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A CONNECTION BETWEEN BLOWING-UP AND GLUINGS

IN ONE-DIMENSIONAL RINGS

GRAZIA TAMONE

Introduction

Let C be an affine curve, contained on a non-singular surface X as

a closed 1-dimensional subscheme. If P is a closed point on C, the

blowing-up C of C with center P (induced by the blowing-up of X with

center P) is an affine curve. It is known that there is a sequence:

( ) C = Ck > Ck _! > > CΊ > Co = C ,

where C is the normalization of C, and each Ci + 1 is the blowing-up of

Ci with center a singular point Pt on C* (ί = 0, , k — 1).

The sequence (•) induces a sequence of rings:

(*) R = Ro c i?! c c jRfc_i czRk = R ,

where, for j = 0, , k9 Rj is the coordinate ring of Cj for each i =

0, , k — 1, i? i+1 is called the ring "obtained from Rt by blowing-up the

maximal ideal of Rt corresponding to P/\

On the other hand, there is also a sequence between R and R:

(**) R = Bnd Bn_x c c Bx C £ 0 = R ,

where each 5 ί + 1 (i = 0, , n — 1) is a "gluing of primary ideals of Bt

over a prime ideal of 12" (see [6]).

In this paper we wonder under what assumptions a sequence (#) is

also a sequence (**) of gluings between 12 and 12; in this case, the method

of "gluing" denned in [6] is "inverse" of the process of "blowing-up" used

to obtain the desingularization of C. We give necessary and sufficient

conditions on (*) in order that (*) is also a sequence of gluings like (**);

then, we show some classes of rings satisfying the required condition, in

particular the rings considered in the last theorem of [7],
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76 GRAZIA TAMONΞ

Let C be an affine curve, Pl9 , Pn the singular points on C, R the

coordinate ring of C. For i = 1, , n, the maximal ideal of R corre-

sponding to Pi is a prime ideal belonging to the conductor b of R in Λ.

Then, if Ass (R/h) = {mu , mn}, and S = R- Urn,, the ring A = SΛR

is semilocal, and its maximal ideals are exactly mλA, •• ,mnA, so that

the maximal ideals of A correspond to the singular points of C. Besides,

if Rf is the coordinate ring of the blowing-up of C with center Pt

(i = 1, , ή), the ring "obtained from A by blowing-up m*A" is cano-

nically isomorphic to S " 1 ^ ([4], p. 663). Owing to these facts, we can

consider A instead of R without loss of generality.

Since A is semilocal, the ring "obtained from A by blowing-up a

maximal ideal m" can be described in various ways, according to [4] and

[5]. In fact, if A is a semilocal 1-dimensional Cohen-Macaulay ring, the

ring obtained by blowing-up m e Spm (A) coincides with the "first neigh-

bourhood of A": A = {b/a \ b e m\ a is superficial of degree s}, defined in

[5], Chapter XII. This ring can also be written as A[zjx, , zjx], where

{zl9 , zt} is a set of generators of m, x e m is m-transversal; besides, this

ring coincides with mn: mn — {a e A \ avan c m.71} for all sufficiently large n

(see [4], Proposition 1.1, Definition 1.7, Lemma 1.8, and [2], Corollary 3.5).

In this paper, unless we give further notice, A will mean a semilocal

1-dimensional Cohen-Macaulay ring. Besides, we shall denote the "em-

bedding dimension" and the "multiplicity" of a local ring S respectively

by: emdim(S) and e(S).

First of all, we prove some lemmas we need to study some conductors

which we are interested in.

LEMMA 1.1. Let p be a maximal ideal in A, A be the ring obtained

from A by blowing-up p. If A Φ A, the conductor of A in A is a p-primary

ideal.

Proof. Let α be the conductor of A in A. As seen before, A — pn:pn

for a suitable n, so, for each x e p, y e A we have: yxn e pn, thence xnA C A.

It follows: xn e α for each x e p, so f c *J~d. Now, p is maximal and α is

a proper ideal, then we have p = V α~ and α is p-primary.

COROLLARY 1.2. Let h be the conductor of A in A, A be the ring

obtained from A by blowing-up a maximal ideal p belonging to h. If p

coincides with the p-primary component of 6, the conductor of A in A is p.
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Proof. We first have: A Φ A: in fact, A — A implies p = pA — xA =

xA for some regular element xeA ([4], Proposition 1.1, (ii)), so Ap is

regular, then Ap = Ap while p e Ass (A/b). So, A ς ^ c A ; then, if α is

the conductor of A in Λ, we have b c α, and also yΊF = P (Lemma 1.1).

Let q be the p-primary ideal belonging to b; the reduced primary decom-

position of b is like this: b = q Π (flfy). Then, if f) = q, owing to the

above facts we have: p Π (Π q, ) Z) α Π (Π q,) 3 b = q Π (Π q; ) - p Π (Π q, ),

hence:

( ) p Π (ΓΊ q,) - α Π (Π q,), with V¥ = p .

It follows that the two sides of (•) are two reduced primary decom-

positions of the same ideal b, whose primary components are all isolated;

then, owing to the uniqueness of these components, we have, in particular,

p = a.

Remarks. 1) In general, if p doesn't coincide with the p-primary

component of b, one has: p φ a. As an example, let us consider the ring

A = k\f, tf}. The conductor b of A in A = k[t\ is p-primary, where

p = (t\ f). We have: A = A[f/f9 f/f] ([4], Definition 1.7, Lemma 1.8, and

the beginning of Section 1) = k\t2, tfj. Let a be the conductor of A in A.

One ean easily show that a φ p, seeing that f e p, f e a because ft2 = f £ A.

2) The inverse of Corollary 1.2 is not true, i.e. in some cases the

conductor of A in A is p, but p is not a primary ideal belonging to b.

For example, if A = k{t\t% we have: A = Jfe[ί], b - (t\ f) is (t\f)-

primary, and b Φ (t2, f). One has: A = A[f/t\ f/t2] ([4], Proposition 1.1,

Definition 1.7, Lemma 1.8) = &[ίz, £3]. Now, we show the conductor α of

A in A is (ί2, f). Owing to the maximality of (t2, f) it is enough to prove:

(t2, f) a α. So, for each x e (t2, f), we must prove xA C A. Let x e (t2, t),

ye A; then, x = t2Σ aυt
2ίfj + t*Σ bhkt

2hf\ y = Σ cpqt
2pf«. So, xy =

Σ cpqt
2p(xt3q). Now, xfq = QΓ aίjt

2ίfJ)t3q+2 + (X; bhkt
2hfk)fq+" = Σ aυt

2ί+5j+3(I+2

+ Σ bhkt
2h+"k+3q+\ and we have: 2ΐ + 5/ + 3g + 2 > 4, or = 2 for ίj, q e TV,

2Λ + 5& + 3g + 5 > 7, or = 5 for h, k, q e N. So, xfq e A. Then, Λry =

Σ cpqt
2p(xtZq) e A, since also t2p e A for each p.

COROLLARY 1.3. Lei p, A be as in Lemma 1.1. // p/ is a prime ideal

of A, and p' Φ p, there is a unique prime in A over p\

Proof. Owing to Lemma 1.1, the conductor α of A in A is such that

^~a — p; then, if pf Φ p, one has j / 73 a (otherwise pf ZD p, and this implies
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p' — p). It follows: Ap, = AA.y, so there is a unique prime ideal in A over

p' (since there is one-to-one correspondence between {̂ 5 e Spec A/?β Π A = p'}

and Sj>ec(AA_p.lp'AA_p) = Spec (Ap.lp'Ap) = Spec (kip*)).

The next lemma holds in the general case: so, the rings considered

here are not necessarily of the above type.

LEMMA 1.4. Let A, B, C be rings such that A a B c C, and let α, b, V

be respectively the conductor of A in B, of A in C, of B in C. Then,

aV c b in B.

Proof. For each x e α, y e b7, c e C we have (in B)\ (xy)c — x(yc), where

yceB, since yeV\ so, x(yc) e A because xea. Then, (xy)ceA, so that

xy e b. It follows that aV c b.

LEMMA 1.5. Under the assumptions of Corollary 1.2, Zeί α, b; 6β respec-

tively the conductor of A in A and of A in A. If pt e Ass (A/b) — {p}, and

S = A - pt we have hS'ιA = VS-'A.

Proof. We have bΛ c V, since (6Λ)A c &A c A c Λ, so bS"M c b'S-M.

On the other hand, in J one has aV c b (Lemma 1.4), so (αS MXB'S"1^)

= (αbOS-M c BS-M, hence brS"M c ΌS~ιA because αS"M - S~'A owing to

the assumptions and Lemma 1.1.

Using the above results, we can prove some facts concerning the

conductor of A in A. We assume that A is a finite A-module.

PROPOSITION 1.6. Let b be the conductor of A in A, and Ass (Ajb) =

{Pu * j Pn}- ^ e ί ^j ^ e ^ e r j 7 7 ^ obtained from A by blowing-up pj (1 < j < ή),

hj be the conductor of As in A. The following facts hold:

1) for each ίe{l, , j , , n} there is a unique prime ideal ^ in Aό

over pu and {%, , j , , φn} e Ass (yl./b̂ )

2) for each prime ideal $β m Îj si/c/i ί/iαί 5β ίl A ^ ^ (ί — 1, - -, ή)

we have: ϊ$ e Ass (Aj/hj).

Proof. 1) For each ί e {1, ••-,./, , ft} we have fo ^ p i? so (Corollary

1.3) there is a unique prime in A5 over ^i9 say ^ For each ^ e

{̂ i, , j , ' ' ', ^ J we have φ, Π A - p, Z) b, so Sβ, =) Byίy, thence if S - A - pi9

the ideal ^ i S " 1 ^ is proper, and contains bS~M; . Now, owing to Lemma

1.5, hS-'Aj - hjS-'Aj. Then, we have: φ tS"Mj =) b. S"1^-; this implies

^S-Mj is in AssiS-'Aββ-'Aj), hence φ, e Ass (^/B,).

2) Let φ e Spec (Λ,) be such that p = ψ Π A Φ pt for i = 1, , n.

Then, p ^) b, so Ap = AA_P; it follows: Ap c (^^^-p c AA_P = Ap, so
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= AA_P. Hence, the conductor hj(Λj)A_p is not a proper ideal, so ?β g

Ass (Λjlhj) (otherwise ψ(Aj)A_p, which is a proper ideal, would contain

PROPOSITION 1.7. Under the assumptions of Proposition 1.6, if pj co-

incides with the pj-prίmary ideal belonging to b, then:

{φ e Spec Λj\φΓiA = pJ}<£ Ass {Λ^3) , so

{φ e Spec Λj \ ψ Π A = ^} Π Ass (Λj/b,) is empty .

Proof. Let S = A — fy; then, S'M. — S^A, and the ring obtained

from S^A by blowing-up pJS~1A is canonically isomorphic to S~ίAj (see

the beginning of Section 1). Since p3 equals the ^-primary component

of b, the conductor of A in Λ5 is p3- (Corollary 1.2), so pjS~1Λj C S-1A,

then pjS-'Λj = pβ-'A. It follows: S " % = {xe S ^ A I ^ S^A c ^S-1^}

([4], Proposition 1.1 (i), Definition 1.3); besides, the conductor of S- 1A in

S^A is pjS~ιA. All this allows us to prove: S"M; = S-1A. Indeed, for each

x e S-'Ά we have: xipjS-'A) c pjSΛA c S^A, so ^(^S- 1^) c ^-S^A Π S^A

= pj S " ^ , then x e S"Miβ Now, let Sβ e Spec ί̂̂  be such that ίβ Π A = ^

if φ e Ass (4/6,), we have φS"M, e Ass (S-^/B^S-1^), while ^ S - 1 ^ is a

proper ideal, and B^S"1^ is not a proper ideal, since S~ιΛj = S~1A. So,

the result follows.

Remark. There are examples of rings A such that p3 doesn't equal

the p rprimary component of B, and Ass (Aj/hj) contains a prime ideal ?fi

such that φ Π A = pά. The ring A = A[ί8, ί5] and the ideal ^ = (ί8, ί5)

considered in remark 1) after Corollary 1.2 are an example of that. In

fact, Aj = £[£2, fj, and the conductor b̂  is 3̂ = (ί2, ί3); it is easily seen

that φ ΓΊ A = (f, f) = pjm

From Proposition 1.6 and Proposition 1.7 it follows immediately:

COROLLARY 1.8. Under the assumptions of Proposition 1.6, if p3 coin-

cides with the pfprimary component of b, then Ass (Aj/hj) = {$&, , j , , ̂ βn}

where ^ is Z/ie O7i/̂  prime ideal in A5 over pί9 for i = 1, , j , , n.

The following proposition shows another connection between the

properties of the conductors b and b;.

PROPOSITION 1.9. Let A, pj9 A} be as in Proposition 1.6, ami Sβ€ 6e ί/iβ

onZy prime ideal in A3 over pi9 for i = 1, , j , , n. If pi coincides with

the pcprimary component of b, then ψt coincides with the ψi-prίmary ideal

belonging to h3.
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Proof. Let S = A — pi9 a be the conductor of A in Aj. Since pt Φ pίr

we have: pt 7$ α, because α is J^-primary (Lemma 1.1) and pj is maximal;

so, S'^ = S^Λj. Moreover, hS~xAj = B^S"1^, owing to Lemma 1.5. Sor

hjS-^j = bS-^^ = BS'̂ A, and this last ideal coincides with pfi^A because

of the assumptions on pt. Now, if C^ is the $βrprimary component of B̂ ,

we have: ί^S"1^ = &£-%. Then, Q.S" 1 ^ = jp.S^A. It follows that

QiS^Aj is a prime ideal; so, it coincides with its own radical VβiS^Aj.

Thence, Q* = Sβ*, because G* is ^-primary.

From Corollary 1.8 and Proposition 1.9 we get the following

COROLLARY 1.10. Let A, Aj be as in Proposition 1.6 and let ψt be the

only prime ideal in Aj over pi9 for i e {1, , 7, , n}. // B = AV B =

§2.

Now, let

( * ) 4 = Λ c ^ ! c c Afc_j c 4 = A

be a sequence where each Aj+1 is the ring obtained from Aj by blowing-

up a prime ideal ψj in A^ (7 = 0, , k — 1). We want to find necessary

and sufficient conditions in order that (*) is also a sequence

(**) A = Bn c Bn_λ c c Bx c J50 = A ,

where each jBi+ί is the gluing, over a prime ideal p of A, of the primary

ideals belonging to pBj (7 = 0, , n — 1). Now, A5 in (*) is the gluing,

over a prime ideal p e Spec A, of the primary ideals of pAj+u if and only

if Aj is the gluing, over % Π A, of the primary ideals of Qβj Γ) A)Aj+ί.

In fact, if Aj is the gluing, over a prime ;)/ of A, of the primary ideals

of p'Aj + 1, we have: Aj, = A + p'A3+u and ψ = ^A^+j is a maximal ideal

(see [7], Lemma 1.2, 1)); besides, Sβ; is the conductor of A3 in Aj+ί (since

φ7AJ+1 = ^AJ+1 c Aj, and φ7 is maximal). Now, since AJ+1 is obtained

from Aj by blowing-up ψj9 the conductor α of A ; in AJ+ί is such that

V~α - φ, (Lemma 1.1). Then, we have: α = ψ, Vψ = V"α = %, so φ,

= ^ . It follows: ^ = ψ Π A = φ, Π A, SO AJ is the gluing, over Sβ, Π A,

of the primary ideals belonging to Q$3 Π A)AJ+1. On the contrary, if each

Aj is the gluing, over ^ Π A, of the primary ideals belonging to

0$j lΊ A)Aj+1, then obviously (*) is a sequence like (**). So, our problem is

to require conditions in order that each Aj is the gluing, over p = ^ Π A,.
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of the primary ideals of pAj+1. We note that the property we are inter-

ested in implies the following (weaker) one: for j — 0, , k — 1, As

is the gluing, over ψjf of the primary ideals of ψjAj+1, owing to the

equality % = pAj+1 and [7], Lemma 1.2, 1), 2). This last property can be

characterized through certain properties of Aj, as we show in the follow-

ing lemma, which therefore gives a necessary condition for the property

of (*) we are studying. The following lemma is also a generalization of

Lemma 1.3 of [7].

LEMMA 2.1. Let p be a maximal ideal of A, A, A; respectively be the

ring obtained from A by blowing-up p, and the gluing, over p, of the pri-

mary ideals belonging to pΛ. Then the following conditions are equivalent'.

1) the rings A, A' coincide.

2) emdim (Ap) = e(Ap).

3) the conductor of A in A is p.

Proof. We put *S = A — p, and we remember that S"1^ is the ring

obtained from S'^ by blowing-up p S " ^ . We have:

1) => 2) The gluing over pS~*A of the primary ideals of pS~M is

B = S-'A + pS-'Λ ([7], Lemma 1.2, 1)). Now, pS^Λ c S^A, since pΛ c A'

([7], Lemma 1.2, l ) ) c A ; then, B a S~ιA, so it is enough to apply [7],

Lemma 1.3, 1) φ 2).

2) => 3) Owing to [7], Lemma 1.3, 2) => 3), the conductor of S-'A in

S~1Λ is :pS-1A. Let α be the conductor of A in Λ; we have J~ci = p

(Lemma 1.1). Then, pS~xA = aS~1A, where α is p-primary; it follows: p = a.

3) z$> 1) We have: Ar = A + pA ([7], Lemma 1.2, 1)) C A, since p is

the conductor; so, A' = A.

Owing to this lemma and the above remarks we have: the condition

"emdim ((A^ )̂ .) = e((A;)^.) for each Aj in (*)" is necessary to get the

property of (*) we are studying, but it is not sufficient (consider for ex-

ample A = k[t\ t\ fj: the sequence (*) is A c k[t\ f} C kit} = A, where

emdim ((A,,)̂ .) = e((Aj)%3) for each Aj9 ϊβjy and (*) doesn't coincide with (**),

as Proposition 3.2 of [7] shows). The following results allow us to find

also sufficient conditions for the property of (*) we are interested in.

The next lemma holds in the general case, not only for semilocal

one-dimensional rings.

LEMMA 2.2. Let A c B be rings, p a maximal ideal in A, Af be a

ring between A and B, such that Af c A + pB. If pf is a prime ideal in
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A' over p and pB Φ B, then p'B == pB.

Proof. The ideal pB is maximal in A + pB, since A + pB/pB ^ A/pB Π A

= A/p, which is a field. Besides, pB = (pA')JB c p'J3, because pA' C p';

so, {) J3 c |/.B, and pB is maximal. It follows: pB — p'B.

The next lemma recalls a well-known fact:

LEMMA 2.3. Let (A, m, k) be a local ring, k = A/m and M be a k-

module. Then, 1A(M) = 1Λ(M).

PROPOSITION 2.4. Lei A, ̂ , J be as in Lemma 2.1, B be a ring between

A and A,ψ be a prime ideal in B over p. Besides, let Λf be the ring

obtained from B by blowing-up Sβ. Let us suppose B is a finite A-module,

ψ is the only prime ideal in B over p, and the residue fields k(p), k(ψ) are

eanonίcally isomorphίc. The following conditions are equivalent:

1) pAf = ψA'

2)

Proof. We put: R = Ap, S = B% = BA_P (see, for example, [1], p. 40),

L = ΛA_P, U — Λ'A_P. Then, L is obtained from R by blowing-up pR, so

there is x e R, x regular in L such that pL = xL ([4], Proposition 1.1),

and we have: e(R) - lJR/xR) ([4], Remark a) p. 657) - lΛ(L'/xL') ([4],

Remark b) p. 657, where J = L', x is regular in R since is regular in L)

= lB(UI(xL)Π) - lR(UI(pL)U) = lR(UlpU). On the other hand, there is

also y e B, y regular in A' and such that 1̂/f = yΛ' ([4] Proposition 1.1),

so there is y e S, y regular in U, such that ^L / = yU. Then, as before

we have: e(S) = l8(L'lyL') = 18{U^L%

Besides, L'/pU (resp. iL'/φL') is an A/p = &(p)-module (resp. :a B/ψ

= k(φ)-moά\ήe)9 where the scalar product, induced by the structure of Lf,

coincides with the inner product. Then, (Lemma 2.3) we have: e(R) =

= lHp)(UlpU), e(S) = ls(L'/W) - l fc(W(Z//TO. Moreover, k(p) ^

Then, if 1) holds, in particular pU = VβU, so we have: e(R) =

lkW(L'/$L') = lkm(L'/W) = e(S), i.e. 2). On the contrary,

if 2) holds, lk(p)(L'lpU) = e(R) = e(S) = lkm(U/ψU) = lk(p)(L'/W), so M =

L'\pV and N = L'ffiL' are two &(p)-vector spaces of the same dimension.

On the other hand, since pU C VβU, we have: M/^βU/pU) and N are

isomorphic as £(p)-vector spaces. Then, putting P = ψL'IpU, it follows:

dimfc(ίJ) (M) = dimΛ(p) (iV), and also dim7c(p) (M) - dim&(p) (P) = dimfc(ί3) (iV).

Therefore, dimHp) (P) = 0, so joL7 = φL'; this equality implies pΛF = VβΛ'.
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From Proposition 2.4 and Lemma 2.2 it follows

COROLLARY 2.5. Let A, B, Af as in Proposition 2.4. // B coincides with

the gluing, over p, of the primary ideals belonging to pAf, and ?β is the

only prime ideal of B over p, the equivalent conditions of Proposition 2.4

are satisfied.

Proof We have: B = A + pΛf ([7], Lemma 1.2, 1)), so (Lemma 2.2):

pAf = VβΛ', then 1) of Proposition 2.4 holds.

Using the above results and Section 1 we can find necessary and

sufficient conditions in order that in (*) each Aj is a gluing, as required.

We notice that in (*) each blowing-up concerns a prime ideal Vβj e

Ass (Aj/hj) such that % Π A e Ass (A/6), where hj9 6 are respectively the

conductor of A3 in A and of A in A. In fact, according to the definition

of (*), ψj is an associated prime of the conductor α of A ; in Aj + 1 (Lemma

1.1); besides, b, c α since A, c Aj + 1 c A. Then, ^ D b; , so ψj e Ass (AJhj).

This implies: () = ^ . Π A e Ass (A/6). In fact, putting S = A — p, we have

S-M.; £ S"!A (otherwise (Aj)%h. = (S-^^- i^-^-x^ . = ( S ^ A ) ^ ^ . ^ . =

A^_$J, with ^ e Ass (A^/bj), contradiction); then, a fortiori we have:

S-χA c S-!A, so p e Ass (A/6).

Let Ass (A/6) = {pu , pk}. In general (see remark after Proposition

1.7), for each pt e Ass (A/6) there are in (*) nt > 1 rings obtained by

blowing-up prime ideals which are over pt. So, we write (*) in such a

way to point out this fact:

A - Aλ c c Λn c ylJ1+1 c - c /1J2 c ^,2+1

c: c Λh c ^ t + 1 - ^tn - A ,

meaning that, for i = 0, , έ — 1, ^ . + 2 , , ̂ ι + 1 + i are obtained by blowing-

up respectively ^-. + 1 e Spec (ΛJi + 1), , 5βJί+i e Spac ( ^ ί τ l ) , where 5βJί + 1 Π A

= . . . = Sβ,<+i Π A = pίτl (we put: j 0 = 0).

THEOREM 2.6. With the above notations, we assume: k(^βj) — k(ρ) for

each Vfij e Spec Aj9 p e Spec A such that p = tyj P\ A. The following condi-

tions are equivalent:

1) in the sequence (*)7 each A5 is the gluing, ovzr p = ^β; Π A, of the

primary ideals belonging to pAj¥l (j = 1, , n — 1)

2) for j = 1, , n — 1, ψj is the only prime ideal in A3 over p = ψj Π A,

and emdim ((Λ;)^) = e((Λ3\) = e(A9).
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Proof. It is enough to prove: 1) £=} 2) for each i = 0, * , k — 1 and

each je{ji + 1, ,Λ+J.

Let us localize (*)' at S = A — pί + 1. We obtain:

APί+1 - S-M1 c • • c S~iΛJi c S-M,ί+1 c S-ιAJί+2

c • • c S-MJ<+1 c c S^A ,

where, for each j , S~M; + 1 is the ring obtained from S~1Λj by blowing-up

9βjS~ίΛJ. Now, we have: S~ίA2 — = S~Mi<+1 = Ap . In fact, these rings

are obtained by blowing-up prime ideals which are not over pί + 1APi+1; so,

after calling α, the conductor of Apt+1 in S~1Aj (j = 2, ,ji + 1), we have:

yαj contains a product of prime ideals ψai ψajc, where ψai Π APi+1 Φ

pi + 1APi+1, , ̂ ?ttfc Π Ap.+1 7̂  pi + 1APi+1 (see Lemma 1.1 and Lemma 1.4), so that

no prime ideal belonging to α, coincides with pi + 1 for 7 = 2, , j t + 1.

Besides, S-MJ i+i + 1 = = S'ιΛjk = S-'Ά = A^. In fact, for j - j t + ι + 1,

• , jffc, because of the definition of (*/, no prime ideal belonging to the

conductor of Λ3 in A lies over pi+u so that the conductor of S~ιA5 in

S~ιA = A i i + 1 is not a proper ideal. Owing to these facts, the localization

of (*)' at S is:

A9t+ι = S"MJi + 1 c S~%i+2 c c S - ^ c ^ , ,

where the first blowing-up concerns pί + 1APι+1.

1) =Φ 2) For each j e{ji + 2, , j ί + i}, ^ is the only prime ideal in

Aj over pί + 1 ([6], osserv. II); besides, S " 1 ^ contains the ring obtained

from APi+1 by blowing-up pi + 1>lί,i+1, it coincides with the gluing, over

pί + 1APi+1, of the primary ideals belonging to pi + 1S~xAj + u and contains

VβjS^Λj as the only prime ideal over pi + 1APi+1. Then (Corollary 2.5) we

have: e(APi+1) = e((S-M^ / 5- l i ί y), so e(A,i+1) = e((Aj\) because (S-'Aj)^^.

= (Aj)^.. Moreover, in ΛJt+l9 ψjί + 1 is the only prime ideal over pi + 1, and

we have also: S-'Ah + 1 - APi+i. So, APi+χ = S-Mi< + 1 - (^< + i)*y<+1, then

e(A,<+i) - e((^ i + 1 )^ i + i ). So, for je{j\ + 1, ,Λ + 1} we have: e(AM+1) =

e((A]\). On the other hand, Aj9 being the gluing over pi + ί of the pri-

mary ideals of pί + ίAj + ί, is also the gluing, over 9βj9 of the primary ideals

of ψjAj + ί ([7], Lemma 1.2,2)); then, owing to Lemma 2.1: emdim ((ΛJ)9J)

= e{(A,\). It follows: emdim ((Aj\) = e((A^) = e(AH+1) for j e {jt + 1, ,

2) =φ 1) Let j e {0, , k — 1}. For each j e {jt + 1, ,Λ + i}, we have

emdim {(A^)%) = e((A3)%j), so (Lemma 2.1): Λs coincides with the gluing,
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over $βJ? of the primary ideals of VβjΛj + ι. Then, owing to [6], Proposition

1.5 we have: Aj = {xe Λj + 1\xmoά (f$jAJ + 1) e/(£(%))}, where / is the canon-

ical embedding: kffl,) -—> T^A^^A,^), T = A,^ - {0}. We want to

prove: A3 is the gluing, over pi + 1, of the primary ideals of pi + 1AJ + u that

is Aj = {x e Aj + 1\xmoά(pi + 1Aj + 1) e φ(k(pi + j)}, where y> is the canonical map:

k(pt + d =--> t 7 - ^ J + 1/t)< + 1ylJ + 1), [7 - A/fc + 1 - {0}.

Now, U = A(pi + 1) - {0} == £($£,) - {0} (for the assumptions) = T, so the

hypothesis on A3 can be written: As = {x e !̂J- + 1 ] x m o d ( φ j ̂ j + 1) e φ(k(pi + 1))},

and it is enough to prove: pi + 1Λj + 1 = ^βjAj + 1.

Let S = A — pi + 1. As before seen, for j e{jt + 2, ,./ί + 1}, S^Aj is

local, with maximal ideal ?βjS~1Aj, and contains the ring S~1Λu+29 obtained

from APi+1 by blowing-up pί + ίAPi+1. Moreover, e((Λ^%) = e(APi+1), so e(AP4+1)

= e C O S - M ^ - ^ ); besides, ^(? ; S-M ; ) = A(φ,) = k(pί+ί) = A(pi + 1APί+1) Then,

owing to Proposition 2.4, we have: p i + 1 S " ^ = ^ S " 1 ^ , and this implies

p ί + iylJ + 1 — ^ ^ ί J + i, for the assumptions on S. So, the result follows for

je{j\ + 2, , ; i + i}. As regards Ajt+1, we know that S~1AJi+1 = Apt+1, so

its maximal ideal ^3i. + 1S"MJ,. + 1 equals p i + 1AP ΐ + 1 = pι + 1S~1AJι + 1; then,

% . + 1 S ~ M J i + 2 — pi + iS'1 AJi+2. Then, the result follows for each je

{ji + l, ,Λ + J.

Now, we show certain classes of rings, such t h a t (*) satisfies the two

equivalent conditions of Theorem 2.6.

COROLLARY 2.7. Under the same assumptions as in Theorem 2.6, a

ring A such that Λ\/ b = 6, b = A :AA, satisfies condition 1) of Theorem 2.6.

Proof. We shall prove that A satisfies 2) of Theorem 2.6; it is enough

to show that this condition holds for each i e {0, , k — 1}, j e {jt + 1, ,

ji+1}, if V T = 6. So, let i e {0, , k - 1}, S = A - pi+1. At the begin-

ning of the proof of Theorem 2.6 we showed that the localization of (*)'

at S is:

AW + 1 = s-%i+1 c s~%ί+2 c c S-MJ < + 1 c A;:,; .

In this particular case, we have: AP i + 1 = S'ίΛJ. + 1 C S~1Λj.+2 = = APί+1,

since (as we shall prove) the conductor of S~1Λj.+2 in Ap.+1 is not a proper

ideal. Let Bi<+2 be the conductor of AJi+2 in A; then, the conductor of

S~1Λj.+2 in A ^ i is b J . + 2 S"M j . + 2 . If this ideal is proper, it is the intersec-

tion of the prime ideals ψai,''',Ψar of S~1Aji+2 such t h a t {$aj Π Ap<+1,

j = 0, , r} = Ass (APi+1/bAPi+1) - {pi + 1APi+1} (see Corollary 1.10); but hAPi+1

= pi + 1APi+1, since B = V b , so b^ + 2 S " ^ +2 is not proper.
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So, it follows that in (*)' the only "link" concerning blowing-up of prime

ideals over pi + 1 is Λjt + ί C AJι+2; then, it is enough to show that Aji + ί satisfies

2) of Theorem 2.6. Indeed, we have: in Au+U?βji + 1 is the only prime ideal

over pi + ίt because S~1Ajι + ί = APί+1 is local, and its maximal ideal is

? ; i + 1S-M, i + 1. So, we have also: {ΛJt + d*Ji+1 = S - M ^ f l ] , p. 40) = AH+1.

Besides, since ΛV b = b, the conductor of APi+1 in APi+1 is pi + 1AH+l9 then,

owing to the above facts, we have also: the conductor of S~ίΛj. + ί in

S~1ΛJί+2 is pi + ιS~ιAJi + ι, which equals φ j . + 1S"MJ. + 1. It follows (Lemma 2.1):

emά\m{{S-ιΛh + ι\Jί+ιS-lAjι+ι) = e((S-1Λh + ,\H+lS-ίΛji+x), i.e. emdim ((Λ ; V 1)^+ 1)

= e((AJi + 1\Ji+1). So, Aji + 1 is as required.

COROLLARY 2.8. Under the same assumptions as in Theorem 2.6, if A

is semίnormal, then A satisfies condition 1) of Theorem 2.6.

Proof If A is seminormal, then ΛV b = b so, we can apply Corollary

2.7.

COROLLARY 2.9. Under the same assumptions as in Theorem 2.6, let

A be local, analytically irreducible and such that emdim (A) = 2. Then,

condition 1) of Theorem 2.6 holds if and only if e(A) = 2.

Proof. If A satisfies 1) of Theorem 2.6, in particular we have: e(A)

= emdim (A) = 2. (Theorem 2.6). On the contrary, suppose e(A) = 2. For

each Aj in (*)', A3 is a local ring (since A is a discrete valuation ring,

see [3], p. 748), so it is enough to prove: emdim (Aj) = e(A3) = e(A) = 2.

Let m (resp.: %) foe the maximal ideal of A (resp.: of A3). We have:

e(Aj) < β(A). In fact, e(A) = l^(A/xA) (for a suitable regular x) = lA(A/mA)

(see [4], Remark a), b) p. 657, Lemma 1.8), and also e(A3) = hβj/^βj)

(see [4], as above). Now, Aj = A, so e(Λ3) = lAj(A/ψjA). Besides, owing

to Lemma 2.3, putting k = k(m) = Kψj), we have: l^(A/mA) = lfc(A/mA),

l^ΆlψjΆ) = lfc(A/%A). We have also: Ά/ψjΆ is isomorphic to

(A/mA)/(^A/mA) as a &-vector space. So, e(Aj) - 1,(A/%A) = lfc(A/mA)

- lfc(%A/mA) < l,(A/mA) = e(A).

Then, we have: emdim (Aj) < e(Λ3) ([4], Corollary 1.10) < e(A) (as before

seen) = 2. On the other hand, emdim (Aj) > 2, because As is not regular.

It follows: emdim (A3) = e(^7) = e(A) = 2.

So, Corollary 2.9 shoves that, if C is an analytically irreducible plane

curve with singular point P, the local ring of C at P satisfies condition

1) of Theorem 2.6 if and only if P is a double point. Also for a larger
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class of analytically irreducible curves we can characterize the rings A

satisfying condition 1) of Theorem 2.6: see the next Corollary 2.10, which

shows how Proposition 2.3 of [7] can be deduced from Theorem 2.6.

Let A be the local ring of a monomial curve: A — k\tn\ , tnpj>

with k algebrically closed. By S = (nu , np} we denote the semigroup

generated by nu , nv.

COROLLARY 2.10. Lei A = k\tni, , tnpj, where nx < < np generate

minimally S = (nu , τzp>. ΓΛerc, condition 1) o/ Theorem 2,6 holds if

and only if n2 = 1 mod (nO, 7i; = ^_j + 1 /or 3 <

Proof. Since each ^ in (*) is local, it is enough to prove: "emdim (Λ3)

= e(Λj) = e(A) for j = 1? , TX — 1>J if and only if "τι2 = 1 mod (n), nh =

7iΛ_i + 1 for 3 < h <,p" (see Theorem 2.6). One has: the condition "e(Λj)

= e(A) for j = 1, , n — V is equivalent to "n2 = 1 mod (fti)". In fact,

if e(Aj) = e(A), e {1, , n — 1} then e(^) = nλ\ it implies that the re-

mainder r of the division of n2 by n1 is equal to 1, otherwise there is

a yίj such that e(Aj) = r <Cnl9 for a j € {1, , n — 1} (see [7], Lemma 2.1).

Contrariwise, if n2=l mod (T^), owing to Lemma 2.1 of [7] we have:

e(Λj) = nλ for j = 1, , n — 1, so β(^;) = β(A)

Now, it is enough to apply Proposition 3.1 and Theorem 1.5 of [7],.

to complete the proof.
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