++Ny(H) where A, is the positive dominant weight.
Thus

(B, E+E_E.,)o = (r(8)—(H2))o = No(HP |2\ H)—NH)2.
Now for any weight » of 7, »(H)*<\,(H)? equality occuring if and only if » is
extremal. The lemma is now immediate.

Let f, be a unit dominant weight vector in F, (A& L(0)). Then we have

p(O)fs = est ) P(EoE-otE_oEs)+>i<i<i P(H)H fo
= (Dweat @ vst o MHat+Hyw)[2) - 1
+ iy MH) Hu -y <iiP(HL ) fu
+ 2 mect@P(EGE _at+E_oEq)fy

We have used here the fact E,f,=0 for a=A4*(0)UB*(0O). Also, we have

p(efs = Di<i<y MHE )+ Daes 00 MHa+Hyw)[2-fi
where 23, (0)=A4%0)U {a€B*(0)|a>60(a)}. Also for dominant weight
vector e, Eyu(u € M(0)) of unit length
o(c)en = {Dici<y’ .U'(Hi)z“i‘zmez,(o) 1(Ho+Hew)[2} - €n
(p@a)(E) ([ ®ew) = {Sheiey (v 1))
+Zasezl(o)OH‘ﬂ)(Hm+Ho(w))/2}fk®ert
leading to:
<Tgfx®em fA@eu> = 2> Vvect (@ <P(EmE—w+E—mEa)fA®€u, fx®3p>
+23 <<t <P(H) L @eu, [LReu>
+2 e (0 MHat+Hyw)
— 23 N<icy MH)p(H)) .



298 M.S. RAGHUNATHAN

Consider now {p(E,E_s+E _u/E.) [rQey fr®eu> for aC+(0). We claim that
this can be zero if and only if f, is an extremal vector for g(ar). To see this we
decompose F, into g(«)-irreducible components

Fy :Zq V(T)

We assume as we may that V(r) are mutually orthogonal with respect to the
scalar product on F. Let f,=>]f(r) with f(r)eV(r). We then have

<P(EmE-w+E—me)fA®em fx®3M> = 2 <P(EwE~m+E—me)f(r)®e#’ f(r)@e,&

Each term on the right hand side is non-negative so that the left hand side is
non negative and equals zero if and only if

CP(ENE -yt E-oE ) f(r) Dew, () @en> = 0

for all r. Now by the lemma above, this means that for every 7, f(r) is an ex-
tremal weight vector for g(ar). Also E, (resp. E_,) annihilates f(r) if M(H,)>0
(resp. <0)—f{(r) is a weight vector whose weight is H,+— A(H,) for all r. 'Thus
we see that all the f(r) are annihilated by the same root vector:E, or E_,. Thus
E.f,=0 or E_,f,=0 proving our contention. Also snice E,f,=0 for all
a€A*(0)UB*(0) one sees that N(H,+Hyq)>0. Since H;€Y, for i>p’,
<p(H)’fr, fi>=0. Finally

ElSlSp 7\'(ILI;')IJ‘(Hz) = <7\: M> = <7\: Zlgigp:‘:(df+6(ax))/2>

for suitable elements a;, 1<i<p, in 3}, (0). We see then that if {T5(f Qey),
fr®e,>=0, we must necessarily have the following

(i) p(H)f=0, p'<i<I
(i) MH,+Hyp)=0 forall acB*O)
(i) E,f-»=0 or E_,,f)\=0 for any acC*(0).

From the fact that p(H;)f,=0 for p’ <i<I we see that f)\ is an eigen-vector
for all of § with the corresponding weight A belng the unique extension of A
which is zero on f)p Let h\(=h3) be the unique element of if such that
@(hy, B)=n(h) for all h€he. Then we take an orthonormal basis Hj, -+, H, of fj*
yielding an order O’ on the dual of h* with H, being a posztwe multlple of k.
Now since a(h,\)>0 for all aEA*(O) UB*(0) and E,f,=0 for +acC*
if +a(h)>0, we see that with respect to the order O, f, is an extremal vector.
We need only conclude that O’ is admissible and this is obvious. This com-
pletes the proof of Assertion III.

Assertion IV.  Fix an admissible order O on the dual of §*. Let A be the do-
minant weight of p w.r.t. O and let N\, denote the restriction of N to ily; then

a(h, p)>0 for all pe M(Q) provided that there are at least (q+1) roots a €3, (0)
such that A(H,~+Hy,)>0.
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The proof is given in [1].

ReMARK. We have proved the theorem for the case of simple g but the
general case is immediate from this.
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