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ON A CERTAIN HOMOLOGY OF FINITE

PROJECTIVE SPACES

HISASI MORIKAWA

1. We denote by Pn(q) the projective space of dimension n pver a
finite field GF(q) with q elements, and we mean by an i-flat a linear
subspace of dimension i in Pn{q). Denoting

Lt = L,(P"(g)) = {ί-flats in P»(g)},

Zq + ι = Zl(q + 1)Z,

Ci+1(Pn(q), z ι + 1 ) = { Σ o*\a. e z,+ 1},
σβLi

C4+1(P (g), GF(l)) = { Σ αoσ|α, e GF(0}

C,(P-(qr), Z ί + 1) = Z Q + 1 , C,{P\q), GFQ)) =

we have chain complexes

C,,+ι(P (g), Z ϊ + 1) ^ > C,(P"(g), Z ί + 1) -

( 1 ) - ^

Cn+1(P»(g),

where the boundary operators dt are defined as follows,

' 3ι( Σ σ,σ) = Σ a..
σβLo σβLo

In fact 3̂  o 3ί+i = 0, because for each pair a Z) λ(σ e Li7 λe Li_2)

| { τ e L M | i C τ C ( 7 } | = 9 + 1
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and for each line σ e Lγ

In the present note we shall be concerned with homology groups of

the chain complexes (1) and (2):

Ht(P\q\ Zq+1) , Ht(P\q)f GF{1)) (l\q + 1) ,

which are PGLn+^-modules. Frobenius map also acts on these homology

groups. Obviously Hn+ί(Pn(q), ) = H0(Pn(q), ) = {0}.

2. Using Gauss-polynomials in q

( 3 )

we may express briefly

(4) |/"(g)l = (* t )
\ 1 /«

)

Let us first calculate the 1-homologies:

PROPOSITION 1.

( 6 ) Hλ{P\q\ Zq+1) s ZUl, ^ ( n g ) , GF(/)) = G F ^ " 1 (l\q

( 7 ) Hί(Pn(q),Zq+1) = 0, H1(P\qlGF(l)) = 0 (n>2,l\q +

Proof. We denote ωM = [0, 1], ωa = [1, α] (α 6 GF(q)), then {ωΛ -

e GF(q)9 a Φ 0} is a free base of Hx{Pι{q))9 because

(ω0 - ω j + Σ (ω« - ω -) - (ωw - ωj) = ^ P 1 ^ ) - (qr + 1)0)̂  ~ 0 ,

Σ <*><*<»<* - Σ (α« — αo)(ωα — ω^) + (α«, + α 0 + Σ α «)
#0 ^O φQ

This proves (6). Assume that n > 2. It is sufficient to show σ^ — r^

(oΌo, rM € Lo, σ^^Γoo). Let ,̂ ^, λ" be three different lines such that

M / = (JM, ^ Λ λ" = τTO , ί Λ r - σ0

with a point <r0. Then there exist a system of points σίf τj9 τυ (1 < i,j

< g — 1) such that

3A Σ 3 ^ Σ
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Q-l q-l

Since g = - 1 in Zq+ί(GF(l)\ it follows

/ q-l q-l \ /q-l q-l

\ ί = i °°/ \ ° y=i V

3. For each flat σ we denote

LEMMA 1.

(( - Dι Σ S(τ) (odd n),
( 9 ) 3 i + 2S(σ)= ϊ " ' - 1

(σ + ( — iy J] S(τ) (even n)

Proo/. Since an i-flat in λ V σ is σ or μ V τ with an (i — l)-flat r in

σ and μ e Lo satisfying μ V a — λ V σ, hence it follows

Σ ^ v T
τdσ
λ<Zσ

qn)σ + qι

λ<Zσ

On the other hand

Λ V τ — σ (λeL0,τe Li^ι\ λ ς£ τ; λ, τ C σ) ,

hence we have

= Σ -S(r) - q%l + q + +

1) TooVβi means the join of τ^ and <7i#

2) ΛVtf means the join of λ and <τ.
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From q2 = 1 in Zq+1(GF(l)), we have

di+2S(σ) = (1 + q + + qn)σ + q* Σ S(τ)
τCZσ

ί( ~ D* Σ S(r) (odd ή) ,
τda

= < reli-l

lσ + ( - 1)' Σ S(r) (even ή) .
τdσ
τGli-i

THEOREM 1.

(10) Hί+1(P2n(Ql Zq+1) = 0 , Hί+1(P2n(q), GF(I)) = 0 (Z|g + 1)

Proo/. By virtue of (7), from the assumption

it follows

When i — 0, we have already proved in Proposition 1.

PROPOSITION 2. 3ΠΛe Euler-characteristic is given by

Σ ( - 1)« dim fli(P (ςr), Gί"(0) = Σ ( - D'( " |

/ 1 1 \ ( (n + D/2
( 1 1 ) ( - D ( ί t + 1 ) / 2 Π (g"-1 - 1) (odd n)

t 0 (eυen n)

Proof. From the relations

dimC,,+1(P"(g)) = 1 = dimlm3 κ + 1 ,

= dimlm3 i+1 + dimKer3 i+1

= dimlm3i+i + dimIm31+2

dim C,(P"(g)) = 1 + Ker3, = 1 + Imd2 + dim fli(P"(ςr)),
dimC0(P%)) = l

it follows

Σ ( - lydimfliίP fe), GF(0) = Σ ( - 1Y dim Ct(Pn(q))
ΐ 0 0
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From the relations

we have

and

Σ(-iy(2f) = Σ ( - D I ( 2 I V 1 ) +Σ(
\ " / q \ " / q

= - (<?2m - i ) Σ ( - i ) ' ( 2 ( m Γ 1 } ) = ( - i)» fj (<f - i)-

4. Using a system of homogeneous coordinates, we define the dual

flat σeLn_i+1 of a flat a e Lt as follows

σ = \ [ά0, ", ocn] &iβi = 0 ([β0, " , βn]eσ)\ (2 < i < n + 1)
J

and

P%) = 1,

and we have the dual pairings;

Ci+i(Pn(q\ Zq+1) X Cn_ί+2(Pn(qlZq+ί

Cί+ί(Pn(q), GF(l)) x Cn.<+t(P"to),

defined by

fl (σ = τ)

(12) ί° ( σ ^ τ )

U ( ) = 1
LEMMA 2.

(13) O M P"(g)> = <σ, 3,P"(g)> = 1 (αe

(14) <3i+i<T, τ = <<r, 3n_i+1f> (1 < i < n,σ e Lui e Ln^
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Proof. The first equation (11) is a direct consequence of the definition

<, ). Since two conditions σ D λ and σ (Z λ are equivalent, it follows

| Ί (r C σ)
(dί+1σ,τ) = Σ <&*> = 1

re£i-i |0 (r ζί σ)

= Σ [0

PROPOSITION 3.

(15) Hί+1(Pn(q), Zq+ι) ^ H^iP^q), Zβ+1)

(16) Hi+ι(Pn(Q), GF(ΐ)) ~

Proo/. By virtue of Lemma 2 we have

Ker3 i + 1 =

Im3 i + 2 =

where ( ) x means the orthogonal submodule with respect to the pairing.

Proposition 3 is a direct consequence of the duality for modules with a

pairing.

PROPOSITION 4.

(17) dim H2(PXql GF(l)) = 1 - q - q* + tf (l\q + 1) .

Proof. By virtue of Proposition 1, 2, 3 it follows

dimF2(P3(g), GF(l)) = ( £ ̂  - 2( J ̂  + 2 = 1 - g - g3 + g4.

EXAMPLES.

dim#2(P3(2), GF(3)) = 7,

dimF2(P3(3), GF(2)) = 52,

dim #2(P3(4), GF(6)) = 189 ,

dim #2(P3(5), GF(2)) = dim i/2(P3(5), GF(3)) = 496.
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