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EXISTENCE OF NON-TRIVIAL DEFORMATIONS OF
INSEPARABLE EXTENSION FIELDS III*

HIROSHI KIMURA

Let K be an extension of a field ¥ and p denotes the characteristic.
In [4] and [5], we proved that if K is inseparable algebraic over %, then
considered as an algebra over k, K is not rigid. In this note we shall

prove the following

THEOREM. Let K be a finitely generated inseparable extension of a field k of
characteristic p 5= 0.  Then considered as an algebra over k, K is not rigid.

Throughout this note, we assume p = 0.

Let ¢ be a derivation of K over &k and f, the one-parameter family
of deformations of K constructed from ¢ in [1]l. Then f, is expressible in
the form

fila,0) = ab + tF(a, ) + t*Fy(a,0) + « « -,

for a, b e K®k((t)), where F; is a bilinear mapping defined over % and
F,= Sq,o. Now we assume f, is trivial, i.e., there exists a non-singular
linear mapping @, of K®k((t)) onto itself of the form

Oy =1+t + 20+ -+,
where ¢, is a linear mapping defined over %, such that f,(¢,0)=07'(®,a-®,b).

Lemma 1. Let ¢, f, be as above and a be an element of ker o. If f, is
trivial, then ¢, satisfies the following conditions;

1) If r is not divisible by p, then ¢.(a”)=0.

2) If r is not divisible by p™(m>0), then ¢,(a*"'') = 0.

3) ¢pm@) = 0.

Proof. By [5, Lem. 2], F(a,b) =0 for every be K and {=1.
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1) Since ¢ (a,a") = Fy(a,a") =0, ¢,(a")= na"*¢,(a). Hence ¢,(a”)=0.
By [5, Lem. 3],

r—1
(Bg‘or + ig ?i U g‘o'r-i) (a, an—l) = 09
i.e.,

r~—1
Sor(an = a?r(an—-l) + a"_l‘.ﬁr(a) + igl Soi(a)‘pr—i(an‘l)-

Hence if we set x; = ¢;(a), z;(n) = ¢,(@") and y =a, then, by [5, Cor. 1],
¢,(@") = 0, where 7 is not divisible by p.

2) and 3) We shall prove by induction on m.
i) The case m=1. By [5, Lem. 3],

r—1
(09, + X 2 U 9,0 (@, a7 = 0.
i=

Set %, = ¢,(a"), xi(n)=¢,(a"?) and y =a®. By [5, Cor. 1], if r is not
divisible by », 2/(p) = ¢,(@**) =0 and ¢,(a) = 2,(p) = 7 = {¢,(a®)}* = 0.

ii) The case m>1. By [5, Lem. 3],
@, + rjj 9; U 9,-) (@, a0-0P") = 0. Set x; = ¢,(a*"), wi(n)= ¢,(@*") and
y =a*". By [5, Cor. 1], if » is not divisible by p, then x/(p)= ¢,(a?™") =0,
if r=up’(l<u<p, 1=v<m), then zi(p)= (Xypv-1)’ = {Pupr-1(@)}* =0
and if =", then zm(p)= (®ym-1)" ={Pm-1(@*")}* =0. This ends the
proof.

Lemma 2. Let ¢, f, be as in Lemma 1. If f, is trivial, then ¢, m(a*™"'b)
= a?™"'¢ m(b) for ac ker ¢ and b< K.

Progf. By Lemma 1, ¢,(a®*) =0 for »<p™. Therefore, by [5, Lem.
4], dp,m(a?™,b) =0 and @ m(a?™"b) = a*"'¢,m(b). This ends the proof.

Let K= k(xy, + -+, 2,) be a finitely generated inseparable extension of
a field £ Then we may assume that there exist non-negative integers
e<f=g such that K is separable algebraic over L =#k(x;, - -+, x,), the
set {®y, * -+, )} is a transcendency base, z;e+1=<i=<f) is inseparable
algebraic over M= k(x,, + -+, x,) and the set {x;, + -+, z,} is a p-base of
K over k (see [3, Ch. IV, 7).
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If there exists i(e+1=i < f) such that x, is algebraic over k, then
K is not rigid ([5, Th. 1]).
So it is assumed that every z;(e +1=<i< f) is not algebraic over £ and
%5y 1S an element of exponent e.
Let A(X) =i§0aiX ¢?* be the minimum polynomial of z,., =6 over M. Let

P;, Q, be the polynomials in k[z,, + -+, z.] such that @, = Pi and they are

relatively prime, and let & be the least common miltipleQ(;f @,. Then
baX) =§=_,"obiX“’°‘ € klzy, -, 2., X1

First we assume every b, € k[«?%, - -, 23°]. Let ¢ be a derivation of
K such that ¢(0) =1 and ¢(z;) =0 for 1<i<e. Then b, = 3}c;;57*, where
by€ ker ¢ and ¢;; € k. By Lemma 1, 2 and [5, Prop. 1], ’

Mm

0 a1 (b2(6)) =

P pa-1(0;0°7%)
0

-
I

Il
M=

ib; 947 = 0,

=1

1

Therefore ¢ is an inseparable element of exponent >« over k. Hence, in
this case, K is not rigid.

Next we assume that there exists { such that b, & k[x?2% - - -, 22°]. Let
H(xy, + 2, X) =£V‘_J ¢; X'** be a poylnomial of X with coefficients ¢; in
Elay, -« -, 2.] satisﬁze_z; the following conditions;

1) H(xl’ c xesﬁ) = 0.

B
2) If H(xy, »- -, 2,X) = gch“’ is a polynomial of X with coeffici-

ents ¢} in k[, - -+, z.] satisfying the condition 1), then .% degc} g%}degci.
Set ¢, = gcwx?’“”)-l— cij» were 7(h,i,j) is a posti:iove integiz; and
Chijs €5 € klay, =+ =y & + + +, %, X] (the symbol A over z; means that x; is
omitted). Let v be the minimal integer of p-degree of 7(k,i,j) such that
crni;#0 and j, an integer such that v = p-degree of 7(h,i,j,) for some i
and A, Then we may write H? =§}0d1§’ x;’.f””, where d, € k[x2°, - - -, ar,

-, £8", X1, and there exists d; 0 such that { is not divisible by ».

Let ¢ be a derivation of K such that ¢(z;) =1 and ¢(z;,) =0 for i+ j,
and 1<i<e+1. By Lemma 1, 2 and [5, Prop. 1],
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Therefore

n
] . DY .. ) A pe pv (G=-1)p? —
Eﬁl d,(x?’, ) B, , 2, 0 )xjo 0.

., 1 B ) . ..
Hence the polynomial X}id, wf-ve = 33 ¢}t Xire satisfies the condition 1).
1=0 1=0

B B
On the other hand, it is trivial that }degci’ <> degc,. This is contra-
i=0 1=0
diction. Hence Theorem has been proved.
By [1, p 29, Cor. 2] and Theorem, we have the following

CorOLLARY. Let K be a finitely generated extension field of a field k. Then
K is separable over k if and only if, considered as an algebra over k, K is rigid.
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