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OF SPHERE BUNDLES OVER SPHERES, I
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HIROYASU ISHIMOTO

Introduction

In the classification problems of manifolds, the connected sums of
sphere bundles over spheres appear frequently. In fact, the manifolds with
certain tangential and homotopy properties come to such connected sums
(cf. Tamura [15], [16], Ishimoto [6], [8], [9]). Motivated by those, in this
paper and the subsequent paper, we classify connected sums of sphere
bundles over spheres up to homotopy equivalence by extending the results
of I. M. James and J. H. C. Whitehead [10], [11], which correspond to the
case that the connected sums of the above happen to be single sums. We
also use Wall [17] in the case when the fibres and the base spaces of
bundles are same dimensional.

In this paper5*0, we treat with the case that bundles admit cross-sec-
tions, and in the subsequent paper, we discuss the general case.

Let A be a p-sphere bundle over a ^-sphere (p, q > 1) which admits
a cross-section, and consider the diagram

where 9, ί* belong to the homotopy exact sequence of the fibering SOP

-+SOP+1->SP = SOPJSOP, P=[ ,cp] (the Whitehead product with the
orientation generator tp of πp(Sp)), E is the suspension homomorphism,
and J means the c7-homomorphism. The diagram commutes up to sign,
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* The following results were previously announced without detailed proofs in Proc.
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that is, P = —Jod, EoJ= —Joi^. We denote the characteristic element

of A by a(A). Since A has a cross-section, a(A) = i#ξ for some ξ e πq-i(SOp).

Then, {Jξ} € Jπq^(SOp)IPπq(Sp) does not depend on the choice of ξ. We

denote it by λ(A) (James-Whitehead [10]).

Let Ai9 i = 1,2, , r, be p-sphere bundles over g-spheres which admit

cross-sections. It is understood that each At also denotes the total space

of the bundle and has the differentiable structure induced from those of

the fibre and the base space. #£=1 At means the connected sum Ax # A2 #

• % Ar of the total spaces. When given another set of such bundles A'i9
i = 1,2, , r', if \\Lχ A[ has the homotopy type of #Jβl At9 then rf must be

equal to r by those homological aspect.

THEOREM 1. Let Ai9 A!i9 i = 1,2, , r, δe p-sphere bundles over q-

spheres which admit cross-sections, and assume that 2p > q, q > 1, p Φ q.

Then, the connected sums #£=1 Ai9 #Jβl A\ are of the same homotopy type if

and only if there exists a unimodular (r X r)-matrix L of integer components

such that

λ{A[y

where the abelian group Jπq^1(SOp)IPπq(Sp) is considered as a left Z-module.

Let H be a free abelian group of finite rank. The homomorphisms

f9f:H-^Jπq.x{SOp)IPπq{Sp) are said to be equivalent if and only if there

exists an isomorphism h:H->H such that / ' = / '°h. Then, the following

is an equivalent form of Theorem 1 and is easily verified.

THEOREM 1'. Let 2p > q9 q > 1, p φ q9 and let r be fixed. Then,

homotopy equivalence classes of connected sums consisting of r p-sphere

bundles over q-spheres which admit cross-sections correspond bijectively with

equivalence classes of homomorphisms of H to J7Γ(?_1(SO2,)/P7Γ?(S
P), where

H is a free abelian group of rank r.

The case p = q is complicated and we can't apply the technique used

in the proof of Theorem 1. But, in this case, the manifolds which we

are considering are (p — l)-connected and 2p-dimensional. So that, Wall

[17] is applicable. We have the following analogue of Theorem 1.

THEOREM 2. Let At, A'i9 i = 1,2, , r, be p-sphere bundles over p-

spheres and assume that p > 2 and p Φ 4,8. Then, the connected sums
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%r

i=1 Ai9 %i=1 A'i are of the same homotopy type if and only if there exists a

unimodular (r X r)-matrix L of integer components such that

In the case p = q, X(At), Λ(A •), i = 1,2, , r, belong to

Jπ^iSO^IPπ^Sη = Jπ^SO) s Z/mZ ,

where

II if p = 3, 5, 6, 7 (mod 8),

2 if p = 1,2 (mod 8),
m(2s) if p = 4s (s > 0),

and m(2s) is the denominator of BJAs (Adams [1]). Represent λ(At),

by the integers λu λ't respectively such that 0 <̂  λu λ[ <± m — 1, ί = 1, 2,

• , r. Then, it is easily seen that the following is an equivalent form

of Theorem 2 for r > 1.

THEOREM 2'. Let Au A!u ί — 1,2, , r (r > 1), be p-sphere bundles over

p-spheres and assume that p > 2 and p Φ 4, 8. Then, the connected sums

#£=1 Au Jί= 1A are o/ ίΛe same homotopy type if and only if G.C.D. (λί9 ,

Λr, m) = G.C.D. (λ'l9 •••,#, m). Especially, if p = 1,2 (mod 8), tfien m = 2

ami therefore, the connected sums are of the same homotopy type if and

only if they have simultaneously non-trivial bundles or only trivial bundles.

(Note: Originally, Theorem 2 was a little more complicated in form-

ulation. The above simple forms which are equivalent to the original one

were remarked to the author by J. Yoshida.)

Remark 1. In Theorem 2 and 2', if p — 3, 5, 6, 7 (mod 8), the theorems

hold trivially since πp_ί(SOp+ί) = 0.

Remark 2. In Theorem 2 and 2', even if p = 4, 8, the theorems hold

if all a(Ai), a(Aβ are even, that is, #[=1 Ai9 #[=1 A[ are of type II (cf. Milnor

[14]). In the case that there are odd numbers in a{At), a(Aβ, i = 1,2, , r,

that is, #*—x An #ί-i A\ are of type I (cf. Milnor [14]), we can also mention

the necessary and sufficient condition for §r

i=1Ai, jfi.iAJ to be homotopy

equivalent using the invariants λ(A^), λ{A$, i = 1,2, , r, though it is

complicated.
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Remark 3. In the above theorems, Λ(A{) can be replaced by — J(αr(A4))

since the sequence

πq(S>) - A π^S') ~^> *P+Q(Sp+1)

is exact if 2p > <? - 1. (cf. James-Whitehead [10, (1.10)] and (7.7) of James

[12]).

Our results make sense for r > 1, but if r = 1, coincide with those of

James-Whitehead [10] except precise conditions on p, q. The proofs of

the above theorems are given in the following sections.

1. Cell structures of connected sums

Let Ai9 ί = 1,2, , r, be p-sphere bundles over g-spheres (p, q > 1)

which admit cross-sections. Let a(A^) = £#(?«) for some given £€ e πq_ί(SOp),

i = 1,2, , r, and let Sf be the cross-section of At determined by ξt as

an orbit of the north pole of the p-sphere. Let Sf be a fibre of At suitably

chosen, i = 1,2, , r. For each i, Sf (Ί S? is a single point e?. We

assume that Sf, Sf, and Aί9 i = 1,2, , r, are oriented compatibly.

Since At — (Sf U Sf) is an open (p + g)-cell, At has the cell structure

Ai = (Sf U Sf)\J9iDί+q and the interior of D?+q may be assumed to be

imbedded differentiably. By (3.7) of James-Whitehead [10], the homotopy

class of the attaching map φί:dD^+Q = Sf+q~1 -> Sf U Sf is given by

( i )

where ^ = Jξf and 4, 4 a r e ^ e orientation generators of πp(Sf), πq(S?)

respectively. We adopt et = (0, , 0,1) as the base point of Sf**'1, and

assume that φjlpύ = e?.

Let r = 2. Ax$ A2 can be regarded as the union of A1 — lnt(^Df+q)

and A2 - Int(JDΓ c ) identified at JSΓ*" 1 = d(iDf+?) and JSΓ*" 1 = d(iDξ+q)

orientation reversingly, i.e. by the map r(xu -,xp+q) = (—Xi,x2, * -,**+«)>

where iD?+q is the (p + g)-disk of radius J with center o of Df+α, i = 1,2.

Let bt = (0, , 0,1) be the base point of jSf+q and join bt to the base

point et of Sf+q~1 by a segment «;*, where i = 1,2. Then, e? is joined to el

by the path w = w^ w2 in A! # A2. D?+q — Int( |D? + g ) can be considered

as the product Sf*^1 X [\, 1] where wt corresponds to et X [j, 1]. Hence,

there is a canonical map SP̂ : C, X [ i l J - ^ D Γ 2 - Int (|Z>Γ?)5 where C, is

a (p + q - l)-disk, which carries Ct X 1, 3C< X [J, 1], and Ĉ  X 1 to JSf+q~\

wi9 and Sf+q~ι respectively and is a homeomorphism from (C*)° X ( ,̂ 1)



SPHERE BUNDLES OVER SPHERES 19

onto the complement of SΓ*'1 U wi U \Sf+q-\ In fact, let πt: Ct -> Sf+e"1

= C,/3C« be the canonical map. Then πtXl:CtX [£, 1] -• Sf+3"1 X [£, 1]

will correspond to Wt.

Let Ef+q, ί = 1,2, be copies of the unit (p + #)-disk and let Tξ+q~1 =

dE?+q = Uf \J Uf, i = 1,2, where Ut

+ (C7f) is the right (left) hemisphere

of Trq~\ ί = 1,2, i.e. t74

+(E7r) = {(*,, , * p + ί ) 6 TΓ9"1; *i ^ 0 (x, ^ 0)}.

Let V> (Vf) be the subspace of Uf (Uf) such that xι ^ 1//2Γ fo ^

-1//2") and W> (W,") be the subspace of U? (Uf) such that xx ^ l/VT

(jCj ^ — 1/V~2~). Then, there are canonical homeomorphisms Θi*. E?+q -* Ct

X [J,l], i = 1,2, such that θx (θ2) maps CΛ" (C72

+), Wx

+ (Wf), and Vί+ (Vr)

respectively to Ct X 1 (C2 X 1), 5Q X [J, 1] (3C2 X [J, 1]), and d x | (C2 X J).

Let Φ€ = ^ 0 ^ , ί = 1,2, and let E p + ? = #f+* U ̂ + ί identified at V?

and y2" orientation reversingly. Then, Ep+q is a (p + <y)-cell and a map

0 : JE*+« _> 2)p+« # βp+α i s defined by Φ = Φi U Φ2, where D?+q # Df+ί is the

union of D?+q - I n t ( | ί ) Γ g ) , i = 1,2, identified at ISx^4^^1 and JSΓ*- 1 ori-

entation reversingly. Φ maps the interior of Ep+q onto the complement

of SΓ*" 1 U M Γ 1 - !^ U S Γ 9 " 1 homeomorphically, and carries Uf, Wf U Wf,

and £72

+, respectively to S?+q~\ wϊκw29 and SΓ*"1.

Let pι:{Ti+*-\Uϊ)-+{Sί+*-\ed, &: (TΓ9'1, Uϊ) ->(Srq~\e2) be the

maps of degree 1, and put ^ = ^ 0 ^ , φ2 = <p2o^o2. Since ^ : Tf+q~x —> Sf+q~1

9

ί = 1,2, are respectively homotopic to the identity, ^ , i = 1,2, are homo-

topic to 9<, ΐ = 1, 2, respectively. Now, Aj # A2 has the cell structure

(Sf U Sχ?) U II Γ 1 - ! ^ U (Sf U Si) U Ep+q, where E p + ί is attached by the map

ψ which is equal to ψtoφ = φt on f/f, φ2oφ = φ2 on ί72

+, and Φ on Wi+

U Wf. Hence, if we shrink the 1-cell w = w^-Wz to a point, l£p+<z may

be regarded as the unit disk Dp+q and the homotopy class of the attach-

ing map ψ comes to {ψ} = {φ^ + {φ2} = {̂ J + {ψ2}. Thus, we know that

Λ M 2 has the homotopy type of {VΪ-i(Sf V Sf)}\J9D
p+q and by (1) the

homotopy class of the attaching map φ is given by

(2) M = Σ ( 4 ° ^ + [4>4])>
i=l

where πp+q^iSf V S?), i = 1,2, are considered as direct summands of

ίWi(Vϊ-iOSfVSΛ).

Similar arguments hold for r > 2. Thus we have

LEMMA 1.1. Lei A ί? i = 1,2, ,r, 6e p-sphere bundles over q-spheres

(p, g > 1) wι£/& characteristic elements a(At) = £*£, /or some gίi βn f { e
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i = 1,2, . . ,r. Then, #[=1 A* Λαs *Λe homotopy type of {\fU(Sf

V S*)} {JφD
p+q and the homotopy class of the attaching map φ is given by

where cp, 4 a r e ^e orientation generators of πp(Sf), πq(S?) respectively, ηt

= Jξi9 and πp+q_x(Sf V Sf)9 i = 1, 2, , r, are considered as direct

summands of πp+q^ (Vί-i (Sf V S,β)).

2. Exchange of the representation

Let Aί9 i = 1,2, , r, be p-sphere bundles over g-spheres (p, <? > 1,

p ψ q) which admit cross-sections and let Ai9 ί = 1,2, , r, be (p + 1)-

disk bundles over g-spheres associated with Ai9 i = 1,2, , r, respectively.

We assume that A* and A* are oriented compatibly for each i. Put W =

Â  fc| t] Ar, the boundary connected sum of Άi9 ί = 1,2, , r. Then,

dW = A,# # Ar. W is considered to be a handlebody of J^(n9r9q)9

n = p + q + 1. Since each Ai has a cross-section, the inclusion map

i: dW-> W induces the isomorphism **: Hq(dW) -> Hq(W) (p ^ Q). Let gi9

i = 1,2, ,r, be the basis of fl^WO represented by zero cross-sections of

Ai9 ί = 1,2, , r, and let /*, i = 1,2, , r, be the basis of Hq(d W) de-

termined by cross-sections of Aί9 i = 1,2, , r. Since /f = i*\gi), ί = 1,2,

• , r, those are independent of the choice of cross-sections. Let ei9 i =

1,2, , r, be the basis of Hp(dW) respesented by fixed fibres of Ai9 i = 1,2,

• , r. The bases {eί9 , er} and {/i, ,/r} are called to be /ϊ&re ami sec-

ZέonaZ with respect to the representation 3 W — Ax # # Ar. They satisfy

e^/j = 3^ for each i9 j .

LEMMA 2.1. Let 2p^>q + l9 q > 1, and p φ q. For any bases {el9

" ,er} of Hp(dW) and {fl9 ,/r} o/ Hq(dW) such that eί-fj = ^ , i,./ = 1,2,

• , r, ί/iere exists a representation dW = Aί # # i ϊ r 63/ p-sphere bundles

over q-spheres which admit cross-sections, such that the bases {eί9 •• ,er}

and {fu ,/r} are ^6re and sectional with respect to it

Proof Let ^: ίίg(W) X £Γa(W)-> τr,(Sp+1) be Wall's pairing^ [18]. Then,

Φ(Su gj) = 0 if iφ h Since each At admits a cross-section, φ(gi9 gι) =

(Eo TΓ*) (ati) = 0 for all ί by Theorem 1 of [18], where at is the characteristic

1) In the original paper of Wall, the symbol I is used. But, we have already used
it in this paper.
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element of Ai9 i = 1,2, , r, π*: πq.ί(SOp+ί) -> ffβ_i(Sp) is the homomorphism
induced from the projection π: SOp+ί -> SOP+JSOP = Sp, and #: π^S*)-*
πq(Sp+1) is the suspension homomorphism. Thus, φ is trivial since it is
bilinear. So that, any representation of W by a basis of fl"e(W) comes to
a boundary connected sum of r (p + l)-disk bundles over ^-spheres. In
fact, since φ is trivial, the imbedded ^-spheres which represent the given
basis elements of Hq(W) can be taken to be disjoint in the interior of W
(cf. Ishimoto [7]). Then, by tying the thin closed neighborhoods of the
imbedded spheres with bands in Int W, we obtain a boundary connected
sum of (p + l)-disk bundles over g-spheres which is diffeomorphic to W.

Let gi = i*(ft), i = 1,2, ,r, be the basis of Hq(W) and represent
W by it. Then, dW has a representation dW = A, # # Ar. Here, each
At is a p-sphere bundle over a ^-sphere and admits a cross-section since
Eπ*(άi) = φ(gi, gi) = 0, where #* is the characteristic element of At. Then,
up to orientation, any cross-section of At represents fί9 and a fibre Sf of
At with canonical orientation represents eί9 since (Sf) /̂  = £^ = ^-/^ for
each i, 7. This completes the proof.

Let A'i9 i = 1,2, , r, be another set of p-sphere bundles over en-
spheres which admit cross-sections (p,q> 1, p Φ q). Ar

iy i = 1,2, , r,
VF' = AJ ti ki A'r9 and then 3 ^ = A{ # # AJ, are similar as in the
above, and those are oriented canonically. The isomorphism i%:Hq(dW)
->Hq{W'\ the basis {g(9 --,gϊ\ of Hq(W'\ and the fibre and sectional
bases {eί, ,e'r} of Hp(βW), {fύ ,/Λ of ^ ( 3 ^ 0 are respectively defined
similarly.

By Lemma 1.1, 3 W = A, # . # Ar and 3 W = Aί # # AJ have the
homotopy type of CW -̂complexes X = {Vί-i(S? V S?)} U^ep + ί and X7 =
{V^iίS^ V Siff)} U / e ' p + g respectively, associated with the representations.
Suppose that 3 W has the homotopy type of 3 W by an orientation pre-
serving homotopy equivalence g: dW^> dW. Then, g induces a homotopy
equivalence /: X -> X7 of degree 1 and we may assume that / is a cellular
map. We consider πp(S?) and πq(S?) as direct summands of πp (Vί-i (Sf V S?))
and ffβ(Vί=i(S? V S?)) respectively, for each ί. Similar identifications are
made about πp(S't*)9 πq(S't*), i = 1,2, . , r. Note that τrn (Vϊ-i (Sf V Sf)) =
πn(X), πn (Vί.i (Sf V Sβ, Vϊ-i Sf) S τrn(Z, Vί-i Sf) if n < p + q - 1, and the
situation is quite similar about X', (X\ \/l=1S

 p).

LEMMA 2.2. If g^(et) = e'i9 g*(fj) = /; /or αZ/ ί,; = 1,2, ,r, then f
satisfies the following properties: Let Kp < q.
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( i ) /;4 = # , i = 1,2, ••-,/•, leftere

U: *P (V (Sf V Si)) - *, (V (Si* V S,")) ,

ατw2 4> 4* α r e f ^ e orientation generators of πp(S?), πp(Sίp) respectively.

(ii) /*(/*4) = Λ4*, i = 1,2, , r, where

Λ : *, ( V (S> V S )) -> τr5 (V (Si* V Sί ), V S('Λ ,

/ is ί/ie inclusion map, and c\, ιf* are the orientation generators of πq(Sf),

πq(Siq) respectively.

(iii) f*{dσ) = Sσ^ ϊ^/iere σ, σr are the orientation generators of

πp+q(X, Vί-i(Sf V S?)), πp+q(X', ψtml(S't* V S^)) respectively and 3 means *Λe

boundary homomorphism.

If P> Q> X replace p and q each other in the above.

Proof, (i) ei9 e\ correspond to (Sf), (S^) in Hp(\Jr

i=1(Sf V Sf)),

Hp (Vί«i (Si/p V S 5)) respectively, which are isomorphic to ττp (Vί-i (Sf V S?)),

wp(Vf-i(Si/p V S'S)) respectively (Kp < q). So that g^(et) = e[ induces

f*(Φ = tp, where i = 1,2, , r.

(ii) We have the following commutative diagram:

πq (V (Sf V S») -^—• ̂ ^ (V (S*/p V S;5πq (V
\i=l

*β (v (Sf v Sf), v Sf) J±> πq (v (si' v sί«), v sί»)

Hq (v (Sf v s/χ v sA -^> H? (v (s;p v sί«), v sί»

ί ί g (V (Sf V S/)) ^ — > F , (V (S*/p V

where Λ is the Hurewicz homomorphism. j*ι\, j^c'* correspond respectively

to (Sf), (Sίq) in each vertical side and /*(S?) = (S q) since g*(ft) = f[. So

that, we have /*(/*4) = 7*O'*4) = U4* for ί = 1,2, -, r.

If P > ^ > 1> similar results are obtained by exchange of p for g in

(i), (ϋ).
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(iii) We have the following commutative diagram:

> H

Hp+q(x, y (Sf v sfή -^> H,+q(x', y (s<'» v #

πpjx, V (Sf V Sfl) - ^ ff^ix7, V (Sί» V S'A

•I i
ίΓ'+«-1 ( X ( S f v s?)) "̂ 7Γj>+β-1 ( x ( S * ' v

Since / is of degree 1, f*σ = af and therefore f*(dσ) = dσ'.

LEMMA 2.3. Let 2p 2> qr + 1, g > 1, and p Φ q. Then, there exists a

representation d W = At # # A r 6y psphere bundles over q-spheres which

admit cross-sections such that

\

where au at are the characteristic elements of Au At respectively, i = 1,2,

• , r, ami L is a unimodular (r X r)-matrix with integer components, and

(ii) £/&e fibre and sectional bases {el9 ,er} o/ Hp(dW) and {fu ,/r}

o/ JEΓβ(3W) associated with the representation satisfy g*(el) = ê , ^^ί/^) = /,'

/or a/Z i,j = 1,2, ,r.
So that, for the CW-complex X = {\Jr

i=1(S? V Sί)}\Jφe
p+q associated

with the representation dW = Aj # %Ar, f satisfies (i), (ii), and (iii) of

Lemma 2.2.

Proo/. Let et = ^ ( e O , Λ = Si'ifj) for i,j = 1,2, . . , r. Since β̂  /; =

Sij9 i,j == 1,2, ,r, and ^ preserves the orientation of 3VF, βi-fj = δ^ for

ι,j = 1,2, , r. Then, by Lemma 2.1, there is a representation dW =

Ai # # Ar by p-sphere bundles over ^-spheres which admit cross-sections

about which the bases {eu , er} and {fl9 , fr} are fibre and sectional.

Let gi = i*(fi), i = 1,2, , r, and let άi be the characteristic element of

At. Then άi = a(gt), where a: Hq{W)-+πq_ι{SOp+ϊ) is the map assigning

to each xe Hq(W) = πq(W) the characteristic element of the normal bundle
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of the imbedded g-sphere which represents x. a is a homomorphism by

Theorem 1 of Wall [18] since φ is trivial. Hence, the relation

induces the relation

\άr

where L is a unimodular (r X r)-matrix of integer components. This

completes the proof.

3. Proof of Theorem 1

Let Ai9 A'ί9 i = 1,2, , r, be p-sphere bundles over ^-spheres with

cross-sections, where we assume that 2p > q + 1, q>l, and p Φ q. Put

W = Άx \\ \\ Άr, W = Ά[\\ - - \\ Ά'r, where A,, Ά[ are the (p + l)-disk

bundles associated with At9 A't respectively for i = 1,2, , r. Then, dW

= #I=1A, and 3W = #ϊ_! AJ. Let {βt, .,er}, {/;, . . .,£} be the fibre and

sectional bases of ffp(3W), ίίg(5W) respectively, and similarly define {ei,

•• ,e3, {//,•••,/;} for 9 ^ .

ASSERTION 1. Suppose that there exists a homotopy equivalence

g:dW-+dW of degree 1 which satisfies g^fa) = ej, g#(/>) = /y for i,j =

1,2, , r. Then, ^(A,) = λ(A'd for / = 1,2, , r.

Proo/. 3W, 3W7 have the homotopy type of CW-complexes X =

{Vί-i (Sf V S?)} U f ^ + ί , ^ = {Vϊ-i (SI* V S;e)} U ^ β/p+9 respectively, and

g induces a homotopy equivalence /: X —> Xf which may be assumed to

be cellular. Let p < q. Then, by Lemma 2.2, M = #, j'*(f*e# = &$,

i = 1,2, , r, and f*(dσ) — dσ\ where the notations are similar to those

of the lemma, and note that dσ = {ψ} and da' — [ψ'}.

So that, by Lemma 1.1,

/*(3*) = Σ σ*4W + Σ [/*4>/*41
( 1 )
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Since j*(f*φ — j*c'q9 by the split exact sequence

o —> πt (\/ sfή —> πβ (vx (s;» v s;«

-^» *, (\/ <s;* v s ), \/ s;') —• o,

we have /„<« = # + # for some 0< 6 πq (Vj-i S;») C πβ (V5-i(S;p V S;«)), i =

1,2, , r. And πg (Vj-j S;p) s Σ5-i««(Sίp) by the assumption 2p > ςf + 1,

g > l (Hilton [4]). Therefore, # = ΣS=i0« for suitable ^ e ^ ( S ; p ) c

π β (V -i S;p), i,7 = 1,2, , r. Let θ'iS = c'J o *„, ^ e »,(S»), i,; = 1,2, , r.

îj> i>7 = 1>2, • ,r, are the suspension elements since πq(Sp) = Eπq_ι(Sp'ί)

(2p>q + 1). So that,

and by Barcus-Barratt [2, (7.4)] or G. W. Whitehead [19, (3.59)],

( 3 ) [βij, 4'] = b'J ° etit 4\ = [c'j, 4\ o (-iy+<E>-%, .

Thus, combining (1), (2), and (3), we have

(4) fjβσ) = £ (cf; o η* + [Θ'U, 4\) + £ [4,4\ + Σ [4,41 ° βa .
i=l i=l ί<j

where βtj = (—ϊ)p+qEp~1θjί + (—ϊ)qEp~1θij. Since f*(dσ) = dσr and by Lemma

1.1

r r
/ pr \ rs / V~» /i /ί _ι_ y~» Γ /i /ii

comparing (4) with (5), we have

by Hilton [4]. Hence,

that is,

Thus ΛCA,) = λ(A% i = 1,2, , r .
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Let p > q > 1. Then, by Lemma 2.2, fo\ = c'j, j*(f*Φ = & # » = 1,2,

• , r, and /*(9σ) = 3</. Similarly as above, f^ή, = c'J + θi for some θ't e

πp (V5=i S;«) c π p (V5=i (S;p V Sjq)), i = 1,2, , r. Therefore, by Lemma

1.1,

UΦσ) = έ (/*4)°^ + Σ [/*4/*4I

And, since ^ e ^ ^ . j ί S 2 1 ) = Eπp+q_2{Sv~ι),

( 6 ) /#(3σ) = ± c'i o rf + £ (β: O rf + [#, θ[]) + £
i l l i l

where those elements of (6) belong to independent direct summands of

πp+q-ΛVϊ-ΛS'j* V Sjq)) (Hilton [4]). Since f*(dσ) = dσ\ comparing (6) with

(5), we have

that is,

Thus, ^(Ai) = Λ(A0 for i = 1,2, , r.

This completes the proof of Assertion 1.

ASSERTION 2. If dW has the homotopy type of dW\ then

(λ(Aΐ)\

\λ(Aΐ)J

for some unimodular (r X r)-matrix L with integer components.

Proo/. Let g: 3 W -> d W be a homotopy equivalence. Choosing suitable

orientations, we may assume that g preserves orientation. Note that

exchange of orientations of fibres does not affect the characteristic ele-

ments of AUA!U £ = 1,2, - ,r, (cf. [10], p. 198). Then, by Lemma 2.3,

there exists a representation 3 W = Aλ % % Ar by p-sphere bundles over

^-spheres which admit cross-sections such that £*(£*) = e^, g*(fj) = fj,

ij = 1,2, ,r, where {e1? ,er}, {£, -,fr} are the fibre and sectional

bases associated with the representation of dW. So that, by Assertion 1,
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i = 1,2, ••.,!•,

and by (i) of Lemma 2.3,

W V(Ar)l
for some unimodular (r X r)-matrix L. Thus, we have

(λ(Aί)\ μ(At)\

\λ(A'r)l \λ(Ar)l

ASSERTION 3. The converse of Assertion 1 is true.

Proof. The proof is a straight extension of that of James-Whitehead

[10 (1.5), p. 210]. Let ^enp+q.x{Sv) be a representative of λ(At) = λ(A[),

i = 1,2, , r. Then, by (3.9) of [10], we may assume that At = (S? U Si)

U,«ep+S Aί = (Si* U S f t U e " ^ and {φt} = tvoVi + [4, 4], {̂ } = ^ Ό , , +

[ # , # ] , i = 1,2, »..,r. Then, a map Λ: Vϊ-i(Sf V S?) - V l = i ( ^ V Sft

defined so that A#4 = ζ\ h*t\ = c'f, ί = 1,2, , r, satisfies Λ*(3tf) = 3σr by

Lemma 1.1. Therefore, h extends to a whole map g:X-+X' of degree 1.

Here, X = {Vί-i (Sf V S?)} U , ^ \ X' = {Vϊ-i (Si* V #«)} U - ^ p + ? , #Γ-i A,

^ X, #[=1 Ai ~ X7, and 3σ = {φ}, da' — {<p'}. Hence, g induces the isomor-

phisms between the homology groups in all dimensions. So, g is a homotopy

equivalence since X, Xf are simply connected, and £*(<?*) = β , g*(fj) = f]

for i,j = 1,2, . . ,r.

ASSERTION 4. The converse of Assertion 2 is also true.

Proof. Let L be a unimodular (r X r)-matrix of integer components

and assume that

β(A[)\

Let {gu •••,#,} be the basis of Hq(W) such that
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where {gu , gr) is the basis determined by zero cross-sections of Άί9

ί — 1,2, , r. Then, representing W by the basis {gu , gr}, we have
3W= A J #Ar and

-v
\arj \ar/ ,

where au at are the characteristic elements of Ai9 At respectively, i == 1,2,
• , r. So that,

(λ{Ax)\ lλ{Aγ)\ (λ(Aί)\

= 4 :
[λ(Ar)J \i(Ar)l \λ(A'r)J ,

and therefore by Assertion 3, dW has the homotopy type of dW. This
completes the proof of Assertion 4.

Thus, in case 2p > q + 1, we have proved Theorem 1 by Assertion 2
and Assertion 4.

4. Continued proof of Theorem 1

In the previous section, the condition 2p > q + 1 (q > 1) is needed
only to prove Assertion 1. The other assertions hold under the condition
that 2p ;Ξ> q + 1, g > 1, p Φ q. So, to complete the proof, it is sufficient
to show Assertion 1 when 2p = q + 1, q > 1. Note that then 1 < p < g.

In the proof of Assertion 1, f^ι\ = t'* + $ for some θiβπq(\/^=1SjP)
C 7r, (V5-1 (S'j* V #;«)), i = 1,2, , r. By Hilton [4],

for some θ) e πq(Sp), θ)k e ^ ( S 2 ^ 1 ) = Z, ij, k = l,2,- ,r. Here, θ% ij

1,2, , r, are also suspension elements if p is odd. For, the sequence

is exact and ^2p-i(Sp) is finite if p is odd. Now,

= & 41 + Σ VJ ° ̂  1̂ + Σ
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and

IVJ, 4*1 - Θ%, 41 = IK'. 4*L 4*1 ° «*-1«}*> U , * = i, 2, -.., r ,

by Barcus-Barratt [2, (7.4)]. Here, J5Γ0 is the Hopf-Hilton homomorphism

and HQ(Θ)) vanishes if p is odd. Hence,

+ Σ Vj, VJ, 4*1] (-W- 'W,) + Σ Vi, VJ, 411 ° (-l)'

Here, [^,<«] = {-lY[^,c'J], and by Jacobi identity (Hilton [4]),

So,

(7)

for

(7)

we have

1

certain

and (1)

Σ

β)
of

[f*<

€ 7ΐp

the

+ Σ<k

+ g-i(S 2 p " 1 ) , r}fc e ? r

section 3,

% 4']) + Σ V},

), »,λ A = 1,2, , r. Then, by

f*(βσ) = Σ (4*«?' + 44 ° M, ί J) + Σ [<?> 4s]

+ Σ [4*. 40«Λ + Σ
i<

Σ
^j<

( 8 }

where ]SJ e iΓp^.^S2*"1), r% e ^ ^ . . ( S 3 ^ 2 ) , i, j , fe = 1,2, . , r. Since fjβσ)

= 3a', thus comparing (8) with do' given by (5) of the section 3, we have

that is,

Hence ^(Aέ) = ^(A^), i = 1,2, , r. Thus, Assertion 1 holds when 2p =

q + 1 and # > 1.

This completes the proof of Theorem 1.

5. Proof of Theorem 2

Let M be a (p — l)-connected 2p-dimensional closed differentiable

manifold (p > 2). Let H = HP{M), φ:HxH-+Z be the intersection
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number pairing, and v\H-+πp_λ(SOp) be the map assigning to e a c h # e i ϊ

^ πp(M) the characteristic element v(x) of the normal bundle of the im-

bedded p-sphere which represents x. v satisfies the following relation

v(x + y) = v(χ) + v(y) + dφ(x,y) ,

where d:πp(Sp) = Z-+πp_λ(SOp) belongs to the homotopy exact sequence

of the fibering SOP -> SOP+1 -> Sp (Wall [18]). Put μ = Jo v, where J denotes

the J-homomorphism.

Let M' be another (p — Unconnected 2p-dimensional closed differ-

entiable manifold (p > 2). Then, H\ φ', i/, and // are similarly defined.

The following proposition is essentially due to Lemma 8 of Wall [17], and

the proof is analogous.50

PROPOSITION 5.1. M has the oriented homotopy type of Mr if and only

if there exists an isomorphism h:H-+ H' such that the following diagrams

commute:

Let Aί9 i = 1,2, , r, be p-sphere bundles over p-spheres (p > 2) and

consider the connected sum of those.

LEMMA 5.2. Let M = #£=1 Au p>% and p Φ 4,8. Then, there exists

a basis {eu ,e r;/Ί, ,/r} of HP(M) symplectic in the sense that ei-ej =

fi'fj = °> ei'fi = hi* i,j = 1,2, ,r, such that μ{e^) = 0 and μ(f3) is a re-

presentative of λ(Aj) for ίj = 1,2, , r.

Proof. Let {βj, •• ,e r;/1, ,/ r}bea fibre and sectional basis of HP(M).

We may assume that et-e5 = 0, ft-fό = 0 (i =^j), and e^fj = δtj for ij = 1,2,

• , r. Note that v(et) = 0, i#y(/>) = a(A^ where ί̂ : πp^(SOp) -"•7rp-i(SOp+1)

is induced from the inclusion. So that, if p is odd, we have the lemma

since frfό = 0, j = 1,2, . , r.

Let p be even and p ^ 4,8. Then, the homomorphism H: ^2p-i(Sp) -• Z

which assigns the Hopf invariant to each element of rc8p-i(ί?p) takes always

even numbers. So that fj-fj = π*(v(fj)) = HJ{v(f3)) — Hμ(fj) is even for

j = 1,2, ,r, where π^ .^.^SOp) —>πp_1(Sp"1) = Z is the homomorphism

2) But, we need not use Eckmann-Hilton [3].
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induced by the projection π: SOP -• SOJSO,^ = Sp~\ Put 2kd = / r / , and

fj =fj- kfr, j = 1,2, . , r. Then, fo, >,er;fu ,fr} is a symplectic

basis of HP(M). vCfj) = P(Λ - &A) = KΛ) + K - * A ) + Oφifj, - * A > = »(fj)

- kβ{l). So that, tfΛ) = μ(fj) - V ° d ( l ) = μ(fj) + kfO). Thus, W,)}

= {μ(fj)} = ̂ (A.,), j = 1,2, , r, and this completes the proof.

By Proposition 5.1 and Lemma 5.2, we have at once

PROPOSITION 5.3. Let Ai9 A[ be psphere bundles over p-spheres, p > 2,

p Φ 4,8, and Zeί M = #Jβl A,, M' = #ί=1 A . TΛen, M and M ; are of the

same oriented homotopy type if and only if there exist symplectic bases

{e» '"9er;fl9'"9fr}9 {eί, -K\fi -,fr} of HP(M), HP{M) respectively such

that μ(ed = μ'(ed, μ(fj) = f/ffl for ij = 1,2, .. , r.

Let p = 8s + 1 (s >̂ 1). In the following exact sequence

^ ^ ) S Z2 • 0 ,

Keri* = Im3 is a direct summand of πp_x{SOp) (Kervaire [13, p. 168]). So,

7r8/SO8s+1) = Im9 0 G (s ^ 1) for some subgroup G. Im3 = Kerί^ = Z2 is

generated by dcp and G = π8s(SO8s+2) ^ Z2 by i#.

LEMMA 5.4. Let M = #ίβ l A€ and p = 8s + 1 (s ̂  1). Then, there exists

a symplectic basis {el9 - - ,er;fl9 - —9fr} of HP(M) such that μ{e^) = 0, μ(f3)

€ J(G) and μ{f3) is a representative of λ(Aj), ij = 1,2, , r.

Proof. Let {βj, -9er;fu ,/r} be a fibre and sectional basis of

HP(M), which is symplectic since p is odd. If v(f3) = a + 6, a e Im3, b e G,

and α =£ 0, then α = 3(1), and put f, = e, + fj. Then, v(fj) = v{fό) + 3(1)

= 2α + b = 6 e G, and ί * ^ ) = i^v^) = αr(A )̂. So that μ(fj) e J(G) and

/^(^) represents λ(Aj). Repeating this for / = 1,2, , r if necessary, we

have a required symplectic basis {eί9 ,er;f19 ,/r} of HP(M).

Now, we prove Theorem 2. Let A,, ΛJ, £ = 1,2, , r, be p-sphere

bundles over p-spheres, p > 2, p ̂  4, 8, and let M = #£=1 At, M r = #ϊ=1 A{.

Let {βi, ,er;A, ,/r}, {eί, -9e'r\fl, •,#} be the symplectic bases of

i ϊ = HP(M), H' — HP{M') respectively, given by Lemma 5.2 and Lemma

5.4.

Firstly, assume that M has the homotopy type of M'. We may assume

that M has the oriented homotopy type of Mf. For, the exchange of

orientations of the fibres turns the orientation of M but does not affect

the characteristic elements of Aί9 £ = 1,2, ,r. So, by Proposition 5.1,
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there exists an isomorphism h .H-^-H' such that φ = φ'°(hχ h) and μ
— μ' oh. Let

( 1 )

/h(eλ)\ je'Λ

h{er)

Wr)'

= (A c)
\B D) '

where A, B, C, and D are (r X r)-matrices of integer components. Then,
since h preserves intersection numbers, KUK1 = U, where

u =( °
\(-l)»Ir 0

and Ir is the unit (r X r)-matrix. Applying v' to (1), we have

(AC ) r r

+ : Wo.
Afr)ί \(BD%rJ

where (ACf)u, (BD0« mean the diagonal entries of AC*,
Since // = Jv' and Jo 9 = — P,

* respectively.

- C P(i) ,

(Afr)

( 2 )

( 3 )

Since //(ej = 0, and μ(f^), μ'(fj) represent λ(Aj), λ(A'j) respectively, by the
relation μ = μΌ h, we have

( 4 ) c = o , D\ -
\λ(A'r)! \λ(A'r)l \λ(Ar)j .
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In the above, considering h'1 in place of h, similarly we have

(5) c : = o ,
\λ(Ar)l \λ(Ar)J \λ(A'r)J

where C, Π belong to the symplectic (2r X 2r)-matrix

B DΊ .

λ(Ad, λ{A'd, i = 1,2,.. , r, belong to Jπp_,(SOp)IPπp(S*) s Jπp^(SO) = Z/mZ,

where

| Ί i f p = 3, 5, 6, 7 (mod 8),

m=<2 if p = 1, 2 (mod 8),

U(2s) if p = 45 (s > 0),

and m(2s) is the denominator of BJks (Adams [1]). Take representatives

λi9 λ[ of λ(At), λ{A$ respectively for i = 1,2, , r such that 0 £ λiy λ't £

m — 1, i = 1,2, , r. Then, it is not hard to see that there exist unimo-

dular (r X r)-matrices Q, Qf (r > 1) such that

( 6 ) Q\\ 1 =

\ 0

(mod m), Q'l

I λ'\
0

\ 0 /

(mod m) ,

w h e r e 0 ^ λ, λ' < m, a n d λ = G . C . D . ft, , λ r , m), 7! = G.C.D. (λ[, •• ,K,m)

if λ, X > 0. And, we know that λ = X. For, if λ = 0 then JLt = • • = λr

= 0, and therefore X = 0 by (5). If λ ψ 0, then Λ' ^ 0 and by (4), (5),

and (6),

X
0

0 /

= QDQ'1

I X\
0

\ 0 /

(mod m),

x \
0

\ 0 /

/ X
0

\ 0 /

(mod m).

So that, X\X, X\X and therefore λ = X.

Let L = Q'Q'. Then, by (6), we have
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λ(Aiy

KA'r)t

for an unimodular (r X r)-matrix L.
Let r = 1. If p is even, then C = ± l , D = 0 or D = ± 1 by the re-

lation KUK1 = [/. Hence, ^(A^ = ±λ(A[) by (4). Let p be odd. If p =
3, 5, 7* (mod 8), (7) holds trivially. If p = 1 (mod 8), then λ{Ax\ λ(A{) are
of order 2, and by (4), (5), Dλ(A[) = X(At), D'λ{Ax) = λ(A[). Therefore,
λ(Aλ) = 0 induces λ{A!λ) = 0. If λ(Ax) Φ 0, then λ(Aλ) = D (̂Aί) =
^ 0 and D, ΰ ' must be odd. Hence λ(Ai) = D^Aj) ^ 0, and so
λ(A2). Thus, in any case, (7) holds for r = 1.

Conversely, assume (7). We show that M has the homotopy type of
M'. Define the matrix K of integer components by

K = 0 L/.

Then, 2? is symplectic, that is, KUK* = t/. Let h:H^-H' he the isomor-
phism denned by the formula of (1). Then, h preserves intersection numbers
and satisfies (2), (3). Put h(et) = e't', h(Q = f'/ for i,j = 1,2, , r. {e",
• ,e";f", • • ,fr) is a symplectic basis of H'. Since B = C = 0 and D
= L, by (2), (3), we have

( 8 )

and by (7),

MΛ)\ (μW\ [kλ

(9) M + hh
Wr)/ W3/ \*r/

for some integers k{, i = 1,2, , r. Hence, by (8), (9), we have

<μ(fd\
(10)

If p is even, apply the following commutative diagram to (10):
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where π: SOP —> S*""1 is the projection and H is the Hopf homomorphism.

Then, Hμ(fj) = HMQ = E'πMf,)) = U'U = <>> similarly Hμ'(ff/) = 0, j =
1,2, , r, and iϊ |/p, <τp] = ± 2 . So, we know that kx = k2 = = &r = 0.

Hence, /<(/,) = μ\f/) for j = 1,2, , r.

Let p be odd. If p = 3, 5, 7 (mod 8), the matter is trivial since Ai9

A'i9 i = 1,2, , r, are all product bundles. Let p = 8s + 1 (s > 0). In the

following commutative diagram

Im3ΘG

J:πp_1(SOp+1)-^π2p(Sp+1) is injective by Adams [1]. Therefore, by the fact

that [cp, cp] Φ 0 if p Φ 1, 3, 7, the diagram induces that J: πp^(SOp) -> ίr2p-i(Sp)

is also injective. Hence, J(πp_x{SOp)) — {[cp, cp]}(BJ(G). On the other hand,

by Lemma 5.4, we may assume that μ(f3), μ'(fj) belong to J(G) for j = 1,2,

•. , r. So that, in (9), fe, = k2 = . = β r = 0 (mod 2) since P(l) = [rp, cp]

is of order 2. Hence, μ(f3) = ^ ( / O for j = 1,2, , r, by (10).

Thus, joining with (8), we have shown that

(11) μ{eτ) = / / « ) = 0 , μifj) = pίifϊ) , for ij = 1,2, . , r ,

where p > 2 and p Φ 4, 8. Hence, M and Mf are of the same homotopy

type by Proposition 5.3. This completes the proof of Theorem 2.

Let p = 4,8, and let {eu •• ,e r;/1, , / r } b e a fibre and sectional basis

of £ΓP(M), where M = %UA,. Then, i#i</,) + S W , ) ) = <*Ah + fyf, ™

even (cf. Wall [17, p. 171]), where πp^(SOp+1) ^ Z (p = 498). Therefore

fjfj is even (odd) if and only if a(Aό) is even (odd). Hence, M is of type

Π (cf. Milnor [14]) if and only if a(Aj), j = 1,2, , r, are all even. If M

is of type Π, then Lemma 5.2 holds for M. So , in a quite similar way,
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we know, as mentioned in Remark 2, that Theorem 2 holds for p = 4, 8
if the connected sums are of type II.
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