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0. Introduction

Let be an open Riemann surface with the Green function and˜ an -sheeted
(1 < < ∞) unlimited covering surface of . Denote byπ = π ˜ the projection
of ˜ onto . Consider the Kuramochi compactification∗ (resp. ˜ ∗) of
(resp. ˜ ). Denote by = (resp.˜ = ˜ ) the Kuramochi boundary of
(resp. ˜ ). We also denote by 1 = 1 (resp. ˜ 1 = ˜

1 ) the set of all minimal points
in (resp. ˜ ). It is known thatπ naturally has a unique continuous extensionπ∗

to ˜ ∗ (see [7, 2) in Proposition 2.1]). Forζ ∈ , we set ˜ 1(ζ) = (π∗)−1(ζ) ∩ ˜ 1.
Denote byν(ζ) = ν ˜ (ζ) the cardinal number of̃ 1(ζ). Let HD( ) (resp.HD( ˜ )) be
the set of harmonic functions with finite Dirichlet integrals on (resp. ˜ ). Suppose
that HD( ) contains a non-constant element in the sequel. SetHD( )◦π = { ◦π : ∈
HD( )}. It is easily seen thatHD( )◦π ⊂ HD( ˜ ). Then, we give necessary and suf-
ficient conditions for the property thatHD( ˜ ) = HD( )◦π in terms of the Kuramochi
compactification as follows.

Main Theorem. The following three conditions are equivalent.
(i) HD( ˜ ) = HD( ) ◦ π;
(ii) for all ζ ∈ 1 except possibly for a full-polar subset of1, ν(ζ) = 1;
(iii) for almost everyζ ∈ 1 with respect to the harmonic measureµ ( ∈ ) on ,
ν(ζ) = 1.

By [7] we know that 1≤ ν(ζ) ≤ . According to the above theorem the property
that HD( ˜ ) = HD( ) ◦ π is a necessary and sufficient condition to minimizeν(ζ) for
almost everyζ ∈ 1 with respect to the harmonic measureµ ( ∈ ) on . Thus
we are interested in a necessary and sufficient condition to maximize ν(ζ), that is,
ν(ζ) = for almost everyζ ∈ 1 with respect to the harmonic measureµ ( ∈ )
on . We shall give a sufficient condition for the condition that ν(ζ) = for almost
every ζ ∈ 1 with respect to the harmonic measureµ ( ∈ ) on in the case that
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is the unit disc. Consider the unit disc as the base surface of. Let ˜ be an
-sheeted unlimited covering surface of with the projectionπ ˜ and { } the set of

the projection of branch points of̃ . It is well-known that the Kuramochi compact-
ification ∗ of is homeomorphic to the closurē of in C with respect to the
Euclidean topology and that consists of only minimal pointsand is homeomorphic
to the boundary∂ in C with respect to the Euclidean topology. Recall the following
condition (♯) which is considered in [5]

(♯)
∑

6= 0

1
log{1/(1− | |)} < +∞

Then, the following holds.

Proposition. Suppose that{ } satisfies the condition(♯). Then, for almost every
θ ∈ ∂ with respect to the harmonic measureµ ( ∈ ) on ∂ , ν( θ) = .

We organize this article as follows. After preliminaries (§1), we give the relation
for potential theoretic notions between the base surface and its covering surface in§2.
Main Theorem and Proposition are proved in§3 and §4, respectively. Finally, in case
that ∈ HD \ , we give necessary and sufficient conditions for an -sheeted
unlimited covering surfaces̃ of to belong to the same class in§5.

1. Preliminaries

In this section we prepare some notations, definitions, and lemmas from potential
theory.

1.1. Let be an open Riemann surface with the Green function, =
a closed parametric disc or a disjoint union of finitely many closed parametric discs
in , and 0 = \ . Set

S( ) = { : is a non-negative superharmonic function on}
H( ) = { : is harmonic on }
HP+( ) = { ∈ H( ) : ≥ 0 on }

HP( ) =

{
∈ H( ) :

there exist ∈ HP+( ) ( = 1 2) such that
= 1 − 2 on

}

HP+( 0) =

{
∈ HP+( 0) : lim

→η
( ) = 0 for everyη ∈ ∂

}

HP( 0) =

{
∈ ( 0) :

there exist ∈ HP+( 0) ( = 1 2) such that
= 1 − 2 on 0

}

For every ∈ HP+( ), denote by 0 the generalized Dirichlet solution of
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on 0 in the sense of Perron-Wiener-Brelot (cf. [2, pp. 20–21]), that is,

0( ) = inf

{
( ): ∈ S( 0) lim inf

→η
( ) ≥ (η) for all η ∈ ∂

}

For a general ∈ HP( ), taking ∈ HP+( ) ( = 1 2) with = 1 − 2 on ,
we define 0 = 0

1
− 0

2
. It is well-known that the mapping 7→ 0 is ad-

ditive, that is, for any ′ ∈ HP+( ), 0
+ ′ = 0 + 0

′ on 0. From additivity
of the mapping 7→ 0 it is easily seen that 0 does not depend on the choice
of ∈ +( ) ( = 1 2) such that = 1+ 2 on . Note that, for every ∈ HP( ),

0 ∈ HP( 0) and − 0 ∈ HP( 0).
We define a mapping fromHP( ) to HP( 0) by the following.

( ) = | 0 − 0 ( ∈ HP( ))

Next we give the definition of a mapping :HP( 0)→ HP( ) as follows. First, for
every ∈ HP+( 0), we define a mapping by

( )( ) = inf{ ( ) : ∈ S( ) ≥ on 0}

Then, we note that, for ∈ HP+( 0), ( ) ∈ HP+( ) by the well-known Perron-
Wiener-Brelot method, and have the following.

Lemma 1.1. The mapping is additive, that is, for any ∈ HP+( 0) ( =
1 2), ( 1 + 2) = ( 1) + ( 2) on .

Proof. Let ( = 1 2) be elements ofHP+( 0). Since, for every ∈ S( )
with ≥ on 0 ( = 1 2), 1 + 2 ∈ S( ) and 1 + 2 ≥ 1 + 2 on 0, from
the definition of it is easily seen that (1 + 2) ≤ ( 1) + ( 2) on .

To see the inverse inequality take∈ S( ) with ≥ 1 + 2 on 0. To prove that
( 1 + 2) ≥ ( 1) + ( 2) on it is sufficient to prove that− ( 1) ≥ 2 on 0

because − ( 1) ∈ S( ). Set

2 =

{
2 on 0

0 on

Then, 2 is a non-negative continuous subharmonic function on . Since − 2 ∈ S( )
and − 2 ≥ 1 on 0, by the definition of (1) we find that − 2 ≥ ( 1) on .
Therefore we have the desired result.

For a general ∈ HP( 0), taking ∈ HP+( 0) ( = 1 2) with = 1− 2 on 0,
we define ( ) = (1)− ( 2) on . From Lemma 1.1 it is easily seen that ( )
does not depend on the choice of ( = 1 2). Then, we have the following.
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Lemma 1.2. If ∈ HP( 0), then ( )− = 0

( ) on 0.

Proof. We may assume ∈ HP+( 0). Since ( )≥ on 0, ( ) − ≥
0

( ) on 0. Set

=

{
( ) on

+ 0

( ) on 0

Then, ∈ S( ) ([2, Hilfssatz 1.2]) and ≥ on 0. Therefore + 0

( ) ≥ ( )
on 0.

Corollary 1.1. ( ( )) = for ∈ HP( 0).

Proof. By the above lemma, we have ( ( )) = ( )− 0

( ) = on 0.

Lemma 1.3. ( ( )) = for ∈ HP( ).

Proof. We may assume∈HP+( ). Obviously ≥ ( ), so that ≥ ( ( ))
on . Set

=

{
on

0 on 0

By [2, Satz 4.5] and [2, Satz 4.8], is a Green potential on . If∈ S( ) and
≥ ( ) on 0, then ≥ − 0 on 0, and hence ≥ − on . Since

is a Green potential and − is subharmonic on , it follows that − ≤ 0
([2, Satz 4.6]). Hence ≤ and thus ≤ ( ( )).

By Corollary 1.1 and Lemma 1.3, we have

Corollary 1.2 ([3]). is a bijective mapping from HP( ) ontoHP( 0).

Set

HD( ) =

{
∈ ( ) :

∫∫
| grad |2 < +∞

}
;

HD( 0) =

{
∈ HD( 0) : lim

→η
( ) = 0 for everyη ∈ ∂

}

Lemma 1.4. 0 ∈ HD( 0) for any ∈ HP( ).

Proof. We may assume ∈ HP+( ). Consider as in the proof of Lemma 1.3.
Since the associated measure of is supported by the compact set ∂ on which is
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bounded, it has finite energy, so that 0 has finite Dirichlet integral ([2, Satz 7.2]).

Corollary 1.3. is a bijective mapping from HD( ) ontoHD( 0).

Proof. We know (e.g., [2, p. 83]) thatHD( ) ⊂ HP( ). Thus by Corollary 1.2,
it suffices to show that (HD( )) = HD( 0). Lemma 1.4 implies (HD( )) ⊂
HD( 0). On the other hand, if ∈ HD( 0), then ( ) ∈ HD( ) by Lemmas 2.1
and 1.4. Hence, in view of Corollary 1.1, = ( ( ))∈ (HD( )).

1.2. In this subsection we shortly recall the notion of the Kuramochi compact-
ification.

Let and ξ be points of 0. Denote by ξ( ) = 0
ξ ( ) the Green function on 0

with pole at ξ. A function ( ξ) = 0( ξ) on 0 × 0 is called the Kuramochi
kernel if it has the following properties:
(i) 7→ ( ξ)− ξ( ) is harmonic on 0 for every pointξ ∈ 0;
(ii) for every point η ∈ ∂ , lim →η ( ξ) = 0;
(iii) if 1 is a compact subset of with ◦

1 ⊃ , and ξ a point of ◦
1 \ ,

then, for every connected component of \ 1, and for every point ∈ ,∫
(ζ ξ) ω (ζ) = ( ξ), where ◦

1 is the interior of 1 in and ω is the
full-harmonic measure at with respect to ; see [2, p. 158] or [7] for the definition
of the full-harmonic measure.

We remark that the Kuramochi kernel has symmetric property,that is, ( ξ) =
(ξ ) for ( ξ) ∈ 0× 0.

Set ξ( ) = 0
ξ ( ) = 0( ξ) and call it the Kuramochi function on 0 with

pole at ξ. Define ξ = 0 on . Then ξ is a continuous function on . SetK =
{ ξ( ·) : ξ ∈ 0} ∪ ∞

0 ( ). It is well-known that there exists a compactification∗

of satisfying the following conditions:
(i) each ∈ K has a continuous extension∗ to ∗;
(ii) the functions ∗ ( ∈ K) separate the points of ∗.
Set = ∗ \ . We call ∗ (resp. ) theKuramochi compactificationof
(resp. theKuramochi boundaryof ). We note that ∗ does not depend on the choice
of , that is, if ∗′ is the Kuramochi compactification of which is constructed by
using another closed parametric disc (or a disjoint union ofa finite number of closed
parametric discs) ′ then the identity mappingι of onto itself is extended to be
a homeomorphism of ∗ onto ∗′. For a point ζ ∈ , we define the Kuramochi
function ζ = 0

ζ with pole at ζ by lim 0∋ξ→ζ ξ. Then we remark that ζ is
a non-negative full-superharmonic function on0 (see [2, p. 159]) which is harmonic
on 0, and that 0∪ is metrizable by the following distance (· ·) = 0∪ ( · ·)
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(which we call the Kuramochi distance):

(ξ η) =
+∞∑

=1

1
2

∣∣∣∣
ξ( )

1 + ξ( )
− η( )

1 + η( )

∣∣∣∣

where{ }+∞
=1 is a sequence in 0 such that{ }+∞

=1 is dense in 0 with respect to
the usual topology.

DEFINITION 1.1. Let ζ be a point of . Then, we callζ a minimal point if
0

ζ = 1 + 2 on 0 with positive full-superharmonic functions on0 implies that

each is proportional to 0
ζ .

0
ζ (ζ ∈ ) is said to be aminimal Kuramochi functionwith pole at ζ if ζ is

a minimal point. We call the set of all minimal points of theminimal Kuramochi
boundaryof which is denoted by 1 . We refer for the details of the Kuramochi
compactification to [2], [8], [11] etc.

1.3. In this subsection we shall study some properties of full-polar sets. Set
= . We begin with the definition of full-polar sets (see [2, pp.188–189]).

DEFINITION 1.2. A subset of 0 ∪ is said to befull-polar if there exists
a positive full-superharmonic function on0 such that lim→ξ ( ) = +∞ for every
point ξ ∈ .

REMARK. In the above definition, under the condition that is a subsetof , we
may suppose that the above has a finite Dirichlet integral andsatisfies lim→η ( ) = 0
for every η ∈ ∂ .

Denote by = the set of all regular points of with respect to theDirichlet
problem on (cf. [2, p. 93]). Set 1 = 1 = ∩ 1 ( 1 = 1 ). The next propo-
sition holds.

Proposition 1.1 (cf. [2, Satz 16.4 and Folgesatz 17.26]).The sets \ 1 and
\ 1 are full-polar.

Let be a generalized real valued function on which is resolutive with respect
to the Dirichlet problem on the Kuramochi compactification∗ of , and denote by

∗ the generalized Dirichlet solution of on in the sense of Perron-Wiener-Brelot
(cf. [2, pp. 85–86]), that is,

∗( ) = inf

{
( ) :

is superharmonic and bounded bellow on
and lim inf

ξ→ζ
(ξ) ≥ (ζ) for all ζ ∈

}
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We denote byµ the harmonic measure on relative to (∈ ) and , so that

∗( ) =
∫

(ζ) µ (ζ)

We recall that a subset of is a null set with respect toµ if for any ε > 0
there is an open subset of such that⊃ and µ ( ) < ε, or, equivalently,
there exists a δ-set ′ such that ⊂ ′ andµ ( ′) = 0.

Lemma 1.5. Any full-polar subset of is a null set with respect toµ for every
∈ .

Proof. Let be a full-polar subset of . By Definition 1.2 and itsremark there
exists a positive full-superharmonic function on0 such that lim→ζ ( ) = +∞ for
every point ζ ∈ , lim →η ( ) = 0 for everyη ∈ ∂ , and has a finite Dirichlet
integral. Set

=

{
0 on

on 0

Then is a Dirichlet function in the sense of [2]. By the Roydendecomposition
([2, Satz 7.6]) we find that is uniquely represented as the sumof an element
of HD( ) and a Dirichlet potential on . By [2, Hilfssatz 7.7] there is a Green po-
tential φ on such that| | ≤ φ on and hence, there is an element = +φ

of S( ) such that ≥ on . Set ′ = {ζ ∈ : lim →ζ ( ) = +∞}. Then, ′ is
a δ-set containing andε ≥ ∗

χ ′
for any ε > 0, whereχ ′ is the defining func-

tion of ′. Hence ∗
χ ′

= 0, which means that is null with respect toµ for every
∈ .

1.4. In this subsection we give a definition of thinness. Set = and

1 = 1 .

DEFINITION 1.3 (cf. [2, p. 206]). Letζ be a point of and a closed subset
of . We say that isthin at ζ if there exists a polar subset of satisfying one
of the following conditions:
i) ζ does not belong to the closure Cl(\ ) of \ in ∗;
ii) ζ belongs to Cl( \ ) and there exists a non-negative full-superharmonic function

on 0 such that

lim inf
(∈( ∩ 0)\ )→ζ

( ) > (ζ)

where we refer to [2, p. 177] for the definition of the value (ζ) of at ζ.

This fact means that, for every closed subset of , is thin atζ if and only
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if ∩ 0 is thin at ζ.
Let ζ be a point of 1 and ρ a positive number. Set ρ(ζ) = { ∈ 0 ∪ :

0∪ ( ζ) < ρ}. From the definition of thinness we see that0 \ ρ(ζ) is thin at ζ.

2. Relation between potential theoretic notions on covering surfaces and po-
tential theoretic notions on base surfaces

Let , ˜ , π, ∗, ˜ ∗, π∗, = , ˜ = ˜ , 1 = 1 , ˜ 1 = ˜
1 , HD( ),

and HD( ˜ ) be as in Introduction. Let = be a closed parametric disc in . Set

0 = \ and ˜ 0 = ˜ \ π−1( ). Let ξ = 0
ξ (resp. ˜̃ξ = ˜

˜ 0

ξ̃
) be the Green

function on 0 (resp. ˜ 0) with pole at ξ ∈ 0 (resp. ξ̃ ∈ ˜ 0). First, the following
lemma gives us a relation between full-polar sets on base surface and full-polar sets
on its covering surfaces.

Lemma 2.1 ([7, Lemma 2.3]). Let be a subset of 0∪ . Then is full-polar
if and only if (π∗)−1( ) is full-polar.

By [10, Lemma 3.1] and [2, Satz 4.8] we have the following.

Lemma 2.2. Let be an element of HP( ). Then,

˜ 0
◦π = 0 ◦ π

on ˜ .

Set HD( ) ◦ π = { ◦ π : ∈ HD( )} andHD( 0) ◦ π = { ◦ π : ∈ HD( 0)}.
Since ˜ is a finitely sheeted covering surface of ,HD( )◦π (resp.HD( 0)◦π) is
contained inHD( ˜ ) (resp.HD( ˜ 0)). From the above lemma the next lemma follows.

Lemma 2.3. HD( ˜ ) = HD( ) ◦ π if and only ifHD( ˜ 0) = HD( 0) ◦ π.

Proof. Let ˜ = ˜ (resp. = ) be the mapping fromHD( ˜ ) (resp.HD( ))
ontoHD( ˜ 0) (resp.HD( 0)) as in §1.1. We first remark that

(♭) ˜ (HD( ) ◦ π) = (HD( )) ◦ π

For, taking any ∈ HD( ), by Corollary 1.3 and Lemma 2.2 and by the fact that
HD( ) ⊂ HP( ), we have

˜ ( ◦ π) = ◦ π − ˜ 0
◦π = ◦ π − 0 ◦ π = ( − 0) ◦ π = ( ) ◦ π

on ˜ 0
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Suppose thatHD( ˜ ) = HD( ) ◦ π. By Corollary 1.3 and (♭) we have

HD( ˜ 0) = ˜ (HD( ˜ )) = ˜ (HD( ) ◦ π) = (HD( )) ◦ π =HD( 0) ◦ π

Conversely suppose thatHD( ˜ 0) =HD( 0)◦π. By Corollary 1.3 and (♭) we have

HD( ˜ ) = ˜ −1(HD( ˜ 0)) = ˜ −1(HD( 0) ◦ π) = ˜ −1( (HD( )) ◦ π) = HD( ) ◦ π

We recall the functionalsϕ andψ defined in [7, Definition 2.1]. Let̃ be an ex-
tended real-valued function oñ . Set, for ∈ ,

ϕ[ ˜ ]( ) =
∑

π(˜)=

(˜) ˜ (˜)

and

ψ[ ˜ ]( ) = min{ ˜ (˜) : π(˜) = }

where (˜) is the multiplicity of ˜ byπ. It is easily seen that, for any superharmonic
function ˜ on ˜0, ϕ[˜] and ψ[˜] are superharmonic functions on0 and that, for any
harmonic function˜ on ˜0, ϕ[ ˜ ] is a harmonic function on 0 (cf. [7, Lemma 2.2]).

Denote by = (resp.̃ = ˜ ) the set of all regular points of (resp.˜ )
with respect to the Dirichlet problem on (resp.˜ ). Set 1 = ∩ 1 (resp. ˜ 1 =
˜ ∩ ˜ 1). We say that a non-negative harmonic function (resp.˜ ) on 0 (resp. ˜ 0)
is quasi-bounded on 0 (resp. ˜ 0) if there is a monotone increasing sequence{ }
(resp. { ˜ }) of non-negative bounded harmonic functions such that lim→+∞ =
(resp. lim→+∞ ˜ = ˜) on 0 (resp. ˜ 0). The following characterization of regular
boundary points is useful.

Proposition 2.1 ([2, Satz 17.24 and Satz 17.25]).The following conditions for
ζ ∈ 1 are equivalent.
(i) ζ (resp. ζ̃) is a regular point of (resp. ˜ );
(ii) the Kuramochi function ζ (resp. ˜

ζ̃) is quasi-bounded on 0 (resp. ˜ 0);
(iii) lim →ζ ξ( ) = 0 (resp. lim ˜→ζ̃ ˜ ξ̃(˜) = 0) for some (equivalently every) point
ξ ∈ 0 (resp. ξ̃ ∈ ˜ 0).

Lemma 2.4.

(π∗)−1( 1) ∩ ˜ 1 = ˜ 1

Proof. First suppose that̃ζ ∈ (π∗)−1( 1) ∩ ˜ 1. Settingζ = π∗(ζ̃), we find that
ζ ∈ 1. Hence, by Proposition 2.1 ζ is quasi-bounded on 0. From this fact it is
easily seen that ζ ◦ π is quasi-bounded oñ 0. On the other hand, by [7, Proposi-
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tion 2.1], we have

0< ˜
ζ̃(˜) ≤ (ϕ[ ˜

ζ̃] ◦ π)(˜) = ( ζ ◦ π)(˜)

for every ˜ ∈ ˜ 0. By [2, Satz 2.1] ˜
ζ̃ is also quasi-bounded oñ 0. By Proposi-

tion 2.1 we haveζ̃ ∈ ˜ 1, and hence (π∗)−1( 1) ∩ ˜ 1 ⊂ ˜ 1.
Next supposẽζ ∈ ˜ 1. From [7, Theorem 1] it is easily seen thatζ = π∗(ζ̃) ∈ 1.

By [7, Proposition 2.1] ζ( ) = ϕ[ ˜
ζ̃ ]( ) for every ∈ 0. By Proposition 2.1˜

ζ̃ is
quasi-bounded on˜ 0 and hence, ζ = ϕ[ ˜

ζ̃ ] is quasi bounded on 0. From Propo-
sition 2.1 it follows thatζ ∈ 1. Then ˜ 1 ⊂ (π∗)−1( 1) ∩ ˜ 1. This completes
the proof.

For the harmonic measures the next lemma holds.

Lemma 2.5. Let be a Borel subset of , and ˜ a point of ˜ . Then,

µπ(˜)( ) = µ
˜
˜ ((π∗)−1( ))

Proof. Consider the generalized Dirichlet solution∗χ (resp. ∗
χ(π∗ )−1( )

) of the

defining functionχ (resp.χ(π∗)−1( )) of (resp. (π∗)−1( )) on (resp. ˜ ) in the
sense of Perron-Wiener-Brelot. If∈ S( ) satisfies lim infξ→ζ (ξ) ≥ 1 for all ζ ∈ ,
then ◦ π ∈ S( ˜ ) satisfies lim inf̃ξ→ζ̃( ◦ π)(ξ̃) ≥ 1 for all ζ̃ ∈ (π∗)−1( ). Hence
by definition

∗
χ (π(˜)) ≥ ∗

χ(π∗ )−1( )
(˜)

Conversely if ˜∈ S( ˜ ) satisfies lim inf̃ξ→ζ̃ ˜(ξ̃) ≥ 1 for all ζ̃ ∈ (π∗)−1( ), then
ψ[˜] ∈ S( ) satisfies lim infξ→ζ ψ[˜](ξ) ≥ 1 for all ζ ∈ . Hence we have

∗
χ (π(˜)) ≤ ψ

[
∗
χ(π∗ )−1( )

]
(π(˜)) ≤ ∗

χ(π∗ )−1( )
(˜)

Hence

∗
χ (π(˜)) = ∗

χ(π∗ )−1( )
(˜)

Therefore we have the desired result.

From the above lemma we easily obtain the following.

Lemma 2.6. Let be a subset of and a point of . Then is a null set
with respect toµ if and only if (π∗)−1( ) is a null set with respect toµ ˜

˜ for every
˜ ∈ π−1( ).
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3. Proof of Main Theorem

3.1. Let , ˜ , π, ∗, ˜ ∗, π∗, = , ˜ = ˜ , 1 = 1 , and ˜ 1 =
˜

1 be as in Introduction. For a pointζ of 1, set ˜ 1(ζ) = ˜ 1 ∩ (π∗)−1(ζ) and let
ν(ζ) be the cardinal number of̃ 1(ζ). First we characterizeν(ζ) by thinness. LetMζ

be the class of open connected subsets of such that\ is thin at ζ. For
∈Mζ , denote by ( ) = ˜ ( ) the number of connected components ofπ−1( ).

Then, in [7] we presented the following.

Theorem 3.1. Let ζ be a point of 1. Then,

ν(ζ) = max
∈Mζ

( )

Let = be a closed parametric disc in . Set0 = \ and ˜ 0 =
˜ \ π−1( ). We prepare the next lemma to prove Main theorem.

Lemma 3.1. Let ζ ∈ 1 and ˜ 1(ζ) = {ζ̃1 . . . ζ̃ }, ( ≤ ). Then, there
exist sequences{ξ̃(1)} . . . {ξ̃( )} such thatπ(ξ̃(1)) = · · · = π(ξ̃( )) ( = 1 2 . . .) and
lim →+∞ ξ̃( ) = ζ̃ ( = 1 . . . ).

Proof. By Theorem 3.1 there is a subregion of such that\ is thin at ζ
andπ−1( ) consists of components,̃ 1 . . . ˜ . We may assume that each̃\ ˜

is thin at ζ̃ . Set ˜
ρ(ζ̃ ) = {˜ ∈ ˜ 0 ∪ ˜ : ˜ (˜ ζ̃ ) < ρ} (ρ > 0, = 1 . . . ), where

˜ ( · ·) = ˜ 0∪ ˜ ( · ·) is the Kuramochi distance oñ 0 ∪ ˜ . Then, by the definition of
thinness each̃ \ ( ˜ ∩ ˜

ρ(ζ̃ )) is also thin atζ̃ . By the same method as in the proof
of Theorem 3.1 (cf. [7, Main Theorem]), we can show that thereis a subregion ρ

of such that ρ ⊂ , \ ρ is thin at ζ, andπ−1( ρ) consists of components
˜

ρ 1 . . . ˜
ρ with ˜

ρ ⊂ ˜ ∩ ˜
ρ(ζ̃ ) ( = 1 . . . ).

Let {ρ } be a monotone decreasing sequence of positive real numbers converging
to 0. We can choose sequences{ξ } and {ξ̃( )} ( = 1 . . . ) such thatξ ∈ ρ

and ξ̃( ) ∈ π−1(ξ ) ∩ ( ˜ ∩ ˜
ρ (ζ̃ )) ( = 1 . . . ). Then the sequences{ξ̃( )} have

the required property.

3.2. Let ξ = 0
ξ (resp. ˜̃ξ = ˜

˜ 0

ξ̃
) be the Green function on 0 (resp. ˜ 0)

with pole at ξ ∈ 0 (resp. ξ̃ ∈ ˜ 0). Denote by = (resp.˜ = ˜ ) the
set of all regular points of (resp.̃ ) with respect to the Dirichlet problem on
(resp. ˜ ). Set 1 = ∩ 1 (resp. ˜ 1 = ˜ ∩ ˜ 1). Denote by ξ = 0

ξ (resp. ˜
ξ̃ =

˜ ˜ 0

ξ̃
) the Kuramochi function on 0 (resp. ˜ 0) with pole atξ ∈ 0 (resp. ξ̃ ∈ ˜ 0).
We obtain the following theorem which implies Main theorem.
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Theorem 3.2. The following conditions are equivalent.
(i) HD( ˜ ) = HD( ) ◦ π;
(ii) for everyζ ∈ 1, ν(ζ) = 1;
(iii) for all ζ ∈ 1 except possibly for a full-polar subset of1, ν(ζ) = 1;
(iv) for almost everyζ ∈ 1 with respect to the harmonic measureµ ( ∈ ) on ,
ν(ζ) = 1.

Proof. (i)=⇒ (ii): Suppose that (i) holds. By Lemma 2.3 we find thatHD( ˜ ) =
HD( ) ◦ π if and only if HD( ˜ 0) = HD( 0) ◦ π. Fix ξ̃ ∈ ˜ 0 and setξ = π(ξ̃). It
is well-known that ˜

ξ̃ − ˜ ξ̃ ∈ HD( ˜ 0) (cf. [2, p. 160]). By assumption there exists
a function ∈ HD( 0) such that ˜

ξ̃ − ˜ ξ̃ = ◦ π on ˜ 0. We have, for every ∈ 0,

ξ( )− ξ( ) =
∑

˜∈π−1( )

(˜)
(

˜
ξ̃(˜)− ˜ ξ̃(˜)

)
= · ( )

where (˜) is the multiplicity of ˜ byπ, and hence˜
ξ̃(˜)− ˜ ξ̃(˜) = (1/ )( ξ − ξ) ◦

π(˜) holds for every ˜∈ ˜ 0 and for everyξ̃ ∈ ˜ 0 with ξ = π(ξ̃). Thus π(ξ̃) = π(ξ̃′)
implies ˜

ξ̃(˜)− ˜ ξ̃(˜) = ˜
ξ̃′ (˜)− ˜ ξ̃′ (˜) for every ˜∈ ˜ 0.

Fix ζ ∈ 1 and ˜ ∈ ˜ 0. By Lemma 2.4 we note that̃ 1(ζ) ⊂ ˜ 1. By
Proposition 2.1 and the symmetry of the Green function, for any ζ̃ ∈ ˜ 1(ζ),
limξ̃→ζ̃ ˜ ξ̃(˜) = 0. Suppose that̃ζ ′ is another point of˜ 1(ζ). By Lemma 3.1 there exist
sequences{ξ̃ } and {ξ̃′ } with π(ξ̃ ) = π(ξ̃′ ) ( = 1 2 . . .) such that lim→+∞ ξ̃ = ζ̃

and lim →+∞ ξ̃′ = ζ̃ ′. Then we have

lim
→+∞

(
˜

ξ̃ (˜)− ˜ ξ̃ (˜)
)

= lim
→+∞

(
˜

ξ̃′ (˜)− ˜ ξ̃′ (˜)
)

and hence˜
ζ̃ (˜) = ˜

ζ̃′ (˜). Thus ζ̃ = ζ̃ ′. This showsν(ζ) = 1. Therefore (ii) follows.
(ii) =⇒ (iii): Suppose that (ii) holds. By Proposition 1.1, for allζ ∈ 1 except

possibly for a full-polar subset 1 \ 1 of 1, ν(ζ) = 1.
(iii) =⇒ (iv): Suppose that (iii) holds. By Lemma 1.5, for almost every ζ ∈ 1

with respect to the harmonic measureµ ( ∈ ) on , ν(ζ) = 1.
(iv) =⇒ (i): Suppose that (iv) holds. Let̃ ∈ HD( ˜ ). By [2, Hilfssatz 16.1], there

exists a Borel functioñ ∗ on ˜ such that˜(˜) =
∫

˜∗ µ
˜
˜ . By assumption, Proposi-

tion 1.1 and Lemma 1.5 the set ={ζ ∈ : ζ ∈ \ 1 or ν(ζ) ≥ 2} is a null
set. Then there exists aδ-set δ (⊂ ) such that δ ⊃ and µ ( δ) = 0. Since
ν(ζ) = 1 for everyζ ∈ \ δ, by [7, Corollary 2.2], we find that the inverse image
(π∗)−1(ζ) of ζ by π∗ consists of just one minimal point. Then

∗(ζ) =

{ ˜∗((π∗)−1(ζ)) for ζ ∈ \ δ

0 for ζ ∈ δ

is well-defined. We give the following claim:
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CLAIM . ∗ is a Borel measurable function on .

Proof of the claim. By the definition of δ-set there exist a sequence{ } of
open subsets of with δ =

⋂+∞
=1 . Set = \ . Then is a closed subset of

and = δ ∪
(⋃+∞

=1

)
with δ ∩

(⋃+∞
=1

)
= ∅. In order to prove this claim we

shall show that for eachα ∈ R the set α = {ζ ∈ : ∗(ζ) < α} is Borel measurable.
Since α = ∩ α = ( δ∩ α)∪

(⋃+∞
=1( ∩ α)

)
, by the fact that δ∩ α = δ or ∅,

it is sufficient to show that ∩ α is Borel measurable. Since ⊂ \ δ, the inverse
image (π∗)−1(ζ) consists of just one minimal point for everyζ ∈ . Then π∗ is a
bijection of ˜ = (π∗)−1( ) onto . Since ˜ is compact andπ∗ is continuous on
˜ , π∗| ˜ is a homeomorphism. Hence ∩ α = π∗( ˜ ∩ ˜

α) is Borel measurable,
where ˜

α = {ζ̃ ∈ ˜ : ˜∗(ζ̃) < α}. The claim is proved.

By the above claim ∗ is a Borel function on . Then

( ) =
∫

∗ µ

is a harmonic function in . By Proposition 1.1, and Lemmas 1.5, 2.5 and 2.6,

˜ (˜) =
∫

˜
˜∗ µ

˜
˜ =

∫

˜ \(π∗)−1( )

∗ ◦ π∗ µ
˜
˜ =

∫

\

∗ µπ(˜) = ( ◦ π)(˜)

It is easily seen that has a finite Dirichlet integral. Therefore we have (i).

4. In the case thatW is the unit disc

Throughout this section we shall consider the case that is the unit disc =
{ ∈ C : | | < 1}. Let ˜ = ˜ , = , 1 = 1 , and ν be as in Introduction.

4.1. In this subsection we set 0 = { ∈ C : < | | < 1} (0 < < 1).
We know that the Kuramochi compactification∗ of is homeomorphic to the clo-
sure ¯ = { ∈ C : | | ≤ 1} of in C with respect to the Euclidean topology and
the Kuramochi boundary = of is homeomorphic to the boundary∂ =
{ ∈ C : | | = 1} of in C with respect to the Euclidean topology, which consists
of only minimal points. Set ˆ 0 = { ∈ C : < | | < 1/ }. We note that every
non-negative full-superharmonic function on0 is the restriction of a non-negative
superharmonic function on̂ 0 to 0 which is symmetric with respect to∂ and vice
versa (cf. [2, p. 234]). By this note we see that
(i) thinness for the minimal Kuramochi boundary point coincides with thinness in the
usual sense (cf. [7, Lemma 1.4]);
(ii) a full-polar subset of is identified with a polar subset of ∂ (cf. [2, p. 234]).

The next well-known lemma gives a relation between the harmonic measures
{µ : ∈ } on and the linear measure on∂ .
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Lemma 4.1. The harmonic measureµ ( ∈ ) on and the linear measure
on ∂ are mutually absolutely continuous.

The following is an immediate result from Theorem 3.2.

Theorem 4.1. Suppose that = . Then, the following conditions are equiva-
lent.
(i) HD( ˜ ) = HD( ) ◦ π;
(ii) for every θ ∈ ∂ , ν( θ) = 1;
(iii) for all θ ∈ ∂ except possibly for a polar subset of∂ , ν( θ) = 1;
(iv) for almost every θ ∈ ∂ with respect to the harmonic measureµ ( ∈ ) on
∂ , ν( θ) = 1;
(v) for almost every θ ∈ ∂ with respect to the linear measure on∂ , ν( θ) = 1.

4.2. Our aim of this subsection is to prove Proposition in Introduction.
Let { } be a sequence with|ℜ | < 1/3 and 0< ℑ < 1/3 for every

(∈ N). Set =
⋃+∞

=1 ( = { ∈ C : ℜ = ℜ |ℑ | ≤ ℑ }). Let > 2 and

± = { ∈ C : | ± | ≤ 1}. Set =Ĉ \ ( − ∪ +). We denote by ξ( ) = ξ ( )
the Green function on with pole atξ ∈ . Then the following lemma holds.

Lemma 4.2. Suppose that satisfies

+∞∑

=1

1
log(1/ℑ )

< +∞

Then, is thin in the usual sense at almost every∈ [−1/6 1/6] with respect to the
linear measure onR, where [−1/6 1/6] = { ∈ R : − 1/6≤ ≤ 1/6}.

Proof. We show that the balayagê = ˆ of relative to on is not
equal to . We refer to [1] for informations of balayage. If we prove

∫ 1/6

−1/6

ˆ ( ) < +∞

then ˆ ( ) < +∞ for almost every ∈ [−1/6 1/6] with respect to the linear mea-
sure onR and henceˆ 6= for almost every ∈ [−1/6 1/6] with respect to the
linear measure onR. Set ={ ∈ C : | − ℜ | ≤ ℑ }. Let ϕ be a continuous
superharmonic function on such that
(i) ϕ ( ) = 1 on ;
(ii) 0 < ϕ ( ) < 1 on \ ;
(iii) ϕ is harmonic in \ ;
(iv) ϕ ( ) = 0 on ∂ .
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Then we have the following

ϕ ( ) ≤ ℜ ( )
min

ξ∈∂
ℜ (ξ)

for all ∈ . We compare the Green function with log(1/| − ζ|). It is easily seen
that there exist positive constants1 and 2 such that

1 log
1

| − | ≤ ( ) ≤ 2 log
1

| − |

for all ∈ [−1/6 1/6] and ∈ { ∈ C : |ℜ | ≤ 1/3 |ℑ | ≤ 1/3}. By the fact that
ˆ ( ) = \ ( ) for every ∈ \ and maximum principle, we have

∫ 1/6

−1/6

ˆ ( ) ≤
∫ 1/6

−1/6

+∞∑

=1

ˆ ( )

≤
+∞∑

=1

∫ 1/6

−1/6
2 log

1
| − ℜ |ϕ ( )

≤
+∞∑

=1

∫ 1/6

−1/6
2 log

1
| − ℜ |

ℜ ( )
min
∈∂

ℜ ( )

≤
+∞∑

=1

∫ 1/6

−1/6

(
2 log

1
| − ℜ |

)2 1
min
∈∂

1 log(1/| − ℜ |)

=
2
2

1

+∞∑

=1

1
log(1/ℑ )

∫ 1/6

−1/6

(
log

1
| − ℜ |

)2

< +∞

This completes the proof.

Proof of Proposition in Introduction. We may assume that 0/∈ { }. Fix θ ∈
. Then θ( ) = ( θ − )/( θ + ) maps conformally onto the upper half plane

H with θ( θ) = 0 and θ(0) = , where > 0. Then ˜ is an -sheeted unlimited
covering surface ofH with the projection mapping θ ◦ π and { = θ( )} is the
set of the projection of branch points. We choose (> 2) so that − = { ∈ C :
| − | ≤ 1} does not contain the projection of branch points. Set

=

{
∈ C : |ℜ | ≤ 1

3
|ℑ | ≤ 1

3

}
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and

′ =
+∞⋃

=1

′




′ =





{ ∈ C : ℜ = ℜ |ℑ | ≤ ℑ } if ℑ <
1
3

{ ∈ C : ℜ = ℜ |ℑ | ≥ ℑ } if ℑ ≥ 1
3




We denoteH \ ′ by . Since is a simply connected subregion ofH without
the set of the projection of branch points, (θ ◦ π)−1( ) consists of just connected
components. Thus, by [7, Main Theorem] we find that, ifH \ = H ∩ ′ is thin
at ∈ R, then ν( −1

θ ( )) = . To prove the statement of this proposition it is suffi-
cient to prove thatH ∩ ′ is thin in the usual sense at almost every∈ R with re-
spect to the linear measure onR because thinness for the minimal Kuramochi bound-
ary point coincides with thinness in the usual sense. To see this we set 1 =

⋃
6∈

′

and 2 =
⋃

∈
′. Since thinness for the minimal Kuramochi boundary point coin-

cides with thinness in the usual sense, by i) of Definition 1.3, we find that 1 is thin
in the usual sense at every∈ [−1/6 1/6]. Since the condition (♯) implies

∑

∈

1
log(1/ℑ )

< +∞

by Lemma 4.2, we find that 2 is thin in the usual sense at almost every ∈
[−1/6 1/6] with respect to the linear measure onR. Hence, we conclude that
H ∩ ′ = 1 ∪ 2 is thin in the usual sense at almost every∈ [−1/6 1/6] with
respect to the linear measure onR. Therefore, since the Möbius transformationθ is
chosen arbitrarily, we have shown that for almost everyθ ∈ ∂ with respect to the
linear measure on∂ , ν( θ) = .

5. Remark

We have proved Main theorem under the assumption thatHD( ) contains
a non-constant element, or equivalently 6∈ HD. In this section we give some nec-
essary and sufficient conditions for̃ ∈ HD under the condition that ∈ HD.
We say that belongs to if the Green function does not exist on .We know
that is a full-polar set if and only if ∈ (see [2, p. 189]). It is well-known
that ∈ implies ∈ HD. By [2, Folgesatz 16.1] and [2, Folgesatz 16.7],
∈ HD \ if and only if 1 = 1 is the union of a singleton and a null set

with respect to the harmonic measure on . Then the following lemma is easily ob-
tained.

Lemma 5.1. (1) The following conditions are equivalent.
(i) ∈ ;
(ii) ˜ ∈ ;
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(iii) is a full-polar set;
(iv) ˜ is a full-polar set.

(2) Suppose that ∈ HD \ . Then, the following conditions are equivalent.
(i) HD( ˜ ) consists of only constant functions;
(ii) ˜ ∈ HD \ ;
(iii) for the only one minimal pointζ ∈ with the harmonic measureµ (ζ) = 1
( ∈ ), ν(ζ) = 1.
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