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Introduction

Let Sκ(Γ0(qv)) be the space of cusp forms of weight K with respect to

the congruence subgroup Γ0(qv), and So

κ(Γo(qv)) its subspace of all new

forms in Sκ(ΓG(qv)), where q is a prime such that q > 3. Now for
feSχΓ0(qv)), v^t (f\W)(z)=f(—)(qvzyqv"2. Then it is known that W

\qvz/
induces an automorphism of Sκ(Γ0(qv)). On the other hand, for the char-

acter χ of (Z/qZ)x of order 2, let δχ denote the * 'twisting operator" with

respect to χ, which was defined in [15] by Shimura, namely, (f\δχ)(z)

= Σ;Γ-iα.χO*)e2"<n for /(*) = Σ r = 1 an<*'tn'SAΓ0(q% If v > 2, SXΓO(<T)) is

closed under δχ and if v > 3, using W and 5χ we can decompose S°κ(Γ0(qv))

into four subspaces Su SU9 SUί and S I Π in a natural way. For example, Sτ

is the space consisting of all feS%Γ0(qv)) satisfying f\ W = f and f\δχW

— f\δΓ We see these subspaces are closed under Hecke operators Tn for

all n. In the case where v — 2, we can also consider such a decomposi-

tion of S%ΓQ(qv)) and we shall discuss this case in § 5. The main purpose

of this paper is to give a formula for the trace of the Hecke operator Tn

on each subspace Sl9 Sn, etc.. Noticing the trace tr Tn restricted on each

subspace Sϊ9 Sπ, etc. can be expressed as a sum of tr Tn, tr WTn, tr δχWδχTny

and tr δχWδχWTn on SΛ(ΓQ(q% in § 2 and §3, we shall give explicit for-

mulae for tr δχWδχTn and tr δχWδzWTn on Sκ(Γ0(qv)) for v > 2 by means of

Eichler-Selberg's trace formula and Hijikata's result [6] on the conjugacy

with respect to Γ0(N). As an application of these formulae, we can give

additions to the examples which were discussed by Doi and Yamauchi [4],

Namely, in this paper, we shall give several Fourier coefficients of a

certain primitive cusp form f e S°2(Γ0(qv)) for qv = 1Γ and qv = 192, and
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discuss on the class field theoretical property of special points of the
abelian variety associated with /. These examples turn out to be relat-
ed to Shimura's theory on the construction of class fields over real
quadratic fields. In §6, we shall give formulae for tr δχ and tr TqW on
Sκ(Γ0(qv), ψ). As a corollary of these formulae, we obtain another proof
of the theorem of Asai ([2], Th. 4) and Ribet ([9], Prop. 4.4 and Th.
4.5) on the characterization of primitive cusp forms in S£Γ0(qv)) correspond-
ing to L-functions of

Notation

The symbols Z, Q, R and C denote respectively the ring of rational
integers, the rational number field, the real number field, and the com-
plex number field. The symbol φ denotes the upper half complex plane:

$ = {zeC\Imz> 0}.

If we discuss a Fuchsian group of the first kind Γ on £>, then £>* denotes
the union of φ and the cusps of Γ. For an associative ring S with an
identity element, we denote by Sx the group of all invertible elements of
S, and by Mn(S) the ring of all square matrices of size n with coefficients
in S. Then we put GLn(S) = Mn(S)x. For subsets StJ of S, 1 < i, j< n,
(Sij) denotes the subset {(so) e Mn(S) | stJ e Sυ}. Let G be a group and H
be its subgroup. We denote by H the conjugacy with respect to JfiΓ, i.e.,
gHg' if and only if h^gh = g* for heH. For a subset X of G, let X/H
denote the quotient of X by H and sometimes also a complete system of
representatives of XjH. For a finite-dimensional vector space V over C
and a linear operator T on V, tr 3H V denotes the trace of T on V.

§ 1. Preliminaries

In this section, we shall recall some facts on "twisting operator"
defined in [15] and abelian varieties associated with primitive cusp forms,

and make preliminary considerations. Let a = ( ,1 e GL2(R), detα:>0.

For a complex-valued function f(z) on § and a positive integer K > 2, we
define a function f\ [a]κ on $ by

)(2) = (det aY\cz + d)"f(φ)) ,

where a(z) — (az+b)/(cz+d) for ze$. For a positive integer N, put
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Γ0(N) = {(* *) € SL2(Z) i c Ξ 0 ( m o d

For a character ^ modulo N, we denote by S£Γ0(N), ψ) the space of all

holomorphic cusp forms on φ satisfying

/I M. - V^)"1/ for γ = (a *) e Γ0(Λ0 ,
\c d/

and by S%Γ0(N), ψ) the space of all new forms in SK(ΓO(N), ψ). Through-

out this paper, we fix a prime q > 3, and assume N' = qv with a non-negative

integer v. Let χ be a real primitive character of (Z/qZ)x of order 2, and

assume v > 2 and the conductor fΨ of ψ satisfies f̂  < g""1. Let α:Zi = ί ̂  M\

for ue Z, then as in [15] we can define the twisting operator δχ on

Sκ(Γ0(qv), ψ) with respect to χ by

W(χ) u=i

where W(χ) is the Gaussian sum for χ. For feSκ(Γ0(qv),ψ), put

then W gives an isomorphism of Sκ(ΓQ(qv), ψ) onto Sκ(ΓQ(qv), ψ). In the fol-

lowing, except in § 6, we assume ψ is the identity character and tc is an

even positive integer. Put Sκ(Γ0(qv)) = Sκ(Γ0(qv), ψ). By a result of Atkin-

Lehner [3], we know W induces an isomorphism of S°κ(Γ0(qv)) onto

itself. On the other hand, if v > 3, we can prove

PROPOSITION 1.1. // v > 3, δχ induces an isomorphism

Proof, For a primitive form fe S%Γ0(qv)), assume f\δχ is contained in

the space of old forms, then there exist gl9 g2 e SχΓQ(qv"1)) such that (f\ δχ)(z)

= gi(z)+g2(qz). Applying δχ on both sides, we obtain f\δχδχ = g^δ^ Since

v > 3, /|^χ^χ = / and ^ | δ χ e SXΓoiq"'1)). This contradicts our assumption.

If v > 3, by means of δχ and W", we can decompose S%Γ0(qυ)) into the

following four spaces, namely,

S°AΓ0(q>)) = Sτ® Sπ Θ S I l 2 Θ Sm ,
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where

Sι = {fe S%Γώr)) \f\W = f,f\δtW = f\ δχ}

Su = {fe S'AΓώft) \f\W = f,f\δzW= -f\ δχ}

Snt = {fe S%Γ0(q'))\f\W= -f,f\δtW = f\δχ)

Snr = {fe S«(Γ 0 (g0) | f\W= -f,f\δtW = -f\δχ} .

Then we see easily that these four spaces are closed under Hecke oper-

ators, and that Su\δχ — SUχ. In the case where v = 2, we can also con-

sider a similar decomposition of S°κ(Γ0(q2)), however the situation is a little

more complicated in this case, so we shall discuss it in detail in § 5. To

give a formula of traces of Hecke operators on the above spaces, let us

consider the operators δχWδχ and δχWδχW on Sκ(Γ0(qv)) for v > 2. These

operators have a good property if v > 3, namely we can prove

PROPOSITION 1.2. If g is an old form in Ss(Γ0(qv)) with v > 3, then

g\δχWδχW = 0 .

Proof. If g(z) = f(qz) for fe Sκ(Γ0(qv-% g\δχ = 0. Hence we may as-

sume g is a primitive form with the level q\ λ < v. Then we see

(g\δxW)(z) = f(qz) for some fe Sκ(ΓQ(qv-% and we obtain g\δxWδx = 0 and

g\δxWδzW=0.

If f > 3, we can express the traces of Hecke operators on SΊ, Sπ, SUχ,

and S I Π by using tr Tn, tr WΓn, tr δxWδχTn, and tr^VF^WTn on S£ΓQ(qv)).

For example, on SI? we have

tr Tn IS, = i{tr T7. | SΣ(Γ0(<rt) + tr

+ trί 2 Ψί z Γ n ISXΓ 0 (^)) + tr 3χWδχWTn\Sκ(Γ0(q»))} .

Formulae for tr Tn and tr WTn are already given by Hijikata [6] and

Yamauchi [16] respectively. In § 2 and § 3 we shall give formulae for

tr δxWδxTn and tr δxWδxWTn on S£Γ0(qv)) for v > 2 and for any n prime

to q. In the case where v — 2, we can calculate the traces of Hecke

operators on certain subspaces of Sκ(Γ0(q2)) by means of the above traces,

we discuss it in § 5.

In the rest of this section, we assume tz = 2, and recall a few facts

in [15]. Let Γ be a group of level qv given by
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Γ = i ( a b ) e ΓQ(qv) \a = d ~ l ( m o d ,
ι\c dl

Let J be the jacobian variety of £>*/Γ and S2(Γ) the vector space of all

holomorphic cusp forms on φ of weight 2 with respect to Γ. Then it is

known that J is defined over Q. Let f(z) = 2]n=i αTCe27Γin2, αt = 1, be a

primitive cusp form in S2(Γ0(qv)), then / is a common eigen-function for

Hecke operators Tn for all n as an element of S2(Γ). Let if be the sub-

field of C generated over Q by an for all n. Then by [15, Th. 1], we have

(1.1) There exists a triple (A, μ, θ) formed by the objects satisfying the fol-

lowing conditions.

( i ) A is a quotient of J by an abelian variety defined over Q, and

μ is a natural map J->A.

(ii) θ is an isomorphism of K into End(A)(g)Q such that μ°ξn

= θ(an) o μ for all n. (ξn is an element of End (J) associated with

Tn.)

(iii) dim A - [K:Q\.

Now if we take N(= M) = qv (v > 1), r = q, s = N in the notation of [15,

§4], then we see our Γ satisfies the condition (4.8) in [15, §4]. Suppose

the following condition (the condition (4.9) in [15]) is satisfied:

( * ) There is an automorphism p of K, other than the identity map, such

that χ(ri)an = ap

n for all n. (This implies especially that p2 = 1 and

an = 0 if (n, q) Φ 1.)

Then by [15, Prop. 8 and Prop. 9], under the assumption (*), there exists

an endomorphism η of A which is defined over the quadratic extension k

of Q corresponding to χ and satisfies the condition

(1.2) ( i ) rf = —η if ε is the generator of Gal (kjQ).

(ii) η2 = χ(— ϊ)q idA.

(iii) η o θ(a) = θ(ap) o η for every ae K.

Under the assumption (*), we follow the procedure in [15]. Let F

be the invariant subfield of K under p, and oκ, oF be the maximal orders

of K9 F respectively. Let b0 denote the ideal of K generated by all x in

oκ such that xp = — x. We define the odd part 6 of Bo

 a n ^ an integral

ideal c of o^ in exactly the same way as in [14, § 2] for the present F

and K. We put
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then £ is isomorphic to (o#/b)2 as an o^-module. Further we assume as in

[14, §9],

(**) x(—ϊ)Q = ^ (mod c) for some eeoF prime to c,

and put

Then as in [14, Prop. 9.2], we can verify

(1.3) The submodules ϊ) and 3 are oF4somorphic to oF/c, and g = t) ® 3.

Let &(£) (resp. A(t))> £(3)) denote the smallest extension of k over which

the points of 5 (resp. ij, 3) are rational. Then k(z) is an abelian extension

of k, and making Gal (k(^)/k) act on t) and 3, we obtain an injective

homomorphism

>(o,/c)x X (o,/c)* .

We shall discuss on the class-field theoretical properties of (oF/c)-valued

"character" associated with the abelian extensions k(t)) and £(3) for some

numerical examples in § 4 and § 5.

§ 2. A formula for tr δx Wδχ WTn

For a rational prime p, let Zp and Qp denote the ring of p-adic

integers and the field of p-adic numbers respectively. Let QA (resp. Q%)

be the adele ring (resp. the idele group) of Q. For a non-negative integer

μ and a prime p, put

For a prime p different from q (resp. p = q), let Up denote Rp(0)x = GL2(ZP)

(resp. i?Q(^x) and let [/«, denote the subgroup {g e GL2(R) | det ^ > 0} of

GL2(J?). Then C7 = \\PUP X ^ is an open subgroup of GL2(QA), and Γ0(qv)

= U Π GL2(Q).

LEMMA 2.1. 7%e notation being as above, one has

up x ϋ . β % , x 17.) n
0 l
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and the right hand side is a disjoint union.

Proof. It is easy to see that the right hand side is contained in the

left hand side and that the union is disjoint. Let g = ( Λ be an ele-

ment contained in the left hand side, then det g — q2. If c Φ 0, there exist

a', d e Z prime to q such that a = qaf c = qμcf with a positive integer

μ>v + l and (a', cf) = 1. Hence there exists an element h = (%-ij ^)

eΓ0(qv) for some m,neZ. Since hg = (Q *j and detg = ςr2, we may

assume c = 0 and g is of the form ί? j . Now we easily see such ele-

ments are contained in the right hand side. This completes the proof of

our lemma.

For g=(£ J) e Ql Up X C7β(g J)^r X ϋ.) Π GL2(Q), we put

Xo(£) = χ(alq)χ(b) ,

then we can check

xo(g) for r , r

r

Let ( g Up X C7Q(g J)c7β X U^ ΓΊ GL2(Q) = U!=ίΛ(^K be a disjoint

union, then we have for fe Sκ(ΓQ(qv)),

For y > 2, let Ξq(δzWδχW) denote the subset of Rq(v) given by

q Z" q Z

where uQ denotes the valuation of Zq such that vq(q) = 1. Then ^ ( δ j VF̂ χ W)

is a union of ί/g-double cosets. For i, j , 1 < i, j < q — 1, put

ίC l 1)
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2v+r _ v+2 ) for

hj, 1 < h j < Q — 1. Then one has

(2.1) Ξq(δχWδχW)=ljUqaίj9

α?ιd ί/ie r/gΛί /icmd side is a disjoint union.

Proof. The right hand side is clearly contained in the left hand

side. For ij, if,jr, 1 < i,j, if,jf < q — 1, we have

and the disjointness of the right hand side follows from this easily. Hence

to prove our lemma, it is enough to show Ξq(δχWδχW) c Uf,l=i Uqocti.

( ov+2a ov+ί\

2v+l v + 2/

q*v+ιc q»+2j and a! = ^ + 1 ^ ^ + 2 j , by a direct

calculation we can verify easily

IJqa = Uqa' if and only if a = α7, c = c; (mod g) .

Since Uqai3 = UJ ~JH__ . V+1 * \ + 2 J , we obtain Ξq(δxWδxW) = \Jϊj-iU<Ptj-

Let n be a positive integer with (n, q) = 1. For a prime p Φ q, we

put

SP(n) = {ge M2(ZP) | ι/p(det g) = vp(ή)} ,

where vp is the valuation of Zp given by vp(p) — 1. Then Ξp(ή) is a union

of [/p-double cosets.

LEMMA 2.3. The notation being as above, let n be a positive integer

prime to q, and assume v>2. If {\\PφqΞp{n) X Uq X UJ) Π GL2(Q)

= Uί=i Γύ{qv)βλ is a disjoint union, then one has

\Bp(n) X Ξq(δxWδxW) X U^ Π GL2(Q)

q-l d

= U U Λ(«*)««i8i ,

end the right hand side is a disjoint union.
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Proof. Since \\PΦqΞp{n) X [/«, = Uί-i(ΓL*« ^ P X Un)βx is a disjoint

union, we see by Lemma 2.2

Π B,(n) X S ^ W ^ W ) X U. = U U tfe*,A ,

and the right hand side is a disjoint union. By considering the inter-

sections of both sides with GL2(Q), we obtain our assertion.

For aq = (" J ) e £β(32W32 W), we put

Then for pβ 6 Uq9 we have

(2.2) U

For ae Y[pΦqΞp{ή) X Ξq(δtWδxW) X UΌ., we define Zl(a) by

χi(«) = χi(«β)»

where α̂  denotes the g-component of a. Then we can verify

(2-3) χ i 0 V ) = Zi(«) for γ, f e

For a positive integer re prime to q, put

,,) = ( π Ξp{n) x ^ ( ^ ^ W ) X uΛ Π GL2(Q),

then Ξ(δzWδzWTn) is a union of Γ0((f)-double cosets. J£ we put for

fe SA

f\χΞ(δxWδxWTn) = ^ y Σ χt(«)/| M.,

then by (2.3) the right hand side is independent of the choice of the rep-

resentatives αr's, and by Lemma 2.3, we obtain

f\ δx Wδx WTn = f\x Ξ(δx Wδx WTn) .

By Eichler-Selberg's trace formula ([5], [7], [10], [11]), we can express

tr δxWδxWTn I Sκ(Γ0(qv)) as a sum extended over some conjugacy classes with

respect to Γ0(q*). By noticing Ξ(δxWδxWTn)=(^l ^jΞ(δxWδxWTn)(^l J)" 1

and χ i ((J J)α(J J)"') = Xί(a) for ae Ξ(δxWδxWTn\ we obtain
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tvδxWδxWTn\SAΓ0(q")) = -3&-(t. + tn + t,)
W(χf

t. = -j- Σ a<«) ίΓ{ *
( 2 4 )

/ _ 1 y / v (min. (|ζg|, l

tp = -lim— 2

where Ξ(δχWδχWTn)e (resp. £(5χWaχW^Γn)Λ resp. S(dχWδχWTn)p) denotes

the set of all elliptic elements (resp. hyperbolic elements fixing cusps of

ΓQ(qv); resp. parabolic elements fixing cusps of Γ0(qv)) in Ξ(δχ Wδχ WTn).

For a e GL2(Q), ζa and ηa are the two characteristic roots of a and Γ(a)

— {γeΓ^q^lγ'^aγ — a}. For a parabolic element a in GL2(Q) Π t7«, fixing

a cusp of Γ0(<f), there exists geGL2(Q)ΠUa3 such that gΓ{a)g~ι

= ί (J ^ ) I m e z} and gαg"1 = (^ ^α) with A > 0, then m(a) = Λαζ;7^

To express tr ^χ Wδχ WTn in a more explicit form, we follow Hijikata

[6]. First let us introduce some notation. For a quadratic polynomial

Φ(X) = X2 - sX + n in Z[X\, we put

K(Φ) = Q[X]/(Φ(X)),

then K(Φ) is a commutative Q-algebra of dimension 2 over Q. We denote

by X the class of X in K(Φ). By a Z-order of K(Φ) we understand a

subring A of 1£(Φ) containing the unity which is a free Z-module of rank

2. For a prime p, we put K(Φ)P = K(Φ) ®Q Qp and Λp = Λ®z Zp. Let a

be an element of GL2(Q) with the minimal polynomial Φ(X). For a Z-

order A containing X and a non-negative integer μ, put

where Qp[a] is a Qp-algebra generated by a and ψ is a canonical isomor-

phism of K(Φ)P to Qr[α] such that ψ(X) = αr. For the infinite prime, we

put

THEOREM 2.4 (Hijikata [6]). The notation being as above, let p be a

non-negative integer such that [Ap: ZP[X]] =pp. For a non-negative integer

μ, put
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Ωp{μ, Φ9 A) = {ξeZp\Φ(ξ) = 0

({veZp\Φ(v) =

Ω'p(μ, Φ,Λ) = I , if p~2p(s2
 - 4 W ) Ξ O (modp) and μ > 0

[φ, otherwise ,

and let Ω and Ω' be a complete system of representatives of Ωp(μ, Φ, A)

modulo pμ+p and Ωp(μ,Φ,A) modulo pμ+p respectively. For ξeΩp(μ,Φ,Λ),

Ύ] e Ω'p(μ, Φ, A), put

Then {ψξ(X)\ξ e Ω}U Wη{X)\y£®'} gives a complete system of representatives

of Cp(μ> Φ, A)lRXμY.

COROLLARY 2.5. The notation being as above, one has

These are the special cases of Th. 2.3 and its corollary of [6].

We put Cp(a, A) = Cp(0, a, A) if p ±? q and Cq(a, A) = Cq(v, a, A). Let

R(qv) be a Z-order of M2(Q) such that R(qv) ® z Zp = Rp(0) for p ^ q and

= Rq(v). For a Z-order A of K(Φ) containing X, put

C(α, il) = { r ^ l ί e GL2(Q), ψ(A) = gR{<f)g-* ΓΊ Q[a]}

& e Cp(α, .1)} ,

where gp denotes the p-component of g, and define the class number of

A by

h(K(Φ), A) = (K(Φ) ®Q QAyικψy(j\ A- x At)

Here At denotes the subgroup of (K(Φ) ®Q R)x consisting of all elements

with positive determinants for the regular representation of (K(Φ) ®Q R).

PROPOSITION 2.6. Let a be an element of GL2(Q) with the minimal

polynomial Φ{X) = X2 — sX + ne Z[X], Let θ be the canonical map from

C(a, A)/Γ0(qv) to CJa, A)/U induced by the inclusion C(a, A) c CA(a, A).

For each prime p, let Ξp be a union of Up-double cosets and assume Ξp
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= Up except a finite number of primes. Put ΞA = \[ p Ξp X U^ and Ξ

= ΞA Π GL2(Q), then one has

i) θ induces a surjective map

θ: C(a, Λ) Π BIΓJ&) -> C > , Λ) Π ΞJU .

ii) For each class a in CA(a, A) Π ΞJU,

iii) \CA(a$ Λ) Π ̂ / t 7 | = I ΠP C,(α,.il) Π ̂ /C7P | X \CJμ, Λ) n CL/t/.l.

Proof. Let g " 1 ^ be an element of CJa, Λ) Π ΞA, then there exist

ft e GL2(Q) and ^2 e Z7 such that ^ = ftft, since GL2(Q^) = GL2(Q)U. We

see g~x(xgUgϊ1ag1 and gf^ft e C(α, ̂ 4) Π #, and i) follows from this. Let

geGL2(QA) be an element such that g^αg is contained in #. Then we

see θ~\ά) is in one to one correspondence with Q[(X]X\((Q[O\(SIQQA)X§U)

Π GL2(Q)/ΓQ(qv). Since ft-^ft e C(a, Λ) Π J?, we have

= \Q[aV\(Q[a] ®Q Q

thus we have proved the assertion ii). If p Φ q and Ξp = Up, by Cor. 2.4,

we have \Cp(a, A) ΓΊ Ξp/Up\ = 1, and iii) follows from this easily.

Now we are ready to give a formula for trδχWδχWTn\Sκ(Γ0(qv)).

THEOREM 2.7. Lei n be a positive integer prime to q and K be an even

positive integer. Assume v > 2, then one has

trδtWδzWTn\S.(Γ0(<f)) = ~0y(te + tk + tp) ,

where

Σ
2 s2-4rc<0 ζ — jy / | ( )

(ί*-4Λ)//β=l or 0 (mod 4)
( ί - 1) Σ d'-χcq(ΦΛ+nlΛ)

d\n _
0<d< Ίn



TRACE FORMULA OF CERTAIN HECKE OPERATORS 13

fife - l)fe - 2)n"-»/2 ,
tp = -δ(n)k(q - i)y/2-<n<-1)/2 ,

[0 ,

Here for seZ, Φ£X) = X2 - sX + n, and

v = 2

v > 4 and even

v odd.

Σ
# mod g y - i
) Ξ θ ( m o d 3W

Σ
x mod #

^s (mod q)

For ΦS(X), ζ and η denote the two roots of ΦS(X) — 0. s runs through all

integers such that s2 — An < 0, and f runs through all positive integers

such that f I (s2 - An\ (/, q) = 1, and (s2 - An)\f2 Ξ l o r O (mod 4). h(Δ)

denotes the class number of the order of Q(Vd) with the discriminant Δ.

d runs through all positive integer such that d \ n and 0 < d < ^n. δ(ri) = 1

or 0 according as n is a square or not.

Proof We know by (2.2) that for ae \[PΦqLBp{ri) X Ξq(dzWδχW) X U^

χ^a) depends only on the L^-conjugacy class of the g-component aq of a

and x,(a) = χ,(aq). For a e Ξ(δχWδχWTn), let fa(X) denote the characteristic

polynomial of a. Then we see fa(X) = q2v+iΦs(q-v-2X) for some seZ.

First we treat the contribution te from the elliptic elements. For

aeΞ(δzWδxWTn)> let Φ,(X) be as above, then a is an elliptic element if

and only if s2 - An < 0. For ΦS(X) = X2 -sX+ne Z[X], put ΨS(X)

= q2v+iΦs(q-v~2X), then we have

= U {" € 3ZWTn) \fa Π R(q>) =

where 9? is an isomorphism of K(ΦS) to Q[α] such that ψ(X) — or, and A

runs through all Z-order of K(ΨS) containing X. We note | Cp(a, Λ)

Π Ξp(n)/Up\ = 1 for p * q by Cor. 2.5, | C > , il) Π t/oo/^l = 2 and

for the two roots ζ' and ^ (resp. ζ and 9) of ?Γ,(X) = 0 (resp. ΦS(X) = 0).

By (2.4), Th. 2.4 and Prop. 2.6, we obtain
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te~ 2 V " ζ - η

c,(β, A) = Σ xMX)) + Σ
x v

where s runs through all integers such that s2 — An < 0, and ζ, ̂  denote

the two roots of ΦS(X) = 0. Λί runs through all Z-order of K{ΨS) con-

taining X. Let Ωq(v9ΨS9A) and Ωq(v9ΨS9A) be as in Th. 2.4 and for

x e Ωq(v9 ΨS9 A) (resp. y e Ω'q(v, ΨS9 A)) let φx{X) (resp. ptf(X)) be as in Th. 2.4.

Then x (resp. y) runs through a complete system of representa-

tives of {xeΩq(v9 WS9A)\φx(X)eΞq(δχWδxW)} (resp. {y eΩ'q(v9ΨS9 A)\φ'y(X)

e Ξq(δxWδxW)} modulo qv+p

9 where p is a non-negative integer such that

[Aq: Zq[X]] = ^ . Now by the definition of Ξq(δxWδxW)9 we see [Aq: Zq[X]]

must be qv+\ hence ^ = v + 1. Assume Aq is such an order. If ί a \

6 Ξq(δxWδxW)9 vq(bc) = 3v + 2, hence ^(X) 6 Bq(δxWδxW) for y e fl7^, r., ^ ) .

We note

Ωq(y9 ¥S9 A) = {^+2x|x e Zβ, Φ.(x) = 0 (mod q^)} ,

and for Λ e {x e Zq \ Φs(x) = 0 (mod qv~2)}, in the case where v > 3 (resp. v = 2)r

φx,(X), x'= qv+% is contained in B^Wδ.W) if and only if SP ŝO = 0

(mod^3i;+3) (resp. Ψs{xf) = 0 (modg9) and Λ ^ S (modg)). The condition

Ψ£xf) = 0 (modg3v+3) is equivalent to Φ,(Λ) ΞΞ 0 (modg1"1). Since
2) = x(Φs(xW-2), we obtain

χ(Φs(x)lq»-2) ,

We note for JΓ(yt) = Q[X]I(ΨS(X)) and JC(Φ.) = Q[Y]I(ΦS(Y)) there exists

an isomorphism λ of JΓ(SP .) to Jί(Φs) such that λ(X) = gυ+2f, and for a Z-

order il of K{ΨS\ [Aq: Zq[X]] = g>+1 if and only if [Zq[Ϋ]: λ(Aq)] = g. Our

assertion for £β follows from this. The contribution from the hyperbolic

elements can be treated in the same way by noting that |CTO(α:, A) (Ί UJU^]

= 1 for a hyperbolic element a fixing a cusp of Γ0(qv) and that the class

number of the order A of QΦQ such that [ZφZ: A] = m is given by

<p(m) with the Euler function ψ, and we obtain
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Σ / Γ c,(Φ«+./«) Σ φ(q(nld-d)lf)
d\n _n\d — d f\(n/d-d)

0<d<Vn (/,«)=!

Thus we have

h = -{q - 1) Σ d-\{Φd+nld) .

Now we shall calculate the contribution tp from the parabolic elements.

If Ξ(δχ Wδχ WTn)p is not empty, n is a square, and the characteristic

polynomial fa of an element a of Ξ(δχWδχWTn)p is either (X - qv+2</h)2 or

(X + qv+2^n)2. Since the contributions from the parabolic elements with

the characteristic polynomial (X — qv+2^nf and from those with the char-

acteristic polynomial (X + qv+2^n)2 are the same, it is enough to consider

only the parabolic element a with fa(X) = (X - qv+2^/ή)2. Put Ψ(X)

= (X - qv+Vή)2 and Φ(X) = (X - y^)2> then we have

{a\aeB(δχWδχWTn)pJa = Ψ}

= U {a\a e 5 ( £ χ r a z WTn)p, /. = ?Γ, QM Π R(qv) = ψ(Λ)} ,
Λ

where ψ is the isomorphism of K(Ψ) to Q[αr] such that ψ{X) = α and Λ

runs through all Z-order of K(Ψ) such that ΛB X. As in the case of

elliptic elements, we see [Λq: Zq[X]] must be qv+ί, and for such an order

ψ/

y(X)^Sq(δχWδχW) for yeΩ'q(v,Ψ,Λ). If * is odd, for xeZq,W(x) = 0

(modq3v+2) implies Ψ(x)=0 (modg3v+3), hence iST^ W3Z WΓn)p is empty in

this case. Assume v is even. Put Ω = {xe Zq\Ψ(x) = 0 (modq3v+2), Ψ(x) φ 0

(modq3v+3)} for v > 4 and fl = {xeZ? |Ψ(x) = 0 (modg8), ?Γ(x) ^ 0 (modg9),

x ΈfΞ 2q^ΰ (mod g5)} for v = 2. Then {φx(X)\xe Ω (mod q2v+1)} gives a

complete system of representatives of Cq(a, Λ) Π Ξq(δχWδxW)IUq for α with

the minimal polynomial Ψ. We see χx(φx(X)) — 1 for xe Ω and |£?(modg2υ+1)|

= qv/2(l - 1/g) if v > 4 and |i2(mod qδ)\ = (q - 2) if v = 2. Let or

e Ξ(δxWδzWTn)p be an element such that /β = Ψ, Q[a] Π i?(gυ) = φ(Λ), and

put [τί:Z[X]] = mqv+1 with a positive integer m prime to q, then m(ά)

= qv+1mlqv+Wn = ml(q</n). We note |CTO(αr, id) Π [/«,/[/«, | = 2 for α with the

minimal polynomial Ψ and h(K(Ψ), Λ) = 1 for any Z-order Λ of if(?f). Thus

we obtain

2 m=l \ 772
(m,ff)=l
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{—i(q — ΐ)2qv/2"W' 1)/2 , v > 4 and even .

Thus the proof of our theorem is completed.

COROLLARY 2.8. If v is odd, v > 3, and q > 5, ί/ien one /ιαs

dim SΊ + dim SΠI = dim Sn + dim SIIχ .

Proof. Since we have

tr δxWδxW\ Sκ(Γ0(qv)) = dim Sτ + dim SΠI - dim Sn - dim SιIχ ,

and iS'̂ χ PΓ̂ χ W)h is empty, it is enough to prove te = 0. The character-

istic polynomial of an element in Ξ(δxWδxW) is either X2 + q2v+i or

X2 ± qv+2X + q2v+4- Let tλ (resp. ί2) denote the contribution from the ellip-

tic elements with the characteristic polynomial X2 + q2v+A (resp. X2 + qv+2X

+ q2v+i or X2 - qv+2X + q2v+% Put Φ(X) - Z 2 + 1. If the equation Φ{X) = 0

(mod gυ"2) has a solution, then Φ(X) = (X — a)(X — β) with some α, j8 6 Zβ.

Since we have α — j8 ̂  0 (mod q), all the solutions of Φ(X) = 0 (mod #v~2)

are given by {̂  + qυ~ V | α e ZJ U {/3 + g""2^ | /3r € ZJ. Hence we obtain

a' mod q β' mod Q

= 0.

Therefore tx = 0 and we can prove 4 = 0 in the same way.

§3. A formula for tτδxWδxTn

We use the same notation as in § 2. For v > 2, let ^(dχ Wdχ) denote

the subset of Rq(v) given by

then Bq(δxWδx) is a union of [/̂ -double cosets. For i,j, 1 < i, j < q — 1,

put

x -χ ig/\ί
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Multiplying by ( „ ~~̂ \ on both sides of (2.1), we obtain

LEMMA 3.1. Assume v>2, and put βi3 = (ιq

+2

 ιjq. Zx

q \ 1 < ί, j

< q — 1, then one has

Ξq(δxWδχ) = u UJtj,

αwd ί/ie right hand side is a disjoint union.

By virtue of this lemma, the following lemma can be proved in the

same way as Lemma 2.3.

LEMMA 3.2. Let n be a positive integer prime to q, and assume v>2.

Let (]\PΨqBp(n) X Uq X UJ) Π GL2(Q) = \Jti Γ0(qv)βλ be a disjoint union,

then one has

(\\Ξp{n) X Ξq(δxWδx) x uΛ Π GL2(Q)

= U U

and the right hand side is a disjoint union.

For aq = {^c §e Ξq(δxWδx\ we put

Then for γq e Uq, we have

(3.1)

For aeUpΦQ Ξp(n) X Sq(δχWδx) X U^ we define

χ2(α) = χ2(tfg),

where α̂  denotes the g-component of a. Then we can verify

(3.2) χ2(?V) = _*«(«) for r, / €

For a positive integer n prime to g, put
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Ξ(dχWδxTΏ) = ( π B,(n) X BfaWdJ X ϋΛ Π GL,(Q).

For fe Sκ(Γ0(q% we define

f\t Ξ(δχ Wδχτn) = ^%

then by (3.2) and Lemma 3.2, we have

f\δτWδtTn=f\tB(βtWδtT^.

By Eichler-Selberg's trace formula, we obtain

tvδxWδxTn\S£Γ0(q»)) = ^\(te + th +

te = - — Σ γ«>ω - ζ Γ * ~ •
4

th — — —

Q 1
up J.1111 / , Λ2\^/ * * >

aeΞ(δχWδχTn)P/f^) ' ^ '''

where ^(^W^ϊ7,,), (resp. Ξ(δzWδzTn)h; resp. B(δzWδxTn)p) denotes the set

of all elliptic elements (resp. hyperbolic elements fixing cusps of Γ0(qv);

resp. parabolic elements fixing cusps of ΓQ(qv)) in 3(δx WδxTn) and the other

notation is the same as in (2.4). We can express tr δxWδxTn\S£ΓQ(qv))

in a more explicit form, namely, we can prove

THEOREM 3.3. Let n be a positive integer prime to q, and K be an even

positive integer. Assume v > 2, then one has

tr<5χW

where

52v + 2S2_42v + 4 w <o ζ — γj α mod ζr

/ !

(g2u+2S2_4^V + 4 W )//2=0 OΓ 1 (mod 4)
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/—(q — ΐ)qv/2~x Σ d*'1 Σ χ(a((d + nld)lqv/2~ί — a))
d\n _ a mod q

d + n/d=0(mod qvfr-i)

, if v is even

0 , if v is odd

JO , v > 3

V a mod #

Here s runs through all integers such that q2v+2s2 — 4qv+*n < 0, and ζ, η

are the solutions of X2 — qv+ίsX + qv+in = 0. / runs through all positive

integers prime to q such that f21 (q2v+2s2 - 4qv+iή) and (q2v+2s2 - 4qv+iή)/f2 = 0

or 1 (mod 4). d runs through all positive integers such that d | n, 0 < d < y^>

cmci cί + rc/c? = 0 (mod q^2'1).

Proof. As in the case of χl9 for ae Y\PΦqΞp(ή) X Ξq(δxWδx) X LL,

χ2(#) depends only on the ί79-conjugacy class of the g-component aq of

a and χ2(a) = χ2(aq). By the definition of Ξ(δxWδxTn), the characteristic

polynomial fa of a in Ξ(δxWδtTn) is of the form ?Γ,(X) = X2 - qv+ίsX + gυ+4τι

for some integer s. Let i be a Z-order of K(¥s) such that Q[a] Π i?(^v)

= (̂̂ 1), then we see [Aq: Zq[X]] must be q2, where φ is an isomorphism

of K{ΨS) to Q[a] such that )̂(X) = a. First we calculate the contribution

te from the elliptic elements. An elements ae Ξ(δxWδxTn) with fa = ^ is

elliptic if and only if g2υ+2s2 - 4qv+in < 0. Let i be a Z-order of K(ΨS)

such that [Aq: Zq[X]] = q2. For xe Ωq(v, ΨS9 A) (resp. y e Ω'q(v9 ΨS9 A))9 we

see υq(x) = vq(qv+1s - x) = v + 1 (resp. ι;β(y) = ^(gμ+1s - y) = v + 1) if

^(X) e Sq(δxWδx) (resp. ^(X) e ^(^W3 χ )). If v > 3, ̂ (X) g ̂ .(^.VF^,) for

y e Ω'q(v, ΨS9 A)9 and put Ω = {g^1^' | Λ:7 e Zβ, xr ^ s (mod g)}, then {φx(X) \ x

e Ω (mod qv+2)} gives a complete system of representatives of {a e Ξq(δxWδx) \fa

= Ψs}/Uq and Zi(p,(X)) - χ(^( S - *'))• If P = 2, put 12 = {g3^ | *' e ZJ,a/ ^ s

(mod q), x'2 — sxf + n =έ 0 (mod <?)} and β7 = {qr8/ \y' e Zq9 y
n — sy' + n = 0

(modg)}, then we see {ψx{X)\xeΩ (modg4)} U {φ;

y{X)\y e Ωf (moAq^)} gives

a complete system of representatives of {ae Ξq(δxWδx)\fa = ¥S}/Uq and

χ2(φx(X)) = χ(x'(s - *')), χlφy{X)) = χ(/(s - /)) . Our assertion on te fol-

lows from this in the same way as in the case of δxWδxWTn. If v is odd,

we see easily Ξ(δxWδxTn)h is empty, hence th = 0. Assume i/is even, and

let <x be an element of Ξ(δxWδxTn)h with fa = ¥s for some integer s. Let

ς^λij and qVin2 be the solutions of ¥S(X) = 0, then v1 + v2 = v + 4 and

ra = 72^2. S i n c e (qnn, - qV2n2)
2 = (qv+1s)2 - 4qv+*n = qv+i(qv~2s2 - 4ή)9 vx = v2
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= (v + 4)/2 and s = q^^Xn, + n2). Hence Ψs is of the form X2±
(d + njd)X + qv+in for d9 where d satisfies d\n, 0 < d < *Jn and d + n\d
= Oίmodg^2"1). Thus our assertion on ίΛ can be proved in the same way

as above. Finally we treat the contribution from the parabolic elements.
If (qv+2s)2 — 4qv+in = 0 for an integer s, v must be 2 since we assume n is
prime to q. Hence E(dxW5xTn)p is empty if v > 3, and tp = 0. Assume
v = 2 and n is a square, then the characteristic polynomial fa of α in
Ξ(dxWdχTn)p is of the form ΨS(X) = X2 - q*sX + <?6n for s = ±2jn. Let
A be a Z-order of ϋΓ(rs) such that β[α] Π R(qv) = 9^), then [ ς̂: ZQ[X]] = g2.
If we put [Λ: Z[X]] = ng2 with m prime to g, then m(a) = ml(<Jnq). In
the same way as above, we obtain

amoάqTYl

2 Σ
a mod g

Thus the proof of our theorem is completed.

§ 4. The case qv = II3

In this section, we shall make some numerical observation on
S°2(Γ0(ll3)), which is of dimension 100, using the formulae obtained in § 2
and § 3. As was shown in § 1, S2(ΓO(1Γ)) decomposes into 4 subspaces Su

Siu SUχ9 and Sm. We find dim Sτ = 15, dim Sπ = dim Sιlχ = 25, and dim SIΠ

= 35. Now we take the space Sτ and give the characteristic polynomials
of the Hecke operators Tn acting on S1 for several n, whose roots give
rc-th Fourier coefficients an for some primitive form f(z) = Σ~=i ane

2πinz in

n

2

3

5

199

run)

- 1

+ 1

+ 1

+ 1

x> +

X6 +

X6 +

characteristic

Si,

5X< - Xs - 34X2

3 9 Z + 1
4X4 - 9Z3 - 27Z2

31Z + 23
23X4 - 400Z3

5811Z2 + 52209Z
120077

pol3τiomial of Tn

Si,

X10 - 16Z8 + 98Z6 - 285Z4

+ 390Z2 - 199
(X6 + X4 - 4X3 - 3Z2

+ 3Z + I)2

(Xs + 6Z4 + 10X3 + X2

-6X- I)2

(X5 + 56X4 + 502X3

- 20441Z2 - 426566Z
- 2148299)2
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For an explanation of this table, we remark the space Ŝ  decomposes

into the 5-dimensional space SIχ and the 10-dimensional space Sl2. As was

proved in [13], we have ten primitive forms in Sl(Γ0(ll3))9 which corre-

spond to the L-functions of Q(V—11) with Grδssencharacters. By the

following lemma, we know five such primitive forms spann the space S^

and the remaining five primitive forms are contained in SI Π.

LEMMA 4.1. Let q be a prime such that q = 3 (mod 4), q > 3, and K be

an even positive integer. Let λ be a Grδssencharacter of QW^q) with the

conductor (q) which satisfies

V \a /

for a e QW — q) with a = 1 modx (q) and χ(a)λ((a)) = 1 for ae Z. For an

( „ \-(*-l)
) and let x0 be a rational

\a\J

integer such that

λo(l + a*J=q) = e

2πίaxo/q

for aeZ. Then the primitive cusp form fλ(z) = £ e λ(a)N(a){*-1)/2e2πiN{a)z cor-

responding to λ is contained in S%Γ0(qz)) and satisfies

fλ\W=(-iyχ(-2)χ(xQ)fλ.

Proof. Comparing the functional equation of the L-function of λ

with that of cusp forms in S°κ(Γ0(qz)), we obtain

fλ\W={-ϊ)<T(λ)fλ,

where T(λ) = — 2 λo(a)e2πίtI{a/qV:::^\ By an easy calculation, we have
q a mod (q)

T(X) — χ(—2)χ(x0), and this completes the proof.

Hereafter we restrict our discussion to the 10-dimensional space SlΛ9

which is closely related to Shimura's theory on the construction of class

fields over real quadratic fields. Let us fix a primitive form f(z)

= Σn-i ane
2πinz e SIβ, and let K denote the field generated over Q by an

for all n. Then as the table shows, K and f(z) satisfy the assumption

(*) in § 1. Let Fn be the maximal real subfield of Q(e2πί/n), and put a0

= e

2πί'n + e~2πί/n. Since V3^a0 satisfies X10 - 16XS + 98Z6 - 285X4

+ 390Z2 - 199 = 0, we may put α2 = VS - a0 and K - Fn(VS - <x0). Then
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w e find

α 2 = V 3 — aQ , α 3 = a0 , α 5 = αj — 4αJ

α 1 9 9 = - 1 2 α ί - α3

0 + 44α2

0 - 9<*0 - 33 .

(These Fourier coefficients are obtained from tr Tn for several composite

integers n, which are not given here.) We remark f(z) and its compan-

ions fa(z) = ΣίΓ-i <ine2πίnz spann the space Sl2, where σ runs over all iso-

morphisms of K into C, and the invariant subfield F of K under ^ which

is defined in § 1 is F = jFn. In the following we follow the notation in

§ 1. Since / satisfies (*), we can associate with / a triple (A, μ, Θ) and an

endomorphism η of A defined over k = Q(V—11) corresponding to χ. Let

ofc denote the ring of all integers in k. In the present case, we see 6 = b0

= (Λ/3 — #o) and c = (3 — aQ), and the condition (**) is satisfied with, e.g.,

e = 136. Hence we can define an o^-module j = {t e A \ Θ(b)t = 0} and an

o^-module ϊ) = {t 6 51 {η — ^(e))ί = 0}. Let fe(ίj) be as in § 1, then from the

action of Gal (k(ty)lk) on t), we obtain an injective homomorphism

r': Gal (k(\j)lk) -> (oF/c)x - (Z/199Z)X ,

and put r(α) = (

PROPOSITION 4.2. Γ/ιe ^e/d ^(ί)) is a ray class field over k of conductor

111 with a prime factor I of 199 in k, and one has

r((a)) = φ(a)μ(a mod ί) ,

for every a in k prime to l l ί, where μ is the isomorphism of ojϊ onto

oF/(3 — a0) and φ is a homomorphism of (ofc/(ll))x into (oF/(3 — ao))x of order

22 such that

ψ(m) = χ(m)

for me Z.

Proof. Since every prime factor of the conductor f of k(tf)lk divide

N(ΐ)N= 199 1Γ (see Shimura [12, §7.5, p. 181 and Prop. 7.23]), we may

put f = ΠpP/p> where p runs through all prime factors of 199-11. By the

same argument as in the proof of [14, Th. 2.3] we first obtain

r((m)) = χ(m)μ(m mod ί)
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for every meZ prime to 199-11. So we have [k(ή):k] = 99 or 198, and

the ί-component fx = 1 by [14, Lemma 7.32]. To determine /Ie, we use the

following fact which is nothing but [14, Th. 2.8] for the present case.

Let I be a rational prime which divides N(c) but not N = II 3 . Suppose

that χ(Γ) = 1, and at is prme to c = (3 — a0). Then f is divisible by only

one of the prime factors of I in k. Moreover if I denotes the factor of I

which divides f, then

r(ίε) = at mod c .

Take I = 199. Since α199 is prime to 199, one has fίe = 0. Hence

f = (V—ll)mΓ for some positive integer m. Owing to Hasse's conductor

ramification theorem, we have 1 < m < 2. Thus we have

r((a)) = <p(ά)μ(a mod ί)

for every a in k prime to 111 with a homomorphism ψ of (ofc/(ll))x into

(ojF/c)x and the isomorphism μ of ofc/Γ onto ô /c. The order of φ is deter-

mined as follows. Because r(Γe) = α199 = 133 mod (3 — a0), we have φ(ίε) = 136

(mod 199). Therefore the order of φ is 22. Hence m = 2 and f = llί .

This completes the proof of our proposition.

Remark 4.3. Let p (Φ 199) be a rational prime such that χ(p) = 1,

then p decomposes into two distinct primes p = (γ) and pe = (γε) in k

= Q(V—1Ϊ). γ can be so chosen as p = jγ , χ(p + ^δ) = 1. Observe that

^(Γπ) = z(—T ~" Γs) = —1 Let 7Γ and TΓ7 be the solutions of X2 — apX + p

Ξ 0 mod (3 - a0). Then by [14, Th. 2.3], we have

TΓ11 + τr/π
 ΞΞ - r » - ( r ) u mod (3 - α0) .

Remark 4.4. Let #0 = e2;rί/11 + e~27Γί/11 as above. We note aQ is one of

the fundamental units of Fn, and we have NFll/Q(c$ — 1) = 232 67 199. As

was indicated in [4] for the case of q = 73, the prime JV(c) = 199 seems to

be closely related to the factor 199 of NFll/Q(a1Q — 1).

Let us consider the endomorphism algebra EndQ (A). Put δ = VS — a0,

then θ(δ) and η generate a quaternion subalgebra 2Ϊ of EndQ (A) over

F = Fn. Since ^2 = (3 - a0) eNF(v^F(F(V:^n)), Si is isomorphic to M2(F).

Denote by ' the canonical involution of 21. Then we can find an element

ξ = a + bθ(δ) + cη + dθ(δ)η in 81 with a, b,c,de θ(oF) Π End (A) such that

ξξr = 0 and ξ2 = e with e e θ(oF) Π End (A). Define an abelian subvariety
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B of A by

ξB = A.

Then B is rational over k, A = B + Be and Bε = ξ*A. We can easily

verify that B Π Be is a finite group annihilated by (e — 2bθ(δ)). Denote

by θF(ά) the restriction of θ(a) to J5 for ae F, then we have an isomorphism

ΘF of JF into EndQ (B).

PROPOSITION 4.5. The notation being as above, the abelian variety B

is simple and EndQ (B) = βF(F).

Proof. Let φp be the p-th power Frobenius endomorphism of B modulo

p, where p is a prime ideal in k such that Np = p. By the table, we

know that F(φz) Φ F(φ5). Therefore by the same argument as that of [12,

Th. 7.39], we obtain our proposition.

§ 5 The case qv = 192

In this section, we shall study particularly the case v = 2, and give

an example for qv = 192. Let ψ be a character modulo q. Then for /

= Σn=iane^nzeSκ(Γ0(q),ψz)9 put fΨ = Σ? . i anψ(n)e2πinz

9 then by [13, Prop.

3.64], we know fΨeSκ(Γo(q% Put SK(ΓM> ΨΎ = {f*\fe S£Γ0(q)> Ψ%

SK(SL2(Z)Y = {fχ |/6 SK(SL2(Z))} and S%ΓQ(q))x = {ft \fe Sfc°(Γ0(g))}. Then by

[8, Prop. 7.1 and Prop. 7.2], we know S%Γ0(q2)) contains a subspace iso-

morphic to ( Θ m , w i S£Γ0(q)9 ψ2)) Θ S%Γ0(q)y Θ S£SL2(Z))\ where the sum

Θw,*2*i ϊ*^ns over a set of representatives of the pairs {ψ, ψ}, ψ2 ^ 1, of

the characters of (Z/qZ)x. Let S?(ΓQ(q2)) denote the orthogonal comple-

ment of S%Γ0(q)y Θ Sκ(SL2(Z)y in S%Γ0(q2)) with respect to the Petersson

inner product. Then S?(Γ0(q2)) is closed under the action of W, dx and

Hecke operators Tn. Hence as in the case v > 3, we can define the sub-

spaces Sl9 Sn, SI l2, Sιu satisfying Sn

κ(ΓQ(q2)) = Sτ θ Sίι ® SUχ θ S I Π by

S i = {/e S ? ( Γ 0 ( g 2 ) ) \f\W = f , f \ δ χ W = f\ δz}

Sn = {/€ Sϊ(Γ0(g2)) I /| W - /, f\δχW = -f\δχ}

SUχ = {/€ S?(Γ0(g2))I f\ W = -f, f\δzW = f\δx}

S1U = {fe S»(Γ0(q2))\ f\W= -f,f\δxW = -f\δx} .

By the following lemma we know to which subspace f$, ψ2 Φ 1, be-

longs.
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LEMMA 5.1. Let ψ be a character modulo q and f be an element of

SXΓ0(q), ψ2). Then one has

Proof. For ueZ, put au = w e

Σ^ W7τΣ
W(ψ) u =

where W(ψ) is the Gaussian sum of ψ. Hence we have

Since (w, g) = 1, there exist c, de Z such that ud — qc = 1. Then we see

α /0 - 1 \ = /0 -1\( d - l \ / 0 - 1 W - 1 d/g\
"\<?2 0/ Vς? 0/\-gc M/Vg 0/\ 0 - 1 /

and / = ^ 2 ( M ) / ? [ ( ~ O - l ) ] ; Therefore we obtain

This completes the proof.

To calculate tr Tn on each subspace Su Su, etc., we need the follow-

ing lemma.

LEMMA 5.2. Let n be a positive integer prime to q.

i) Put S(ΐ) = SXSLXZ)) Θ SXSLXZ))" Θ SXSLXZ)r θ SXSLXZ)Y, where

SXSL2(Z))m = {f(mz)\fe SXSL2(Z))} for a positive integer m. Then one has

tr δtWδzTn\S0.) = (χ(-l) + qr')tr T,|S

tr δx Wδx WTn I S(l) = 2q-iχ(-1) tr Tn | S

ii) P«ί S(g) = S!(Γ.(g)) θ S%Γ0(q))q θ S'XΓJq))*, where SoχΓo(q)y = {/(g2) |

/6 S2(Γ0(g))}. TViere one Λos
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tr δχ WδχTn I S(q) = ( χ ( -

tr δχWδχWTn

+ q'*) tr Tn

(-l) tr

Proof. We prove only the formula for tr δxWδχTn in the case of ii).

The other cases can be treated in the same way. If / is contained in

S°XΓQ(q))q, obviously f\δxWδxTn = 0. Let / be a primitive form in S%Γ0(q))f

then we have by Lemma 5.1

(5.1) f\δxWδx = χ(-l)fxIδx = χ(-l)(f(z) - aj{qz)) .

Let f = gx for a primitive form g(z) in S%Γ0(q)), and bq be the q-th. Fourier

coefficient of g. Put g l ί QJJ = εg, then we have

(5.2)
f\δxWδx =

since ε = —bqq
ι kβ. Our assertion follows from (5.1) and (5.2) easily.

By virtue of this lemma, we can express tr Tn on each space Su Su,

etc. by using formulae for tr Tn, tr WTn, tr δzWδxTn9 and tr δzWδzWTn. For

example, on Su we have

tr = i{tr

+ tr ίx WδχTn

- <χ(-D +

tr tFΓn|S%ΓQ(q*))

tr δx Wδx WTn \

2χ(-l)g-1)(tr Tn\Sκ(SL2(Z)) Θ

Now let us discuss a numerical example in the case where q = 192

and K = 2. We find dim S2°(Γ0(192)) = 20 and dim S°2(Γ0(19)Y = 1. In the

following we give the characteristic polynomials of Hecke operators Tn

acting on Sτ and Slιτ for several n. We note Sn —

ψψ and SIIχ = Φw^n-^

2

5

7

« . ,

- 1
+ 1
+ 1

characteristic

Si

X
X+l
Z-3

Z*-5Z2+5
(Z2+2Z-4)2

(Z2+4Z-1)2

polynomial of

Sιιι

Z 2-5
Z 2 - Z - l

Z2-5

Z 2 -Z-l

(Z-3)2

Z 2 -Z-l

Z2-2Z-4

(Z-3J2

The one-dimensional part in Sτ is obtained by a primitive form correspond-

ing to an L-function of the field Q(V—19).
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Let / = Σn=i ane
2πinz be a primitive form in the four-dimensional part

of Si. We may assume

(5.3) a2

(These coefficients are obtained from tr Tn for several n, which are not

given here.) Let K be the field generated over Q by an for all n, then

K = Q\J—^-^-—), and we see / and K satisfy the condition (*) in § 1.

In this case we have F = Q(V~5), c = (715), and k = Q(V—19) in the

notation of § 1 and § 4. Since the condition (**) is satisfied by taking

e = 1, we can consider the o^-module ίj, the extension k(ϊj)jk, and an

injective homomorphism

r': Gal (mik) -> (oWc)x ~

Put r(β) = r \ { ^

PROPOSITION 5.3. The field k(ϊj) is a ray class field of conductor

(V—19)ί with a prime factor I of 5, and one has

r((a)) = φ(a)μ(a mod ϊ)

for every a in k prime to 19Γ, where μ is the isomorphism of okfl onto oFfc

and φ is a homomorphism of (okl(V — 19))x into (oF/c)x of order 2.

This proposition can be proved by virtue of (5.3) in the same way as

Prop. 4.2, and we omit the proof. We can show also in this case that

there exists a simple abelian subvariety B defined over k of the abelian

variety A associated with / such that A = B + Bε and EndQ (B) = Q(VΊ>)y

where ε is the generator of Gal (k/Q).

§6. Formulae for tr δχ and tr TqW

For a character ψ modulo qv and a positive integer K > 2, let

Sκ(Γ0(qv),ψ) be as in §1. We assume ψ(—1) = ( — ΐ)κ and the conductor

fΨ satisfies f+ < qv~\ If v > 2, we can define the twisting operator dχ on

SχΓ0(qυ), ψ) as in § 1. Let us express dχ as an action of double cosets.

We use the same notation as in §2. Put Ξq = Uqyl )Uq, then we see
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qZ ) '

and for ge \\PΦ<1 Up X Bq X Z7», put

Kg) =

where g, denotes the g-component of g. For γ = ία , j e Γ^q"), put

= ψ(α)- . Then for g e ( Π , « UPX ΞVX UJ) Π GL2(Q), we have

(6.1) λ(γιgU) =

Let (YlpΦt Up X Ξq X £/„) Π GL2(Q) = U«-iA(<?"K be a disjoint union.

Then by Lemma 2.1 and (6.1), we obtain

Now in the case where v = 1 and ψ = χ, we consider the operator TqW.

Put

F o r g = ( c S)e5ρ, define

and for ge l\PΨqUp X Ξq X UM put

where gq denotes the ^-component of g. Then we have

for Tl, n e Γ0(q) ,

where χ(r) = χ(α) for γ = (^ J ) e Γ,(g). Let ( Π ^ β t7, X Ξq X ϋ.) Π GL2(Q)

= Uί-i Γ0(q)au he a disjoint union, then we can verify for fe S,(Γ0(q), χ)



TRACE FORMULA OF CERTAIN HECKE OPERATORS 29

THEOREM 6.1. Let ψ be a character modulo qv with the conductor fΨ

such that fΨ < qv~\ and K be a positive integer such that K > 2. Assume

g > 5 and ψ(—1) = (-1)*. If v > 2, owe Λαs

(6.2) t r S | S ( Λ ( g ' ) Ψ ) 2 V / Ψ

otherwise ,

if v = 1, one has

fχ(-1)W(χ)<f/2~ιh(-q) , g = 3 (mod 4)
(6.3) tr T, W| StfΛfo), χ) = C - ,

[0 , g = 1 (mod 4) ,

where h(—q) is the class number of Q(*/ — q).

Proof Put T=tτδχ\Sκ(Γo(q%ψ) if „ > 2, and Γ = ^

tr TqW\ Sκ(Γ0(q), χ) if v > 1. Let 5^ denote the set Y\pΦq UpχΞqX U^ and

put Ξ — ΞA lΊ GL2(Q). We note i? contains neither scalars nor hyperbolic

elements whose characteristic roots are contained in Q. By Eichler-

Selberg's trace formula, we have T = te + tp, where

w(χ>

Here Ξe (resp. Ξp) denotes the set of all elliptic elements (resp. parabolic

elements fixing cusps of Γ0(qv)) in B. ζa and ηa are the characteristic

roots of a determined by pap'1 = y£ r ), where p = ( 1 ~~?°) for the

fixed point 20 of α in φ For a parabolic element αr, m(a) has the same

meaning as in (2.4), and sgn (a) = sgn ζα for the characteristic root ζa of

a. First we show ίe = 0. Let f(X) be the characteristic polynomial of

an elliptic element in B, then f(X) = X2 + q2, or X2 ± qX + q2. For a

Z-order A of if(/), we see by the theorem of Hijikata quoted in § 2 that

if CJa, A) Π ΞA is not empty, then Aq = Zq[X]/(f(X)). Put C7,+ = f e e f / ?

\χ(detg) = 1} and C7+ = γ\pΦq Up X U+ X U^. Then U+ is a subgroup of
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U of index 2 and for γ e U+ and g e ΞA, we have

Krιgr) = to).

For a Z-order Λ of K(f), let 0 be the map θ: C(a, A) Π £/Λ(ςT) -> Cκ(α, 4)

Π Ξjϋ. Let 0! and 02 be the natural maps θγ\ C(a, Λ) Π B/f^qv) -> C^αr, Λ)

Π ^/C7+, and θ2: CA(oc, A) Γ) ̂ / J 7 + -* C^α:, Λ) Π ̂ /£7 induced by the inclu-

sion, then θ is the composite of θx and 02 Let 2V denote the norm map

of K(f) to Q, and QA denotes the subgroup (Π P * g ZJ X ZJ X 2?X)QX of Q5,

where ZJ = {xe Zg |χ(x) = 1} and R$ = {xeR\x> 0}. Since Aq = Zq[X][

(f(X)) is not the maximal order of K(f)q, we have N(\\VA*X K(ffc) C Q$.

Hence for a class g of C^(α, ̂ ί) Π ΞJU, θl \g) consists of two classes gx and

g2 of CΛ(μ,Λ) n ^/C7+ and •*(&) = -^(g2). We claim l^r 1 ^) ! = I^Γ1^)!

= ^h(K(f), A). Our assertion on te follows from this. Since we assume

q > δ,N(K(f)ϊ)Qϊ = Q2, hence det(Q[α]5)Qi = Qϊ, where Q H ^ = Q[α]

®QQΛ. Therefore we have GL2(QA) = Q[a]^GL2(Q)U+, so ^ is surjective.

Let uQ be an element of U such that uoeU+. Then we may assume gx

= h-'ah,g2 = Uo'h-'ahuo for heGL2(QA) and we see I^ΓXii)! = |QM X \

(QM2ΛE7+) Π GLJQ)IΓώΓ)\ and ItfrX^I = |QW x\(βM2Λι0 Π GL2(Q)IΓ0(q%

Put Gi = {xeQHi |det(x/ι)eQi}, then (Q[α]2AE7+) Π GL2(Q) = (G.hU)

Π GL2(Q). By the same calculation as in Prop. 2.6, we obtain [θϊ^g^l

= \GJQlaYihUh-1 Π Q[a]A)\ = %h(K(f), A), and in the same way \θ;ιQ2)\

= jh(K(f), A). Now let us calculate tp. Let a be an element of Ξp, then

the characteristic polynomial /„ is either X2 — 2qX + q2, or X2 + 2qX + q2.

Since the contribution from the parabolic elements a with fa = X2 — 2qX

+ q2 is the same with that from the parabolic elements a with fa ~ X2

+ 2qX + q2, we may assume f = X2 - 2qX + q2. Put f{X) = X2 - 2qX

+ q\ and Ω = {xe Z\f(x) = 0 (mod qv+1)} if v > 2, and Ω = {qx\ x e Z, (x, g) = 1}

if v = 1. For x e Ω, put

Ztl£ JLi

then ax is contained in C(a, Ao) Π 3 for Ao = Z[X]/(f(X)). For m e Z, put

αa.^ = g + m(α^ — g) and for a positive integer m, let τl(m) denote the Z-

order of iί(/) such that [A(m): AQ] = m. Then we see easily that for a

positive integer m prime to q, {ax>m\xeΩ (mod qv)} U {a^,_m|xe Ω (modgy)}

gives a complete system of representatives of C(α, ̂ ί(m)) Π ΞIΓQ(qv). We
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have m(aXtm) = m\q and λ(aXtW) = ψ(l + m(x — q)lq)χ(m) for me Z, where

we put ψ = the identity character if v = 1. Therefore we obtain

Since we have for me Z

- m(x - q)\q) = V N " " '
[0 , otherwise ,

and |β(mod qv)\ = qv~1-^^9 w e obtain

1 Qi _u-i.
, χ)

= q^-^mi - χ(-ΐ))h(-q) .

This completes the proof.

Put q = W—q)- Let Λ be a Grόssencharacter of Q(\/—q) satisfying

(6.4) λ((a)) = f-^V forαΞl modx

\\a\/

(6.5) λ((ή)) =

For λ, put /,(*) = Σ α λ(ά)N(ayκ-1)/2e2πiNia)z, then we know by [14] fλ is con-

tained in Sκ(Γ0(qv), ψ). If v > 2, we see / = fλ satisfies

(6.6) (/| δz) = /(2i) + c/(^) for some c .

If v = 1, / = fλ satisfies

(6.7) / = /, ,

where fp = 2«M.i ane
2πίnz for / = 2]- e l ane

2πίnz. On the other hand, we can

prove

COROLLARY 6.2. Let q and ψ be as in Th 6.1. Let M be the subspace

of Sκ(Γ0(qv), ψ) spanned by the common eigen-functions of Tn for all n prime

to q satisfying (6.6) if v>2 or (6.7) if v — 1 and ψ = χ. Then M is spanned

by fx for all λ satisfying (6.4) and (6.5).

Proof. If v > 2, it is easy to see tr δx \ SχΓ0(qv), ψ) = dim M. If v = 1,
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by [1, Th. 2] for a primitive form / in Sκ(Γ0(q), χ), we have

f\TqW=χ(-ΐ)W(X)q«>-%.

Hence we obtain tr TqW\Sκ(ΓQ(q), χ) = dimM For λ sat-
χ(-l)W(χ)<r/2-1

isfying (6.4) and (6.5), fλ is contained in M and we see there exist exactly
qv~λ~iv/Vih{—q) such Grδssencharacters if fΨ < qίυ/2Ί and otherwise there are
no such Grδssencharacters. Since //s are linearly independent over C for
such Γs, our assertion is proved.

Remark 6.3. The trace of the twisting operator has been given in
Shimura [15] in the case where v = 2 by another method. The special
case of Cor. 6.3 was proved by Asai [2] as an application of Doi-Naga-
numa lifting for imaginary quadratic fields. In [9], Ribet proved a general
result on the characterization of cusp forms associated with L-funetions
with Grδssencharacters of imaginary quadratic fields. Cor. 6.3 gives
another proof of the results of Asai and Ribet in the special cases.
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