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NAKAJIMA MONOMIALS AND CRYSTALS
FOR SPECIAL LINEAR LIE ALGEBRAS

HYEONMI LEE

Abstract. Nakajima introduced a certain set of monomials realizing the ir-
reducible highest weight crystals B(A). The monomial set can be extended
so that it contains crystal B(oco) in addition to B(A). We present explicit de-
scriptions of the crystals B(co) and B(A) over special linear Lie algebras in
the language of extended Nakajima monomials. There is a natural correspon-
dence between the monomial description and Young tableau realization, which
is another realization of crystals B(co) and B(\).

81. Introduction

The theory of Nakajima monomials is a combinatorial scheme for re-
alizing crystal bases of quantum groups. Nakajima introduced a certain
set of monomials realizing the irreducible highest weight crystals in [16].
Kashiwara and Nakajima independently defined a crystal structure on the
set of Nakajima monomials and also gave a realization of irreducible high-
est weight crystal B()) in terms of Nakajima monomials, as the connected
component of the monomial set containing a maximal vector of dominant
integral weight A [9], [17]. This has lead to the belief that it should be pos-
sible to give a similar realization for B(cc), which is the crystal base of the
negative part U, (g) of a quantum group over symmetrizable Kac-Moody
algebra g, also.

Much effort has been made to give realization of B(co) over various
Kac-Moody algebras. In addition to these works, in our recent works [3],
[14], we gave new realization of B(oco) for the finite simple Lie algebras, in
terms of Young tableaux.

Starting from the realization theorem of Kashiwara and Nakajima [9],
[17], we can argue that it is not possible to find the crystal B(co) within
the set of Nakajima monomials with their given crystal structure. Hence,
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in our work [13], we constructed the set of extended Nakajima monomials
and developed a crystal structure on it, to describe B(oo) in the monomial
language. Actually, the set of Nakajima monomials can be embedded as a
subcrystal in this set of extended Nakajima monomials. Thus, the mono-
mial theory developed for irreducible highest weight crystal can easily be
transferred to that on the extended monomial set.

As the first contribution of our present paper, we introduce explicit de-
scriptions of the crystal B(oo), in terms of extended Nakajima monomials.
We restrict ourselves to special Linear Lie algebras. The extended Naka-
jima monomial description is obtained by relating it to the Young tableau
realization [3], [14].

The second contribution of this paper is to give an explicit description of
the irreducible highest weight crystal B(\) for any dominant integral weight
A, in monomial language, for A, case. Another monomial description of
B(A) for this type may be found in [6], but unlike this work, there is an
immediate correspondence between our description and the Young tableau
realization of Kashiwara and Nakashima [10].

Our paper is organized as follows. We first review the notion of ex-
tended Nakajima monomials and the crystal structure given on the set of
such monomials. Also, we cite Young tableau expression of crystal B(oo)
which play a crucial role in our work. We then proceed to give monomial
descriptions of B(oco) and B(A). In the process of obtaining these results,
we give new expressions for the Kashiwara operators acting on a certain
extended Nakajima monomials, more appropriate for the situation in hand.

One strong point of the present work is that since our description has
a natural correspondence with the Young tableau description, the Young
tableau theory developed for B(oo) and B(A) can easily be transferred to
that on the monomial set.

In closing the introduction, we remark that recently the present work
has been extended to explicit monomial descriptions of B(oco) for all other
classical finite types and G4 type by the author [15].

Acknowledgments. The author thanks Professors Satoshi Naito and
Yoshihisa Saito for helpful information and valuable suggestions, and the
referees for their helpful comments.

§2. Extended Nakajima monomials and Young tableaux

In this section, we introduce notation and cite facts that are crucial for
our work. Please refer to the references cited in the introduction or books
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on quantum groups [2], [4] for the basic concepts on quantum groups and
crystal bases.
Let us first fix the basic notation.

I'={1,...,n} : index set.

A = (a;j)ijer : Cartan matrix of type A,,.

o PV =@, ; Zh; : dual weight lattice.

o P={\ebh* | \(PY)CZ}: weight lattice, where h = Q ®z P".

o Pt ={NeP|Xh;)>0foralliel}: the set of dominant integral
weights.

o 11V ={h; |i € I} : the set of simple coroots.

o II={a; |ieI}: the set of simple roots.

e U,(Ay): quantum group associated with the Cartan datum (A, II, IV,
P, PY).

e U, (Ay) : subalgebra of U,(A,) generated by f; (i € I).

e B(A) : irreducible highest weight crystal of highest weight A.

e B(oo) : crystal base of U, (Ayp).

Throughout this paper, a Uy(Ay,)-crystal will refer to a (abstract) crystal
associated with the Cartan datum (A, I, 11V, P, PV). The crystal base B(oo)
of U, (An) is a Uy(Ap)-crystal.

2.1. Nakajima monomials

We now recall the set of monomials discovered by Nakajima and its
crystal structure and also recall their extension introduced in [13]. Both of
these sets were defined for all symmetrizable Kac-Moody algebras, but we
shall restrict ourselves to the A, case in this paper. Our exposition of the
crystal structure on Nakajima monomials follows that of Kashiwara [9].

We denote by M the set of Nakajima monomials in the variables Y;(m)
(i € I, m € Z). That is

M H Yy( )y~(m) yi(m) € Z vanishes except at
- (m 3
(i,m)EIXZ Z finitely many (i, m)

Fix any set of integers ¢ = (cij)l.;,éjel such that ¢;; + ¢;; = 1, and set

Ai(m) = Yi(m)Y;(m + 1) H Y;(m + ;) o)
J#i
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The crystal structure on M is defined as follows. For every monomial
M= H(i,m)EIXZ Yi(m)yi(m) € M, we set

wt(M) = Z (Z yl(m)) A,

)

pi(M) = maX{Z yi (k) ‘ m e Z},

k<m

We define

(2.1) filM) =

. )0 if ;,(M) =0,
(2.2) é(M) = { oD =0
Here

g =minfin | 600 = 3wl

Mme = max{m ‘ gi(M) =— Z yl(k)}
k>m
These Kashiwara operators, together with the maps ¢;, €; (i € I), wt, define
a crystal structure on the set M [9]. We denote by M. the set M subject
to the crystal structure depending on the set ¢, as given above.
The following is a realization theorem for irreducible highest weight
crystal given by Kashiwara and Nakajima.

THEOREM 2.1. ([9]) For a maximal vector M € M., the connected
component of M. containing M is isomorphic to B(wt(M)).

FExtended Nakajima monomials and the crystal structure on the set of
such elements was introduced in [13].

Let M? be a certain set of formal monomials in the variables Y;(m)©1)
and Y;(m)10 (i € I, m € Z) given by
(2.3)

ME = I vim)

(i,m)eIXZ

yimy | Bi(m) = (y7(m), yi (m)) € Z x Z
vanishes except at finitely many (i, m)
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The product of monomials Yj(m)®?) and Y;(m)®*) are set to
Y;(m)wtu'vt) for (u,v), (u/,v') € Z x Z. We give the lexicographic
order to the set Z x Z of variable exponents.

Fix any set of integers ¢ = (cij)l.;,éjel such that ¢;; + ¢;; = 1, and set

(24)  A(m)*! = Yim) O Yi(m 4+ )OI [T vj(m + ) 000,
J#i
The crystal structure on M¢ is defined as follows. For each monomial
M = H(i,m)e[xZ Yi(m)yi(m) € MF, we set

25w = > (S wilm) ) A = 03 whm), vl (m) ) A,

(2.6) 5i(M) = n:ax{ S yilk) ( m e z}m

k<m

(2.7) (M) = max{— S yilk) ( m e z}.

k>m

Notice that the coefficients of wt(M) are pairs of integers. In this setting, we
have @;(M) > (0,0), & (M) > (0,0), and wt(M) = >, (@i (M) — & (M))A,.
Set

28)  wi) =3 (D vlom) s,

i

(29)  @i(M) =" yi(k) where 3;(M)= > (y)(k), v (k)),

k<m k<m
(210) (M) =— 3 yhth) where &(M) = — 3" (30(K), 5l (k).
k>m k>m

Then we trivially have wt(M) = 3. (¢;(M) — &;(M))A;. From the above
definition, Y,~(m)(0’1) has the weight A;, and so A;(m) has the weight «;.
We define the action of Kashiwara operators by

(2.11) Fi(0) =

(2.12) 6(M) {0 i a}(M; - (0,0).
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Here,

(213) oy = minon | 600 = 3 w9},

k<m

(2.14) Me = max{m ‘ gi(M)=— Z yl(k)}

k>m
Note that y;(ms) > (0,0), y;(ms + 1) < (0,0), ys(me +1) < (0,0), and
yi(me) > (0,0).

For any fixed set of integers ¢ = (cij)#jel such that ¢;; + ¢j; = 1, the
Kashiwara operators defined in (2.11) and (2.12), together with the maps
©i, € (1 € I), and wt of (2.8) to (2.10), define a crystal structure on the set
ME [13]. We refer to an element of the set M€ as an extended Nakajima
monomial and denote by M¢ the set M¢ subject to the crystal structure
depending on the set ¢, as given above.

Remark 2.2. Now, we may give many different crystal structures to
the set of extended Nakajima monomials through the choice of the set c.
For special linear Lie algebras, all the different crystals induced from the
set of extended Nakajima monomials through different choices of the set c,
are isomorphic (see [9] or Proposition 3.2 of [13]).

Consider the set Mf of monomials [](; yerxz Y}(771)(‘1’?(m)’?”¢1 (m) ¢ ME

with y?(m) = 0 for all (i,m). The set ./\/l‘g is a subcrystal of ME. It
is exactly the Nakajima monomial set M, introduced in [9] if we identify
(0,5} (m)) 1€ wi y} (m) .
Yi(m)Y € M¢ with Y;(m)¥%i'"™ € M,.. The crystal structure on M,
is compatible with that on M& under this identification. We would like to
mention that M. can be treated as a subcrystal of M&. Viewing M. as
a subcrystal of M¢, the monomial theory developed for irreducible highest
weight crystal can easily be transferred to that on the extended monomial
set.

We obtain the following statement from Theorem 2.1.

COROLLARY 2.3. ([13]) For a mazimal vector M € Mf, the connected
component of ME containing M is crystal isomorphic to B(wt(M)).

In the final section, we will give a concrete listing of elements belong-
ing to the connected component containing a maximal vector M € M¢
mentioned in the above corollary, for the case of A,,.
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Figure 1: Large (left), marginally large (middle), and non-large (right)
tableaux

Unless there is possibility of confusion, we shall omit ¢ and use the
notations M, M€, and M¢ instead of M., ME, and M¢, respectively.

2.2. Young tableaux

In this section, we recall a Young tableau description of the crystals
B(oo) and B(A) for type A, that are crucial for our work. Using these, in
the remaining sections, we shall show that the sets of monomials, satisfying
some appropriate conditions, give new descriptions of B(cco) and B(A).

Based on result of the paper [10], we shall identify elements of the
highest weight crystal B(\) with semistandard tableaux of A-shape, for the
A, case. Since this work is a well known result, we refer readers to the
original papers and shall not repeat the complicated definitions here.

DEFINITION 2.4.

(1) A semistandard tableau T of shape A\ € PT, equivalently, an element
of an irreducible highest weight crystal B(\) for the A,, type, is large if
it consists of n non-empty rows, and if for each 1 <+¢ < n, the number
of i-boxes in the i-th row is strictly greater than the number of all
boxes in the (i + 1)-th row. In particular the n-th row of T' contains
at least one n-box.

(2) A large tableau T is marginally large if for 1 < ¢ < n, the number of
i-boxes in the i-th row of T is greater than the number of all boxes
in the (i 4+ 1)-th row by exactly one. In particular, the n-th row of T
should contain one n-box.

In Figure 1, for Az type, we give examples of semistandard tableaux.
The one on the left is large, the one in the middle is marginally large, and
the one on the right is not large.

DEFINITION 2.5. We denote by 7 (co) the set of all marginally large
tableaux. The marginally large tableau whose i-th row consists only of
i-boxes (i € I) is denoted by T
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EXAMPLE 2.6. The set 7 (c0) for case Ajg, consists of all tableaux of
the following form. The unshaded part must exist, whereas the shaded part
is optional with variable size.

T: 2 I 2 2|3...3 4 .- 4
1[1]1]

Two = [3]2
3]

We recall the action of Kashiwara operators f;, é; (¢ € I) on marginally
large tableaux T € T (c0).

(1) We first read the boxes in the tableau T through the far eastern read-
ing and write down the boxes in tensor product form. That is, we read
through each column from top to bottom starting from the rightmost
column, continuing to the left, and lay down the read boxes from
left to right in tensor product form. The following diagram gives an
example.

1]1]1f1]1
212(2
314

IS

= [eleldehlellel]el]le]e o [2]® 5]

(2) Under each tensor component x of 7', write down &;(z)-many 1s fol-
lowed by ¢;(x)-many 0s. Then, from the long sequence of mixed 0s
and 1s, successively cancel out every occurrence of (0, 1) pair until we
arrive at a sequence of 1s followed by Os, reading from left to right.
This is called the i-signature of T'.

(3) Denote by T”, the tableau obtained from T, by replacing the box x
corresponding to the leftmost 0 in the i-signature of 7" with the box
fiz.

e If 7" is a large tableau, it is automatically marginally large. We
define f;T to be T".

e If 7" is not large, then we define f;T to be the large tableau
obtained by inserting one column consisting of ¢ rows to the left
of the box f; acted upon. The added column should have a k-box
at the k-th row for 1 < k < 4.

(4) Denote by T, the tableau obtained from T, by replacing the box x
corresponding to the rightmost 1 in the i-signature of 7" with the box
él'ZC.
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e If 77 is a marginally large tableau, then we define ;T to be T".

e If 7" is large but not marginally large, then we define &;,T to be
the large tableau obtained by removing the column containing
the changed box. It will be of ¢ rows and have a k-box at the
k-th row for 1 < k <.

(5) If there is no 1 in the i-signature of T', we define &;T = 0.

Remark 2.7. The condition large imposed on the tableau T ensures
that its i-signature always contains (’s.

Let T be a tableau in 7 (o0) with the i-th row, for each 1 < i < n,
consisting of bé-—many js (1 <j<mn+1) and some number of is. We define
the maps wt : 7 (00) — P, ¢;,&; : 7 (00) — Z by setting

n n+1 n+1 n+tl
w0 = =3 ( X ok 3 ek 3 oy
j=1 “k=j+1 k=j+1 k=j+1
g;(T) = the number of 1s in the i-signature of T’

Lpi(T) = Ei(T) + <hi,Wt(T)>.

THEOREM 2.8. ([3]) The Kashiwara operators and various maps given
above define a crystal structure on T (00). The crystal T (co) is isomorphic
to B(oo) as Uy(Ay)-crystal.

In Figure 2, we illustrate the top part of the crystal 7 (oo) for type As.

§3. Monomial description of crystal B(co)

We give an explicit description of the crystal B(oco) for A,-type, in terms
of extended Nakajima monomials. We first present a candidate monomial
set, show this set to be a crystal, and give a crystal isomorphism of this
with another description of B(co).

We take the set ¢ = (c;)ix; to be

0 ifi>j,
(3.1) Cij = e j
1 ifi<y.

Then for ¢« € I and m € Z, we have

Ai(m):l:l _ }/’i(m)(o,il)}/i(m + 1)(07i1)}/i71(m + 1)(0,I1)}/i+1(m)(0,$1).
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Figure 2: Part of the crystal 7 (oo) for type Ag

Here, we are setting Yo(k)®+) = v, (k)O+FD =1,

As was stated in Remark 2.2, the theory to be developed on the fixed
Mf can similarly be developed on all the other crystals induced from the
extended Nakajima monomial set through other choices of the set ¢, under
the isomorphism given in Proposition 3.2 (2) of [13]. From now on, we shall
omit ¢ and use the notation M¢ instead of M, since we already fixed the
set c.

The set we define below is originally obtained by applying Kashiwara
operators Jf; (1t € 1) iteratively, starting from the maximal element
[Lic; Yi(—i )0 e ME of Wt(HzGIY(_Z)(l 0y = >-;(1,0)A;. This choice
of starting monomial will allow us to relate monomials of the set defined
below to tableaux in 7 (co0) naturally.

DEFINITION 3.1. Consider elements of M€ having the form

(3.2) M= H( §)(Lab) Hly —m) )
m=0

el
= Vi (~1) 1y, (0) 0
Ya(=2) 15 (—1) Dy (0) %)

Y (—n) B Y, (1) 00 Ly, (—1)Oen)y (0)(0an)

with the conditions
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vi(=ntO
Yo (—2)10
VRN
Y1 (~1) Dy (0) - Yy (-1t
Yo (—2) (10 vy (—1)(0:D) Yo (=10 =Dy, (—2)(t.—1)
v N\ VR
v1(-1) 7Dy (0)(0: =2 yi (-1 ¥1(—=1) 10y (0)( D yi(-1)®:2)
Yo (—2) 10y, (—1)(0:2) Ly, (—2)(10) v, (0)(0:—1) Yo (—2)1:—D Yo (—2)1: =2y, (—1)(0.-2)
NN v ooN Y
Y1 (1) Dy (0) 0 -D Y1 (~1) "Dy (0)(0 -2
Y2 (=2) 10 v, (—1) (O D vy (0) (0D ¥y (=1)(L0) Y2 (=2) D vy (—1) O D) vi(=1) WDy, ()01
LY (=2)B Dy, (1) 0" Dyy(0) (07D ) Y2 (—2) 17D yy (—1)(0 D

Figure 3: Part of the monomial set M(oc0) for As type

1 ]?,aq»§0f0reach0§k:§n—1 1<i<n-—-k

( 7=0 "i+j ) )
—k k j ;

(2) 335 (ijo agﬂ») =D icpi1 05 for 0<k<n—1.

Specifically, in case of ag = 0 for all 7, j, we have

(3.3) M =] =i (=)0 v5(=2)0 vy, (=) B0
el

We denote by M(oo) the set of all monomials of the form (3.2) and by M
the monomial of (3.3).

Actually, as we will become apparent later, this set M(o0) is closed and
connected under Kashiwara operators (2.11) and (2.12) on M¢. Figure 3 is
the top part of monomial set M (c0).

We now introduce new expressions for elements of M(oo). First, we
introduce the following notation.

DEFINITION 3.2. For uw,v,m € Z, and 1 < ¢ < n + 1, we use the
notation

Xi(m)(u,v) — Yz‘(m)(“’”)Yi,l(m + 1)(7u,7v)‘

Here, we set Y (k)®?) =Y, (k)Y = 1.
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Remark 3.3. From the above notation, we obtain
(34)  Yi(m)™Y) = X1 (m+i— 1)) Xy(m +i—2)®Y) L X (m) @)
= Xpp(m+i—(+1) "X, (m +i—n) W)
- Xipr(m— 1)),
for each ¢ € I. And so, we may write
Ai(m) = X (m) OV Xy (m) @Y,

This is very useful when computing Kashiwara action on monomials written
in terms of X;(m)®).

PROPOSITION 3.4. Consider elements of M¢ having the form

n+1

(35) M= H( §) (it L= SR b H Xp(— <0bk>)
1€l =i+1
= X1 (—1)m = Zida b0 x,(— )<0b> X (=1) O X, q (—1) @)
. X2(72)(n71,7 n+1 bQ)XB( )(O,b ) X ( )(O,bi+1)

Xpoa(—n+ D) EEL DX, (—n 4+ 1)U X (—n o+ 1) O
. Xn(_n)(lv*bn#l)Xn_’_l(_n) (Ova#l)

where b}; >0 for all k, i. Fach element of M(c0) may be written uniquely
in this form. Conversely, any element of this form is an element of M(0).

Proof. Given any monomial

M:H( 1“)HY )" >>eM(oo),

i€l
through routine computation using (3.4), we can obtain the expression

(3.6)
M = Xy (—1)m2Ei= I)XQ( )(0,—a‘f)X3(71)(0,—a3) . .XnJrl(,l)(Oa—a%)

- Xy (—2) (L D) Xy (—2)(0mai—as) x, (_9)(Omaz—ay) L x (- 9)(0man i —an)

Xpoa(—n+ 1)EEa @ X (—p 4 1) O B ) X, (- 1) O B ae)
X (=) B X, (—n) O Bl @),
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Since M € M(o0), from the conditions given in (3.2), we obtain the form
given in (3.5). The element M, =[] YZ-(—Z')(I’O) can be rewritten in the
form [T, c; X;(—i) (=it 10),

Conversely, given any monomial of the form (3.5), we have

el

(3.7) M=y (-1~ W bR bY) )y, (0)(0,_1,;)
.Y2( )( B D S Sl b“)')Y2(71)(0’bé7b§)y2(0)(07*b§)

. Y’nfl(in+ 1)(11* Zi.,llbz 1+Zk n+1b )Yn7 ( n+2)( bn 1)
.. yn_l(_l)(ovbifl—bi)yn_l(0)(0,—bn)
Yo (- )(1 7b"“)Y (—n+ 1)(0’b271*bz+1)
.. Yn(_2)(O,bi—bi+1)yn(_1)(O,bi—bi+1)Yn(0)(0,_b}L+l)-
It is now straightforward to check that M € M(oc). We have thus shown

that M (co) consists of elements of the form (3.5).
The uniqueness part may be proved through simple computation. 0

Remark 3.5. There are other ways to write each element of M (c0)
as products of the terms X;(m)®"). The product form (3.5) was chosen
because it allows us to relate monomials of the set M(oc0) to tableaux in

7T (c0) directly.

Now, we translate the Kashiwara operator actions (2.11), (2.12) into a
form suitable for the new monomial expression of M(c0).

LEMMA 3.6. The set M(o0) is closed under the action given below:
Fix element

=Tl xicoe 5520 T o) e s
el k=it1
Consider the following finite ordered sequence of some components of M:
X1 (—1) @) X, (—1)O0) L Xy (—1) 002
X1 (—2)Obn) X, (—2) 00 (—2) 08,
Xng1(—n+ 1)@ LAY , Xn(—n + 1)(0’%71),
K (=) O,
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(1)

(2)

(4)

H. LEE

For i € I, under each component Xi+1(—m)(0’bm1) of the above se-

quence, write biy -many 1’s, and under each Xi(—m)(o’b;n), write b} -
many 0’s.

From this sequence of 1’s and 0’s, successively cancel out each (0,1)-
pair to obtain a sequence of 1’s followed by 0’s (reading from left to
right). This remaining 1’s and 0’s sequence is called the i-signature

of M.
We define

38)  fiM =M X;(-m) O VX1 (—m) OV = MA;(—m) !

if the component Xi(—m)(o’bzn) corresponds to the left-most 0 of the
i-signature of M and

&M = M - X;(—m) OV X, (—m) O™ = M A, (—m)

if the component Xi+1(—m)(0’bm1) corresponds to the right-most 1.
We define e;M = 0 if no 1 remains and

(3.9) fiM =M - Xi(=) O VX500 (=) OV = MA;(—i) !

if no 0 remains.

Proof. We show that the actions satisfy the following properties:

fiM(o0) C M(o0), &M(o0) C M(co)U{0} forallie 1.

For M € M(c0), if the i-signature of M contains at least one 0, then the
left-most 0 of the i-signature of M corresponds to a component X; (—m)(o’bi )

for some m = 1,...,i — 1 and the exponent of component X;(—m)

(0,67)

corresponding to the left-most 0 has the property (0,0*) > (0,1). Thus
the monomial f;M = MXi(—m)(O’fl)XHl(—m)(o’l) defined in (3.8) is con-
tained in M (00).

When the i-signature of M contains no 0, we define f;M as in (3.9).
Since the exponents of the components X;(—i) of M has the property >
(0,1), fiM given in (3.9) also are in M(c0). So the set M(oc0) is closed
under the above operator f;.

Proof for the statements concerning ¢; may be done in a similar manner.

O
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LEMMA 3.7.  The operation given in Lemma 3.6 is just another expres-
sion of the Kashiwara operators given on ME, restricted to M(c0).

Proof. As we can see in equations (3.8) to (3.9), for each M € M(0),
fiM can also be expressed in form MA;(—m)~' (m =1,2,...,4). To show
that this operation is just another interpretation of the Kashlwara operator
fi given on M, restricted to M(00), it is enough to show that m s defined
in (2.13) for each M is equal to —m of M A;(—m)~! given in equations (3.8)

0 (3.9). Note that we can easily see that from M given by expression (3.2),
for each M € M(o0), ¢;(M) > (0,0).

Given a monomial M € M(oo), we can express it in the following two

forms.

n+1
(3.10) M = H( O TEE ) T Xa(- (ozf)
el k=it1
(3.11) =y (-1~ e bt )y, (0)(0,75;)

'Yn71(7n+1)(177 P TR L b Y71(*n+2)(0b RO

. -Yn,1(71)(0’b$”71_bi)Yn,1(0)(0’_17;)
. Yn(fn)(l’be“)Yn(fn + 1)(01’271*57241)
) .Yn(_1)(0=b711—biﬂ)yn(o)(ov—biﬂ)_
If the i-signature of M contains at least one 0 and Xi(—m)(o’b;n) is the

component corresponding to the left-most 0 in the i-signature of M, then
—m is one of —1,—2,...,—i+ 1 and we can obtain

(3.12) —m = min{j ‘ maX{Zyi(k‘) |je Z}} =my
k<j

where y;(k) is the exponent of Y;(k) appearing in M given by expression
(3.11).

If the i-signature of M contains no 0,
—i = min{j ‘ maX{Zyi(k) |je€ Z}} =my.
k<j

In all cases, we can confirm that my = —m, where —m is given through
equations (3.8) to (3.9) stating fiM = MA;(—m)~!. Proof for the state-
ments concerning €; may be done in a similar manner. 0
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X1 (=)0
X (=2)10)
/N
X1(-DE 7V x5 (-1 X1 (-0
Xa(-2)10 Xa(=2)h 7 X5(-2) 0D
1/ \ 2 1/ \2\
X1(-1)@ =D X5 (-1)(02) X1 (-1 =D X,y (-1 X1 (-1
Xa(-2)10 Xa(=2)H TV X5(=2)OD X (-2) (1D X5 (—-2) 0D
X1 (=)D x5 (-)OD
Xp(-2)10)
NN O/
X1 (=D)E 7D X (=)D x5 (-1) (0D X1(=1) 7D x5 (=1)(0:2)
. _2)(1,0) . —2)(1,=1) x,(—2)(0,1)
Xa( 2? X1 (~1)@=D x5(—1y©n X2(=2) Xs(‘ DX (c1) @D Xy (—1) O
Xo(—2)(1 =D xg(—2)(0:1) : Xo(—2)(1=2) xg(—2)(0:2)

Figure 4: Part of crystal M(co) for type As

From the above lemmas, we obtain the following result.
PROPOSITION 3.8. The set M(o0) forms a U,(A,,)-subcrystal of ME.

Figures 4 illustrates the top part of crystal M(oo) for type Ay. It was
obtained by applying the Kashiwara actions introduced in Lemma 3.6 on
the new expression for elements of M(o0). Readers may want to compare
this with Figures 2 and 3.

The crystal structure of M¢ allows us to obtain more general results
that will be introduced below.

DEFINITION 3.9. Fix any set of positive integers p; and any integer r.
Consider elements of M¢ having the form

]
(313) M =T](vitr =)@ T] Yitr — m)®)
m=0

el
_ Yl(T _ 1)(?1701)5/'1(r)(0,a(1))
Ya(r — 2)(?2705)}/2(7, _ 1)(076!%)}/2(7,)(0,@3)

Yo (r — n)(pn,7a2)yn(r —n+ 1)(041271) Y (r — 1)(0"1;)}/”(7")(0”12)
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and satisfying the same condition given to (3.2). In case of a{ = 0 for all 7,
7, we have

(3.14) M =]]vi(r —i)®0.
el

We denote by M(p1, ..., pn;r;00) the set of all monomials of the form (3.13)

and by M, . b.:ro0c) the monomial of (3.14).

A result similar to Proposition 3.5 may be obtained for M(p1, ..., pn;
r;00).

PROPOSITION 3.10. Each element of M(p1,...,pn;r;00) may be writ-

ten uniquely in this form

(3.15) M =[] (Xilr — i) Eimre ZiZlath H Xulr - )04
iel k=i+1

where b?§ > 0 for all k, i. Conversely, any element in ME of this form is
an element of M(p1,...,pn;7;00).

We believe the readers can easily write down the process for change of
variable similar to that given by (3.6) and (3.7) for M(p1,...,pn;7;00).

The set M(o00) is a special case of this set M(p1,...,pp;r;00) which is
r=0and p;, =1foralliel.

Remark 3.11. 1t is possible to obtain results similar to Lemmas 3.6
and 3.7 also for the case M(p1,...,pn;7;00) in a manner similar to that
for M(c0). Thus we can state that the set M(p1,...,pn;r;00) forms a
subcrystal of M?.

PROPOSITION 3.12. The set M(p1,...,pn;r;00) forms a subcrystal of
ME isomorphic to M(o0) as Uy(Ay,)-crystal.

Proof. As mentioned in Remark 3.11, the set M(p1, ..., pp;r;o0) forms
a subcrystal of M¢. Now let us show that the crystal M(py, ..., pn;7;00)
is isomorphic to M(00).

First, we define a canonical map ¢ : M(o0) — M(p1,...,pn;1;00) by
setting

n+1

(3.16) ¢(M):H<X (r — i) (Chei i TRkl b H Xp(r — ) Ob)>

el k=i+1
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for M of the form (3.5). The monomial M, of M(c0) is mapped onto the
vector M, . p.:rio0)- 1b is obvious that this map ¢ is well-defined and that
it is actually bijective.

Note that the monomial of (3.13) is the element of M(p1,...,pn;7;00)
corresponding to the monomial (3.2) of M(co) under the map ¢.

The outputs of the functions wt, ¢;, and e;, defined in (2.8), (2.9),
and (2.10) do not depend on 7 or on any fixed positive integers p;. Using
Lemma 3.6 and its counterpart for M(p1,...,pn;7;00), we can easily show
that the map ¢ commutes with the Kashiwara operators. Hence, the set
M(p1,...,pn;7;00) forms a subcrystal of M€ isomorphic to M (o). 0

Remark 3.13. It should be clear from the proof of Proposition 3.12,
that in developing any theory for M(p1,...,pp;7r;00) the actual values of
integer r or (pi,...,py) Will not be very important. Arguments made for
any set of such values can easily be adapted to applied to other set of such
values. Hence, we shall concentrate on the theory for M(co) only.

Now, we will show that M(o0) is a new description of B(co) by giving
a crystal isomorphism. Recall that the crystal 7 (co) gives a realization of
the crystal B(oo) (see Theorem 2.8).

Here is one of our main theorem.

THEOREM 3.14. There exists a Uy(Ay,)-crystal isomorphism

which maps Too to Ms. It means that the crystal M(oco) is the con-
nected component of ME containing the mazimal vector My, of wt(My) =

>, (1,0)A; and is isomorphic to B(co).

Proof. We define a canonical map ® : 7 (c0) — M(o0) by setting, for
each tableau T' € 7 (00) with ith (i € I) row consists of b;—many j-boxes,
for each i < j < n+ 1, and some number of i-boxes,

onl |
(3.17) (I>(T):H(Xi(—z‘)("—i“v—ZZLHbi) 11 Xk(—z‘)@vb?c)) € M(c0).

iel k=i+1

It is obvious that this map & is well-defined and that it is actually bijective.

The action of Kashiwara operators on M(co) given in Lemma 3.6 fol-
lows the process for defining it on 7 (c0). Hence, the map ® naturally
commutes with the Kashiwara operators f; and é;. 0
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Remark 3.15. From Proposition 3.12 and Theorem 3.14, we can con-
clude that the crystal M(p1,...,pp;7r;00) is also isomorphic to B(co). It
means that for positive integers p; and integer r, the crystal M(p1,...,pn;
r;00) is the connected component of ME containing the maximal vector
Mp,....ppirio0) € ME of vs?t(M(ph___,pn;r;oo)) = > ier(Pi,0)A; and is isomor-
phic to B(oco).

EXAMPLE 3.16. We illustrate the correspondence between 7 (co) and
M(o0) for type As. Consider a monomial of M (o0)
M =Y (-1 Dy (0) 0
Ya(=2) Y= 1) My (0)
Y3(=3) T Y3(-2) OV (-1) OV (0) O

It can be expressed as

(3.18)
M = Xy (—4) TPV X5 (=3) 0 X (—2) T Xy (-3) ) X5 (—2) 0P Xy (-1) )

X (—4) TP X5 (=3) TV Xy (-3) OV Xy (—2) 7Y

X (—4) TP X (=3) O Xy (—1) O

by using the second expression of Y;(m)®%) in (3.4). On the other hand,
from the equation (3.4), we also obtain

Xy (—4)Y) = X3 (1)) X (—2) T X (—3) ),

By applying this equation on (3.18), we can also be expressed the monomial
M as

M = X1 (—=1)3 D x5 (~1)©03) x5 (~1) 00 x, (~1)©D)
- Xo(—2)® 7 X5(—2) ) Xy (~2) 00
- X3(=3) D x, (—3) O,
Actually, we can obtain this expression of M from (3.6) directly.

Hence we have following marginally large tableau as the image of M
under &1,

H
-
-
-
-

fefefeofefafa]s]

q)_l(M): 2|2[2]3]s ET(OO)
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§4. Monomial description of crystal B()\)

We introduced a realization of crystal B(\) given in the monomial lan-
guage of Kashiwara and Nakajima through Theorem 2.1 and Corollary 2.3.
Now, we give an explicit monomial description of B(\), for the A,-case,
i.e. we will give a concrete listing of elements belonging to the connected
component of M, (or M£) containing a certain maximal vector M € M.
(or M&) of weight A. Notice that there is a natural identification between
crystals M, and M. We will be working on the Nakajima monomial set
M, for convenience.

The organization for this section will follow that of the previous section
closely and we take the set ¢ identical to that of (3.1) used for the B(co)
case. We fix A = ;A1 +--- + [,A,, € PT.

The set we define below was originally obtained by applying Kashiwara
actions f; (i € I) continuously on a maximal vector [Lic IY}(—i)li e M
of weight A. Actually, we will be able to confirm later that this choice of
starting monomial allows us to relate monomials of the set defined below to
tableaux in B(\) naturally.

DEFINITION 4.1. Consider elements of M having the form

(4.1) M—H( (i “ﬁﬁyi—m “1”>
m=0

el

o

= Yi(=1)“v(0)"

2

Ya(—2)"Ya(—1)"Y,(0)
Y (=) Y (—n 4+ D) Y (—1) Y, (0)%
and satisfying the following conditions
(1) at >0, a) <0, andll—zk 0 ZJrk Zk vak i1y foralli e,
(2) Zk:(]aHk < 0 and Zk:o iy >0for1<j<n-—1,1<i<n-—j.
Specifically, in the case of ag =0 for all 4 > j, we have

(4.2) M =[[Yi(=i)" =vi(-1)"Ya(=2)" - Yo (—n)"™.
el

We denote by M(A) the set of all monomials of the form (4.1) and by M)
the monomial of (4.2).
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In the Ag case, we have

Map, 4, = Y1(=1)Y2(=2),
Yi(~1)Ya(-2), Y1(0)'Ya(~2)Ya(~1), Ya(~1)Ya(~1) ",
MM+ Ag) = { Ya(=2)¥a(0) ", Ya(=1)Y1(0) "},
(—1)Ya(=1)"'¥5(0) ™", Y1(0)"*Ya(=1), Y1(0)'V2(0) "

<

Remark 4.2. Since this set M(A) contains a maximal vector My of
weight A, by Theorem 2.1 it is enough to prove that the set M(\) is closed
and connected under Kashiwara operators (2.1) and (2.2) on M to show
that M(\) is a description of the crystal B(\).

For convenience, we shall introduce new expressions for elements of
M(A) in terms of the new variable

Xi(m) = Yi(m)Yi-1(m+1)"" € M.

These correspond to X;(m)0 ¢ ME introduced in Definition 3.2 under
the identification between crystals M and M¢ mentioned in Remark 2.2.

PROPOSITION 4.3. Consider elements of M having the form

) n+1 _
(4.3) M :H<Xi(—z')b3 11 Xk(_i)bk>
iel k=i+1

= X1 (= 1)1 Xa ()% - X (1) Xy (=1) 0
X (=2)B X5(—2)8 - X g (—2)bne

n

- X (=) Xy 1 (—n) P
satisfying the conditions

(1) b; >0 foralli, j,
(2) Z;Lizl b§ = ZZ:Z I, for each i€ I,
(3) Thobipr = Sicobiiiyy for0<j<n—1,1<i<n—max{l,j}.

FEach element of M(X\) may be written uniquely in this form. Conversely,
any element of this form is an element of M(\).
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Proof. Given any monomial M = [],; (YZ(—)a; Hi;:lolfi(—m)a;n) €
M(A), through routine computation, we can obtain the expression
(4.4) M = X1 (—1)Z519 Xy (1) 9 X5(—1)"% -+ X, g (—1) 7%
- Xp(—2) e % X5 (—2) "W T2 X (—2) 792 L X, g (—2) 1

X1 (—n + 1) ZiEno1 9 X, (—n 4 1)” 250 % X (—n o 1) Ziso Giee
n n—1 i
'Xn(_n)aan-‘rl(_n)_Zi: ’

0 Fit1,

Since M € M()), from the condition given in (4.1), we obtain the form
given in (4.3). The element M) = HieIY;(—i)l" can be rewritten in the
form Hz‘el Xi(—i)zﬁzi Ui

Conversely, given any monomial of the form (4.3), we have

1_,2 1
M =Yy(=1)"""Y;(0)7"

3

. 5/'2(_2)’73—173 2(_1)175—1755/2(0)—1%

Y1 (—n+ )Ty, (a4 2) T Y, (= 1) Y, (0) 70
pr pr—1_pn bl _p2 _pt
Yo (—n)"r Yo (—n4 1) T Y (1) T Y, (0) T

It is now straightforward to check that M € M(X). We have thus shown
that M(A) consists of elements of the form (4.3). U

Using this new expression for M(A), we can easily obtain the following
fact.

COROLLARY 4.4. For p, 7 € P, M(p+ 1) = M(n)M(7), where
MM(7) ={M - M" | M € M(p), M" € M(7)}.

Now, we translate the Kashiwara operator actions (2.1), (2.2) into a
form suitable for the new monomial expression of M(A). In a manner
similar to the proofs of Lemmas 3.6 and 3.7 for the M(o0) case, we obtain
the following result.

LEMMA 4.5. The set M()) is closed under the action given below: Fix
element

n+1

(4.5) M =TT TT Xu(=0'%) € M.

el k=i+1
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Consider the following finite ordered sequence of components of M

1 1 1
Xpg1 (1)1, X (= 1) X (=)™,
2 2 2
Xn+1(—2)bn+1,Xn(—2)b", - ,XQ(—Q)bQ,

c ey

Xn+1 (_n)bzﬂ ) Xn(_n)bﬁ-

(1) For i € I, under each component Xi+1(—m)bﬁ1 from the above se-
quence, write b’y -many 1’s, and under each Xi(—m)b;n, write b -
many 0’s.

(2) From this sequence of 1’s and 0’s, successively cancel out each (0,1)-
pair to obtain a sequence of 1’s followed by 0’s (reading from left to

right). This remaining sequence of 1’s and 0’s is called the i-signature
of M.

(3) We define
fiM = MX;(—m) ' X, 1(—m) = MA;(—m) ™

if Xi(—m)bzn is the component corresponding to the left-most O ap-
pearing in the i-signature of M. And we define

&M = MX;(—m)Xit1(—m)~t = MA;(—m)

if Xi+1(—m)bm1 corresponds to the right-most 1.
(4) We define &M = 0 if no 1 remains and f;M =0 if no 0 remains.

LEMMA 4.6. The operation given in Lemma 4.5 is just another expres-
sion of the Kashiwara operators given on M, restricted to M(N).

From the above lemmas, we obtain the following result immediately.
PROPOSITION 4.7.  The set M(X) forms a Uy(Ay,)-subcrystal of M.
Figures 5 and 6 are the crystal graphs of M(A; + Ag) for type As.
Now, we will show that M()) is a new description of B()A). Recall that

we identify elements of the highest weight crystal B(\) with semistandard
tableaux of A-shape, for the A,, case. We define a canonical map ¥ : B(\) —
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vi(0) e (0)7t 2 Y1 (0)"2Ya(—1)

Figure 5: The crystal graph M(A; 4+ Ag) for type As

X1(—1)2X2(-2) —— Xi(=1)Xa2(—-1) —— Xi(=1)Xs(—1)

- X2(-2) - Xo(—-2)
X1(—1)2X3(-2) —— Xi(=1)Xa2(-1) Xi1(—1)X3(—1)
- Xs(-2) - X3(-2)

Xo(—1)2X5(—2) —2— Xo(—1)Xs(—1)
- X3(-2)

Figure 6: The crystal M(A; 4+ Ag) for type As

M(A) by setting ¥(S) = M, where S is the semistandard tableau of shape
A with each ith row made up of bz—many k-blocks for ¢ < k <n-+1 and

M = H(Xi(_i)bé I1 Xk(—i)bi) e M(N).

el k=i+1

It is obvious that this map W is well-defined and that it is actually bijective.

The action of Kashiwara operators on the new expressions for elements
of M(A) given in Lemma 4.5 follows the process for defining it on semis-
tandard tableaux of B(\). Hence the map ¥ naturally commutes with the
Kashiwara operators f; and . Other parts of the proof showing that ¥ is
a crystal isomorphism are easy.

THEOREM 4.8. The bijection ¥ is a Uy(Ay)-crystal isomorphism.
Therefore, we have a Uy(Ay,)-crystal isomorphism

B\ = M(N).
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Remark 4.9. As we mentioned in Remark 4.2, to prove that M(\) is
a description of the crystal B()\), it is enough to show that the set M(X)
is closed and connected under Kashiwara operators (2.1) and (2.2) on M.
In Proposition 4.7, the closedness was shown, so now it remains to show
the connectedness. But, in the above theorem, we proved that M()) is
isomorphic to B(\) in a direct manner.

Now we have an explicit monomial description of B(\), which is a con-
nected component in M of the maximal vector M) of weight .

We can obtain more general results as with the M(o0) case.
For any r € Z, set M(r;\) to be the set of all elements in M of the

form 4
[1(vitr =i T vitr = m)™")

el m=0
satisfying the same condition given to (4.1). Specifically, in the case of
al =0 for all i > j, we set

My = [[Yatr = )"

Each element of the set M(r; \) may be written in the form

) n+1 .
(4.6) M =TT (% =0 TT Xelr =)
1€l k=i+1

satisfying the same conditions given to (4.3). Conversely, any element of
this form is an element of M(7;\).

The set M()) is a special case of this set M(r; \) which is r = 0.

Through a process similar to that given in Propositions 4.3 and 4.7 for
M(X), we can obtain the result that the set M(7; A) becomes a crystal which
is isomorphic to M(A). The isomorphism maps M) of M(\) onto the vector
M.y Thus, the crystal M(r; \) is also a description of B()\). Namely, we
gave a concrete listing of elements belonging to the connected component
M(r; \) of M containing a maximal vector M,,y) € M of weight .

Finally, we can easily obtain the following fact using the expression (4.6)

for M(r; X).

COROLLARY 4.10. For u, 7 € P, M(r;pu+ 1) = M(r; p)) M(r; 7).
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