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0. Introduction

Let G be a compact Lie group, antl a unitary representation off. The unit
sphereSU of U is called arepresentation spheref G. In this paper we studyG-
maps between finite dimensional representation spher&s. of

In Atiyah and Tall [2], Bartsch [3], tom Dieck and Petrie [4fomiya [5], [6],
Liulevicious [7], and Marzantowicz [8], the equivariait-theory is successfully em-
ployed for the study ofG-maps. In [2] and [4], that is employed for the study of de-
grees ofG-maps between representation spheres. In [3], [5], [6] afidthat is em-
ployed to obtain necessary conditions for the existenc& ohaps. In [8], the equiv-
ariant K -theoretic Lefschetz number is defined.

The main tool in this paper is also the equivaridfttheory. We give the defini-
tions of the Thom classU € Kg(U) of U and the Euler classU € Kg(pt) = R(G),
and then show that if there exists@map f : SU — SW between representation
spheresSU and SW then eW = z(f) - eU for some element(f) € R(G) (Theo-
rem 1.2). Using this equality, we show thatdf is connected then the degree ffis
uniquely determined only by/ and W (Theorem 4.1).

If G is compact abelian, then the degree jbfis more explicitly discussed. Let
S ={z e C||z| =1} be the circle group of complex numbers with absolute value 1,
andZ, be the cyclic group of ordet considered as a subgroup &f. For any integer
i, let V; = C be a complex representation 6t and Z, given by ¢,v) — z'v for
z € St (or Z,) andv € V;. A compact abelian grous decomposes into a cartesian
product

G=Tx Ly x -+ X Ly,

where T% = S x ... x S, the cartesian product of copies of S1. Letting y be a
sequencedy, ..., a, b1, ..., b;) of integers, denote by, the tensor product

Vi, ® @V, @V, ®--- @V,
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which is considered as a representationGofLet I' be the set of sequences

y:(al,...,ak,bl,...,b,)

of integersa; (1 < i < k) andb; with 0 < b; <n; —1 (1 < j < [). The set
{V, | y e '} gives a complete set of irreducible unitary representatiohG, and any
unitary representatio of G decomposes into a direct sum

U= @ V;(V)’

yel

whereu(y) is a nonnegative integer an\d,“(”) denotes the direct sum of(y) copies
of V,.
Let

W = @ V;“(y)

yel

be a second unitary representation@fwith dimU =dimW. Let |y|=a;+---+q; +
bi+---+b for y = (ay,...,ar, by, ..., b). If there exists aG-map f : SU — SW,
then we obtain

degf - [TIy1@ =TT w"® +nr

yell yell

for n = g.c.d.{n1,...,n;} and some integer (Theorem 4.2).

In Marzantowicz [9, Theorems 2.2, 2.5], he obtained the samé &f results as
this for G = T* or G = Z’I‘,(: Z, x --- x Z,) with p prime. To obtain the result,
he employed the Borel cohomology theory. In the Borel cohlogotheory the Euler
class resides i (pt; ) = H*(BG, K). The choice of the coefficient& practically
depends orG considered. For example, @ = T* thenK is Z, and if G = Z’I‘, then IC
is Z,. This means that the Borel cohomological Euler classes aream systematically
treated as the equivariark -theoretic Euler classes. In fact, [9] treated the cases of
G=TFandG = Z’[‘, separately, but in this paper we can simultaneously trdabfal
compact abelian groups as in Theorem 4.2.

As long as the author knows, the results abdismaps obtained by using the
Borel cohomology theory are almost only for the casesGof T¢ and G = Z’;.

There seems one more advantage of the equivaiatheoretic Euler classes. If
G = T* for example, then a unitary representatibhof G decomposes into a direct
sum

where the direct sun®r is taken over all sequences,(..., a;) of integers. Denote
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by ¢'U the Borel cohomological Euler class 6f. We see

where Z[-- -], denotes the Laurent polynomial ring ad]---] the ordinary polyno-
mial ring. The degree 0éU (as a polynomial) is higher than that efU. This means
that eU contains much more information thafU.

In the final section of this paper we show that tkietheoretic Euler class distin-
guishes the isomorphism class of real representatior' ¢Theorem 5.1). But for the
Borel cohomology theory we easily have examples of two ramiphic representa-
tions U and W of S* with ¢'U =¢'W.

1. Thom classes and Euler classes

Let G be a compact Lie group. The equivariakitring Ks(X) of a compactG-
spaceX is defined to be the Grothendieck ring of the isomorphismselaf complex
G-vector bundles oveX (see Atiyah [1], Segal [10]). IfX has a distinguished base
point xo, then K(X) is the kernel of the homomorphisit : Kg(X) — Kg(xo) in-
duced from the inclusion : xp — X. If X is noncompact but locally compact, then
Ks(X) is defined to beKs(X*), where X* is the one-point compactification of.

Given a complexG-vector bundleE — X over a compaciG-spaceX, there is
the Thom isomorphism¥ : Ks(X) — Kg(E). In what follows we only consider
the case in whichX is the one-point spacépt}. In this case the total space of a
G-vector bundle is a complex representatibnof G, and the Thom isomorphism is
an isomorphism¥ : R(G) — Kg(U), since Kg(pt) is canonically identified with the
complex representation rin§(G) of G. The Thom classU € Ks(U) of U is defined
astU = V(1), where 1e R(G) is the 1-dimensional trivial representation. Theler
classeU € R(G) is defined asU = s*(tU), wheres* : Ka(U) — Kg(pt) = R(G) is
the homomorphism induced from the zero sectian{pt} — U. eU can also be given
aseU =Y ;(—1YA'U, where A'U is thei-th exterior power ofU. The Euler class is
multiplicative, i.e.,e(U & W) = eU - eW for two complex representatiors and W.

Let f: SU — SW be aG-map between representation spheres. The radial exten-
sion of f induces a homomorphisnt™* : Kg(W) — Kg(U). Since K (U) is a free
R(G)-module over just one generatol/, there exists a unique elemeftf) € R(G)
such thatf*(tW) = z(f) - tU.

We consider an element &(G) as a class functios — C, and observe(f)(1),
where 1 is the identity element af.
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Theorem 1.1 (cf. Atiyah-Tall [2, IV. §1]). Let f : SU — SW be aG-map be-
tween representation spheres of a compact Lie gréuprhen

_[degf if dimU=dimw
z(f)(l)‘{o if dimU #dimw

where degf is the Brouwer degree of f with respect to the canonical deton of
SU and SW induced from the complex structure.

Proof. Let DU denote the unit disk ol/. Consider the following commutative
diagram:

Ke(W) = K(DW, SW) —2s Ko(DU, SU) = Ko(U)
| %
K(DW, SW) —Z K(DU. SU)

chl J(ch
5

Z = H®(DW, SW;Z) —2— H®(DU,SU.Z) = Z,

where f;* is the homomorphism induced frorfi, F is the homomorphism which for-
gets theG-action, ch is the Chern character which has its image in the cohomology
with integer coefficients in this case, adf*’( ) denotes the direct sum of even di-
mensional parts.

We see

choFo f(tW)

cho F(z(f)-tU)
ch(z(f)(1)- F(:U))
2(f)),

since F(tU) is the canonical generator & (DU, SU) = Z, and on the other hand we
also see

f3ocho FtW) = f5(1)
_[degf if dimU =dimw
) if dimU #dimw.

By the commutativity of the diagram we can obtain the theorem O

Given aG-map f : SU — SW, there is a commutative diagram:
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Ks(W)

K (pt) = R(G)

Ks(U)

From this we see IR(G),
eW =s*(tW) =s*f*(tW) = z(f) - eU.

Thus we obtain

Theorem 1.2. If there exists a G-magf : SU — SW between reprensentation
spheres of a compact Lie group, we obtain inR(G),

eW =z(f) - eU.
Corollary 1.3. If eU =0 and eW # 0O, then there exists n&-map SU — SW.

The converse of Theorem 1.2 does not hold. We give an exampteei following
section. That shows that the answer to the question by Mawéaz [9, Problem 2.6]
is negative inK-theoretic version.

2. Representation rings of compact abelian groups

The complex representation rifg(G) of a compact abelian groug = T* x Z,, x
-+ -XZpy, is isomorphic toZ[x1, ..., Xk, y1, ..., ¥y]o/Y, whereZ[xa, ..., xx, y1, ..., yilL
is the Laurent polynomial ring with indeterminates, ..., xt, y1,..., y;, andY is the
ideal generated by + y;f (1 < j <1). For a Laurent polynomial

(p:(p(-xlv'--a-xkvy].a'--’y[)6Z[xla-~~7xkvyla~~-vy/]La

we denote by ¢] the element inZ[xy, ..., xk, y1,..., y]./Y represented byp.
Through the isomorphisnR(G) = Z[x1, ..., Xk, Y1, .-+, YilL/Y,

- az ag [71 b]
Vy = [agt gyt

— b b
vy = 1 a1

fOI’y:(al,...,ak,bl,...,b/).

ExavpLe 2.1 (in which the converse of Theorem 1.2 does not hold). {denshe
group Zy x Z;, whereZ, = {+1} is the cyclic group of order 2. We see

R(Zy x 7Zy) = Z|x, y]/(l —x%1- y2)
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where (1— x2,1 — y?) is the ideal generated by-1x? and 1— y?. Fori, j € {0, 1},
Vii.j) is the one-dimensional complex representation on wifghk Z, acts in such a
way that (§, 1), v) — s't/v for (s, 1) € Zy x Za, v € V;,jy = C. Let U = V1,00 ® Viw.0)
and W = Vieo) ® V1) @ Vv We see iNR(Zy x Zy)

elU
eW

eVio) - eV = [(1 —x) =[2(1 — x)],
eVioy-eVory eV =[(1 —x)1 - y)(d—xy)]=0.

Thus eU devideseW, but we can see that there can not exisZax Z,-map f :
SU — SW. Assume that sucly : SU — SW exists, and letH; = Z, x {1}, H, =
{1} x Z,. Restricting f to the fixed point set of théd,-action, we obtain and;-map
fH S(UH2) — S(WH2). Since U2 = V{1,0)® V(1,00 and W2 = V{4 o), the existence of
fH contradicts the Borsuk-Ulam theorem.

Lemma 2.2. LetG =T* x Z,, x --- x Z,,, and let

@ =@(xX1, ooy Xiy Y150, V1) € Z[X1, o X Y1, - ML
be a representative of
z2€ R(G) = Z[x1,...,x,¥1, .-, 1L/Y,
i.e., z=[¢]. Then
D) =¢@---,1,1,---,1),

where 1 in the left hand side is the identity element @f and 1's in the right hand
side are the numerical.

Proof. There are complex representatidnsand W of G such thatz = U — W.
Decomposel/ and W into the direct sums of irreducible representations,

u=@ v, and w=PHv ",
yel yel
and let
01 = @r(xs, X Y- 1) = ) u(y)Oy),
yel

02 = @a(x1. . Xk Y- 3) = ) w(y)(xy),
yel
where Ky)” = x% - x®yP .Y for y = (ay, ..., ax, b1, ..., b;). Thenz = [p1] — [¢2]
in Z[Xl, e Xks Y1y - e y[]L/Y, and

z(1) = dimU — dimw
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=¢(L,---,1,1,--,D)—g(1,---,1,1,--- 1)

Since
!

</J1—<P2:<P+Zl/fj'(1—y;j)

j=1

for somevy; € Z[xy,..., Xk y1,..., ], we obtainz(1l) = ¢(1,---,1,1,---,1).
]

3. Nonvanishing of Euler classess

In this section we give a necessary and sufficient conditmmtlie nonvanishing
of Euler classes of representations @f We first consider the casé = Z,. The set
{V: | 0 <i <n—1} gives a complete set of irreducible complex representatiain
Z,, and R(Z,) is isomorphic toZ[x]/(1—x"). If U is a complex representation &f,
decomposed into a direct sua;'V/ for nonnegative integers;, then we see

n—1 n—1
(3.1) elU = H(eVi)“i = |:H(1_xi)u,-i| .
i=0 i=0

Lemma 3.2. For a complex representatioty = 69;’:_01\/,-"" of Z,, eU #0in R(Z,)
if and only if U% = {0}, i.e., up = 0.

Proof. From (3.1) we easily see that/ # 0 impliesuy = 0. Conversely assume
ug=0. Then

n—1
eU = []‘[(1—)&)"} in Z[x]/(1— x").
i=1

If eU =0, then there is(x) € Z[x] such that

n—1

(3.3) [T@—x) = p()@—x") in Z[x].
i=1

We see

1—x :—1_[d>j(x),
Jli
where the producﬂj“ is taken over all divisorsj of i, and ®;(x) is the jth cyclo-
tomic polynomial which is irreducible irZ[x]. From this the right hand side of (3.3)

contains®,(x) as a factor, but the left hand side does not. This is a coistiad.
O
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For a subgroupH of G we obtain a homomorphisnyy : R(G) — R(H) by
restricting the action ol to H.

Lemma 3.4. For any compact Lie groups,
y =@y : R(G) > @ R(H)
H H
is injective, where the direct sumy is taken over all finite cyclic subgroups of G.

Proof. Assume thay(a) = 0 for a € R(G). Thenyy(a) = 0 in R(H) for any
finite cyclic subgroupH of G. To showa = 0, consideringz as a class function, we
will show a(g) = 0 for any g € G. To show this we divide into two cases. First,gf
is of finite order, i.e.,¢g" =1 for some integen, theng generates the cyclic grouf)
of ordern. By the assumption, we havgg(a) = 0 in R((g)). Hence

a(g) = v (a)(g) = 0.

Second, ifg is of infinite order, then there exists a sequence of elemantimite order
which converges tg. From the continuity of class function, we seég) = 0. ]

We obtain the following theorem by Lemmas 3.2 and 3.4.

Theorem 3.5. For a complex representatiofy of a compact Lie groufs, eU #
0 in R(G) if and only if there exists a cyclic subgrod), < G such thatU?% = {0}.

4. Degrees ofG-maps

In this section we discuss the degree offanap between representation spheres.

Theorem 4.1. Let U and W be unitary representations of a compact connected
Lie group G with dimU =dimW and eU # 0. If there exists aG-map f : SU — SW,
then
() degf is uniquely determined only by and W, and
(i) in particular, degf =0 if eWw =0.

Proof. (i) Assumeg : SU — SW is anotherG-map. From Theorem 1.2 we
haveeW = z(f) - eU andeW = z(g) - eU, and hencez(f) — z(g)) - eU = 0 in R(G).
This implies z(f) = z(g) since the restricting homomorohispy« : R(G) — R(T*)
is injective whereT* is a maximal torus ofG, and sinceR(T*) has no zero divisor.
Hence Theorem 1.1 shows dég z(f)(1) =z(g)(1) = degg.

(i) If ew =0, we havez(f) - eU = 0 and hence(f) = 0. This implies deg =
2(f)@) =0. O
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If G is compact abelian, the degree can be more explicitly dssmisn the fol-
lowing theorem.

Theorem 4.2. Let G be a compact abelian group, sa§, = TX x Z,, x - - - X Zy,.
Let

U= @ v« and W= @ V)

yel yel

be unitary representations off with dimU = dimW. If there exists aG-map f :
SU — SW, then

degf - [ 1y1“P =T 1y1"" +nr

yel yel

for n = g.c.d.{ny, ..., n;} and some integer.

Proof. Theorem 1.2 givedf)-eU =eW in R(G) = Z[x1, ..., Xk, Y1, ..., yilL/Y.
Let ¢ € Z[x1,...,xr, y1,---,y]L be a representative af(f), i.e., z(f) = [¢]. The
equality z(f) - eU = eW gives the following equality irZ[xq, ..., x¢, y1, ---, VilL,

o[-y y® =TT~ xy) W’+Zw, 1))

yel yel j=1

for somevy; € Z[x1, ..., Xk, y1, ..., yi]r. SubstitutingX for all of x1,...,x¢, y1,..., v,
we obtain

1
@3) ) Ja—-x"y" = TTa—x")""+3 " y,x)1 - xm)
yel yel j=1

in Z[X]., whereg(X) = o(X, ..., X), ¥;(X) = ¥;(X, ..., X). We note that

l_[(l — X\Vl)“()’) = (]_ — X)Zyer u(y) l_[(l + X+ X2+ -+ XW\,]_)M()/)’

yer yel

and

> u(y)=dimU =dimWw = " w(y).

yell yell

Thus, dividing (4.3) by (- X)4™Y we obtain

(/T(X)l_[(1+X+X2+---+X'V“1)"(y) = l_[(1+X+X2+...+X|V“1)w(y) + A(X),
yer yer
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where

Y v (0@ — X™)
(1 _ X)dimU

= (1+X+X%+...+ X" H)B(X) for someB(X) € Z[X]..

A(X) =

€ Z[X]L

Substituting 1 forX, we obtain the desired equality sing¢l) = degf from Theorem
1.1 and Lemma 2.2. U

Remark 4.4. In Theorem 4.2, ifG is connected, i.e.G = T*, thenn = 0. If
G is finite, i.e.,G = Z,, x --- x Z,,, and if eU # 0, then we seqd], . ly |“0)
0 sinceu(0,...,0) = 0 from Theorem 3.5. IfG is not finite, then[T, .. [y [*?) can
be zero even ifeU # 0. For example, the representatibh= V,; ® V_1 of G = T?
gives an example for this. Essentially the same point asithimissed in [9]. If the
last statement of [9, Theorem 2.2] would be correct, flagould be always positive.
This is incorrect.

5. Euler classes for representations ofs'

In this section we show that the Euler class distinguishesisbmorphism class
of real representations of!. The set{V; | i € Z} gives a complete set of irreducible
complex representations ¢ft. We note thatR(S') = Z[x]., and thatV; = V_; as real
representations.

Theorem 5.1. Let U and W be two complex representations 6t. If eU =
eW #0in R(SY), thenU = W as real representations.

Proof. Decomposé/ and W into direct sums of irreducible representations as
u=@pv" and w=Ev".
ieZ, ieZ,

Hereup =0 andwg = 0 sinceeU # 0 andeW # 0. Noting that 1— x' = —x/(1 — x~)
in Z[x]., we have
eU = (—1yx" [ J@ — /)™,
i>0

wherea =Y, qu; andb =), _,iu;. Factoring 1-x' into the cyclotomic polynomials
®;(x), we have

eU = (=1)%x? l_[ D (x),

j=>0
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wherea’ =a+3) , ou; +u_;) andc; =)
multiple of j. Similarly we have

jii(ui +u_;) is the sum ofu; +u_; with i a

eW = (-1)x* l_[ D (x)"
j>0

for some integers, s, and¢; = Zjl,.(w,- +w_;). SinceZ[x], is a unique factorization
domain,eU =eW impliesc; =¢;, i.e.,

Z(”i tu_j) = Z(wi +w_;)
Jli Jli

for all j > 0. From this we havey; +u_; = w; +w_; for all i > 0, and hencd/ = W
as real representations. ]

References

[1] M.F. Atiyah: Lectures onk -theory, Benjamin, New York-Amsterdam, 1967.

[2] M.F. Atiyah and D.O. Tall:Group representations,-rings and the/-homomorphismTopology
8 (1969), 253-297.

[3] T. Bartsch:On the genus of representation spher€®mment. Math. Helv65 (1990), 85-95.

[4] T. tom Dieck and T. PetrieGeometric modules over the Burnside rinipvent. math.47
(1978), 273-287.

[5] K. Komiya: Equivariant K-theory and maps between representation sphdfebl. RIMS, Ky-
oto Univ. 31 (1995), 725-730.

[6] K. Komiya: Equivariant maps between representation spheres of a tdtubl. RIMS, Kyoto
Univ. 34 (1998), 271-276.

[7]1 A. Liulevicious: Borsuk-Ulam theorems anki-theory degrees of mapSpringer Lecture Notes
in Math. 1051 (1984), 610-619.

[8] W. Marzantowicz: The Lefschetz number in equivariakt-theory, Bull. Acad. Pol. Sci.25
(2977), 901-906.

[9] W. Marzantowicz:Borsuk-Ulam theorem for any compact Lie group London Math. Soc. (2)
49 (1994), 195-208.

[10] G. Segal:Equivariant K-theory, Publ. Math. IHES34 (1968), 129-151.

Department of Mathematics

Yamaguchi University

Yamaguchi 753-8512

Japan

e-mail: komiya@po.cc.yamagichi-u.ac.jp



