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Relations between Homotopy and Homology. 1.
By Atuo KomATuU.

1. INTRODUCTION.

This paper is a continuation of the author’s earlier investigation |1],
studying the problem of essential dimensions') of continuous transform-
ations using the method of homology with local meoeﬁicients [2). The
exact homology sequence, recently clarified by J. L. KELLEY and E.
PiTCHER [3], can be applied to this method and give many new results
some of which are already obtained by S. E{LENBERG and S. Mac LANE [4],
L. PONTRJAGIN[5] and G. W. WHITEHEAD [6).

Let K* be the n-section of a complex K, then we have the following
exact sejquence with respect to the homotopy groups

i r O¢
m (K" — 7y (K*) — 7 (K* mod K" ')—>

Ty (K™Y o Ty (K™
The kernel-images in =, (K"), 7z, (K" mod K""), z,_, (K"™") of this
sequence are essentially the same as the groups v, (K™, ptm (K™), My,
(K*~Y), respectively, which were introduced by the author in [1].

2. Tde Case ofF SimPLY CONNECTED COMPLEX.

THEOREM 1. Let «, be the number of n-simplexes of a simply con-
nected complex: K. Then the relative homotopy group =, (K" mod K" ')
(n >2) is isomorphic with the weak direct sum (I, a,) of «, integer
groups.

ProoF. The proof is similar to that of theorem 2.1, [1].

COROLLARY 1. 1. ’

o (K™ &~ i, (K*) + b, (K") .
Proor. The group u,(K") ~ =, (K")/v, (K") is a subgroup of the

1) For this definition see [1). The essential dimension of a continuous mapping f
of M in K is the least dimension of the image sets g (M), where g is any continuous
mapping of the same homotopy class with f.



Relations between Homotopy and Homology 151

free abelian group =, (K” mod K" '), therefore u, (K”) is a direct com-
ponent of =, (K"). :

COROLLARY 1.2. X\, (K") is isomorphic with the direct sum of the
subgroup 1, (K") N\ v, (K*) and the subgroup isomorphic with X, (K*)/\,
(K*) N\, (K.

For X\, (K")/\, (K" N\ v, (K" is a module, being isomorphic with a
subgroup of =, (K* mod K*™Y). '

CorOLLARY 1.3. The mn-chain group with integer ccefficients L”
(K, I) of K is isomorphic with =, (K" mod K"™).

THEOREM. 2. Let 2, be the homology toundary operator of L" (K, 1)
(n>3), and O, the homotory ltoundary operatcy, the¢n there holds the
relation

O, = 1

Proor. It is sufficient to prove the cazse of cne simplex 1.o" € L*
(K, I, for 9, 7, 9, are all homomorphic mappings of abelian grours.

Let 9, (6™ = %‘ o7,

9, (6™ =aen,, (K'Y,

where « is a homotopy class of the continucus mapping of an (- 1)-sphere
S*' on the sphere 9, (s") =>!0¢,""" with mapping-degree + 1. Then

r(a) =3 o' i.€. 0, =7r0,.

A chain ¢” € 7, (K* mod K"Y) is a 'cycle, when »9,(¢”) =0, and is
a spherical cycle, when 9, (¢*) = 0. A homology-boundary is a spherical
cycle and the spherical homology group 3" (K) is defined as the factor
group of the group p, (K" of spherical cycles by the hemology boundary
7 (A, (K).

COROLLARY 2.1. 3" (K) = =, (K)/v, (K) = p, (K).

ProoF. The group of boundaries is (A, (K™)) =~ X, (K")/\, (K") N
v, (K" = B" (K). Therefore 3" (K) is isomorphic with

pn (B /1 O\, (K™)) = 7, (K™) /vy (K™) N0 (K") /Ny (K™) [\ v, (K™).
The last term of the above sequence of groups is easily verified to be
isomorphic with =, (K)/v, (K) = u, (K). '
COROLLARY 2.2. H" (K)/31" (K) ~ N,y (K*™Y) N\ v,y (K™Y,
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LEmMaA 2. 1. v, (K™~ (K" /\,, (K.
.COROLLARY 2.3. If =, (K) = 0 (0 < i< m), then

H" (K, I) ~ 3‘” (K) =~ =, (K),
H* (K, I) ~ 2" (K) =~ 7,0 (K) /vy, (K)

PrOOF. By the result of W. HUREWICZ any compact set of K"' is
honlofopfc to zero in K". Therefore =, (K" =~ r, (K*"). And so by
Lemma 2.1, v, (K") =0, i.e. y,(K)=0. This proves the theorem by
COROLLARIFS 2. 1 2. 2.

If we apply the Freudenthal’s theory of « Einhingung” to the group
Yari (K) ~ vu1, (K’”')/;;,H, (K"“) N\ Ay (K™Y, we can deduce the results
of G. W. WHITEHEAD. For instance we get the following relations :

If 7; (K) =0 (0 i< n),
7, (K") /27, (K") =~ m,,, (Kn),
2 (K™ O (K", 2, (K™ ) & 7000 (K™)/ Ay (K"
7, (K)/27, (K) ~ v, (K"").

3. THr Case WHEN K 1S NoT SiMPLY CONNECTED.

Let K be the universal covering complex of K and K” the n-section
of K. K"(n>1) is the universal covering complex of K". Let § =
fx.} be the fundamental group of K, then the n-simplex of K are repre-
eented 1n the form fxxa"}, where {o,"} are n-simplexes of K. The
mappmg u: x> o, is the covering mapping of K onto K. Remem-
bering that the hbmotopy groups of a complex are isomorphic with those
of the covering “comlex, we can easily verify that the following two
sequences ‘ '

Tnsy (K" mod K") — 7, (K" — =, (K" mod K"),
Tun (K" mod K") — 7, (K*) — =, (K" mod K"

are equivalent as homomorphism sequences. In particular we have

2)  After this paper was submitted for publicaticn, I have read G. W. WHITEHEAD’S
paper [6) that recently’ came to Japan. Although the preof is only sketched, it seems
to me that his methcd is different from that of mine. 1 could not read the paper of H.
Hopr: Uber die Bettischen Gruppen, die zu einer beliebigen Gruppen gehiren, Comment.
Math. Helv, 17, 1944,
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N (K™ =~ (K7,
po (K™ == 1, (K™
vy (K% ~ v, (K.

As is shown in § 2, #, (K” mod K*') is isomorphic with the chain
group L" (K, I), and its elements can be represented in the form
Slax. 0., where a’'s are integers. Clearly the elements of the form
S'a. 1 6" where 1 is the unit element of ¥, form a subgfoup of L"(K,I)
which is isomorphic with the chain group L” (K,I). We suppose that
L" (K ,I) is imbedded in =, (K* mod K" ') ~ L, (K, I) by the above iso-
morphism.

We remark that L, (K, I) is a direct summand of =, (K" mod K"')
and the natural homomorphism of the latter group onto the former is
induced by the covering mapping u: x«o,"— o.”. We denote by I'" the
kernel of the last homomorphism.

Then we have the following impertant

THEOREM 3. The homology boundary operator 9, of L"(K,I)
(n >3) can be decomposed into 3 suceessive operators, i.e.

0, =uUro,.

Proor. It is sufficient to prove the case of one simplex o".
Let '

9, ((T") = Xﬂ‘tn—l

9, (6") = aen,, (K" =\, , (K",

where « is the homotopy class of éontinuous mapping f of S*"! on the
(n- 1)-sphere>) "' of K”™' with mapping degree + 1, or the mapping
f of S»-1on a1; (n- 1)-sphere %‘xa on-1 of K"'. The mapping f is equal
to the mapping » f. The image spheré }l_xa o' is invariant by the rela-,
tivication r, as in theorem 2 and by the covering mapping u it reduces.
to the sphere %‘.a/‘“, i.e. 9, (¢"). Therefore for every chain ¢” of L" (K, I)

9, (¢™) = ur o, (¢").

A chain c¢"eL" (K, I) C =, (K" mod K*") is called spherical, when
it satisfies 9, (¢" + v") = 0 for some " € I'", and is called simple, when
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it satisfies r 9, (¢” + v*) = 0 for seme v*31'. Then we see easily that
¢’ is a spherical cycle or a _,simfézle cycle if and only if it is an image
under » of a spherical cycle or a cycle of K, respectively.

THEOREM 4. Homology boundaries are spherical.

PR.O'OF." Let ¢” be the boundary of a chain ¢"*', that is, 9, (¢"*") =
uro, (c”“) =c" or 73, (c"'") = ¢" + v for some v" ¢ I'". Using relation
9, r = O, we have then 9, (¢ + v*) = 9,73, (¢"™") = 0.

By this theorem we can define the spherical homology group 3" (X, I)
and the simple homology group ®" tK, I of K as subgroups of H" (K, I).

THEOREM b.

S (K, I =" (K, /s (K, N\,
@" (K, I) ~ H" (K, I)/H" (K, I) N\ 1™

Proor. We shall prove only the former relation. The proof of the
latter is similar. '

Let ¢c* be the homology boundary of ¢”*' and d", d"*!, respectively,
the image chains u (¢"), « (¢"*") in K. Then for a suitable element "*
€, (K" mod K"

"t ="+ o,
wr 9, (d™") = uro, (c'-v"*
=urd, (") —uro, (v'") =ulc) =d"
Hence the mapping « defines a homomorphism of 3" (K, I) in " (K, I).

Let d” be a spherical cycle in K. With a suitable y* the sum v’ +

d" = ¢" is a spherical cycle in K, i.e.
o, (v +dH =0,
and u (¢*) =d". Hence u (3" (K,I)) = 3" (K, I).
Let d" be a boundary in K and ¢ the original element «-! (¢”) in 31" (K, I).
These conditions are written
" =d" + v,y e L (K" ),
1) 9, (¢") =0,
2 wro, " =4d", da"'elL™ ‘(K"”, I.
From (2) for a suitable "
79, (A" =d" + 4",
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hence (3) 2,(d” + ™ =0.
From (1) and (3)

o (" — 9™ =0,ie o —o"en"(K,HNTI",
and ' :
et = ¢ at (dnﬂ) + ('}’" . ,),lu).
Therefore the original element ¢” = «~! (d”) is contained in the subgroup
MK, DN\ of 3 (K, .
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