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NAKAJIMA MONOMIALS AND CRYSTALS
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HYEONMI LEE

Abstract. Nakajima introduced a certain set of monomials realizing the ir-

reducible highest weight crystals B(λ). The monomial set can be extended

so that it contains crystal B(∞) in addition to B(λ). We present explicit de-

scriptions of the crystals B(∞) and B(λ) over special linear Lie algebras in

the language of extended Nakajima monomials. There is a natural correspon-

dence between the monomial description and Young tableau realization, which

is another realization of crystals B(∞) and B(λ).

§1. Introduction

The theory of Nakajima monomials is a combinatorial scheme for re-

alizing crystal bases of quantum groups. Nakajima introduced a certain

set of monomials realizing the irreducible highest weight crystals in [16].

Kashiwara and Nakajima independently defined a crystal structure on the

set of Nakajima monomials and also gave a realization of irreducible high-

est weight crystal B(λ) in terms of Nakajima monomials, as the connected

component of the monomial set containing a maximal vector of dominant

integral weight λ [9], [17]. This has lead to the belief that it should be pos-

sible to give a similar realization for B(∞), which is the crystal base of the

negative part U−
q (g) of a quantum group over symmetrizable Kac-Moody

algebra g, also.

Much effort has been made to give realization of B(∞) over various

Kac-Moody algebras. In addition to these works, in our recent works [3],

[14], we gave new realization of B(∞) for the finite simple Lie algebras, in

terms of Young tableaux.

Starting from the realization theorem of Kashiwara and Nakajima [9],

[17], we can argue that it is not possible to find the crystal B(∞) within

the set of Nakajima monomials with their given crystal structure. Hence,
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in our work [13], we constructed the set of extended Nakajima monomials

and developed a crystal structure on it, to describe B(∞) in the monomial

language. Actually, the set of Nakajima monomials can be embedded as a

subcrystal in this set of extended Nakajima monomials. Thus, the mono-

mial theory developed for irreducible highest weight crystal can easily be

transferred to that on the extended monomial set.

As the first contribution of our present paper, we introduce explicit de-

scriptions of the crystal B(∞), in terms of extended Nakajima monomials.

We restrict ourselves to special Linear Lie algebras. The extended Naka-

jima monomial description is obtained by relating it to the Young tableau

realization [3], [14].

The second contribution of this paper is to give an explicit description of

the irreducible highest weight crystal B(λ) for any dominant integral weight

λ, in monomial language, for An case. Another monomial description of

B(λ) for this type may be found in [6], but unlike this work, there is an

immediate correspondence between our description and the Young tableau

realization of Kashiwara and Nakashima [10].

Our paper is organized as follows. We first review the notion of ex-

tended Nakajima monomials and the crystal structure given on the set of

such monomials. Also, we cite Young tableau expression of crystal B(∞)

which play a crucial role in our work. We then proceed to give monomial

descriptions of B(∞) and B(λ). In the process of obtaining these results,

we give new expressions for the Kashiwara operators acting on a certain

extended Nakajima monomials, more appropriate for the situation in hand.

One strong point of the present work is that since our description has

a natural correspondence with the Young tableau description, the Young

tableau theory developed for B(∞) and B(λ) can easily be transferred to

that on the monomial set.

In closing the introduction, we remark that recently the present work

has been extended to explicit monomial descriptions of B(∞) for all other

classical finite types and G2 type by the author [15].

Acknowledgments. The author thanks Professors Satoshi Naito and

Yoshihisa Saito for helpful information and valuable suggestions, and the

referees for their helpful comments.

§2. Extended Nakajima monomials and Young tableaux

In this section, we introduce notation and cite facts that are crucial for

our work. Please refer to the references cited in the introduction or books
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on quantum groups [2], [4] for the basic concepts on quantum groups and

crystal bases.

Let us first fix the basic notation.

• I = {1, . . . , n} : index set.

• A = (aij)i,j∈I : Cartan matrix of type An.

• P∨ =
⊕

i∈I Zhi : dual weight lattice.

• P = {λ ∈ h∗ | λ(P∨) ⊂ Z} : weight lattice, where h = Q⊗Z P∨.

• P+ = {λ ∈ P | λ(hi) ≥ 0 for all i ∈ I} : the set of dominant integral

weights.

• Π∨ = {hi | i ∈ I} : the set of simple coroots.

• Π = {αi | i ∈ I} : the set of simple roots.

• Uq(An) : quantum group associated with the Cartan datum (A,Π,Π∨,

P, P∨).

• U−
q (An) : subalgebra of Uq(An) generated by fi (i ∈ I).

• B(λ) : irreducible highest weight crystal of highest weight λ.

• B(∞) : crystal base of U−
q (An).

Throughout this paper, a Uq(An)-crystal will refer to a (abstract) crystal

associated with the Cartan datum (A,Π,Π∨, P, P∨). The crystal base B(∞)

of U−
q (An) is a Uq(An)-crystal.

2.1. Nakajima monomials

We now recall the set of monomials discovered by Nakajima and its

crystal structure and also recall their extension introduced in [13]. Both of

these sets were defined for all symmetrizable Kac-Moody algebras, but we

shall restrict ourselves to the An case in this paper. Our exposition of the

crystal structure on Nakajima monomials follows that of Kashiwara [9].

We denote by M the set of Nakajima monomials in the variables Yi(m)

(i ∈ I, m ∈ Z). That is

M =







∏

(i,m)∈I×Z

Yi(m)yi(m)

∣

∣

∣

∣

∣

yi(m) ∈ Z vanishes except at

finitely many (i,m)







.

Fix any set of integers c = (cij)i6=j∈I
such that cij + cji = 1, and set

Ai(m) = Yi(m)Yi(m + 1)
∏

j 6=i

Yj(m + cji)
〈hj ,αi〉.
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The crystal structure on M is defined as follows. For every monomial

M =
∏

(i,m)∈I×Z
Yi(m)yi(m) ∈ M, we set

wt(M) =
∑

i

(

∑

m

yi(m)
)

Λi,

ϕi(M) = max

{

∑

k≤m

yi(k)
∣

∣

∣
m ∈ Z

}

,

εi(M) = max

{

−
∑

k>m

yi(k)
∣

∣

∣
m ∈ Z

}

.

We define

f̃i(M) =

{

0 if ϕi(M) = 0,

Ai(mf )−1M if ϕi(M) > 0,
(2.1)

ẽi(M) =

{

0 if εi(M) = 0,

Ai(me)M if εi(M) > 0.
(2.2)

Here

mf = min

{

m
∣

∣

∣
ϕi(M) =

∑

k≤m

yi(k)

}

,

me = max

{

m
∣

∣

∣
εi(M) = −

∑

k>m

yi(k)

}

.

These Kashiwara operators, together with the maps ϕi, εi (i ∈ I), wt, define

a crystal structure on the set M [9]. We denote by Mc the set M subject

to the crystal structure depending on the set c, as given above.

The following is a realization theorem for irreducible highest weight

crystal given by Kashiwara and Nakajima.

Theorem 2.1. ([9]) For a maximal vector M ∈ Mc, the connected

component of Mc containing M is isomorphic to B(wt(M)).

Extended Nakajima monomials and the crystal structure on the set of

such elements was introduced in [13].

Let ME be a certain set of formal monomials in the variables Yi(m)(0,1)

and Yi(m)(1,0) (i ∈ I, m ∈ Z) given by

(2.3)

ME =







∏

(i,m)∈I×Z

Yi(m)yi(m)

∣

∣

∣

∣

∣

yi(m) =
(

y0
i (m), y1

i (m)
)

∈ Z× Z

vanishes except at finitely many (i,m)







.
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The product of monomials Yi(m)(u,v) and Yi(m)(u
′,v′) are set to

Yi(m)(u+u′,v+v′), for (u, v), (u′, v′) ∈ Z × Z. We give the lexicographic

order to the set Z× Z of variable exponents.

Fix any set of integers c = (cij)i6=j∈I
such that cij + cji = 1, and set

(2.4) Ai(m)±1 = Yi(m)(0,±1)Yi(m + 1)(0,±1)
∏

j 6=i

Yj(m + cji)
(0,±〈hj ,αi〉).

The crystal structure on ME is defined as follows. For each monomial

M =
∏

(i,m)∈I×Z
Yi(m)yi(m) ∈ ME , we set

w̃t(M) =
∑

i

(

∑

m

yi(m)
)

Λi =
∑

i

(

∑

m

(y0
i (m), y1

i (m))
)

Λi,(2.5)

ϕ̃i(M) = max

{

∑

k≤m

yi(k)
∣

∣

∣
m ∈ Z

}

,(2.6)

ε̃i(M) = max

{

−
∑

k>m

yi(k)
∣

∣

∣
m ∈ Z

}

.(2.7)

Notice that the coefficients of w̃t(M) are pairs of integers. In this setting, we

have ϕ̃i(M) ≥ (0, 0), ε̃i(M) ≥ (0, 0), and w̃t(M) =
∑

i

(

ϕ̃i(M) − ε̃i(M)
)

Λi.

Set

wt(M) =
∑

i

(

∑

m

y1
i (m)

)

Λi,(2.8)

ϕi(M) =
∑

k≤m

y1
i (k) where ϕ̃i(M) =

∑

k≤m

(

y0
i (k), y1

i (k)
)

,(2.9)

εi(M) = −
∑

k>m

y1
i (k) where ε̃i(M) = −

∑

k>m

(

y0
i (k), y1

i (k)
)

.(2.10)

Then we trivially have wt(M) =
∑

i

(

ϕi(M) − εi(M)
)

Λi. From the above

definition, Yi(m)(0,1) has the weight Λi, and so Ai(m) has the weight αi.

We define the action of Kashiwara operators by

f̃i(M) =

{

0 if ϕ̃i(M) = (0, 0),

Ai(mf )−1M if ϕ̃i(M) > (0, 0),
(2.11)

ẽi(M) =

{

0 if ε̃i(M) = (0, 0),

Ai(me)M if ε̃i(M) > (0, 0).
(2.12)
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Here,

mf = min

{

m
∣

∣

∣
ϕ̃i(M) =

∑

k≤m

yi(k)

}

,(2.13)

me = max

{

m
∣

∣

∣
ε̃i(M) = −

∑

k>m

yi(k)

}

.(2.14)

Note that yi(mf ) > (0, 0), yi(mf + 1) ≤ (0, 0), yi(me + 1) < (0, 0), and

yi(me) ≥ (0, 0).

For any fixed set of integers c = (cij)i6=j∈I
such that cij + cji = 1, the

Kashiwara operators defined in (2.11) and (2.12), together with the maps

ϕi, εi (i ∈ I), and wt of (2.8) to (2.10), define a crystal structure on the set

ME [13]. We refer to an element of the set ME as an extended Nakajima

monomial and denote by ME
c the set ME subject to the crystal structure

depending on the set c, as given above.

Remark 2.2. Now, we may give many different crystal structures to

the set of extended Nakajima monomials through the choice of the set c.

For special linear Lie algebras, all the different crystals induced from the

set of extended Nakajima monomials through different choices of the set c,

are isomorphic (see [9] or Proposition 3.2 of [13]).

Consider the set ṀE
c of monomials

∏

(i,m)∈I×Z
Yi(m)(y

0
i (m),y1

i (m)) ∈ ME
c

with y0
i (m) = 0 for all (i,m). The set ṀE

c is a subcrystal of ME
c . It

is exactly the Nakajima monomial set Mc introduced in [9] if we identify

Yi(m)(0,y1
i (m)) ∈ ṀE

c with Yi(m)y1
i (m) ∈ Mc. The crystal structure on Mc

is compatible with that on ME
c under this identification. We would like to

mention that Mc can be treated as a subcrystal of ME
c . Viewing Mc as

a subcrystal of ME
c , the monomial theory developed for irreducible highest

weight crystal can easily be transferred to that on the extended monomial

set.

We obtain the following statement from Theorem 2.1.

Corollary 2.3. ([13]) For a maximal vector M ∈ ṀE
c , the connected

component of ṀE
c containing M is crystal isomorphic to B(wt(M)).

In the final section, we will give a concrete listing of elements belong-

ing to the connected component containing a maximal vector M ∈ ṀE
c

mentioned in the above corollary, for the case of An.
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431111

22

3

41111

2 2 2

3 4

1 1 2 3

3 4

Figure 1: Large (left), marginally large (middle), and non-large (right)

tableaux

Unless there is possibility of confusion, we shall omit c and use the

notations M, ṀE , and ME instead of Mc, ṀE
c , and ME

c , respectively.

2.2. Young tableaux

In this section, we recall a Young tableau description of the crystals

B(∞) and B(λ) for type An, that are crucial for our work. Using these, in

the remaining sections, we shall show that the sets of monomials, satisfying

some appropriate conditions, give new descriptions of B(∞) and B(λ).

Based on result of the paper [10], we shall identify elements of the

highest weight crystal B(λ) with semistandard tableaux of λ-shape, for the

An case. Since this work is a well known result, we refer readers to the

original papers and shall not repeat the complicated definitions here.

Definition 2.4.

(1) A semistandard tableau T of shape λ ∈ P +, equivalently, an element

of an irreducible highest weight crystal B(λ) for the An type, is large if

it consists of n non-empty rows, and if for each 1 ≤ i ≤ n, the number

of i-boxes in the i-th row is strictly greater than the number of all

boxes in the (i + 1)-th row. In particular the n-th row of T contains

at least one n-box.

(2) A large tableau T is marginally large if for 1 ≤ i ≤ n, the number of

i-boxes in the i-th row of T is greater than the number of all boxes

in the (i + 1)-th row by exactly one. In particular, the n-th row of T

should contain one n-box.

In Figure 1, for A3 type, we give examples of semistandard tableaux.

The one on the left is large, the one in the middle is marginally large, and

the one on the right is not large.

Definition 2.5. We denote by T (∞) the set of all marginally large

tableaux. The marginally large tableau whose i-th row consists only of

i-boxes (i ∈ I) is denoted by T∞.
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Example 2.6. The set T (∞) for case A3, consists of all tableaux of

the following form. The unshaded part must exist, whereas the shaded part

is optional with variable size.

T =
3 4 · · · 4

2 · · · 2 2 3 · · · 3 4 · · · 4

1 1· · · 1· · · 1 2 · · · 2 3 · · · 3 4 · · · 4

T∞ =
1 1 1

2 2

3

We recall the action of Kashiwara operators f̃i, ẽi (i ∈ I) on marginally

large tableaux T ∈ T (∞).

(1) We first read the boxes in the tableau T through the far eastern read-

ing and write down the boxes in tensor product form. That is, we read

through each column from top to bottom starting from the rightmost

column, continuing to the left, and lay down the read boxes from

left to right in tensor product form. The following diagram gives an

example.

1 1 1 1 1

2 2 2 4

3 4

= 1 ⊗ 1 ⊗ 4 ⊗ 1 ⊗ 2 ⊗ 1 ⊗ 2 ⊗ 4 ⊗ 1 ⊗ 2 ⊗ 3

(2) Under each tensor component x of T , write down εi(x)-many 1s fol-

lowed by ϕi(x)-many 0s. Then, from the long sequence of mixed 0s

and 1s, successively cancel out every occurrence of (0, 1) pair until we

arrive at a sequence of 1s followed by 0s, reading from left to right.

This is called the i-signature of T .

(3) Denote by T ′, the tableau obtained from T , by replacing the box x

corresponding to the leftmost 0 in the i-signature of T with the box

f̃ix.

• If T ′ is a large tableau, it is automatically marginally large. We

define f̃iT to be T ′.

• If T ′ is not large, then we define f̃iT to be the large tableau

obtained by inserting one column consisting of i rows to the left

of the box f̃i acted upon. The added column should have a k-box

at the k-th row for 1 ≤ k ≤ i.

(4) Denote by T ′, the tableau obtained from T , by replacing the box x

corresponding to the rightmost 1 in the i-signature of T with the box

ẽix.
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• If T ′ is a marginally large tableau, then we define ẽiT to be T ′.

• If T ′ is large but not marginally large, then we define ẽiT to be

the large tableau obtained by removing the column containing

the changed box. It will be of i rows and have a k-box at the

k-th row for 1 ≤ k ≤ i.

(5) If there is no 1 in the i-signature of T , we define ẽiT = 0.

Remark 2.7. The condition large imposed on the tableau T ensures

that its i-signature always contains 0’s.

Let T be a tableau in T (∞) with the i-th row, for each 1 ≤ i ≤ n,

consisting of bi
j-many j s (i < j ≤ n +1) and some number of i s. We define

the maps wt : T (∞) → P , ϕi, εi : T (∞) → Z by setting

wt(T ) = −
n

∑

j=1

( n+1
∑

k=j+1

b1
k +

n+1
∑

k=j+1

b2
k + · · · +

n+1
∑

k=j+1

b
j
k

)

αj ,

εi(T ) = the number of 1s in the i-signature of T ,

ϕi(T ) = εi(T ) + 〈hi,wt(T )〉.

Theorem 2.8. ([3]) The Kashiwara operators and various maps given

above define a crystal structure on T (∞). The crystal T (∞) is isomorphic

to B(∞) as Uq(An)-crystal.

In Figure 2, we illustrate the top part of the crystal T (∞) for type A2.

§3. Monomial description of crystal B(∞)

We give an explicit description of the crystal B(∞) for An-type, in terms

of extended Nakajima monomials. We first present a candidate monomial

set, show this set to be a crystal, and give a crystal isomorphism of this

with another description of B(∞).

We take the set c = (cij)i6=j to be

(3.1) cij =

{

0 if i > j,

1 if i < j.

Then for i ∈ I and m ∈ Z, we have

Ai(m)±1 = Yi(m)(0,±1)Yi(m + 1)(0,±1)Yi−1(m + 1)(0,∓1)Yi+1(m)(0,∓1).
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.

.

.

.

.

.

.

.

.

.

.

.

11

2

11

2

2 111

2 3

2211

2

11

2

3 2111

2 3

1111

2 3 3

2 2211

2

3211

2

3111

2 3

22111

2 3

21111

2 3 3

11111

2 3 33

1 2

1 2 1 2

21 1 2 1 2 1 2

Figure 2: Part of the crystal T (∞) for type A2

Here, we are setting Y0(k)(0,±1) = Yn+1(k)(0,±1) = 1.

As was stated in Remark 2.2, the theory to be developed on the fixed

ME
c can similarly be developed on all the other crystals induced from the

extended Nakajima monomial set through other choices of the set c, under

the isomorphism given in Proposition 3.2 (2) of [13]. From now on, we shall

omit c and use the notation ME instead of ME
c , since we already fixed the

set c.

The set we define below is originally obtained by applying Kashiwara

operators f̃i (i ∈ I) iteratively, starting from the maximal element
∏

i∈I Yi(−i)(1,0) ∈ ME of w̃t(
∏

i∈I Yi(−i)(1,0)) =
∑

i(1, 0)Λi. This choice

of starting monomial will allow us to relate monomials of the set defined

below to tableaux in T (∞) naturally.

Definition 3.1. Consider elements of ME having the form

M =
∏

i∈I

(

Yi(−i)(1,ai
i)

i−1
∏

m=0

Yi(−m)(0,am
i )

)

(3.2)

= Y1(−1)(1,a1
1)Y1(0)

(0,a0
1)

· Y2(−2)(1,a2
2)Y2(−1)(0,a1

2)Y2(0)
(0,a0

2)

· · ·

· Yn(−n)(1,an
n)Yn(−n+1)(0,an−1

n ) · · · Yn(−1)(0,a1
n)Yn(0)(0,a0

n)

with the conditions
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.

.

.

.

.

.
.
.
.

.

.

.

Y1(−1)(1,0)

·Y2(−2)(1,0)

Y1(−1)(1,−1)Y1(0)(0,−1)

·Y2(−2)(1,0)Y2(−1)(0,1)

Y1(−1)(1,1)

·Y2(−1)(0,−1)Y2(−2)(1,−1)

Y1(−1)(1,−2)Y1(0)(0,−2)

·Y2(−2)(1,0)Y2(−1)(0,2)

Y1(−1)(1,−1)

·Y2(−2)(1,0)Y2(0)(0,−1)

Y1(−1)(1,0)Y1(0)(0,−1)

·Y2(−2)(1,−1)

Y1(−1)(1,2)

·Y2(−2)(1,−2)Y2(−1)(0,−2)

Y1(−1)(1,−2)Y1(0)(0,−1)

·Y2(−2)(1,0)Y2(−1)(0,1)Y2(0)(0,−1)

Y1(−1)(1,0)

·Y2(−2)(1,−1)Y2(−1)(0,−1)Y2(0)(0,−1)

Y1(−1)(1,−1)Y1(0)(0,−2)

·Y2(−2)(1,−1)Y2(−1)(0,1)

Y1(−1)(1,1)Y1(0)(0,−1)

·Y2(−2)(1,−2)Y2(−1)(0,−1)

1 2

1 2 1 2

2 1 2 1 2 1

Figure 3: Part of the monomial set M(∞) for A2 type

(1)
∑k

j=0 a
j
i+j ≤ 0 for each 0 ≤ k ≤ n − 1, 1 ≤ i ≤ n − k,

(2)
∑n−k

i=1

(
∑k

j=0 a
j
i+j

)

=
∑n

i=k+1 ai
i for 0 ≤ k ≤ n − 1.

Specifically, in case of a
j
i = 0 for all i, j, we have

(3.3) M =
∏

i∈I

Yi(−i)(1,0) = Y1(−1)(1,0)Y2(−2)(1,0) · · · Yn(−n)(1,0).

We denote by M(∞) the set of all monomials of the form (3.2) and by M∞

the monomial of (3.3).

Actually, as we will become apparent later, this set M(∞) is closed and

connected under Kashiwara operators (2.11) and (2.12) on ME . Figure 3 is

the top part of monomial set M(∞).

We now introduce new expressions for elements of M(∞). First, we

introduce the following notation.

Definition 3.2. For u, v,m ∈ Z, and 1 ≤ i ≤ n + 1, we use the

notation

Xi(m)(u,v) = Yi(m)(u,v)Yi−1(m + 1)(−u,−v).

Here, we set Y0(k)(u,v) = Yn+1(k)(u,v) = 1.
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Remark 3.3. From the above notation, we obtain

Yi(m)(u,v) = X1(m + i − 1)(u,v)X2(m + i − 2)(u,v) · · ·Xi(m)(u,v)(3.4)

= Xn+1(m + i − (n + 1))(−u,−v)Xn(m + i − n)(−u,−v)

· · ·Xi+1(m − 1)(−u,−v),

for each i ∈ I. And so, we may write

Ai(m) = Xi(m)(0,1)Xi+1(m)(0,−1).

This is very useful when computing Kashiwara action on monomials written

in terms of Xi(m)(u,v).

Proposition 3.4. Consider elements of ME having the form

M =
∏

i∈I

(

Xi(−i)(n−i+1,−
Pn+1

k=i+1 bi
k)

n+1
∏

k=i+1

Xk(−i)(0,bi
k)

)

(3.5)

= X1(−1)(n,−
Pn+1

k=2 b1k)X2(−1)(0,b12) · · ·Xn(−1)(0,b1n)Xn+1(−1)(0,b1n+1)

· X2(−2)(n−1,−
Pn+1

k=3 b2k)X3(−2)(0,b23) · · ·Xn+1(−2)(0,b2n+1)

· · ·

· Xn−1(−n + 1)(2,−
Pn+1

k=n
b

n−1
k

)Xn(−n + 1)(0,bn−1
n )Xn+1(−n + 1)(0,b

n−1
n+1)

· Xn(−n)(1,−bn
n+1)Xn+1(−n)(0,bn

n+1)

where bi
k ≥ 0 for all k, i. Each element of M(∞) may be written uniquely

in this form. Conversely, any element of this form is an element of M(∞).

Proof. Given any monomial

M =
∏

i∈I

(

Yi(−i)(1,ai
i)

i−1
∏

m=0

Yi(−m)(0,am
i )

)

∈ M(∞),

through routine computation using (3.4), we can obtain the expression

M = X1(−1)(n,
Pn

i=1 ai
i)X2(−1)(0,−a0

1)X3(−1)(0,−a0
2) · · ·Xn+1(−1)(0,−a0

n)

(3.6)

· X2(−2)(n−1,
Pn

i=2 ai
i)X3(−2)(0,−a0

1−a1
2)X4(−2)(0,−a0

2−a1
3) · · ·Xn+1(−2)(0,−a0

n−1−a1
n)

· · ·

· Xn−1(−n + 1)(2,
P

n
i=n−1 ai

i)Xn(−n + 1)(0,−
Pn−2

i=0 ai
i+1)Xn+1(−n + 1)(0,−

Pn−2
i=0 ai

i+2)

· Xn(−n)(1,an
n)Xn+1(−n)(0,−

Pn−1
i=0 ai

i+1).
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Since M ∈ M(∞), from the conditions given in (3.2), we obtain the form

given in (3.5). The element M∞ =
∏

i∈I Yi(−i)(1,0) can be rewritten in the

form
∏

i∈I Xi(−i)(n−i+1,0).
Conversely, given any monomial of the form (3.5), we have

M = Y1(−1)(1,−
Pn+1

k=2 b
1
k+

Pn+1
k=3 b

2
k)

Y1(0)(0,−b
1
2)(3.7)

· Y2(−2)
(1,−

Pn+1
k=3 b2k+

Pn+1
k=4 b3k)

Y2(−1)
(0,b12−b23)Y2(0)

(0,−b13)

· · ·

· Yn−1(−n + 1)
(1,−

Pn+1
k=n

b
n−1
k

+
Pn+1

k=n+1 bn
k )

Yn−1(−n + 2)
(0,b

n−2
n−1−bn−1

n )

· · ·Yn−1(−1)
(0,b1n−1−b2n)

Yn−1(0)
(0,−b1n)

· Yn(−n)
(1,−bn

n+1)Yn(−n + 1)
(0,bn−1

n −bn
n+1)

· · ·Yn(−2)
(0,b2n−b3n+1)Yn(−1)

(0,b1n−b2n+1)Yn(0)
(0,−b1n+1).

It is now straightforward to check that M ∈ M(∞). We have thus shown

that M(∞) consists of elements of the form (3.5).

The uniqueness part may be proved through simple computation.

Remark 3.5. There are other ways to write each element of M(∞)

as products of the terms Xj(m)(u,v). The product form (3.5) was chosen

because it allows us to relate monomials of the set M(∞) to tableaux in

T (∞) directly.

Now, we translate the Kashiwara operator actions (2.11), (2.12) into a

form suitable for the new monomial expression of M(∞).

Lemma 3.6. The set M(∞) is closed under the action given below :

Fix element

M =
∏

i∈I

(

Xi(−i)(n−i+1,−
Pn+1

k=i+1 bi
k
)

n+1
∏

k=i+1

Xk(−i)(0,bi
k
)
)

∈ M(∞).

Consider the following finite ordered sequence of some components of M :

Xn+1(−1)(0,b1n+1), Xn(−1)(0,b1n), . . . , X2(−1)(0,b12),

Xn+1(−2)(0,b2n+1), Xn(−2)(0,b2n), . . . , X3(−2)(0,b23),

. . . ,

Xn+1(−n + 1)(0,bn−1
n+1), Xn(−n + 1)(0,bn−1

n ),

Xn+1(−n)(0,bn
n+1).
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(1) For i ∈ I, under each component Xi+1(−m)(0,bm
i+1)

of the above se-

quence, write bm
i+1-many 1’s, and under each Xi(−m)(0,bm

i )
, write bm

i -

many 0’s.

(2) From this sequence of 1’s and 0’s, successively cancel out each (0, 1)-

pair to obtain a sequence of 1’s followed by 0’s (reading from left to

right). This remaining 1’s and 0’s sequence is called the i-signature

of M .

(3) We define

(3.8) f̃iM = M · Xi(−m)(0,−1)Xi+1(−m)(0,1) = MAi(−m)−1

if the component Xi(−m)(0,bm
i )

corresponds to the left-most 0 of the

i-signature of M and

ẽiM = M · Xi(−m)(0,1)Xi+1(−m)(0,−1) = MAi(−m)

if the component Xi+1(−m)(0,bm
i+1)

corresponds to the right-most 1.

(4) We define ẽiM = 0 if no 1 remains and

(3.9) f̃iM = M · Xi(−i)(0,−1)Xi+1(−i)(0,1) = MAi(−i)−1

if no 0 remains.

Proof. We show that the actions satisfy the following properties:

f̃iM(∞) ⊂ M(∞), ẽiM(∞) ⊂ M(∞) ∪ {0} for all i ∈ I.

For M ∈ M(∞), if the i-signature of M contains at least one 0, then the

left-most 0 of the i-signature of M corresponds to a component Xi(−m)(0,bm
i )

for some m = 1, . . . , i − 1 and the exponent of component Xi(−m)(0,bm
i )

corresponding to the left-most 0 has the property (0, bm
i ) ≥ (0, 1). Thus

the monomial f̃iM = MXi(−m)(0,−1)Xi+1(−m)(0,1) defined in (3.8) is con-

tained in M(∞).

When the i-signature of M contains no 0, we define f̃iM as in (3.9).

Since the exponents of the components Xi(−i) of M has the property ≥

(0, 1), f̃iM given in (3.9) also are in M(∞). So the set M(∞) is closed

under the above operator f̃i.

Proof for the statements concerning ẽi may be done in a similar manner.
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Lemma 3.7. The operation given in Lemma 3.6 is just another expres-

sion of the Kashiwara operators given on ME , restricted to M(∞).

Proof. As we can see in equations (3.8) to (3.9), for each M ∈ M(∞),

f̃iM can also be expressed in form MAi(−m)−1 (m = 1, 2, . . . , i). To show

that this operation is just another interpretation of the Kashiwara operator

f̃i given on ME , restricted to M(∞), it is enough to show that mf defined

in (2.13) for each M is equal to −m of MAi(−m)−1 given in equations (3.8)

to (3.9). Note that we can easily see that from M given by expression (3.2),

for each M ∈ M(∞), ϕ̃i(M) > (0, 0).
Given a monomial M ∈ M(∞), we can express it in the following two

forms.

M =
∏

i∈I

(

Xi(−i)(n−i+1,−
Pn+1

k=i+1 bi
k)

n+1
∏

k=i+1

Xk(−i)(0,bi
k)

)

(3.10)

= Y1(−1)
(1,−

Pn+1
k=2 b1k+

Pn+1
k=3 b2k)

Y1(0)
(0,−b12)(3.11)

· · ·

· Yn−1(−n + 1)
(1,−

Pn+1
k=n

b
n−1
k

+
Pn+1

k=n+1 bn
k )

Yn−1(−n + 2)
(0,b

n−2
n−1−bn−1

n )

· · ·Yn−1(−1)(0,b1n−1−b2n)
Yn−1(0)(0,−b1n)

· Yn(−n)
(1,−bn

n+1)Yn(−n + 1)
(0,bn−1

n −bn
n+1)

· · ·Yn(−1)
(0,b1n−b2n+1)Yn(0)

(0,−b1n+1).

If the i-signature of M contains at least one 0 and Xi(−m)(0,bm
i ) is the

component corresponding to the left-most 0 in the i-signature of M , then

−m is one of −1,−2, . . . ,−i + 1 and we can obtain

(3.12) −m = min

{

j
∣

∣

∣
max

{

∑

k≤j

yi(k)
∣

∣ j ∈ Z
}

}

= mf

where yi(k) is the exponent of Yi(k) appearing in M given by expression

(3.11).

If the i-signature of M contains no 0,

−i = min

{

j
∣

∣

∣
max

{

∑

k≤j

yi(k)
∣

∣ j ∈ Z
}

}

= mf .

In all cases, we can confirm that mf = −m, where −m is given through

equations (3.8) to (3.9) stating f̃iM = MAi(−m)−1. Proof for the state-

ments concerning ẽi may be done in a similar manner.
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.

.

.

.

.

.
.
.
.

.

.

.

X1(−1)(2,0)

·X2(−2)(1,0)

X1(−1)(2,−1)X2(−1)(0,1)

·X2(−2)(1,0)

X1(−1)(2,0)

·X2(−2)(1,−1)X3(−2)(0,1)

X1(−1)(2,−2)X2(−1)(0,2)

·X2(−2)(1,0)

X1(−1)(2,−1)X3(−1)(0,1)

·X2(−2)(1,0)

X1(−1)(2,−1)X2(−1)(0,1)

·X2(−2)(1,−1)X3(−2)(0,1)

X1(−1)(2,0)

·X2(−2)(1,−2)X3(−2)(0,2)

X1(−1)(2,−2)X2(−1)(0,1)X3(−1)(0,1)

·X2(−2)(1,0)

X1(−1)(2,−1)X3(−1)(0,1)

·X2(−2)(1,−1)X3(−2)(0,1)

X1(−1)(2,−2)X2(−1)(0,2)

·X2(−2)(1,−1)X3(−2)(0,1)

X1(−1)(2,−1)X2(−1)(0,1)

·X2(−2)(1,−2)X3(−2)(0,2)

1 2

1 2 1 2

2 1 2 1 2 1

Figure 4: Part of crystal M(∞) for type A2

From the above lemmas, we obtain the following result.

Proposition 3.8. The set M(∞) forms a Uq(An)-subcrystal of ME .

Figures 4 illustrates the top part of crystal M(∞) for type A2. It was

obtained by applying the Kashiwara actions introduced in Lemma 3.6 on

the new expression for elements of M(∞). Readers may want to compare

this with Figures 2 and 3.

The crystal structure of ME allows us to obtain more general results

that will be introduced below.

Definition 3.9. Fix any set of positive integers pi and any integer r.
Consider elements of ME having the form

M =
∏

i∈I

(

Yi(r − i)
(pi,a

i
i)

i−1
∏

m=0

Yi(r − m)
(0,am

i )
)

(3.13)

= Y1(r − 1)(p1,a1
1)Y1(r)

(0,a0
1)

· Y2(r − 2)
(p2,a2

2)Y2(r − 1)
(0,a1

2)Y2(r)
(0,a0

2)

· · ·

· Yn(r − n)(pn,an
n)

Yn(r − n + 1)(0,an−1
n ) · · ·Yn(r − 1)(0,a1

n)
Yn(r)(0,a0

n)



NAKAJIMA MONOMIALS AND CRYSTALS FOR SPECIAL LINEAR LIE ALGEBRAS 47

and satisfying the same condition given to (3.2). In case of a
j
i = 0 for all i,

j, we have

(3.14) M =
∏

i∈I

Yi(r − i)(pi,0).

We denote by M(p1, . . . , pn; r;∞) the set of all monomials of the form (3.13)

and by M(p1,...,pn;r;∞) the monomial of (3.14).

A result similar to Proposition 3.5 may be obtained for M(p1, . . . , pn;

r;∞).

Proposition 3.10. Each element of M(p1, . . . , pn; r;∞) may be writ-

ten uniquely in this form

(3.15) M =
∏

i∈I

(

Xi(r − i)(
Pn

k=i pk,−
Pn+1

k=i+1 bi
k
)

n+1
∏

k=i+1

Xk(r − i)(0,bi
k
)
)

where bi
k ≥ 0 for all k, i. Conversely, any element in ME of this form is

an element of M(p1, . . . , pn; r;∞).

We believe the readers can easily write down the process for change of

variable similar to that given by (3.6) and (3.7) for M(p1, . . . , pn; r;∞).

The set M(∞) is a special case of this set M(p1, . . . , pn; r;∞) which is

r = 0 and pi = 1 for all i ∈ I.

Remark 3.11. It is possible to obtain results similar to Lemmas 3.6

and 3.7 also for the case M(p1, . . . , pn; r;∞) in a manner similar to that

for M(∞). Thus we can state that the set M(p1, . . . , pn; r;∞) forms a

subcrystal of ME .

Proposition 3.12. The set M(p1, . . . , pn; r;∞) forms a subcrystal of

ME isomorphic to M(∞) as Uq(An)-crystal.

Proof. As mentioned in Remark 3.11, the set M(p1, . . . , pn; r;∞) forms

a subcrystal of ME . Now let us show that the crystal M(p1, . . . , pn; r;∞)

is isomorphic to M(∞).

First, we define a canonical map φ : M(∞) → M(p1, . . . , pn; r;∞) by

setting

(3.16) φ(M) =
∏

i∈I

(

Xi(r − i)(
Pn

k=i pk,−
Pn+1

k=i+1 bi
k
)

n+1
∏

k=i+1

Xk(r − i)(0,bi
k
)
)
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for M of the form (3.5). The monomial M∞ of M(∞) is mapped onto the

vector M(p1,...,pn;r;∞). It is obvious that this map φ is well-defined and that

it is actually bijective.

Note that the monomial of (3.13) is the element of M(p1, . . . , pn; r;∞)

corresponding to the monomial (3.2) of M(∞) under the map φ.

The outputs of the functions wt, ϕi, and εi, defined in (2.8), (2.9),

and (2.10) do not depend on r or on any fixed positive integers pi. Using

Lemma 3.6 and its counterpart for M(p1, . . . , pn; r;∞), we can easily show

that the map φ commutes with the Kashiwara operators. Hence, the set

M(p1, . . . , pn; r;∞) forms a subcrystal of ME isomorphic to M(∞).

Remark 3.13. It should be clear from the proof of Proposition 3.12,

that in developing any theory for M(p1, . . . , pn; r;∞) the actual values of

integer r or (p1, . . . , pn) will not be very important. Arguments made for

any set of such values can easily be adapted to applied to other set of such

values. Hence, we shall concentrate on the theory for M(∞) only.

Now, we will show that M(∞) is a new description of B(∞) by giving

a crystal isomorphism. Recall that the crystal T (∞) gives a realization of

the crystal B(∞) (see Theorem 2.8).

Here is one of our main theorem.

Theorem 3.14. There exists a Uq(An)-crystal isomorphism

T (∞)
∼

−→ M(∞)

which maps T∞ to M∞. It means that the crystal M(∞) is the con-

nected component of ME containing the maximal vector M∞ of w̃t(M∞) =
∑

i(1, 0)Λi and is isomorphic to B(∞).

Proof. We define a canonical map Φ : T (∞) → M(∞) by setting, for

each tableau T ∈ T (∞) with ith (i ∈ I) row consists of bi
j-many j-boxes,

for each i < j ≤ n + 1, and some number of i-boxes,

(3.17) Φ(T ) =
∏

i∈I

(

Xi(−i)(n−i+1,−
Pn+1

k=i+1 bi
k
)

n+1
∏

k=i+1

Xk(−i)(0,bi
k
)
)

∈ M(∞).

It is obvious that this map Φ is well-defined and that it is actually bijective.

The action of Kashiwara operators on M(∞) given in Lemma 3.6 fol-

lows the process for defining it on T (∞). Hence, the map Φ naturally

commutes with the Kashiwara operators f̃i and ẽi.
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Remark 3.15. From Proposition 3.12 and Theorem 3.14, we can con-

clude that the crystal M(p1, . . . , pn; r;∞) is also isomorphic to B(∞). It

means that for positive integers pi and integer r, the crystal M(p1, . . . , pn;

r;∞) is the connected component of ME containing the maximal vector

M(p1,...,pn;r;∞) ∈ ME of w̃t(M(p1 ,...,pn;r;∞)) =
∑

i∈I(pi, 0)Λi and is isomor-

phic to B(∞).

Example 3.16. We illustrate the correspondence between T (∞) and

M(∞) for type A3. Consider a monomial of M(∞)

M = Y1(−1)(1,−5)Y1(0)
(0,−3)

· Y2(−2)(1,−1)Y2(−1)(0,1)Y2(0)
(0,0)

· Y3(−3)(1,−1)Y3(−2)(0,1)Y3(−1)(0,0)Y3(0)
(0,−4).

It can be expressed as

M = X4(−4)(−1,5)
X3(−3)(−1,5)

X2(−2)(−1,5)
X4(−3)(0,3)

X3(−2)(0,3)
X2(−1)(0,3)

(3.18)

· X4(−4)
(−1,1)

X3(−3)
(−1,1)

X4(−3)
(0,−1)

X3(−2)
(0,−1)

· X4(−4)
(−1,1)

X4(−3)
(0,−1)

X4(−1)
(0,4)

by using the second expression of Yi(m)(u,v) in (3.4). On the other hand,

from the equation (3.4), we also obtain

X4(−4)(u,v) = X1(−1)(−u,−v)X2(−2)(−u,−v)X3(−3)(−u,−v).

By applying this equation on (3.18), we can also be expressed the monomial

M as

M = X1(−1)(3,−7)X2(−1)(0,3)X3(−1)(0,0)X4(−1)(0,4)

· X2(−2)(2,−2)X3(−2)(0,2)X4(−2)(0,0)

· X3(−3)(1,−1)X4(−3)(0,1).

Actually, we can obtain this expression of M from (3.6) directly.

Hence we have following marginally large tableau as the image of M

under Φ−1.

Φ−1(M) =
1

2

3

1

2

1

2

1

3

1

3

1 2 2 2 4 4 4 4

4

∈ T (∞).
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§4. Monomial description of crystal B(λ)

We introduced a realization of crystal B(λ) given in the monomial lan-

guage of Kashiwara and Nakajima through Theorem 2.1 and Corollary 2.3.

Now, we give an explicit monomial description of B(λ), for the An-case,

i.e. we will give a concrete listing of elements belonging to the connected

component of Mc (or ṀE
c ) containing a certain maximal vector M ∈ Mc

(or ṀE
c ) of weight λ. Notice that there is a natural identification between

crystals Mc and ṀE
c . We will be working on the Nakajima monomial set

Mc for convenience.

The organization for this section will follow that of the previous section

closely and we take the set c identical to that of (3.1) used for the B(∞)

case. We fix λ = l1Λ1 + · · · + lnΛn ∈ P+.

The set we define below was originally obtained by applying Kashiwara

actions f̃i (i ∈ I) continuously on a maximal vector
∏

i∈I Yi(−i)li ∈ M

of weight λ. Actually, we will be able to confirm later that this choice of

starting monomial allows us to relate monomials of the set defined below to

tableaux in B(λ) naturally.

Definition 4.1. Consider elements of M having the form

M =
∏

i∈I

(

Yi(−i)ai
i

i−1
∏

m=0

Yi(−m)am
i

)

(4.1)

= Y1(−1)a1
1Y1(0)

a0
1

· Y2(−2)a2
2Y2(−1)a1

2Y2(0)
a0
2

· · ·

· Yn(−n)an
nYn(−n + 1)an−1

n · · · Yn(−1)a1
nYn(0)a0

n

and satisfying the following conditions

(1) ai
i ≥ 0, a0

i ≤ 0, and li =
∑n−i

k=0 ai
i+k −

∑i−1
k=0 ak

n−i+1+k for all i ∈ I,

(2)
∑j

k=0 ak
i+k ≤ 0 and

∑j
k=0 ai

i+k ≥ 0 for 1 ≤ j ≤ n − 1, 1 ≤ i ≤ n − j.

Specifically, in the case of a
j
i = 0 for all i > j, we have

(4.2) M =
∏

i∈I

Yi(−i)li = Y1(−1)l1Y2(−2)l2 · · · Yn(−n)ln .

We denote by M(λ) the set of all monomials of the form (4.1) and by Mλ

the monomial of (4.2).
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In the A3 case, we have

MΛ1+Λ2 = Y1(−1)Y2(−2),

M(Λ1 + Λ2) =















Y1(−1)Y2(−2), Y1(0)
−1

Y2(−2)Y2(−1), Y1(−1)
2
Y2(−1)

−1
,

Y2(−2)Y2(0)
−1

, Y1(−1)Y1(0)
−1

,

Y1(−1)Y2(−1)−1
Y2(0)−1

, Y1(0)−2
Y2(−1), Y1(0)−1

Y2(0)−1















.

Remark 4.2. Since this set M(λ) contains a maximal vector Mλ of

weight λ, by Theorem 2.1 it is enough to prove that the set M(λ) is closed

and connected under Kashiwara operators (2.1) and (2.2) on M to show

that M(λ) is a description of the crystal B(λ).

For convenience, we shall introduce new expressions for elements of

M(λ) in terms of the new variable

Xi(m) = Yi(m)Yi−1(m + 1)−1 ∈ M.

These correspond to Xi(m)(0,1) ∈ ṀE introduced in Definition 3.2 under

the identification between crystals M and ṀE mentioned in Remark 2.2.

Proposition 4.3. Consider elements of M having the form

M =
∏

i∈I

(

Xi(−i)bi
i

n+1
∏

k=i+1

Xk(−i)bi
k

)

(4.3)

= X1(−1)b11X2(−1)b12 · · ·Xn(−1)b1nXn+1(−1)b1n+1

· X2(−2)b22X3(−2)b23 · · ·Xn+1(−2)b2n+1

· · ·

· Xn(−n)bn
nXn+1(−n)bn

n+1

satisfying the conditions

(1) bi
j ≥ 0 for all i, j,

(2)
∑n+1

j=i bi
j =

∑n
k=i lk for each i ∈ I,

(3)
∑j

k=0 bi
i+k ≥

∑j
k=0 bi+1

i+1+k for 0 ≤ j ≤ n − 1, 1 ≤ i ≤ n − max{1, j}.

Each element of M(λ) may be written uniquely in this form. Conversely,

any element of this form is an element of M(λ).
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Proof. Given any monomial M =
∏

i∈I

(

Yi(−i)ai
i
∏i−1

m=0 Yi(−m)am
i

)

∈

M(λ), through routine computation, we can obtain the expression

M = X1(−1)
P

n
i=1 ai

iX2(−1)−a0
1X3(−1)−a0

2 · · ·Xn+1(−1)−a0
n(4.4)

· X2(−2)
P

n
i=2 ai

iX3(−2)−a0
1−a1

2X4(−2)−a0
2−a1

3 · · ·Xn+1(−2)−a0
n−1−a1

n

· · ·

· Xn−1(−n + 1)
Pn

i=n−1 ai
iXn(−n + 1)−

Pn−2
i=0 ai

i+1Xn+1(−n + 1)−
Pn−2

i=0 ai
i+2

· Xn(−n)an
nXn+1(−n)−

Pn−1
i=0 ai

i+1 .

Since M ∈ M(λ), from the condition given in (4.1), we obtain the form

given in (4.3). The element Mλ =
∏

i∈I Yi(−i)li can be rewritten in the

form
∏

i∈I Xi(−i)
Pn

k=i lk .
Conversely, given any monomial of the form (4.3), we have

M = Y1(−1)
b11−b22Y1(0)

−b12

· Y2(−2)
b22−b33Y2(−1)

b12−b23Y2(0)
−b13

· · ·

· Yn−1(−n + 1)b
n−1
n−1−bn

nYn−1(−n + 2)b
n−2
n−1−bn−1

n · · ·Yn−1(−1)b1n−1−b2nYn−1(0)−b1n

· Yn(−n)
bn

nYn(−n + 1)
bn−1

n −bn
n+1 · · ·Yn(−1)

b1n−b2n+1Yn(0)
−b1n+1 .

It is now straightforward to check that M ∈ M(λ). We have thus shown

that M(λ) consists of elements of the form (4.3).

Using this new expression for M(λ), we can easily obtain the following

fact.

Corollary 4.4. For µ, τ ∈ P +, M(µ + τ) = M(µ)M(τ), where

M(µ)M(τ) = {M · M ′ | M ∈ M(µ), M ′ ∈ M(τ)}.

Now, we translate the Kashiwara operator actions (2.1), (2.2) into a

form suitable for the new monomial expression of M(λ). In a manner

similar to the proofs of Lemmas 3.6 and 3.7 for the M(∞) case, we obtain

the following result.

Lemma 4.5. The set M(λ) is closed under the action given below : Fix

element

(4.5) M =
∏

i∈I

(

Xi(−i)bi
i

n+1
∏

k=i+1

Xk(−i)bi
k

)

∈ M(λ).
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Consider the following finite ordered sequence of components of M

Xn+1(−1)b1n+1 , Xn(−1)b1n , . . . , X1(−1)b11 ,

Xn+1(−2)b2n+1 , Xn(−2)b2n , . . . , X2(−2)b22 ,

. . . ,

Xn+1(−n)bn
n+1 , Xn(−n)bn

n .

(1) For i ∈ I, under each component Xi+1(−m)bm
i+1 from the above se-

quence, write bm
i+1-many 1’s, and under each Xi(−m)bm

i , write bm
i -

many 0’s.

(2) From this sequence of 1’s and 0’s, successively cancel out each (0, 1)-

pair to obtain a sequence of 1’s followed by 0’s (reading from left to

right). This remaining sequence of 1’s and 0’s is called the i-signature

of M .

(3) We define

f̃iM = MXi(−m)−1Xi+1(−m) = MAi(−m)−1

if Xi(−m)bm
i is the component corresponding to the left-most 0 ap-

pearing in the i-signature of M . And we define

ẽiM = MXi(−m)Xi+1(−m)−1 = MAi(−m)

if Xi+1(−m)bm
i+1 corresponds to the right-most 1.

(4) We define ẽiM = 0 if no 1 remains and f̃iM = 0 if no 0 remains.

Lemma 4.6. The operation given in Lemma 4.5 is just another expres-

sion of the Kashiwara operators given on M, restricted to M(λ).

From the above lemmas, we obtain the following result immediately.

Proposition 4.7. The set M(λ) forms a Uq(An)-subcrystal of M.

Figures 5 and 6 are the crystal graphs of M(Λ1 + Λ2) for type A2.

Now, we will show that M(λ) is a new description of B(λ). Recall that

we identify elements of the highest weight crystal B(λ) with semistandard

tableaux of λ-shape, for the An case. We define a canonical map Ψ : B(λ) →
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Y1(−1)Y2(−2)
1

−−−→ Y1(0)
−1

Y2(−2)Y2(−1)
2

−−−→ Y2(−2)Y2(0)
−1

2

?

?

y

?

?

y

2

Y1(−1)2Y2(−1)−1 1
−−−→ Y1(−1)Y1(0)

−1
Y1(−1)Y2(−1)−1

Y2(0)
−1

1

?

?

y

?

?

y

1

Y1(0)
−1

Y2(0)
−1 2

−−−→ Y1(0)
−2

Y2(−1)

Figure 5: The crystal graph M(Λ1 + Λ2) for type A2

X1(−1)2X2(−2)
1

−−−→ X1(−1)X2(−1)

· X2(−2)

2
−−−→ X1(−1)X3(−1)

· X2(−2)

2

?

?

y

?

?

y

2

X1(−1)2X3(−2)
1

−−−→ X1(−1)X2(−1)

· X3(−2)

X1(−1)X3(−1)

· X3(−2)

1

?

?

y

?

?

y

1

X2(−1)2X3(−2)
2

−−−→ X2(−1)X3(−1)

· X3(−2)

Figure 6: The crystal M(Λ1 + Λ2) for type A2

M(λ) by setting Ψ(S) = M , where S is the semistandard tableau of shape

λ with each ith row made up of bi
k-many k-blocks for i ≤ k ≤ n + 1 and

M =
∏

i∈I

(

Xi(−i)bi
i

n+1
∏

k=i+1

Xk(−i)bi
k

)

∈ M(λ).

It is obvious that this map Ψ is well-defined and that it is actually bijective.

The action of Kashiwara operators on the new expressions for elements

of M(λ) given in Lemma 4.5 follows the process for defining it on semis-

tandard tableaux of B(λ). Hence the map Ψ naturally commutes with the

Kashiwara operators f̃i and ẽi. Other parts of the proof showing that Ψ is

a crystal isomorphism are easy.

Theorem 4.8. The bijection Ψ is a Uq(An)-crystal isomorphism.

Therefore, we have a Uq(An)-crystal isomorphism

B(λ)
∼
−→ M(λ).
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Remark 4.9. As we mentioned in Remark 4.2, to prove that M(λ) is

a description of the crystal B(λ), it is enough to show that the set M(λ)

is closed and connected under Kashiwara operators (2.1) and (2.2) on M.

In Proposition 4.7, the closedness was shown, so now it remains to show

the connectedness. But, in the above theorem, we proved that M(λ) is

isomorphic to B(λ) in a direct manner.

Now we have an explicit monomial description of B(λ), which is a con-

nected component in M of the maximal vector Mλ of weight λ.

We can obtain more general results as with the M(∞) case.

For any r ∈ Z, set M(r;λ) to be the set of all elements in M of the

form
∏

i∈I

(

Yi(r − i)ai
i

i−1
∏

m=0

Yi(r − m)am
i

)

satisfying the same condition given to (4.1). Specifically, in the case of

a
j
i = 0 for all i > j, we set

M(r;λ) =
∏

i∈I

Yi(r − i)li .

Each element of the set M(r;λ) may be written in the form

(4.6) M =
∏

i∈I

(

Xi(r − i)bi
i

n+1
∏

k=i+1

Xk(r − i)bi
k

)

satisfying the same conditions given to (4.3). Conversely, any element of

this form is an element of M(r;λ).

The set M(λ) is a special case of this set M(r;λ) which is r = 0.

Through a process similar to that given in Propositions 4.3 and 4.7 for

M(λ), we can obtain the result that the set M(r;λ) becomes a crystal which

is isomorphic to M(λ). The isomorphism maps Mλ of M(λ) onto the vector

M(r;λ). Thus, the crystal M(r;λ) is also a description of B(λ). Namely, we

gave a concrete listing of elements belonging to the connected component

M(r;λ) of M containing a maximal vector M(r;λ) ∈ M of weight λ.

Finally, we can easily obtain the following fact using the expression (4.6)

for M(r;λ).

Corollary 4.10. For µ, τ ∈ P +, M(r;µ + τ) = M(r;µ)M(r; τ).
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