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In [4], we have defined the stable James numbers k,(X, 4) for some finite
CW-pairs (X, 4) and computed d(n)=Fk,(CP”, CP"). In this note we estimate
dy(n)=k(HP", HP'), where HP" denotes the quaternionic projective space of
topological dimension 4n. We obtain

Theorem. Forn=2

(0) dln) is a factor of (2n)! (2n—2)!---4\, in particuler none of the prime
factors of dy(n) is greater than 2n,

(1) 2j+1= { VZ(dH(n))§3]:+3 Jor nt—:zj ’ .

v(dy(n))<3j+6 for 274+1=<n<27*,
(i) 2/=vy(du(n))<2j+2 for 3=n<2.37,

v du(n)<2j+2 for 2-3"§n<3l+;i1,
2j+1<

wdum)<2y+4 for P Elncain,
(iii) for a prime p=5

sldum) =2 for prsa<PEL

Ysudu)s2it2 for PO zac Py,

Y H1Sudum)=2+2 for PElpia<pn,

where v ,(m) denotes the exponent of p in the prime factorization of m.

Recall that dz(n)=the index of the image of 7*: {HP”, S} —{S*, S‘}, where
{X, Y} denotes the set of stable homotopy classes of stable maps X—Y and
i: S'=HP'—>HP" the natural inclusion. Then obviously dg(1)=1.
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1. Lower bound of dy(n)

In this section we use K-theories. We introduce the following notations:
&,=the canonical quaternionic line bundle over HP”; gH:EI—IE}(\S'p(S‘);
gR=gHAgHEk6“(S‘); EnngA(gn—l)EIEB“(HP”); n=the canonical com-
plex line bundle over S?=CP'; gc=7—1¢& K(S?%; £: KO*( )—K*( ), the
complexification; ¢: KSp( )—K( ), the scaler restriction; ch: K*( )—H*( ;Q),
the Chern character; y,,—=gr*c KO%; y,,.,€ KO%** the generator such that
E(Yoprr)=285"*%; 2, = c(&,—1)EK(HP™); t€ H{HP"; Z), the first symplectic
Pontrjagin class of &,. Then we have

E(Vulat) = gerakt
E(Yup-ER¥) = 2g0%2%
ch(z,) = exp (v/T)+ exp (—v/T)—2,

and I?é“"(HP”) is the free group with basis &,, y.£2, +**, y,—.En, and K(HP") is
the truncated polynomial ring over Z with generator 2, and the relation 2,*'=0.

Choose fe {HP”, S*} such that the composition S‘—l> HP"Z) S*is of degree
dy(n). Put

fHer) = X a3,-Eh, a,EZ.
And put 2a,;=b,; and a,;,,=b,;,,. Then, by the above equations, we have
di(mt = f*+ch-8(ge) = ch--{*(gr) = 330, (exp (v/T)+exp (—/T)—=2Y
in H*(HP”; Q) and hence b,=dy(n). Put t=x", then we have
bax* = JZ:; b ;(exp (x)4-exp (—x)—2)’ mod x**** .
Differentiating this equation twice, we have

2b, = 2b,-+ i,‘_z(jzbj+2(2j—|—1)(j—§—1)b].+1)(exp (x)+exp (—x)—2) mod x**.
Hence
PbA22 )+ Db, =0 for jsa—1,
and therefore
Jlo, = (—1)27.3-5-(Zj+ 1) (j+1)b; 1 for j=<n—1.
That is, we have

(@)t dal) = 27-3-5- (4 D@+ Doy for j=|"1])
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(Z—1)dy(n) = —27".3.5---(4—1)(2))2a,;  for j=< [%] _

Put
7o(n) = max, o1 (2735 (G+1)(Z+1)—v4(2)") ,
=51
v (2% e 3 (4k—1)(2R)2)— v p((2k—1)1)} .
Then obviously 7,(%)<v,(du(n)). Elementary calculation shows that
T (n) = 2j+1 for 27=n<2?*' and j=1,
and for an odd prime p
2j for pf§n<P+Tlpj

= 2j+1  for E—lz_—lpign<p"“ .

Thus we obtain the lower estimates of Theorem.

2. Upper bound of dy(n)

The canonical fibration son-1Past prpns factorizes as the composition of

Pon—s n—1
.

the canonical fibrations $**~'—— CP**~'— H, The order of p,,_, as a
stable map is (2z)! [2], [5]. Hence the stable order of p,_, is a factor of (2n)!.
Therefore dy(n) is a factor of (2n)! dy(n—1). This implies Theorem (0).

Lemma 1. Let X be a simply connected finite CW- complex with a base
point. Then the mnatural inclusion SP"'(X)i" SP=(X) induces isomorphisms
7w (SP™(X))—n(SP~(X)) for k<m, where SP™(X) and SP~(X) denote the m-fold
symmetric product of X and the infinite symmetric product of X respectively [1].

Proof. There is a commutative diagram [3] for j=1

H/(SP™(X)) ———"— H,/(SP~(X))

[~—4 f~—3

SYH (SPHX), SP*(X)) — 31H,;(SPHX), SP*(X))

where the bottom map is the natural inclusion. Then, it follows from
H (SP4X), SP*'(X))=0 for 1=<j<k that ¢,: H,(SP"(X))—H (SP~(X)) are
isomorphic for j<m. Since SP™(X) is simply connected, the result follows
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from the theorem of J.H.C. Whitehead.

The obstructions to extending the natural inclusion S*—SP**~'(S*) over
HP" lie in HY(HP*, S)Qm,;-,(SP*"*(S") for 2<j<n. Lemma 1 shows that
SP*"-'(S*) and SP~(S*)=K(Z, 4), the Eilenberg-MacLane complex, have the
same 4n-type. Hence, in particuler, we have z,;_,(SP**7'(S%)=0 for j<=.

Therefore we have a map f: HP"—SP*~'(S*) which factorizes S‘LSP‘"-I(SH)

as S‘CHP"I)SP‘”“(S‘). This implies that dg(n) is a factor of k" ‘=

k(SP*"-(SY), S%). k"' and k;"""° are factors of k;"~"° and k*”*~** respectively
[4]. Hence dy(n) is a factor of £**~"*,
We require the following theorem of Ucci [6]:

v(K™*7) = ¢(2)B,(m) »
vp(R™**!) = t3p(m) for an odd prime p

where B,(m) is defined by pPs™ <m < pP»™** and ¢(s) is the number of integers
% such that 0<u<s and ©=0, 1, 2, or 4 mod 8.
By this theorem, we have

v(du(n)) < 3B,(4n—1),
vy(du(n)) < 28,(4n—1) for an odd prime p.

Then the following lemma completes the proof of Theorem.
Lemma 2.

j+1 for n=27,

j+2 for 274+1<n<27*,
( j+1  for 3f§n<§%—ﬁl s

(i) Bdn—1) = 2

(i) 62(4'”—1)={

j+2 for £+;_i1§n<3f“ ,
(iii) for a prime p=5 A
i for pEa<Pltl
Bo(4n—1) =

]'+1 for ?j+_;+__l§n<1)j+1-

The proof of this lemma is easy, and we omit it.
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