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1. Let U*(X) be the unitary cobordism group of a finite CW complex X.
P.S. Landweber [4] and K. Shibata [6] determined the unitary cobordism group
of the lens space L"(m)=S*"*!/Z,,. In this paper, we use the structure of the
reduced unitary cobordism group of L*(m) to prove the following

Theorem 1. If positive integers p and q are relatively prime, there exists
an isomorphism

v UL (p) U (L) ~ UL (),
where ﬁ””(-)zZ 0%(-).

Let Uy(X) be the unitary bordism group of a space X. Denote by
BZ,, the classifying space of the group Z,,. Using the duality isomorphism
D: Uy(L*(m))= U*(L"(m)) and the isomorphism U,(L"(m))= UyBZ,) for
k<2n+1[3], we have Uy(BZ,,)= U****~*(L*(m)) for k<<2n+1. Then, Theorem
1 implies the following

Theorem 2. If p and q are relatively prime, there exists an isomorphism
Va: Uoa(BZ,)DUa(BZg) = Uoa(BZy,)
where U,4(+)=23 Upyi(+)-
Using the s’pectral sequence [3], we obtain
U,(BZ,)=U,,.

For a prime p, Ux(BZ,) was determined in [1] and [3].

Denote by K(X) the reduced Grothendieck group of isomorphism classes
of complex vector bundles over X. In [2], Conner and Floyd gave the isomor-
phism

RX)= 0*(X)®@uZ .

Therefore, Theorem 1 implies the following
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Theorem 3. (N. Mahammed [5]) If p and q are relatively prime, there
exists an isomorphism

K(L"(p)@R(L(g)) = K(L"(p9)) -

2. In this section we prove Theorem 1. Denote by CP” the n-dimen-
sional complex projective space and by % the canonical complex line bundle
over CP". Let n: L"(P)— CP” be the natural projection and put

x, = m*cy(n),

where ¢,(7) is the first Chern class of 7 in the sence of Conner and Floyd [2].
Let F(, ) is the formal group law such that

F(c,(8), ci(8)) = ei(EQE)

for complex line bundles &, £ over the same CW complex [7]. For a positive
integer m, let [m] z(x)< U*[[x]] be a formal power series defined by the following
formulas

[1](*) = «
(k] (%) = F(x, [k—1]£(x)) .
In [6], K. Shibata gave the following

(1)

Theorem 2.1.
U*(L"(m))=Au«(D[pt, i])DU*[[x,]1/(xm"", [m] (%,)) »

where [ pt, 1] Uy(L"(m)) is the bordism class represented by an inclusion map of a
point, Ays( ) is the exterior algebra over U* and (xy+*, [m](x,,)) denotes the ideal
generated by xp}* and [m] (x,,,).

The same result can be obtained also by the method of P.S. Landweber
[4] directly.

Considering the following short exact sequence
0 — T*(L"(m)) > U*(L"(m)) > U* >0,
it follows from Theorem 2.1 that
O(Lrm)) =~ OH{eaJl (5, [](e)), oo (2)
where U*[[x,,]] is the kernel of the homomorphism
&: U*[[x,]] > U*
defined by 8@0 ayxt)=a,

We define a homomorphism
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v: (LA (p)DU(L"(q)) — U(L"(pg))

by ¥ (P(x,), Q(%e))=P([q]r (%) + Q([]r(%s7)), where P(x,), O(x) and
P([q] (%54))+O([£] (%54)) are the classes of the formal power series P(x,)E

U*[[x,]], O ()€ U*[[x]] and P([g]#(%50) +O([2]r(%5)) & U*[[254]] respec-
tively.
Using the associativity of the formal group law, we obtain

[p]+([g] #(x)) = [q] <([£] £(x))
— [Pq]p(x) ............... (3)

From (2) and (3), it follows that the homomorphism - is well defined.
We define the multiplication in T*(L*(p))® U*(L"(g)) by

(x» y)'(x,» y') = (xx,» yy,) .

We prove the following lemma, so that the homomorphism +r is a ring homo-
morphism.

Lemma 2.2. If p and q are relatively prime, [p]p(%pq):[q] #(%5¢)=0 in
U*(L(p9))-

Proof. We put
Iy = (%5e", (P91 (%4)) -
We show that [p] -(#s0)- [g]+(#s) ELs. From (3),

plal @)+ 3] a{lgl s} = [pg)r(x),

aLp) ()4 33 BATP1 ()} = [pg) (@),

where x=ux,.
Since p and ¢ are relatively prime, there exist integers a and b such that
ap+bg=1. Then, we have

HIEONUEC N
=a[p] r(x){[g) (%) — 2] a:{[g] (%)} '}

+b[q]F(x){[pq]F(x)—gb,.{[p]F(x)}-'}, e (4)

We put
X =[pls(x), Y=I[q]s(x), ai=aa; and & = bb;.
The equation (4) implies
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XY {1+(3 ! VLSIH X} = 1€k,

Therefore,
XY = [1+A+A*+--)el,,,
where A=—(3]a{ Vi +316,X 7). q.e.d.

Proposition 2.3. If p and q are relatively prime, then r is epimorphic.

Proof. Since 4 is the ring homomorphism, we need only to prove the
existence of the elements y and z which satisfy J(y, 2)=2%,,. We put

[P1r(ipe) = Sy csnii’, 6=
and
[0 e(oe) = B deii™, dy= .
We find series A=i a;x5, and B:‘i b; x}, which satisfy
=0 =0

%pq = A[Pl#(%sg)+Blgl #(*54) »

that is, a; and b; satisfy the following

pa,tgb, =1, (c;=p and d;=q),
acotac,+bd+bd, =0,

.......................................

= Qo+ bkdo‘l‘gl (@g-iC;itby_;d;)
=0,

---------------------------------------

Since p and q are relatively prime, there exist a, and b, which satisfy 1=pa,+¢b,.
Suppose that a; and b, are determined for j<<k. Put

k
a, = —a, Z} (ak_;c;+bk—idi)
and

k
by = —b, El (@p-iCc;itbe_;d;),
then a, and b, satisfy the above relation. Therefore.

_ k
Xpg = hAV_J:Pk,xxpo .
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where

Pp s = an[ Pl r(%50) + balg] () -
Suppose that

qu = 2 Pk,mx;v )
k=0
where Py, is a polynomial of [p]x(xs,) and [¢] #(x5,) With the coefficients in U*,
and for k>1
Pk.m = I%Qk,m) Qk,me U*[[x5,]] -
Then, we have

%0 = Popt 3 Pan{Z P mici}*

— Pt Pk,m{Po,m+jz::1 P, i}
Put
Pyt Pk,m{Po,erg L NCALED I e
Then, we have
Pypir = Po'm—}—g Pil(Po )
and since P; ,,=x,, 0, ,, for j =1, there exists Q; .., & U*[[x,,]] such that
Piir =25 Qs j=1.

By induction, we have

Xpg = o,n‘[_kZlPk,nx;q ’

and for k=1

Prw= 25300 QunEU*[[x5,]] .
Therefore,

%pq— Pon€E1p ¢ = (%3 [Pl r(%24)) -
Put

Py, = P([p]#(*50))+ O([9] (%)) + [P] #(¥0) - [q) r(%54) - R

where R€ U*[[x,,]].
From Lemma 2.2,

%pg— P([P]#(%50)) = Q9] #(*¥50)) E 154 -

Therefore, we obtain
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Xpq = ‘I"(Qi@): P(x,)) , q.e.d.
Proposition 2.4. The order of the group ﬁ”(L"(m)) is mt, t= "2—’ 5,

i=-S+1

where 7, is the number of partitions of i for i =0 and 7,=0 for i<<0.

Proof. Consider the spectral sequence E2% associated with U*(L"(m)).

There is a filtration

[’jzs(Ln(m)) — Jo,2s3J1.zs—1D Djzn+1.2s—2n—1 =0

with J#4¢J#*0e" = F{5([*(m); U?). Then, for 1<s4-i<n,

m"  if =0,

the order of J25+2 =2 Js+2G+1=2G+D — ) horwi
otherwise.

Therefore, the order of U*(L*(m)) is m?, t= 'ﬁ Ti q.e.d.

f=-5+1

From the Proposition 2.4, we have the following

Corollary 2.5. The order of U*(L*(p))DU*(L*(q)) is equal to that of

U*(L"(p9))-

(1

(2]
(3]

[4]
(3]
[6]
(71

Proposition 2.3 and Corollary 2.5 prove Theorem 1.
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