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ON INDUCED REPRESENTATIONS
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Let G be a locally compact topological group and K a compact subgroup
of G. For any irreducible unitary representation o of K, we denote by U(s)
the induced representation generated by o (see §1). In general, U(c) is not
irreducible.

The purpose of this paper is to give a method of extracting the irreducible
components of U(s) when G is one of the special types of Lie groups.

1. Let G be a connected non-compact semisimple Lie group with a finite
dimensional faithful representation and K a maximal compact subgroup of G.
We assume that rank G=rank K. For any given irreducible unitary represen-
tation o of K on a representation space V, we can construct a unitary represen-
tation U(a) of G as follows. Let $(o) be the set of all “Haar-measurable”
V-valued functions f which satisfy the following conditions;

flkx) = o(R)f(x)  (kEK, x=G)

and
1P = | 11l dv<oo

where || ||;; denotes the norm in V.

Then $(c) is a Hilbert space if we identify functions which differ only on subsets
of G of Haar measure zero. The inner product (, ) in $(o) is given by

(o f) = (), LDix (f, f,€9()

where (, )y denotes the inner product in V. Finally for any g€ G, U,(c) is
defined by

(Ue))x) =flzg)  (fED(0), x€6).

Thus we obtained the induced representation U(s) generated by o (cf. [7] (d)).
Our aim is to find out an irreducible closed subspace of (o).

* The author is partially supported by the Sakkokai Foundation.
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2. Let g (resp. t) be the Lie algebra of G (resp. K) and p the orthogonal
complement of f in g with respect to the Killing form of g. Then g=f+4p is
a Cartan decomposition of g. Let T be a maximal torus in K and ) the Lie
algebra of 7. Then since G has a finite dimensional faithful representation and
rank G=rank K, T is a Cartan subgroup of G; i.e.

T={gcG;Ad(g)H = H forall Hech}

where Ad denotes the adjoint representation of G. Let g€ denote the com-
plexification of g. Let = be the set of all non-zero roots of g€ with respect to
the Cartan subalgebra H° ()¢ is the subspace of g€ spanned by h). We
denote by =, the set of all compact roots (see for definition [8]). Let F be
the vector space over R (the field of real numbers) consisting of all purely im-
aginary complex valued linear forms on §. Then SC%. Introduce a linear
order in & and let P (resp. P,) be the set of all positive roots in 3 (resp. ).
We denote by & the universal enveloping algebra of g¢. As usual we regard
elements of & as left-invariant differential operators on G. Since V is finite di-
mensional, it has the canonical structure of an analytic manifold. We denote

by C°(G, V) the vector space of all continuous mappings from G to V. For any
feCG, V) and vV, we put

fo®) = (f*), o)y (x€G).

Let C~(G) be the vector space of all infinitely differentiable complex valued
functions on G. We denote by C=(G, V) the set of all f& C%G, V) such that

£,€C=(G) forall vel.
We often call fe C~(G, V) a V-valued C”-function. Define
.1
(Ux(o)f)(g) = lim — (flg exp tX)—flg))  (¢€G)
for Xegand feC~(G, V). Then we have a representation X— Ux(c) of g on
C~(G, V). This extends uniquely to a representation of &. It is obvious that
(U (o)), = uf, forall uec®.

In the following, we shall simply write uf instead of U,(s)f. Let B be the center
of & and Q the Casimir operator of g. Then Q8. For any g G, we define

(R@@N)(x) = fixg)  (x€G, feC(G)).

Then an element u of & belongs to 8 if and only if R(g)ou=uocR(g) for all
gE€G. Fix a subalgebra o of 8 such that Q. We denote by Hom (2, C)
the set of all homomorphisms of ¥ into €. For any X&Hom (2, C) we put
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(o, X) = {f€D(c)NC(G, V); 2f=X(2)f forall zeU}.
Then we have

Proposition 1. (o, X) is a closed invariant subspace of H(c). Moreover,
every element of O(a, X) is an analytic mapping from G into V.
Proof. Let B be the Killing form of g€ and put

X, Y>=-BX,0(Y) (X Yeq)

where 6 denotes the conjugation of g€ with respect to the compact real form
g,=f++/—1p. Then {, > is an inner product in g€. Select orthonormal bases
(X, -+, X,,) and (Y, -+, Y,) for £ and p, respectively. Then, it follows from
the definition of the Casimir operator Q that

Q= —(Xi4 -+ X2) 4 Vif oot V2.
We put
Qt:X%-}_"'_l_X?n) Qp: Y¥+'+Y-721

For any X g, let X’ denote the right invariant vector field on G given by

Xfiw) = [ £ fexp X we6, fec(6).

t=0

Then the mapping X — X' (X&g) can be extended uniquely to an anti-homo-
morphism of & onto the algebra of right-invariant differential operators on G.
It is easy to see that Q'=Q as differential operators on G. For any AT, we
shall denote as usual by H, an element of §¢ such that AM(H)=B(H,, H) for all
Hech; the inner product <\, u> of two linear forms A, €% means the
value <H,, H,>. We denote by the same notation the infinitesimal representa-
tion of . Let A€ < be the highest weight of &. Then it is well known that

o(Q) = —<{A+2p4 A1
where pk=é2a and I denotes the identity operator on V. Fix any f& (o, X)
and ve V. "EIl‘lklen
Q' fx) = ((Qf(x). v)y = —{A+2p4 Af(%)
where f,(x)=(f(x), v)y. It follows that
Qf (%) = 2{A+2p5, D[ (*)+(Q' Q7)) -
On the other hand,
Qf (%) = (Qf(x), )y = X(Q)fo(¥)

Therefore, we have
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(%) Q'+, = (X(Q)—2{A+2pp, MDY, -

Since Q',+Q', is obviously an elliptic differential operators on G, we conclude
that f, is an analytic function. This shows that f is an analytic mapping from
G to V. Moreover, owing to the ellipticity of Q' +Q/,, all solutions of the
above equation (x) in the distribution sense are analytic. It is an immediate
consequence of this fact that (o, X) is closed in $(s). Since R(g)oz=2R(g)
for all g€ G, we see that U(c)U,(c)=U,(c)U,(c). It follows immediately that
9(o, X) is an invariant subspace of §(c). This completes the proof of the pro-
position.

We denote by U(a, X) the subrepresentation of U(a") obtained by restricting
U(a) on (o, X). In the following, we shall discuss when U(s, X) is non-trivial
and irreducible.

3. Let & (resp. €x) be the set of all equivalence classes of irreducible
unitary representations of G (resp. K). For any irreducible unitary representa-
tion z of G, let z| K denote the restriction of the representation z to the sub-
group K. For any b=k, we denote by (= |K: d) the multiplicity with which
the representation d occurs in z|K. (z|K: ) depends only on the equivalence
class » which contains . In this case, we also write (w|K: b) instead of (z|K:
b). Let £, be the character of o. We define a projection operator E_ by

B, = dio) | _ERUo, )dk
where d(c) denotes the degree of o and dk is the normalized Haar measure of K.
We denote by [o] the class in €k to which o belongs.
Proposition 2. If (U(s, X)|K: [¢])=1, then U(a, X) is irreducible.

Proof. It is sufficient to prove that every non-zero closed invariant sub-
space of (o, X) contains E D(o, X). Let O be an arbitrary non-zero closed
invariant subspace of (s, X). Fix a non-zero element f€®. Then from Pro-
position 1, f is analytic. Hence there exists a g, G such that f(g,)=0. Put
fo=U,f. Then it is obvious that f(1)=f(g,)=0 (1 is the identity element of
G) and that f, is analytic on G. Notice that

(Eof)(1) = d(o) | ERUMa, )f (1)
— dio) | _EB )k

— dio) | ERh)arr (1)
— f(1)+0.
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Then since E_f, is again analytic, we can conclude that E_f,#0. Moreover,
since © is closed invariant subspace, we have E,f,&®. It follows from the
assumption (U(a, X)|K: [0])=1 that E, (s, X)C®. This proves the proposi-
tion.

We denote by End (V) the algebra of all linear endomorphisms of V. An
End (¥)-valued C~-function @ on G is called a zornal spherical functions of
type (o, X) if it satisfies the conditions

(1) p(kigk) = a(k)p(g)o(k)  (ky kEK, g€G)
(2) 2p = X(2)p  forall zeU.

Let @ be a zornal spherical function of type (o, X). We call @ square-integrable
if

[ ttenizdg <+oo

where || ||y is the Hilbert-Schmidt norm of End(¥V). Here we mean by the
Hilbert-Schmidt norm of an element of A= End (V) the square root of the trace
of the operator A*A4, where A* denotes the adjoint operator of 4.

Proposition 3. If there exists a non-zero square-integrable zornal spherical
function of type (o, X), then U(a, X) is not trivial (i.e. (o, X)=£(0)).

Proof. Let @ be a non-zero square-integrable zornal spherical function of
type (o, X). Then there exists v&V such that @, 0 where ¢, (g)=¢@(g)v.
It is easy to see that @, (o, X). This completes the proof of the proposition.

4. Now we need some results of F.I. Mautner. For any unitary represen-
tation 7 of G or K, we denote by the [z] equivalence class to which 7 belongs.
Then it is easy to see that [U(c,)]=[U(s,)] if [o,]=[0.]EEK In case oD,
we shall write U(D) instead of [U(o)].

Lemma 1. Put &(o)={w<=E; (0| K: [c])F0}. Then
[U(e)] = Sg oy @\ K: [eodu(@)  (direct integral)

where u is the Plancherel measure for G. This means that the multiplicity with
which w occurs in U(c) coincides with the multiplicity with which [o] occurs in o | K.

For a proof, see [7] (¢), and notice the following. Let R (resp.r) be the
right-regular representation of G (resp. K). Then owing to the Peter-Weyl
theorem, one knows that

[r]= ) m(d)d  (direct sum)
elk
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where m(b) is the multiplicity with which d occurs in 7 (m(d)=degbd). It follows
from the theorem on inducing a representation “in stages” (see [7] (d)) that

[R]= X m(d)U(d) (direct sum).
elx

This shows that [U(c)] is a subrepresentation of the regular representation of G.

Now we shall need another lemma due to F.I. Mautner.

Consider the decomposition in Lemma 1. Then there exists a choice of
representatives #,€ o (0EE(c)) with the following property. Let O, denote
the representation space of #,. We denote by =z, the (0| K: [¢])-times direct
sum of #,, and let , be the representation space of z,. Then we have

D0 =9.0®D, ((|K: [¢])-times direct sum).

Then we have
(o) = Sg(o) D.du(w)  (direct integral).

For any f& (o), let f, denote the “component” of fin O,.. We denote by the
same notations the infinitesimal representations of & for U(c) (resp. z,,) on the

Garding subspaces 9°(c’) (resp. 9) where o= E(a) (cf. [7] (a))
Lemma 2. For any fE€9(s) and uc®, we have

(Uo)f)o = mu()fn
for almost every we E(s).
For a proof, see [7] (a), (b).
Let X,, be the infinitesimal character of w&&. For any XeHom (3, C),
we denote by X | the restriction of X on . Then X|2A=Hom (%, C). For
any X Hom (%, C), we put

EX) = {0elf; X, | A =X} .

Let £, be the set of all discrete classes in & (see [4] (d)). We denote by L the
set of all A& & such that

2N, o>
{a, oy

where Z is the set of all integers. Let L’ be the set of all A& L such that
<\, a>=*0 for all = 3. Then owing to the profound result of Harish-Chandra
([4] (d) Theorem 16, p. 96), one has that for any A& L’, there corresponds an
element w(A)=&, such that

eZ forall acX,

Xoo(Q2) = [N]*—|p]|?
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where | |°’={, > and p=%}> a@. As is easily seen, A= |1 [*—|p|* (AEF) is a
asp

polynomial of degree 2 and its homogeneous part of degree 2 is a positive de-
finite quardatic form. It follows that £(X) N &, is finite set.

Theorem 1. Let U be an arbitrary subalgebra of B such that Q€N and
let X be a homomorphism of A into C. Then E(X)NE, is a finite set. Moreover,
let o be an irreducible unitary representation of K such that

(A) E)NEX)—Ey
is of measure zero with respect to the Plancherel measure for G. Then we have

[U(o, X)] = ...2 (0| K: [6])o (0€E(@)NEX)NE,) .

Proof. We have already proved the first assertion. We consider the
decompositions in Lemma 1 and 2 and use the notations in Lemma 2. Fix any
f€9(e, X)NH(c). Then we know that

U, (o)f = X(2)f and = (2)f, = X (). for all ze¥ .

On the other hand, from Lemma 2 we have

(Uo))o = 7).

for almost every w&E(a). Hence, there exists a subset J1CE(a) of measure
zero such that

(X(2)—X(2)f, = 0 forall weE(c)—T1.

In general, 7] depends on z as well as f. But one knows that ¥ is finitely
generated. Therefore, every X&Hom (2, C) is uniquely determined by its
values at a finite number of elements of 9. Hence, we can assume that J]
does not depend on 2. It follows immediately from the assumption (A) in the
theorem that

f= gfw (0€E(G)NEMX)NEY) -
This completes the proof of the theorem.
ReMARK 1. For any real number ¢, define
E,= {0Ef; X (Q) = ¢}.

Then in case rank G/K=1, we can show that £,—&;, is of measure zero with
respect to the Plancherel measure for G, using the explicit form of the Plan-
cherel measure given in [4] (¢), [8]. We have a conjecture that it holds in
general. If this is true, then the condition (A) in Theorem 1 is always satisfied
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for all o.

Now we have assumed that G has a compact Cartan subgroup 7. Owing
to Harish-Chandra [4] (d), one sees that £;%0. Fix an w&&,; and put
X=X,|A. Then it is obvious that there exists a [c]EEk such that we&(a)N
EX)NE4. It follows from Theorem 1 that w is a subrepresentation of U(s, X).
If 7€ w, we say that “z is a realization of o” or that “w is realized by z.”

Corollary. Let U be a subalgebra of B such that Q€. Fix an w<€E,
and put X=X,|U. Assume that there exists an irreducible unitary representation
o of K which satisfies the following conditions (A4.1)~(A4.3).

(A4.1) E@)NEX)NE; ={w}.
(42) (0|K:0)=1.
(4.3) E(e)NEX)—E, s of measure zero with respect to the Plancherel measure

for G.
Then o is realized by U(o, X).

5. Consider the special case that d=38. Then it is known (see [4] (a))
that £(c)NE(X) is always a finite set. Hence, in case =5, the assumption
(A) in Theorem 1 and the assumption (A.3) in the corollary to Theorem 1
are always satisfied.

Theorem 2. Fix any [¢]EEx and XEHom (8, C). Then U(as, X) is
non-trivial and irreducible if and only if o and X satisfy the following condition

(©)-
(C) &E()NEX)NE, consists of only one element w such that (w|K: o)=1.

Moreover, the condition (C) implies that U(c, X) is a realization of o.

Remark 2. Since K\G is simply connected, $(¢) can be realized as
V-valued square-integrable functions on a certain submanifold of G with respect
to a certain measure. If the rank of the symmetric space K\G is equal to be
one, the radial components of U,(c) (2€8) coincide with ordinary differential
equations (see [9] and cf. [4] (b)). Itis very cumbersome to calculate the radial
components of U,(c) (:€8) even if G is the lower dimensional Lie group such
as the universal covering group of De Sitter group. However, R. Takahashi
[9] computed the radial component of Uy(c) in a very ingenious manner, making
use of the quaternion field. Thus he proved that U(o, X) is non-trivial and
irreducible for a certain [¢]efk and XeHom (¥, C) in case A=C[Q] (the
algebra of all polynomials of Q).

Now we shall give here an another proof of this fact, making use of the
corollary to Theorem 1 and the result of J. Dixmier [1] (b). In the following,
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we use the notations of [1] (b) and [9]. Let G be the universal covering group
of De Sitter group. We consider the irreducible unitary representation p%°
of the maximal compact subgroup K of G (where 2n€Z and n>1). Put o,=
P%°.  Then it follows immediately from Fig. 2-3—4-5 ([1] (8) p. 24) that

Elon) = {mi.,; g=mnn—1,--,1 or %} U {pps; $>0} .

On the other hand, from (12) (in [1] () p. 12) and (53), (55) in ([1] (b) p. 27) one
gets that

Xer (Q) = n*+ntqg—q—2,
Xy (Q) = n*+n—s—2.

We denote by X, , the unique element of Hom (¥, C) such that X, ,(Q)=n’+n
+p*—p—2. Then it is clear that £(a,) NE(X,, ,)={7x.,} for any p such that 2p,
n—peZand n>p>1. Since every d=Ek is contained at most once in each
o] K (o€E), it follows from the Corollary to Theorem 1 that [U(a; X, »)]=7.p-
This shows that U(a,, X, ,) is non-trivial and irreducible. If we take o,=p%",
similarly we have [U(o,, X, ,)]=mnn, These facts together with Theorem 1
and 2 in [1] (b) prove the following.

Proposition 4. (R. Takahashi) Let G be the universal covering group of De
Sitter group. Then every irreducible unitary representation of discrete class 0w €&,
can be realized by U(o,X) for some [c]eEx and X=Hom (A, C) where A=
C[Q] (the algebra of all polynomials of Q). More precisely, o is realized by

U(p'l.éoy xn,p) (resp' U(p{}én’ Xn,l’))

if o=m,, (resp. o = mn,)
where X, , is the unique element of Hom (A, C) such that
X 5(Q) = n’4-n4-p*—p—2.

ReMARK 3. It is interesting to observe the fact that the theory of unitary
representations has an application to the theory of partially differential equations;
i.e. the differential equation (31) on page 399 in [9] has non trivial solutions in
H» (for the notations, see [9]).

6. Finally, we shall apply the above theory to the group SU(m, 1) and the
universal covering group of SO,(2m, 1) where m is an arbitrary positive integer
(for the notations, see [5]). Let G be any one of these groups. Then it is known
that every dEEx is contained at most once in each o|K (0€&) (cf. [1]
(b), [2], [3]). We fix an element X of Hom (8, C). If o,, 0,€6(X)NE,, then
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o,| K and w,| K are disjoint, that is, o,|K and ,| K have no irreducible com-
ponents in common (see for proof, [2], [6]). Therefore, if w=&(a)NE,, then
we have &(c)NE(X,)NE;={w}. Making use of Theorem 2 we obtain the
following proposition.

Proposition 5. Let G be either SU(m, 1) or the universal covering group of
SO,(2m, 1) where m is an arbitrary positive integer. Then every wEE, is realized
by U(a, X,) for any [oc]EEk such that (o] K: [o])=0.
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