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NONRATIONAL WEIGHTED HYPERSURFACES

TAKUZO OKADA

Abstract. The aim of this paper is to construct (i) infinitely many fami-
lies of nonrational Q-Fano varieties of arbitrary dimension > 4 with at most
quotient singularities, and (ii) twelve families of nonrational Q-Fano threefolds
with at most terminal singularities among which two are new and the remain-
ing ten give an alternate proof of nonrationality to known examples. These
are constructed as weighted hypersurfaces with the reduction mod p method
introduced by Kollar [10].

81. Introduction

We say that a normal projective variety defined over the field C of
complex numbers is a Q-Fano variety if its anticanonical divisor is an ample
Q-Cartier divisor. A terminal (resp. log terminal) Q-Fano variety is a Q-
Fano variety with at most terminal (resp. log terminal) singularities.

(Q-)Fano varieties were originally studied as candidates for nonrational
unirational varieties, that is, counterexamples to the Liiroth problem. In
the early seventies, V. A. Iskovskikh-Ju. I. Manin [8], and H. Clemems-
P. Griffith [4] independently proved the nonrationality of smooth quartic
threefolds and smooth cubic threefolds respectively by developing different
mothods, while all the smooth cubic threefolds and a certain smooth quartic
threefold have been known to be unirational.

The rationality problem is quite subtle in dimension > 3 as well. Essen-
tially there are only three known methods to construct nonrational varieties
of dimension > 3 which are either unirational or (Q-)Fano. Firstly, M. Artin-
D. Mumford [1] constructed a unirational smooth threefold X with nonzero
torsion in H3(X,Z) so that X x P"3 is a nonrational unirational n-fold for
each n > 3. Secondly, A. V. Pukhlikov (e.g. [14]) proved the nonrationality
of general Fano hypersurfaces of dimension n and degree n + 1 with n > 4
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by studying their birational self map groups (the method initiated by [8]).
Thirdly, Kollar [10] proved the nonrationality of very general Fano hyper-
surfaces of dimension n > 3 and degree d such that n > d > 2[(n + 3)/3].
We refer the readers to J. Kollar [11, V.5] for a more detailed account.

In this paper, we apply Kollar’s techniques [10] to weighted hypersur-
faces. In general, weighted hypersurfaces have singularities and this makes
our proof complicated. As a result, we obtain nonrational terminal Q-Fano
threefolds and infinitely many families of nonrational log terminal Q-Fano
varieties in each dimension > 4 (cf. Section 7). We note that the examples
constructed in this paper are all rationally connected because a log terminal
Q-Fano variety is rationally connected [15].

DEFINITION 1.1. Let X be a variety of dimension n over a field k.

e We say that X is rational if there is a birational map P}} --» X.

o We say that X is ruled (resp. uniruled) if there is a variety Y of
dimension n — 1 over k and a birational map (resp. dominant rational
map) YV x P} --» X.

e In positive characteristics, we say that X is separably uniruled if the
above rational map Y x ]P’i, --» X is also separable.

e Let k be an algebraic closure of k. We say that X is geometrically
ruled if Xj = X Xspeck Speck is ruled.

We work over the weighted projective space P(1,aq, ..., a,,b) with ho-
mogeneous coordinates xq,...,x, and y. Definitions and some basic prop-
erties of weighted projective spaces will be treated in the next section. For
a graded ring S and homogeneous elements fi,..., fi, € S, by

(fi==fm=0)CProjs

we mean the closed subscheme defined by the homogeneous ideal (f,...,
fm) of S. In the same way, for a ring A and elements fi,..., f,, € A,

(fi==fm=0)CSpecA

denote the closed subscheme defined by the ideal (fi,..., fi,) of A.
Now we state the main theorems. Condition 2.1 and 2.3 in the statement
below are introduced in Section 2.
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THEOREM 1.2.  Assume that (p,{a;},b,n,d) satisfies Condition 2.1 and
2.3. Then, the weighted hypersurface

Xy = (yYPxo — f(xo,...,2n) =0) C Pc(1,a1,...,a,,b)

of degree d is a non-ruled log terminal Q-Fano variety of dimension n for a
very general f = f(zo,...,xn) € Hg(C).

Here, for a field k, we denote by Hy(k) the k-vector space k[zo, ..., Zn]d,
the degree d part of the graded ring k[zo, ..., z,] whose grading is given by
deg x; = a;. By convention we say that f is very general when it does not
belong to countable union of suitable proper closed subvarieties.

THEOREM 1.3.  Assume that (p,{a;},b,n,d) satisfies Condition 2.1 and
2.3. Let k be an algebraically closed field of characteristic p. Then, the
weighted hypersurface

Xy = (yYPxo — f(xo,...,2n) =0) C Px(1,a1,...,an,b)
is not separably uniruled for a general f = f(xo,...,x,) € Hy(k).

Remark 1.4. Tt is originally proved in [10] that a certain p-fold covering
of a smooth variety is not separably uniruled in characteristic p. Specifically,
it is proved that, under certain conditions on positive integers p, a and n, a
general weighted hypersurface of the form

X =" — f(zo,...,xn) =0) CP(1,...,1,a)

is nonrational, where degx; = 1, degy = a and deg f = pa.
The point of this paper is to treat various kinds of weights and allow the
projection map Xy --» IP(1,a1,...,a,) to have a point of indeterminacy.

The following result of Matsusaka enables us to pass to positive char-
acteristics where we can make use of the unusual behavior of differential
forms.

THEOREM 1.5. ([13], Appendix, Theorem 1.1, [11], IV, Theorem 1.6)
Let R be an excellent discrete valuation ring and X a normal irreducible
scheme. Let T be Spec R and p: X — T a proper surjective morphism with
connected fibers. Then the following assertions hold.
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(1) If the generic fiber of ¢ is ruled over the quotient field of R, then every
irreducible component of the special fiber of ¢ is ruled over the residue
field of R.

(2) If the generic fiber of p is geometrically ruled, then every reduced
irreducible component of the special fiber of ¢ is geometrically ruled.

LEMMA 1.6. ([10], Lemma 7) Let X be a smooth proper variety and M
a big line bundle on X. Assume that there is an injection M — QY for
some i > 0. Then X is not separably uniruled.

For a line bundle £ on a normal projective variety X, we say that L is
big if some positive multiple of £ defines a birational map onto its image.

Lemma 1.6 is a key to the proof of Theorem 1.3. Since Lemma 1.6 is
only valid for smooth varieties, we construct a desingularization ¢: Y — Xy
in Section 3. In Section 4 and 5, we construct a big line bundle on Y which
is contained in Qg}_l. Section 6 consists of the proof of Theorem 1.2 and 1.3.
Some of the examples which are obtained by Theorem 1.2 are presented in
Section 7.

NOTATION AND TERMINOLOGY. Throughout this paper, p > 1 is a
prime number. We denote by C the field of complex numbers and by k an
algebraically closed field of characteristic p. Let us fix some notation with
respect to group schemes. Let k be a field.

e Gy is the one dimensional torus Spec k[t, t~!] and we write G instead
of Gmk.

e For a positive integer r, we denote by u,.; the finite group scheme
Speck[t]/(t" —1). We write u, instead of p,..

e Let A be a k-algebra of finite type and X the affine scheme Spec A.
Let G = Spec R be an affine group scheme over k.
Suppose we are given an action of G on X. There is a homomorphism
¢: A — ARy R of k-algebras which in turn induces the given action.
We write A for the ring of invariants {g € A | ¢(g9) = g ® 1} C A.
If A is generated by z1,..., 2z, as a k-algebra and ¢ is determined by
sending z; to w; € A ®; R, we say that G acts on X by z; — w;.
We frequently consider the following action: Put A = k[xq,..., ;]
and R = k[t,t71] (resp. k[t]/(t" —1)). Let a,...,a, be non-negative
integers and let ¢: A — A ®; R be the homomorphism of k-algebras
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determined by sending x; to x; ®t* (resp. z; ®t*). Then, the induced
morphism G x A™ — A™ of schemes defines an action of G on A™. In
this case, we say that Gpp (vesp. p, ) acts on A" by z; — x; ® t
(resp. z; — x; @ ™).

e Let (X,x) be a germ of a variety of dimension n over a field C. We
say that the singularity of X at x is of type %(al, o ap) if (X, 2)
is analytically isomorphic to (A"/p, ¢,0), where o is the image of
the origin and the p, ¢ action on A", whose affine coordinates are
T1,...,Tn, 1S given by z; — x; @ t.

Acknowledgment. The author expresses his gratitude to Professor
Shigefumi Mori for valuable comments and suggestions. The author is grate-
ful to Professor Noboru Nakayama for pointing out many errors in the draft
versions of this paper. The author is also grateful to Professors Shigeru
Mukai and Masayuki Kawakita for helpful discussions and warm encour-
agements. The author would like to thank Professor Janos Kollar whose
comments on our earlier version motivated the author to improve the pa-
per.

§2. Conditions

For a prime number p and positive integers n, d, ag, ..., a,,b, we con-
sider the following conditions.

CONDITION 2.1.

(1) n>3 and ap = 1.

(2) d=pb+1.

(3) ged{ay,...,an} =1 and there are at least two i among 1,...,n such
that a; is coprime to p.

(4) X gai<d<yi,a;+b.

(5) For any algebraically closed field k of characteristic p, a general
weighted hypersurfaces of degree d in Pg(aq,...,ay,) is quasi smooth.

In the following, we define a,4+1 := b and we sometimes write a1
instead of writing b for simplicity of the description. For a subset I C
{1,...,n+ 1}, we define r; = ged{a; | i € I}. A subset I C {1,...,n+1}
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is called saturated if ged{rr,a;} # ry for every i € {1,...,n+ 1} \ I. We
define

I={Ic{l,...,n+1}|r;>1andif r7 | d then |I| > 1}.

and
Tsat = {I € T | I is saturated}.

For an integer m € Z and a subset I C {1,...,n + 1}, we denote by [m]’
the integer such that m = [m]! (mod r;) and 0 < [m}! < r;.

Suppose that (p,{a;},b,n,d) satisfies Condition 2.1. For I € Zg, we
define

{0,...,n}\ I ifn+1¢1Iandr|d,
I*:={{0,...,n}\ (1 U{i}) ifn+1¢ 1 andrstd,
{I,...,n+1}\(JU{i}) ifn+1el,
where the ¢ in the second and the third cases is the minimum number such
that d — a; = 0 (mod rr). If 77 1 d, then Condition 2.1 ensures that there
exists ¢ such that d — a; = 0 (mod ry) (cf. Case 2 and Case 3 in the proof

of Lemma 5.7). Hence, I* is well-defined.

For j=1,...,n, let 1/1;-: {1,...,b—1} — Z"! be the map defined by

Pi(k) =((1/b)(aj[kar])" — arlka;]’), ..., (1/b)(aslkaj—1]" — aj_1[ka,]"),
(1/6)(aj[kaji]" — ajalkas)’), ..., (1/0)(a;lkan])" — anlkas]")),

where I = {n + 1}, and ¢;: {1,...,b— 1} — (Z/pZ)" ! be the composite
of ¢ and the natural projection 7=t — (z/pZ)" L.

DEFINITION 2.2. For j =1,...,n, we denote by ¥; the set {1,...,b}\
vy (0).

For (p,{a;},b,n,d) satisfying Condition 2.1, we consider the following
additional condition.

CONDITION 2.3. Put A=d—>" ;a;.
(1) For any I € Zgy with I # {n + 1}, we have

A>rp— ogg,{ziel#[kai]l}'

(2) For I = {n+ 1}, there exists some j € {1,...,n} such that p{a; and

A>b— %g{zjzl[kai]f}.
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§3. Singularities and desingularization
First we recall the definition of weighted projective space and study its

basic properties. For details, we refer the reader to [6].

DEFINITION 3.1. Let ¢g,...,c, be positive integers and k a field. The
weighted projective space Py(co, ... ,cy) over k is defined by

Pi(co, ..., cn) = Projk[zg, ...,z
where k[zg,...,x,] is the graded polynomial ring with degz; = ¢;. The
variables x, ..., x, are called homogeneous coordinates.

Note that the one dimensional torus Gy, 1, acts on AZ“ by x; — x; ® t%
and then Py(co,...,c,) is the geometric quotient (A7 \ {0})/Gpy. The
affine piece Dy (7;) = (v; # 0) is isomorphic to A}!/p,., ., where p. ;. acts
on A} by & — & ®t% for all j # i on the coordinates {&, ... iy JEnt
of A%. The variable ¢; is identified with x;z; 7 /e,

DEFINITION-LEMMA 3.2. Let X be a closed subscheme of the weighted
projective space P = Pg(co, ..., c,) and let 7: AZ“ \ {0} — P the canonical
morphism. The punctured affine cone C% of X is defined by C% = 7 HX)
and the affine cone Cx is the scheme-theoretic closure of C'% in AZH.

For a subset I C {0,...,n}, we denote by Dy (x) the affine open subset
D ([L;c; xi) of P. We define

Cp = Speck[{{i |ied0,... ,n}\I}] X Speck[ul,ul_l,...,um_l,u‘_ﬂl_l]
~ Ayt @ag\ {op,

Put F = [[,.; 2, where {a; | i € I} are integers such that > ._; o;¢; =
el el

7
ged{c; | i € I} =: r. We identify & with 2;F~%/" for i ¢ T and u; with
Q50,3 .~ Y0yd
i i
a;/ gcd{a;, a;}. This yields a natural morphism 77: Cp; — D4 (27) and an

T for j =1,...,|I| — 1, where jg is the minimum of I and a; ; =
isomorphism Cp ;/p, j = Dy (zy), where the p, ;-action on Cp is defined
by & — & ®@t% for ¢ ¢ I and uj — u; for j = 1,...,|I] — 1. We define
Cx. = 77 (X NDy(z)). By a slight abuse of notation, we denote by
7r: Cx, 1 — X N D4 (xr) the restriction of the morphism Cp; — D4 (xf). If
I = {i} then we write Cx; = Cx r and 7; = 7.

Note that Gp (resp. p, ) acts on C% (resp. Cx ) and gives the iso-
morphism X = C% /Gy (resp. X N Dy (1) = Cx 1/, 1)-
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The proof is straightforward and we leave it to the reader.

DEFINITION 3.3. A closed subscheme X in Py(co, ..., cy) is called quasi
smooth if its affine cone Cx is smooth outside the origin.

In this paper, we consider weighted projective spaces P(1,aq, ..., a,,b)
with homogeneous coordinates x, . .., z,,y and P(1,aq,..., a,) with homo-
geneous coordinates xg, ..., Ty.

DEFINITION 3.4. Suppose that (p, {a;},b,n,d) satisfies Condition 2.1.
For a field (or more generally a ring) k, we denote by H,y(k) the k-vector
space (or k-module) k[xo,...,z,]q, the degree d part of the graded ring
E[xo,...,zy] whose grading is given by degz; = a;.

Hy(k) can be naturally identified with a k-vector subspace of HO(Py(1,
ai,...,an,b),0(d)). For f = f(xo,...,zn) € Hy(k), set

Xypi= (YPxo— f=0) CPr(l,a1,...,an,b).

Quasi smoothness is important since singularities of a quasi smooth
variety are all caused by the Gy action.

LEMMA 3.5. Assume that (p,{a;},b,n,d) satisfies Condition (2.1.5).

Then, a general weighted hypersurface of degree d in Pc(aq,...,ay) is quasi
smooth.
Proof. Fix a general homogeneous polynomial g € Clzy,...,x,] of

degree d, where the grading is given by degx; = a;. Let R be a subring
of C which is of finite type over Z such that ¢ € R[z1,...,x,] and the
localization R,y of R at the ideal (p) is a discrete valuation ring. Then,
the geometric special fiber of Z := (g = 0) C Pg, (a1,...,a,) is smooth by
Condition (2.1.5). Thus, there is a smooth weighted hypersurface of degree
d in Pc(ay,...,a,), which implies the smoothness of a general weighted
hypersurface. 0

LEMMA 3.6. Let k =k or C, where k is an algebraically closed field of
characteristic p. Assume that (p,{a;},b,n,d) satisfies Condition 2.1. Then
we have

Sing(Cx,) N (zo = 0) = {0}
for a general f € Hy(k).
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Proof. Put X = X;. By the Jacobi criterion, we have

ﬁ_ﬁ:...:ﬁ:pyl’_lx():()).

- — (Prn— =P — —
Sing(Cx ) <y ro—f=y ors 01 P

If we write f = fq + fa—120 +--- + fomg, where f; = fj(x1,...,2,) is a
weighted homogeneous polynomial of degree j, we have

of  Ofa  Ofa 0fr 4.1
8:L‘Z' N 8:L‘Z + 8952 0 + + 8:L‘Z xo
for s =1,...,n. Thus, we see that

Sing(Cx) N (zo = 0)

:<x0:yp_fd—1:0>m<fd:§—£?:"':%:0>_

Condition (2.1.5) or Lemma 3.5 implies that Spec(k[z1,...,2,]/(fq)) is
smooth outside the origin. Thus, we have Sing(Cx) N (zg =0) = {0}.  [I

3.1. Quasi smoothness over C
LEMMA 3.7. Assume that (p,{a;},b,n,d) satisfies Condition 2.1 and

P(1,a1,...,a,,b) is defined over C. Then Xy is quasi smooth for a general
fe Hd((C)

Proof. Put X = Xy. By Lemma 3.6, it suffices to show that CxN(zg #
0) is smooth. By the Jacobi criterion, we have

Sing(Cx) N (x0 #0)
_<8_f_8_f:..._ of

LA =0} =0 (a0 £ 0)

Hence, it suffices to show that a general weighted hypersurfaces of degree d
in Pc(ag, - .. ,a,) is quasi smooth. This follows from the quasi smoothness
criterion [7, Theorem 8.1] and Lemma 3.5. U

3.2. Construction of a desingularization of X; over k

Unfortunately, in positive characteristics, Xy is not quasi smooth in
general. Next, we consider singularities of Xy which lie on D4 (xp). Let
us recall some definitions and basic properties of critical points. For proofs
and details see [11, IV].
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DEFINITION-LEMMA 3.8. Let X be a smooth variety of dimension n
over a field k of characteristic p and f a function on X. Let z € X be
a closed point and assume that f has a critical point at z. Choose local
coordinates x1,...,x, at x.

(1) The matrix H(f) = (8?f/0x;0x;) is called the Hessian of f.

(2) f has a nondegenerate critical point at x if rank H(f)(z) = dim X.
If p#£ 2 or p =2 and n is even, then f has a nondegenerate critical
point at z if and only if in suitable local coordinates f can be written
as

o c+riro+ -+ Tp_1Tn + f3 if n is even,
c+x% 4+ xox3+ -+ Tp_1xy, + f3 if nis odd,
where ¢ € k and f3 € m3.
(3) If p=2 and dim X is odd, then every critical point is degenerate.

(4) Assume that p = 2 and dim X is odd. A critical point of f is called al-
most nondegenerate if length Oy, x /(0f /0x1,...,0f/0xy,) = 2. Equiv-
alently, in suitable local coordinates f can be written as

f=c+ax?+aox3+ -+ Ty 12, + b2t + f3,
where a,b,c € k, b# 0, f3 € m> and the coefficient of ZE? in f3is 0.
Throughout this subsection, we assume the following.

ASSUMPTION 3.9.

e (p,{a;},b,n,d) satisfies Condition 2.1.

e We work over an algebraically closed field k of characteristic p.

We denote by U the affine open subset D (z¢) of P(1,aq,...,a,,b).
We see that U is the affine space A" with coordinates &1, ...,&, and v,
where we identify & with z;/z5" for i = 1,...,n and v with y/zf. Put
= flzg = f(1,&,...,&,) for f € Hy(k). Then Xy NU is defined by
the equation v? — f' = 0. Let A be the polynomial ring k[1,...,&,] and
consider the natural projection

¢: XpNU = Spec(Alv]/(vP — f')) — Spec A =: V.

LEMMA 3.10. Notation as above. Then f" € A has only (almost) non-
degenerate critical points on V for a general f € Hy(k).
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Proof. For every closed point v € V, the natural map Hy(k) —
Ov.p/m2 which maps g to g, where ¢’ = g(1,&,...,&,), is surjective since
a; < d for every i.

We show that, for every closed point v € V, there is an element g €
H,(k) which has an (almost) nondegenerate critical point at v. We may
assume that a; < a; for every i. Then, by Condition (2.1.1) and (2.1.4), we
have 3a1 < d and a; + a; < d for every distinct 4, j. Hence, if n is even
there exists g1 € Hg(k) such that

g1 = (& —v)(& —v2) + (&3 —v3) (&4 — Vo) + -+ + (Enm1 — Vn1)(&n — vn),

and if n is odd there exist go, g3 € Hy(k) such that

g5 = (1= v1)* + (&2 = v2)(& — v3) + (&4 — va) (&5 — v5)
+ o+ (Gn1 — vn-1) (& — vn),
g3 = (§2 — v2)(&3 — v3) + (&4 — v4) (&5 — vs)
+ oA (Gnm1 — vne1) (G —on) + (G — 1),

If p# 2 or p=2 and n is even then g; or go has nondegenerate critical
point at v. If p = 2 and n is odd then g3 has almost nondegenerate critical
point at v.

Fix v € V and let W, C Hg(k) be the set of functions with a critical
point at v. The codimension of W, in Hy(k) is n. In W, the set of functions
with an (almost) nondegenerate critical point at v form an open set Wy
which is nonempty. Thus the set of functions with a degenerate critical
point is | J,cy (W, \ Wy) and it has codimension at least one in Hy(k). []

LEMMA 3.11.  Notation as above. Then Xy NU has only isolated hy-
persurface singularities which can be resolved by successive blow ups at each
singular points for a general f € Hy(k).

Proof. For an element f € Hy(k), we put f' = f(1,&1,...,&,) and
Xo =Xy NDy(xg). We see that

Xo= WP —f =0)c A"

and

Sing(Xp) = <1/p—f’—8—f,— —8—]H—0>.

~ 5= T a =
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It follows from Lemma 3.10 that f’ has only (almost) nondegenerate critical
points on V for a general f € Hy. Thus, Xy has only isolated singular
points which correspond to critical points of f’. It follows from [11, V,
Proposition 5.10] that the isolated singular points of Xy can be resolved by
successive blow ups at each singular points. 0

LEMMA 3.12. Fiz a general f € Hy(k) and put
Xgs = X \ Sing(X N Dy (z0)), Ugqs:=XqsNDi(x0---20y),

where X = Xy. Then Uy C Xgs 45 a toroidal embedding without self-
intersection.

Proof. We refer the readers to [9] for the definition of a toroidal em-
bedding (without self-intersection). By Lemma 3.6, the punctured affine
cone C}}qs = 771(Xgs) is smooth and the singular locus of X is con-
tained in Xgs \ Ugs. Smoothness of C}}qs implies that Uys C Xgs is a
toroidal embedding (cf. Section 5.2). For each i = 0,...,n, the closed
subscheme X N (x; = 0) is isomorphic to a weighted hypersurface contained
in P(ag,...,di,...,an,b) and, in particular, normal. Therefore, Uy C Xs
is a toroidal embedding without self-intersection. 0

COROLLARY 3.13. Let f € Hy(k) be a general element and put X =
Xy. There exists a desingularization @: Y — X with the following propertie:

(1) Around the singular points on X N Dy (xg), @ is the composition of
blow ups at each singular points.

(2) The restriction ¢: ¢~ (Xqs) — Xgs 45 a resolution of the toroidal
embedding Ugs C Xgs.

Proof. This follows immediately from Lemma 3.11 and 3.12. We refer
the reader to [9] for the existence of a desingularization of a toroidal em-
bedding. [

84. Construction of a big line bundle

In the previous section, we show that there is a desingularization ¢: Y —
X = Xy. In this section, we construct a big line bundle on Y which is con-
tained in Q?‘l. Throughout this section, we assume the following.

ASSUMPTION 4.1.
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(p,{a;},b,n,d) satisfies Condition 2.1 and 2.3.

We work over an algebraically closed field k of characteristic p.

The weighted homogeneous polynomial f = f(xq,...,z,) is a general
element of Hy(k) and X = Xj.

e We choose and fix a desingularization ¢: Y — X which satisfies the
properties (1) and (2) of Corollary 3.13.

We denote by A the integer

A=d=Y" a

There is a natural projection

m: P(l,aq,...,an,b) \{(0:---:0:1)} — P(1,aq,...,a,).

Let V be the smooth locus of P(1,ay,...,a,). Put U =7"1(V) and X° =
X NU. By Condition (2.1.3), we see that U is smooth and the codimension
of X \ X° in X is greater than or equal to 2. By a slight abuse of notation,
the restriction of m on X° is again denoted by 7: X° — V.

For an integer [, we denoted by Ox-(I) the restriction of the tautological
sheaf O(l) of P(1,a1,...,an,b) on X°. The sheaf Ox-(l) is invertible on X°
for every integer [ since O(l) is invertible on U.

LEMMA 4.2. Notation as above.

(1) There is an ezxact sequence; 0 — Q1 — Q| xo — Oxo(—b) — 0.

(2) There is an ezxact sequence; 0 — Oxo(—d) LN QY| xe — Q%o — 0,
and we have Im§ C 7€),

(3) There is an exact sequence;

0 —> Coker[Oxo (—d) & QL] — QLo — Oxo(—b) — 0.

Proof. There is a locally splitting exact sequence
0 — 7 — Q) — Op(=b) — 0.

Pulling back this sequence to X° we obtain (1). The existence of the exact
sequence of (2) is a general fact. (3) follows from (1) and (2). We check
locally to see that Im§ is contained in W*Q%/.
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Take a point © € X°. We can choose local coordinates z1, ..., z,, w of U
at u so that 21, ..., 2z, form local coordinates of V" at 7(u) and X° is defined
by the equation wPg¢'(21,...,2,) — f'(21,-..,2n) = 0 around u, where ¢, f’
and w correspond to zg, f and y respectively. We see that Im ¢ is generated
by

d(wPg' — f') = pwP~g'dw + wPdg' — df' = wPdg' — df’

and, thus, it is contained in W*Q%/. 0

Notice that X° is not smooth in general. It may have isolated singular
points on X° N D4 (xg) as described in Lemma 3.11. If we restrict the
sequences in (1), (2) and (3) of Lemma 4.2 on the smooth locus of X°, then
those are exact sequences of locally free sheaves.

DEFINITION 4.3. Let M° be the double dual of
n—1
/\ (Coker[@xo(—d) LN w*Q%/])

and M = ¢, M°, where i: X° — X is the embedding. Let M be a Weil
divisor on X such that Ox (M) = M.

Lemma 4.2 implies that
M=0x(d=>"" a;) = Ox(A),

and M C (% 1)VV. By Condition (2.1.4), M is ample.

Let F' be the exceptional divisor of ¢: Y — X which is obtained by
resolving isolated singular points on X N D (xg). Let E be the exceptional
divisor of ¢: Y — X away from F, that is, E is obtained by resolving the
singularities of the toroidal embedding Uys C X¢s and then let E = |J; E; be
the irreducible decomposition. The restriction of Oy (|¢*M]) on Y\ (EUF)
can be seen as a subsheaf of Q§_1|y\(EUp).

DEFINITION 4.4. For each i, let ~; be the largest integer such that
Oy (l¢*M| +~;E;) is contained in Q" generically around E;. We define
L:= Oy (" M|+ > 7iEs).

By the definition, we have L[y\p C Qgi_l|y\ F-

LEMMA 4.5. L is a subsheaf of Qg}_l.
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Proof. Put Xg = X ND(x0),Yy = ¢~ 1(Xp) and ¢y = ¢ly, : Yo — Xo.
We need to show that Lly, = ¢{(M]x,) C Q%‘l The restriction of the
projection
T = T|xy: Xo — Dy(x0) CP(1,a1,...,a,)

is identified with the morphism
Spec A[v]/(v? — f') — Spec A = A",

where A = k[¢1,...,&,] and ' = f(1,&,...,&,) € A. Consider the homo-
morphism of A-modules pg: A — QY determined by pp/(1) = df’. We have
d|x, = —mgpy and this implies that M|x, = 75Q, where Q is the invertible
sheaf on A" associated with the A-module (A% Coker(ps))"V.

It is proved in [10] that the invertible sheaf 7§Q is generated by the
(n — 1)-form n which is defined in Remark 4.6 below and that ¢§n does
not have a pole along exceptional divisors of g (cf. [10, Section 22, 23]).
Therefore, we have Ly, = ¢§(m5Q) C Q%‘l. [

Remark 4.6. It is shown in [10, Lemma 16] that M|xnp, (z0)
OxAD, (z0) 1> Where
dés N -+ NdE,
=
3, WP — f')
d&i A ANdgna
(P —f1)

dé1 NdEg N --- NdE,
a7 = 1)

n=(*)

== (2)

is a (n — 1)-form on X.

Let I be a sufficiently divisible positive integer so that M is an in-
vertible sheaf on X, where MU is the double dual of M®!. Then, there are
integers ¢ such that

£ = g Ml g 0y (-3 2B,
Put g; = z—:; /l. The rational number ¢; does not depend on the choice of [.

DEFINITION 4.7. For each I € Z, let

Iri= (mie{o,...,nﬂ}\f(mi - 0)> n (ﬂieI(xi 7 0)> N Xas

be a locally closed subset of X. We call Z; a singular stratum of X.
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By Lemma 3.6 and the definition of Z, we see that
Sing(X) N (z0 = 0) =, _, Zr.

where the union is disjoint.

To conclude that the line bundle £ is big, we need to lift global sections
of M to those of £&. In other words, we need to bound the rational
number ¢; from above. The proof of the following lemma will be postponed
until the next section.

LEMMA 4.8. Let E; be an exceptional divisor of o1 Y — X whose cen-
ter is the closure Z1 of a stratum Zj for some I C {1,...,n+1}. Then, we
have A > rje;.

LEMMA 4.9. L is a big line bundle on Y.

Proof. Put amax = max{ai,...,a,}. By Lemma 4.8, we have lg; <
Al/r; — amax for all sufficiently large and divisible I. We see that

L = MU @ 0,0y (=Y 12iE;)
> MU @ 0,0y (— > A - amax)Ei).

Consider the global sections mf)‘”, a;g” e, ... ,xél_“”xn of M= O (Al).
Let U be a sufficiently small open subset of X such that U N Z; # 0.
Then xSI |l € Op and it vanish along Zr. Hence, for each i, the section
mél_‘“ = (zy )AL _‘“m(()” _l)aimi vanishes along each singular stratum Z
with multiplicity at least Al/r; — amax and thus lifts to a global section of

£®l

Xy

The global sections :EAl . :cé” 1, define a dominant map X --» P".

Therefore, L is big. 0

85. Local models of X
This section is devoted to prove Lemma 4.8.

5.1. Preparation from toric geometry

Let us fix some basic notations on toric varieties. For details, we refer
the reader to [9]. Let N be a lattice of rank n, M = Hom(N,Z) its dual,
o a strictly convex rational polyhedral cone in Ng = N ®z R and k an
algebraically closed field. Then, the scheme S := k[gV N M] is an affine



NONRATIONAL WEIGHTED HYPERSURFACES 17

normal variety which we call the affine toric variety defined by (N, o) over
k. Such an variety S contains the n-dimensional torus 7" := Spec k[M]. We
can identify N (resp. M) with the group of homomorphisms of algebraic
groups from Gy to T (resp. from T to Gy). If @ € M then we denote by
x® the corresponding element of I'(T, Or) and if 5 € N then we denote by
Ag: Gy — T the corresponding homomorphism. Let 7 be a face of o and 3
be any point of Int(7) N'N. Then, the limit lim; .o Ag(t) exists in S and is
uniquely determined by 7, that is, if 81, B2 € N then we have lim;_¢ Ag, (t) =
limy .9 Ag, (t) if and only if 5y and (3 lie in the interior of some face of o.
We call lim;_g Ag(t) the distinguished point which corresponds to 7.

DEFINITION 5.1. For a positive integer r and integers c1, ..., ¢y, let
N=N(r;c1,...,cn):=Z-e1r+---+Z-en,+7Z-(1/r)(cie1 + -+ cpep)

be the lattice of rank n and M = M(r;¢q,...,¢,) be the dual lattice of N.
For a subset {i1,...,ix} of {1,...,n}, let

U:U(il,...,ik) ::R20~ei1+--~+Rzo-eik

be the strictly convex rational polyhedral cone in Ng.
For each i = 1,...,n, put

0; = ged{r,c1,..., ¢y .. en}/ged{r,c1,...,cn} € Z.

For a lattice point & € M, let a(M), ..., o™ be the integers such that o =
aWer + .-+ aMe, where {ef,..., et} is the dual basis of {e,...,e,}.
Let k be an algebraically closed field of characteristic p. We denote by V
the k-vector space M ®7z k.

DEFINITION 5.2. Let N be a lattice, M a dual lattice of N, o a strictly
convex rational polyhedral cone in Ng and S the affine toric variety defined
by (N,o). For a lattice points a,..., oy € M, we denote by w(ari,...,aq)
the rational g-form

dx* N - ANdx®e
wlo,...,0q) =

ot tag

on S.
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LEMMA 5.3. Let p be a prime number, r a positive integer and cq, . .., Cy
integers. Let S be the affine toric variety defined by

(N,o) = (N(rict, ... en),o(1,... k)

over k. Suppose that we are given lattice points v, ...,aq € M = Hom(N,Z)
such that oqx A+ Nag # 0 in ATV and put w = w(o,...,aq). Letl be a
positive integer and o € M. Then, we have

xw® e HO(S, (%))
if and only if the following holds for everyi=1,...,k:

Oé(l) > O Zf a.gl)/élzo (mOdp) fOT’ everyj:17"’7q7
| 15;  otherwise.

Proof. For eachi=1,...,k, let 0; = R>¢-e; be the 1-dimensional face
of o and let
S; = Speck[o;" N M]

be the open subvariety of S. The variety .S; is nonsingular and the codi-
mension of S\ Jj_, S; in S is 2. Thus, x*w® € HO(S, (Q4)Y)) if and only

if x*w®! is holomorphic on S; for every i = 1,. .. k.
Choose and fix any i € {1,...,k}. Put m; = agz)/éi and m = a® /§; €
Z. We can take affine coordinates z1,..., 2, so that we have
S; = Speck[zl,...,zn,zfl,...,zi_l,...,zgl].

. . . my
Moreover, under the isomorphism, we have x* = z/"h and x* = z; 7 h;,
where h, h; are functions of z1,...,%;,..., z,. Therefore, we have

d(ZM ) A A d(z;”qnq)>®l

g

Xaw®l|3i — Z?’h(

Since h and h; are unit element in Op,, by a direct computation, the lemma
is proved. 0

For a prime number p and a nonnegative integer ¢, we define mult,(c) :=
max{m | ¢ € p™Z} if ¢ # 0 and multy(c) := oo if ¢ = 0. If ¢ = 0 then we
define p~™ults(c) .— (.
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COROLLARY 5.4. Let p be a prime number, r a positive integer and
C1,--.,Cn integers such that 0 < ¢; <7r fori=1,...,n. Assume that

multy(c1) < multy(cz) < -+ < mult,(cp_1).
Let S be the affine toric variety defined by
(N,o) = (N(r;¢1, ... ¢n),0(1, ..., k))
over k and
w=w(r'el,cles —chel,...,crel | —c,_qe])

be the rational (n — 1)-form on S, where 1/ = pp=min{multy(r);multp(c)}t 4y g

¢ =cip” multy(c1) -~ Suppose we are given a positive integer | which is divisible

by r. Then, we have
k(S) - w® N (I c Og - M+ e, @l
where k' = min{k,n — 1}.
Proof. It can be checked that
a1 i=1'el, 1= dlel — chel, .. an_1 i=clel | — et

form a basis of V. Set s = mult,(r) and ¢; = mult,(¢;). By Lemma 5.3,
it suffices to show that the integer 0%(1) /01 is not divisible by p for some
i=1,...,n—1, sincep{al(.i) =d fori=2,....,n—1. If t; = to then
agl) = ¢}, is not divisible by p. If s < t; then agl) = r/ = r/p® is not divisible
by p. We assume that t; < t5 and ¢; < s. In this case multp(agl)) =s5—1

and multp(agl)) = ty — t;. By the definition of §;, we have mult,(6;) =
min{s,ta} — t1. If s <ty then we have

mult, (ol /61) = mult,(e{) — mult, (51) < (s — t1) — (s — t1) = 0.
If s > ty then we have
multp(agl)/&) = (t2 —t1) — (t2 — t1) = 0.

This completes the proof. 0
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COROLLARY 5.5. Let p be a prime number, r a positive integer and
c1, ..., Cp nonnegative integers. Assume that c1 and co are not divisible by
p. Let S be the affine toric variety defined by

(N,o) = (N(r;e1y. .. yen),0(1, ... n))
over k and
w = w(crey — cz€], C1€5 — C3€],. .., C1e;, — Cpe))

be the rational (n — 1)-form on S. Suppose we are given a positive integer
I which is divisible by r. Then, we have

k(S) - w® N (Qe T C Og -yt el !
Proof. Tt can be checked that
Q1 1=Te], Qg 1= C1€y — C2€], ..., 0y = Cl€) — Cpe]

form a basis of V= M ®z k. We have multp(agi)) = mult,(c;) = 0 for
i=2,...,n and multp(agl)) = mult,(c2) = 0. Thus, the Lemma follows

from Lemma 5.3. U

5.2. Description of local models
Throughout this subsection, we assume Assumption 4.1.

DEFINITION 5.6. For I € Zg with I # {n + 1}, put m = |[[¥|, i =
n—(m+1) and let ¢1, ..., ¢, be the positive integers such that {¢1,..., ¢} =
{[a;)! | i € I}, multy(c) < -+ < mult,(cy,) and if mult,(c;) = mult,(c;)
then ¢; < ¢;. Then, let

N;:=N(rr;eq,. -5 6m,0,...,0,0)
be the lattice of rank n, My its dual and let
J— Rzo-el—l-"'—l—Rzo-em—l—Rzo-en, 1fn—|—1§é[,
T \Rsg €1+ +Rsg - e, ifn+lel,

be the cone in (Nj)g. We denote by S; the affine toric variety defined by
(N7,07) over k and by s; the distinguished point of S; which corresponds
to the cone o7 in (N7)r. Let oy := ef + - - - + e, be the point of o} and let

e !/ _x /! *x /% !k / * * *
wr = d(cie], ciey — Cyel, ..., 1€, — Crel, €mits - En_1)
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be the rational (n — 1)-form on S7, where ¢; = ¢;p~ ™t (ci),

When I = {n + 1}, after renumbering the indices of aq,...,a,, we as-
sume that Condition (2.3.2) holds for j = 1 and 0 = mult,(a;) = mult,(a2)
< multy(az) < --- < multy(a,). We define

(N[,O‘[) = (N(b;al,...,an),RZO -e1 +"'+R20 -en)

and let M; be the dual lattice of N;. We denote by S; the affine toric
variety defined by (N7, or) over k and by sy the distinguished point of St
which corresponds to the cone oy in (N;)r. Let oy := €] +--- + €} be the
point of o} and let

I * * * * * *
wr := d(a1€3 — aze], a1e3 — agey, ..., a1€, — anel)
be the rational (n — 1)-form on S;.

Throughout this subsection, we choose and fix a sufficiently divisible
positive integer .

LEMMA 5.7. Let I be a subset of {1,...,n+1} such that I is saturated
or I = {n+ 1} and let x € Z; be any closed point. Then the following
assertions hold.

(1) (Sr1,s1) is a local model of (Xys, ).

(2) We have k(Sy) - w?l N (le_l)m C Og, - Xl"”w?l.

(3) There is a rational (n —1)-form wy, on X such that Ml e k(X) - w®
and w, is identified with wr by the isomorphism Ox ; = Og, s, -

(4) There is a function h, € Ox . such that it can be identified with x'*1
by the isomorphism Ox , = Og, ;-

(5) Let ¢r: S" — St be a toric resolution obtained by subdividing the cone
or. Then, for any exceptional divisor E' of oy, the order of the pole
of 5 (X! w¥") along E' is at most Al/rr — 1.

Proof. Let x € Z; be a point and |I| = k. For each I C {1,...,n+ 1},
we associate an affine variety

Cp,r:=Speck[{& | i€ {0,...,n+1}\I}] x Speck[ul,ul_l, ... ,uk_l,ulz_ll],
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where P = P(1,a1,...,a,,b). The group scheme p, acts on U by & +—
§®t", uj — uj and gives the quotient (Cp 1/p,,) = Dy (27) (cf. Definition-
Lemma 3.2). There is a natural morphism

m1: Cpr — (Cpr/py,) = Dy (z1).

The locally closed subset Z; is exactly the closed subset XN (ﬂ2¢ (& =0)) of
XNDy(xg). Let fr, gr be the functions of {&; | ¢ ¢ I} and uq, ..., ux_1 which
correspond to f, yPxo respectively. Then, we see that Cx 1 = (91 — fr =
0) C Cpy. The group scheme k., acts on Cx 1 and gives the quotient
Cx,1/p,, = X N Dy (x;). Since X¢s is quasi smooth, there is some ig ¢ I
(or j € {1,...,k — 1}) such that we can choose {&; | i ¢ I,i # ip} and
u,...,up—1 (or {& |i ¢ I}t and uy,...,1;,...,ux—1) as local coordinates of
Cx,1 at the point Tl_l(z). If n+1 ¢ I, then we write v instead of &,,4+1 in the
following. In this case, the coordinate v corresponds to the homogeneous
coordinate y and we have g; = vP£y. By this observation, we can describe a
local model of X at z € Z7. To go further, we divide the proof of (1)—(4)
into four cases.

Case 1: I ={k+1,...,n} is saturated and 77 | d.

In this case, we can write f; = f' + f”, where f" = f'(u1,...,up—k—1)
and f"” € (&,...,&)? since I is saturated and r; | d. Hence, (d(g; —
f1)/0&)(z) = 0 for i = 0,...,k and, by the smoothness of Cx j, we may
assume that &, ..., &k, v, U1, ..., uy—g—2 form a local coordinates of C'x r at
77! (2). The action of ., on Cx g is given by & — & @ 1%, v+ v @ 1" and
u; — u;. Thus, we see that (S, sy) is a local model model of Xgs at z. We
may assume that & (resp. u;) corresponds to X (resp. Xé; )fori=0,...,k
(resp. j =1,...,n — k — 2) after passing to the completion.

Let

_ A& Nd(& /&) N Nd(Er/E5") Ndun A A dutg— s

w
! 0 (§1/€5%) -+ (& /&  Jun -+ un—g—2

be the rational (n — 1)-form on X. We see that, after passing to the com-

pletion, w, can be identified with wy. Let &1,...,&,, v be the natural affine

coordinates of D4 (z¢) defined by &/ = z;/z( fori =1,...,n and v/ = y/xf.

If we restrict wy, on X N Dy (z7) N D4 (xp), it can be written as

w _dGlA---AdGn_l
r— Gi1--Gpq )
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where G; is a monomial of &,... &), for every i. Then, by Remark 4.6,
there is a rational function ¥ on X such that w, = ¥1. Therefore, we see
that

MU c k(X)) - n® = k(X) - W&

xT

By Corollary 5.4, we have
Os; 'w}@l n (le—l)[l] COg; - Xlalw?l’

where, in this case, af = €] +---+e; . Put hy = {é--f}g. Then, the

function h, € Ox ; is identified with Xlo‘f after passing to the completion.
Case 2: I ={k+1,...,n} is saturated and ry t d.

In this case, we can write fr = folo + -+ + fiée + f”, where f] =
flur, .. sup—g—1) and " € (&,...,&)? since I is saturated and rr { d.
Hence, we have (9(gr — f1)/0u;)(z) = 0 and (9(g1 — f1)/0&)(2) = [i(2)
for z € Z;. By the smoothness of Cy, there is some j € {0,...,k} such
that fi(2) # 0. Such a j necessarily satisfies d —a; = 0 (mod 7). For
simplicity of the proof, we assume that j = 0. Note that the description
of w; below depends on the choice of j and we need to consider the case
j €{1,...,k} for a complete proof. But, in that case, the description of w,
is similar and, moreover, rather easy compared to the case 7 = 0. Hence,

we concentrate on the case 7 = 0. We see that &,...,&, U1, .., Up_k_1
form a local coordinates of Cy at 7; *(2). After renumbering the indices of
ai,...,ag, we may assume that ¢; = [a;]! for i = 1,...,k (See Definition 5.6

for the definition of ¢;). Thus, we see that (S, ss) is a local model of X
at z and, after passing to the completion, (resp. u;) is identified with X
(resp. X)) fori=1,...,k (resp. j=1,...,n—k —1). Let
T h jech A /e
V(€S /E) - (G /€ ua - -t

—multy(e1)

T

be the rational (n — 1)-form on X, where ¢, = ¢;p and r; =
ppp~ min{multy (rr),multy (c1)} - We see that, after passing to the completion, w,
can be identified with w; and, as in the case 1, we have M[z” C Ox,; - wgg@l.
By Corollary 5.3, we have

k(Sp) - wf' n Q% c 0g - xlTw§,

where, in this case, ay = e+ --+e}. Put hy = €} --- €. Then the function
hg is identified with x'® after passing to the completion.
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Case 3: I ={k+1,...,n+ 1} is saturated.

Since r7 1 d and I is saturated, we can write f;r = folo + -+ + f1.&k + 17,
where ' = f'(u1,...,up—r—1) and " € (&,...,&)%. As in the case 2,
we have (0(gr — f1)/0¢;)(z) = fj(z) # 0 for some j € {0,...,k} such
that a;j = d = 1 (mod ry). For simplicity of the proof, we assume that
j = 0. Therefore, we may assume that &q,...,&;, uq,...,u,—; form a local
coordinates of C at Tl_l(z). After renumbering the indices of a1, ..., ag, we
may assume that ¢; = [a;]! for i = 1,..., k. Thus, we see that (S, s;) is a
local model of X at  and, after passing to the completion, &; (resp. u;) is
identified with X% (resp. Xé;) fori=1,...,k (resp. j=1,...,n—k—1).

Let

dey! MG /EE) A N /EF) A duy A A dug
Wy = ! o o o <
11( 21/512) T ( k1/51k)ul o Up—k—1

be the (n — 1)-form on X, where ¢, and r} are defined in the same way as
in case 2. We see that w, can be identified with w; after passing to the
completion and Mg] C k(X) - wy, as in the case 1. By Corollary 5.4, we
have
@l —1\[t lar, Q1
k(Sp) - wf' 0 (g O O, - X MT0f,

where, in this case, af = e]+---+e;. Put h, = {ﬁ e f,lf. Then, the function

hg is identified with ! after passing to the completion.

Case 4: [ = {n+1}.

After renumbering the indices of ai,...,a,, we assume that Condition

(2.3.2) holds for j = 1 and 0 = mult,(a1) = multy(az) < multy(az) <
- < multy(a,). In this case, we have g1 = & and fr = f(&,...,&).

Thus, (9(gr — f1)/00)(Pry1) = 1—(0f1/0&0)(Pry1) # 0 and we can choose

€1, ..., &, as local coordinates of Cy at 7, '(P,41). Then, we see that (S;, s;)

is a local model of X at P11 and &; is identified with X% fori=1,...,n

after passing to the completion. Let

e /) A A d(Ea /)
N DR GAE)

be the rational (n—1)-form on X. We see that w, is identified with w; after

passing to the completion and, as in case 1, we have Mgﬂnﬂ c k(X) - w®.
By Corollary 5.5, we have

k(S) - wi' N (@5 c Og, - X0
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Put h, = & --- &L, Then the function h, is identified with ' after passing
to the completion.
Finally, let us prove (5). For k =1,...,r; — 1, let

(1/7“[)(2?;1[16‘01]161 + [kb]fen) ifn+1¢1,
Be =4 (1/r1) S [kei) e ifn+1elandl#{n+1},
(1/6) iy [keil e if I ={n+1},

be the lattice point of ;. We see that an exceptional divisor E’ of ¢
corresponds to some lattice point 3 € o7y N N; which can be written as
B = B+ for some k and some lattice point 3’ = fie1+---+0,e, € 07NNy,
where (3] is a nonnegative integer for i = 1,...,n.

Suppose that I # {n + 1}. Then, we have

multp (@7x'*) = lay () = lag(Bx) = (I/r1) Ziel# [kai]" > 1(rr — A)/r1.

The last inequality follows from Condition (2.3.1). The rational (n—1)-form
@jwr has a pole along E’ with multiplicity one. Thus, the order of the pole
of go?(xlo‘fw?l) along E' is | — multp (¢x*7) < Al/r;.

Suppose that I = {n + 1}. We assume that Condition (2.3.2) holds for
j =1and 0 = multy,(a;) = multy(az) < multy(az) < --- < multy(a,). If
3 # 0 then we have

mult g (p5x'*7) = lor(B) > lor(B) = 1B + -+ B,) > L.

Therefore, the order of the pole of ¢%(x!* w?l) along E’ is at most [ —
mult, (p5x*’) < 0. In the following, we assume that 3’ = 0, that is, 3 = .
If £ ¢ Uy then we can write go?x“lef_‘“eﬂ(]/ = 2P"ip;, where U’ is an open
set of S, z is a defining equation for E' on U’, n; is a nonnegative integer
and h; is a holomorphic function which does not vanish along E’. Hence,
the form pjwr|yr = (dha A --- A dhy)/(ha - - hy) is holomorphic on U’. If
k € ¥ then we have

mult (') = Ly (8) = Loy (B) = (1/0) - [kail! > 1(b— A)/b.

The last inequality follows from Condition (2.3.2). The (n — 1)-form ¢jwy
has a pole along E’ with multiplicity one. Therefore, the order of the pole
of Wi (x!“1wP") along E is | — multp (¢5x*") < Al/b. This completes the
proof. U
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Next, consider a local model of Xy at a point of Z; when I is not
saturated and I # {n+1}. In this case, there is a unique I' C {1,...,n+1}
such that I’ D I,r; = vy and I’ is saturated. Suppose that S is the affine
toric variety defined by (N,o) := (Np,op +Rsg- €1 + -+ + Rxq - &) for
some 4. Since oy is a face of o, the toric variety S;» can be seen as an open
subvariety of S and the rational (n — 1)-form wy can be seen as a rational
(n — 1)-form on S.

LEMMA 5.8. Notation as above. Let I be a subset of {1,...,n+1} such
that I is not saturated and I # {n + 1}, and let © € Z be a point. Then,
there is a nonnegative integer n’ such that (S, sr) is a local model of Xqg
at x, where Sy is the affine toric variety defined by (Ny,o7) := (Np,op +
R>p-é1+---+R>0-€,) overk and sy is the distinguished point of S; which
corresponds to the cone or. Moreover, there is a rational (n — 1)-form w,
on X and a function h, € Ox , with the following properties.

1) MI ck(x)-wdl.

(2) After passing to the completion, w, (resp. hy) is identified with wy
(resp. X'*1) by the isomorphism Ox , = Og, s,, where wy = wy and
gy = Aagr.

(3) We have k(S) - %' N (le_l)m C Og, - X' W

(4) Let or: S" — Sy be a toric resolution obtained by subdividing the cone

or. Then, for any exceptional divisor E' of ¢y, the order of the pole
of gp?(xlo‘fw}@l) along E' is at most Al/r; — 1.

Proof. Put k = |I|. Consider the affine variety
Ur :=Speck[{&; | i €{0,...,n+ 1} \ I}] x Spec]k[ul,ul_l, ... ,uk_l,u,;_ll]

on which g, acts and gives the quotient (Ur/u,,) = D (x;). Then, Uy is
the open subvariety D(] ;¢\ ;&) of Ur. We have f; = f’+Zi€p\I flg+ 1",
where f’, f!/ are functions of wuy,...,ux,—1 and f” € ({§ | i € {0,...,n+
1} \ I})% By Lemma 3.6, we see that there is some i € I’ \ I such that
(0(gr — f1)/0&)(xz) # 0, or there is some j € {1,...,k — 1} such that
(0(g9r — f1)/0uj)(x) # 0. In the former case, let 2’ be a point of Z;» such
that (0(gr — f1)/0¢;)(2") # 0 and in the latter case, let 2/ be a point of Zj/
such that (0(gr — fr)/0u;)(z") # 0. Then, by the proof of Lemma 5.7, we
see that (Sp,sp) is a local model of Xy at 2’ and we may assume that &;
(vesp. u;) is identified with x% (resp. x%). Moreover, there is a nonnegative
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integer n’ such that (S7,sy) is a local model of Xgs at x, where Sy is the
affine variety defined by (N7,o7) :== (Np,op +R>0- €1+ ---R>p - &) and
sy is the distinguished point of S; which corresponds to the cone o;.

Put w; := wp and ay := ap. As in the proof of Lemma 5.7, we can
write down explicitly the rational (n — 1)-form w, on X and the function
hy € Ox, with the properties (1) and (2). By Corollary 5.4, we see that
k(Sr) - wi' N (QEH C Og, - 1w

Let us prove (4). For k=1,...,r1 — 1, let

b — (L/rr) (20 [keilTei + [kb]e,) ifn+1¢T,
) S ke e ifn+1el,

be lattice points of o;. The exceptional divisor E’ corresponds to some
lattice point 3 € oy NNy which can be written as 8 = 85 + ' for some k
and some lattice point 3" € oy N;. The (n—1)-form jwr has a pole along
E’ with multiplicity one. Hence, the order of the pole of gp?(xlaf w}@l ) along
E'is | — multg (¢5x!r). We have

e ($x'%) = lag(8) > lag(B) = (fr)) Y, [baa] > Urr = A)fry.

The last inequality follows from Condition (2.3.1) for I’. Therefore, the
lemma is proved. [

Proof of Lemma 4.8. We may assume that r; > 1, that is, Z; is con-
tained in the singular locus of X. Indeed, if r; = 1 then Z; is contained in
the smooth locus of X. Hence, generically around Z;, the invertible sheaf
MU ig generated by a holomorphic form since MU ¢ (Q}_l)m. By the
definition of ¢;, we see that £; < 0. On the other hand, we have A > 0 by
Condition (2.1.4).

Let € Z; be any point. Let (S7,s7) be the local model of X at
x, wr the rational (n — 1)-form on S; and «ay the lattice point of o) N My
which are defined in Definition 5.6 or Lemma 5.8. By Lemma 5.7 and 5.8,
there are a function h, € Ox, and a rational (n — 1)-form w, such that
MU co Xz haw® and, after passing to the completion, h,w®! is identified
with y' w?l. Let ¢': 8" — S| be the resolution of S; which is induced by
the resolution ¢ of the toroidal embedding Xy and let E’ be the exceptional
divisor of ¢’ which corresponds formally to F;. By Lemma 5.7 or Lemma 5.8,
we see that the order of the pole of ¢*(h,w®') along E; coincides with that
of ¢ (x“w?") along E' and is at most Al/r; — 1. Therefore, we have
Al/rr > lg; and the lemma is proved. [



28 T. OKADA

86. Proof of main theorems

Proof of Theorem 1.3. This follows from Lemma 4.5, 4.9 and 1.6. b

Proof of Theorem 1.2. Theorem 1.3 and 1.5 imply that the weighted
hypersurface X; defined over C is not ruled for a very general f € Hy(C)
(cf. [12, Section 4.4]). If X = Xy is defined over C, it is quasi smooth
for a general f € Hy(C) by Corollary 3.7. Therefore, X has only quotient
singularities for a general f € H;(C). We have

Ox(—Kyx) = (’)X(Z?_O a;+b— d).

Thus, Condition (2.1.4) implies that —Kx is ample. This completes the
proof. 0

§7. Examples of nonrational Q-Fano varieties

In this section, we present some examples of nonrational Q-Fano vari-
eties. In Theorem 7.1 and 7.3 below, we do not prove that (p,{a;},b,n,d)
satisfies Condition (2.1.5). This is because there are computer programs for
checking quasi smoothness and our cases can be done easily, or one can also
prove it directly.

7.1. Nonrational terminal Q-Fano threefolds

There are lists [7, 16.6], [2, Table 1] and [3, Table 1] of weighted hy-
persurfaces of dimension three which are terminal Q-Fano varieties. We
obtained Table 1 below by choosing members of those lists that satisfy both
Condition 2.1 and 2.3.

Let (p, {a;},b,n,d) be one of those listed in Table 1. It is straightforward
to check that it satisfies Condition 2.1 and 2.3. The integer ¢ in Table 1
is defined as ¢ := —d + """ ja; > 0 so that we have Ox(—Kx) = Ox(c).
The singular points of X and types of singularities of X are written in the
last column. P; stands for the point (0:---:0:1:0:---:0), where the 1
is in the i-th position, and P;; is a point contained in the singular stratum
Zyijy- As aresult, we obtain the following examples.

THEOREM 7.1. Let p,ag,...,a3,b and d be integers listed in Table 1.
Then, the weighted hypersurface

Xf = (ypxo - f(ajOv s 7'%‘3) = 0) - ]P(C(l,(ll,(lg,ag,b)

is a non-ruled terminal Q-Fano threefold for a very general f € Hy(C).
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Table 1: A List of (p,{a;},b,n,d) satisfying Condition 2.1 and 2.3.

d | p| (ag,...,a3,b) | c Singularities
No.1 | 5 ]2 (1,1,1,1,2) |1 Py:3(1,1,1)
No.2 || 72| (1,1,1,2,3) |1 | P3:3(1,1,1), Py: £(1,1,2)
No.3 || 9|2 (1,1,1,3,4) |1 Py:1(1,1,3)
No.4 ||10|3] (1,1,1,5,3) |1 Py 2(1,1,2)
No.5 || 10| 3| (1,1,2,5,3) |2 Py 2(1,1,2)
No.6 |15 |2 | (1,1,2,5,7) |1 | Pp:5(1,1,1), Py 1(1,2,5)
No.7 |15 2| (1,1,3,4,7) |1 | P3:1(1,1,3), P,: 1(1,3,4)
No.8 |15 |2 | (1,2,3,5,7) |3 | Pr:3(1,1,1), Py: 1(1,3,4)
No.9 |16 | 3| (1,1,2,8,5) |1 | Pa:5(1,1,1), Py:£(1,2,3)
No. 10 || 21 | 2| (1,1,3,7,10) | 1 Py 4:(1,3,7)
No. 11 || 22| 3| (1,1,3,11,7) |1 | P»: 3(1,1,2), P, : £(1,3,4)
No. 12 || 28 | 3| (1,1,4,14,9) |1 | Pos: £(1,1,1), Py: §(1,4,5)

Remark 7.2. [7, 16.6] (resp. [3, Table 1], [2, Table 1]) is the list of
terminal Q-Fano weighted hypersurfaces of dimension three with ¢ = 1
(resp. ¢ = 2, ¢ > 3). We remark that [7, 16.6] is the complete list while [3,
Table 1] and [2, Table 1] may not be complete lists.

It is proved in [5] that a general member of each of the 95 families
listed in [7, 16.6] are (birationally) rigid, which implies the nonrationality
of the general member. Thus, among the twelve families of our examples,
No. 5 and 8 are new and the remaining ten provide the known cases with
an alternate proof of nonrationality. Nevertheless, our examples are new in
the sense that our proof shows that all unirulings have degree divisible by
2 (if p=2) or 3 (if p = 3).

7.2. Nonrational log terminal Q-Fano varieties of dimension
>4
Let m, n be integers such that 4 < n, 0 < m < n and let [ be an odd
integer such that n —m + 1 <1 < 2(n —m). Then, for every odd positive
integer a with a > (m + 1)/2, the combination

(PyaQ, -y Ay At 1y - -+ 5 Ay by d) = (2,100, 1,a,...,a,(al —1)/2,n,al)

satisfies Condition 2.1. We show that (p, {a;}, b, n,d) satisfies Condition 2.3
for every odd positive integer a. We see that Zgy = {I1,I2}, where I} =
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{m+1,...,n} and Iy = {n + 1}. Thus, (p,{a;},b, n,d) satisfies Condition
(2.3.1) since we have

A::d—ze_oaiz(l—l—m—n)a—(m+1)

and
i " 1l — 1
og‘gga{zi:o[k%] } m

Moreover, (p,{a;},b,n,d) satisfies Condition (2.3.2) for j = 1. Indeed,
we see that il ¢ Uy for i = 1,...,(a — 1)/2 and, for an integer ¢ with
0<c<(a—1)/2, [ka]l = cif and only if £k = ¢l (mod b). In other words,
we have [ka]! > (a+ 1)/2 for k € ¥; and hence

min{zn [k:ai]l} = min{m[kz]l + (n— m)[k:a]l}

kewy i=1 kewy
>m+ (n—m)(a+1)/2.

‘We have

A— (b_,?giﬁ{z:?zl[kai][})
>{l+m-n)a—(m+1)—(al—1)/24+m+ (n—m)(a+1)/2
=((l+m—-n)a+n—-—m-1)/2>0

since L+ m —n > 0 and n — m > 0. Therefore, (p,{a;},b,n,d) satisfies
Condition (2.3.2) and we obtain the following examples.

THEOREM 7.3. Let m, n be integers such that 4 < n and 0 < m < n,
and let | be an odd positive integer such that n —m+1 < [l < 2(n —m).
Then, for every odd positive integer a with a > (m + 1)/2, the weighted
hypersurface

Xf = (y2$0 - f(x(b HE axn) = O) C PC(1m+l7 an_m’ ((Il - 1)/2)

of degree al is a non-ruled log terminal Q-Fano variety for a very general
f(aﬁo, R ,:L’n) S Hal((C).

Here, P(1™*1 a"~™ (al — 1)/2) is the weighted projective space

m+1 n—m

N A,
P(,...,1,a,...,a, (al —1)/2).
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Remark 7.4. The singular locus of Xy is the union of Z;, = (zp =

o =ay =y =0)NXsand Zy, = {Py41}. The singularity of X at each
point of Zj, is of type

m+1 n—m—2 m+1 n—m—2
N —N—
11,...,1,0,...,0,0) = 1(2,...,2,0,...,0,-1)

(

=

where b = (al — 1)/2.
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