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THE LOW DENSITY LIMIT
IN FINITE TEMPERATURE CASE

L. ACCARDI AND Y. G. LU"

§ 1. Introduction

The low density limit in the Boson Fock case has been investigated in [1]
where also the physical meaning and their motivations have been explained (cf.
also [0]). From these papers one knows how the number processes can be obtained
from a quantum Hamiltonian model via a certain limit procedure.

But the physically more meaningful case is the one in which the initial state
of the reservoir is a finite temperature rather than Fock state. The present paper
is devoted to do this case.

In the present paper, our physical model and essential assumptions are same
as ones of [1] (except the Fock state). We consider a “System + Reservoir” model
described by a system Hilbert space Hy and a (one particle) reservoir Hilbert
space H;; the system Hamiltonian Hj; the (one particle) reservoir Hamiltonian 4,
and the associated one particle reservoir evolution

(1.0 9:= exp(— itd)

which is a one parameter unitary group on B (H}).
Let be given, on the CCR C*-algebra over H; (cf. [11]), a gauge invariant
quasi-free state @ with fugacity 22, i.e. for each f € H,,

(11 W () = exp(= 5 £, + 220 (1 = 2e49)p))

where H is a self-adjoint operator which, will be supposed in this paper, com-
mutes with 4 and W (f) is the Weyl operator with test function f. Moreover up
to GNS-construction one can write the left hand side of (1.1) as

(D, W) 0.7
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where the Weyl operators act on a Hilbert space #, and @, is a cyclic vector for
the Weyl algebra. For any Hilbert space #, we shall denote I" (#) the Fock space
over #.

As in [1], we consider the situation in which the interaction between the Sys-
tem and Reservoir is of the form

(1.2) = i(DQA*(g)Ag) — D* ® A(g)*A(g)

and the time evolution in the interaction picture is defined by

(13) Ut = eiIH!r' e-—iIHtot
where
(1.4a) Hpe:=H®1+1Qdl(— 4)

is called the free Hamiltonian and
(1.4b) Htot::Hfr+ V

the total Hamiltonian.
A simple computation shows that the time evolution U (¢) is the solution of
the following ordinary differential equation

(L) dy,=ivo - U
and where
(1.6) V() :=¢itHx | g=ithie

Now, as in 1], let us suppose that
1) go and g, have disjoint spectrum sets, i.e.

(1.7) {go, S! &> =0, VtER
2) the rotating wave approximation:
(1.8) g!tHo ) g=itHo = gitlwo—wv) 1y for some w, # w;.

These two conditions have rather good physical explanations and under them,
the same arguments as in [1] (or [0]) imply that (1.6) can be rewritten as

(1.9) V(t) =i(DX A*(S:20)A(S:g0) — D* @ A(S,81)*A(S:£0))
where S; is a unitary group satisfying

(1.10) Sigo = S?e*0g, Sig1 = S?e''“1g,.
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In this paper we shall directly start our research from (1.9) and in certain sense
forget the motivation of this assumption, i.e. starting from (1.9), we investigate,
purely mathematically, the low density limit. Of course one of physically meaning-
ful case of our study is the one with the conditions (1.7) and (1.8). Moreover, we
shall suppose that the unitary group {S:};cr commutes with 4; there exists a non-
zero subset K of H; such that gy, g1 € K,

(1.11) fR|<f, Sg>|dt<eo, Vf, g€K
and for each f, g € K, the series
> f | {f S;exp(—pBnH)g> |dt
n=1 R

has a positive convergence radius.
With the condition (1.11), one can define a Hilbert space {K, (*|-)} in same
way as [1], where, for each f, g € K,

(1.12) (Flo:= [ < seat

Inspired by [1], in this paper we shall investigate the limit

113 tim w® W (2[5, fiu) ., Uy ® W (2 [ 50 17au) 0.

2—0
It will be proved that the limit (1.13) exists and is equal to
(1.14) Cu@ W (Y @F))T, U v QW (1501 Q)T

where the scalar product in (1.14) is meant in a Fock quantum Brownian motion
in the sense of [1] (cf. also [0]) and U (¢) is a Markovian cocycle satisfying a quan-
tum stochastical differential equation (q.s.d.e.). More precisely, the main result in
the present paper is the following:

THEOREM (1.1). For each f, [, go,&s € K ,u, vE Hyy D € B(H,), S, T, S/,
T €R,t=0,ift, go, & satisfy the condition
(1.15)

1 2. — * 2 1
t< 161D’ "g" ° <g.g'e(go,gl,gliaﬁ}’(’go,e-*ﬁ"gu -[—oo| <g’ Stg,> I dt) < 16 !D

then the low density limit (1.13) exists and is equal to (1.14) where, U () is the solu-
tion of q.s.d.e.

(1.16) U®) =1+ Seean f, [Dile) ® dN:ge, £1-0
+ Du(&) ® dN:(g., 8) + (Dy(©) + D, { g1-eeHg>) @ 145U )
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m Hy® I (LXR) @ (K, (1)) and
(i) ¥ is the vacuum ofF(LZ(R) X (K, ('l'))>;

(i) No(g, &) :=Nxoa®lg> <{g'l);
(iii) For any operator T on L*(R) @ K, N (T) denotes the number operator
generated by T chavacterized by the condition

MNDW (T =W ("TEOT, V E€ L*R) R K

for T self-adjoint, and extended by complex linearity to arbitrary T.
(iv) Di(e) D;(e) and D;3(e) are given by (6.80), (6.81) and (6.65) respectively.

Remark. Since in the Hilbert space I'(L2(R) @ K), the set {(IW (x Q) T;
x € L*(R), f € K} is a total subset, we know that the linear functions

Cu@Wxsn N, vQ W (i m@f )T
can separate (bounded) operators. Therefore the Theorem (1.1) gives a stochastic
process as the low density limit of the time evolution of the original Hamiltonian
model.
§2. Preliminaries
In this section, some preparations will be done for the following sections.

LEMMA (2.1). Foreachf,f € K, S, S, T, T' € R,
@.1) tim <z [ Sufiu, 2 [T Sufdu>

z2—0

= {xsm)Xis 1 2 12R) fR {fSif ) dt.

One can find the proof in [1].
LemMa (2.2).  For ecachm € N, { fi¥i-1 € K, {Si, Tdi-1 € R, {z%1 C R,
T1/z2 Tn/z2
tim <., W(az [ Supdu) - W2z ["7 Susudu) 0.

S1/z n/22

(2.2) =<7, W(»'Cl)C[sl,m ®f1) '“W(an(Sn,Tnl ®ﬁ:) )

and the convergence is uniform for {xy, Sk, Ti}%=1 in a bounded set of R, where, T
is the vaccum ofF(LZ(R) & (K,('|'))).

One can find the proof in [1].
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Denote H{ the conjugate Hilbert space of Hj, i.e.

(2.3) ¢:Hi— H,, ¢Qf) := 2e(f)

(2.4) Ce(f), (@) 2:=Lg

then, Hf is a Hilbert space. It is well known that up to a unitary isomorphism
(2.5) r'(H) =T'(H) QT (H)

(2.6) W )=W@.fHQWW-f)

for each f€ H, and
(2.7) 0, = 0R &

where @, @ are the vaccum vectors in I (H,) and I" (H*)) respectively and

_ /Q+1 _ /T 2 _ 1
28 + e - - o -
(2.8) @ / 2 2 1—z%exp(—+HB) /1 — z%exp(—+Hp)
and

_ [@=1_ [I_ Zexp(—%Hp)
(2.9) Q:= z/ . [/2 R A

_ exp(—FHB) _ _. -
Z[/1-z%xp0~%HB) H2Q%
Moreover, we have

(2.10) A(f)=AQ.+f/H)V®1+1RA*(Q-f).
So up to a unitary isomorphism:

211) A(HAD = (4Q./H®1+1®AWQ-f))-
(4Q.0®1+1®4°@Q-9)

=4 Q./)AQ.9) ®1+2(4"(@Q+f) ®A* Q" &)

29

+AWQ+g )®A(Q’f)) +221 QAQ™fIAT(Q ™ 8).

By the CCR, the last term of the right hand side of (2.11) is equal to
21® 4@ DAQ /) +<Q £ Q2>

therefore the right hand side of (2.11) can be rewritten as
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(2112)  A*Q./)AWQ.0 ®1
+2(4°@./)®A Q) +AWQ D ®AWQ-1)) +

+2(1®4@-9AQ /) +<Q f, 0 )

= Ao(f, &) +2(AL(f ) +Ai(S ) + 2A(f, ) + A 8).

Our starting point of this paper is, as in [1], the iterative solution of (1.5):
0 t tn-
(212) U= 3 (=i [Cat [T anv ) v,
n=0

Now, we want to show what is the difference between the Fock and non-Fock
cases.

In (2.11a), the term Ao(f, g) is similar to that in the Fock case and the term
2?A.,(f, g) will, roughly speaking, not play any important role. In the term

z(A—l(f, g) + A/, g)), if there exists some A(Q ™ g) acting on W(z [z
Q- Sufdu> or W(z T2 Q. Suf’du), since @_=2Q~ and @ tends to ¢ °

exp(—-4+pBH) as z— 0, we shall get so “many” z that the term will go to zero. But
the new situation is not the same as that in the Fock case: there it is not possible
that all the operators are “used” to produce scalar products, but here is possible.
For example, in the case of # = 2, we can get the following term

(213)  A(ShQ+80) ®A(Q - Sug1) A% (SnQ + g) D A*(Q - Sngy).

From it one can get the following term.

(2.14) (Q+ 80, St~ Q4+ 87" (Q- & Q- St-n8 Ve

So in the low density limit, the following term will be obtained

t/z2 t
(2.15) lim . dt, j; dt; < Q 4 go, St:-nQ + &7 Q- g, Q- Si-n&1 7.

2—0

t/22 t
lim 0 dtl j; dt222 < Q + 8o, Stz—tlQ +&o > : < Q - & Q - Slz—tlgl >l

z—0

t 0
lim . dt j-—n/z? dt, < Q. Lo, Sn@ + £o > < Q- &, Q- Stzgl >z

z=0

0 T
= j;' dtl J._ du <go, Sugo > : < e Tﬂ”gu Sue - —}TBHgl >'

In the case of # = 2, one gets similar terms.
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§ 3. The collective terms and negligible terms

The section is devoted to distinguish the collective terms from the negligible
terms. First of all by (1.20) and (1.7), for each # € N, ¢ €{0,1}”* up to a unitary
isomorphism,

(3.) A (S18e) A(Sutice) - A* (Sueon) A(Sutiem)
= (A%(54Q+ £ A(S1Quiec) ® 1 + 2(A47 (S0 @uer) ® A7 (QSucean)
FASQ+ g1-e0) ®AWQ " Sugen) )
+221 @ (45,0 £1-c0) AQ ™ Sugier) + <@ e, @ e D)) o+ ¢
(A% (S4@ + £ ASu@ + g1mcin) ® 1 + 2 (A% (S4Q+ £0) @ A*(Q ™ Suticen)
+ A(Su@ + g1-e) ® AR Sugi)

+ 2210 AT Q- Sta81-e) A(Q ™ Su8ew) + (Q-~ ey @7 Gi-em >t)>

Expanding the right hand side of (3.1) and using the notations in the right hand
side of (1.20a), one can write (3.1) to
(3.2) 2 A (Sngew, Sngi-ew) Ao (Simews, Sni-em) 2 Hmlo @1,

oe{0,x1,£2"

In order to write (3.2) to a more clear form, let us label A; by 1 <4, < -+ <
SmAabyl << <fp<nAby 1<y < - <gw<nand A by
1< 4" < -+« < < m, then the terms Ao are naturally labeled by the indices
set {1,..., W\ G kar U G U G20 U GR7YEZD. Thus (3.2) is equal to the
following expression

s x ¥ 0z "F
(3.3) 2 =
k=0 1<j1<ees<ik < k=0 1<fi<eee<ipy<n k”=0 1< i{<eee<itn<n
ik vk ’r
(i pmy NNy =0 W N Hinkey Uil =8
n—k—k’~k" 5
k=0 1<i{ <o e<ifin<n

G ndinttL, UtREL, Utk D=0
ZHFAZETRET A0 (S, ey St 8i-e) * * A1(St, Zetivyy St B1-ci) T

A—l(sh; 8eiv)y St:; gl—e(ii)) o ‘AZ(S"".' 8etip, S‘n‘; gl—s(ii')) e
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Al(St,.ge(m, St 81-ctin) ** 'A—I(Slr, ety Sty B1-etiin) ***
Az(St,;., Beitn, St.v.z, Gi-ciitn) Ao (St,, gs(mS:n i-em)

K’’’

IT<Q gewyy, @ Gr-cuiyn .
r=1

n n—k n—k—k"
=2 2 2 2 2 2
k=0 1<i1<eee<tp<n k' =0 1 <gi<eee<ifr<n k''=0 1<i{ <o e<ifn<n

ik TRV L e ’
(i gay N lihyay =0 U ndintka, Ulipk_ =9

n—k—k'— k"
2 2

1<i'<eee<il"<n
GO ndintke, Utintie, UGRE D=1

ZETEF2W R A+ (S, Q 4 ge)A(SH® + Gi—e) " A(Sh Q + G1—civ)

k=0

“rAT(SH @+ Zean) T A(SLQ + g1-eiin)
“AT(S, Q + Zetin) AT (S1Q 4 Ze) A(SHQ + B1-cn)
QAQ ™ S gewn) " AY(Q ™ St gr-cin) *
AQ ™ Sty g1-ci)) AT (Q ™ St geirv)
AQ ™ St gein) " AT (Q ™ Si, greinr) "
A@Q "~ Siv, i1-eiin) " AT(Q ™ St Zecin)
:131 Q™ geupry @7 Lr-caip Ve
=:I; + 1I;
where, I5 denotes those terms satisfying k” = 0 and II; denotes those terms satis-

fying k7 = 1.
Now, we write I, and II;; in normally ordered form. Then, one has
LemMA (3.1). For eachm € N, ¢ € {0, 1}*,
n—k n—k~k’
L= > 2 > 2 2
1<iY <o <ifr<n

¢ =
k=0 1<i1<eee<in<n k=0 1<ii<er o<ty <n K”=0
tink o it fe =9 R nWintk Ly UtinEL =1

M=

(3.4)

[

ek — " . KA (n—kZ—k'”—-m) 5

1€q1< oo <qgm<n m’=0 1<qi<er o <gm < ik’
7 ’ 4 e 4

Wk gy clipkl,

0
(gn il e oo m\Uinteny U GRHEL, ULIHDMEDD

]

m

Z zk+k’

(B1,+ e ,bm.pi, oo+, 0m’)
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m m’
I1<S, Q4+ Gi-coomy Sta @ + Zeaw 7 ISy, @ + G1-cir, Sty @ + Geay ?
h=1 h=1

H A+(StaQ + ge(a))

el oo \Wind ko Ui EL, UGRDEDD U tgm )

I1 A+(StaQ + gem))

asli ¥ \gy 1,
H A(Sth + gl—e(a))
aell, oo \WiRHEL UGRYEDD Upn I, UKD

k' Nk

® X2 2
M7=0 1< gl <oneqhyrn il BYrees b
g ctink,,
m
IT<Q- Sty ey @~ Sty g1—s(q;,')>z

h=1

H A+(Q N Stngl—e(a)) H A(Q_ Stags(a))
aclin ko \(gh/ %, aslinfo \DRY,

K

P H Q™ gi-ctinn, Q7 Lewrr ).

Where, 22(p1eee pmpisese o) Means the sum for all 1 < py, -+ \pm, D1, Dy < % which
satisfy

M iU i c 1,...,m \({zh ARt

@) [ {pubies U {padie,

(i) pp{gnforallh=1,...,mand p, < g, forall h=1,..., m’
and 2., p; means the sum for all 1 < py', -+, pm < 7 satisfying

Q) s clinthey;

@) [l =m”;

(i) py < gy forall h=1,..., m"

Proof. Notice that the indices {7, }%Z; label only scalar product terms which
can be thought as “normally ordered”, therefore, we can assume, without loss of
generality, that k7 = 0.

By (3.3) and the definition of I, (¥” = 0), one has

n n—k
(3.5) =2 = = 2 Flasd

k=0 1<i1<eer<ix<n k=0 1<yj<ee o<ty <n
imk ik =0

Cu(1, m)(A* ) ekt =m>-

v
2 Ca(2, M) (AY ) remn (A *) b=k 4 h=m—m”)

m’' =0
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Q@ 2 CuB, m") (A Vw—mn (A ) temn)
v

where, C,(1, m), C,(2, m’) and C,(3, m") are the products of some scalar pro-
ducts; (A% ") w-k—t—m is the product of the creators which isan —k — k' —
m’s elements subset of

(36) [4°5,0° gewdi @ € (1, N\ (iVher U i) |

whose complement is used to produce the scalar products; (A* - *)w-mn is the
product of the creators which is a k' — m’s elements subset of

%
h=1

(3.7) [A+(S:‘». Q7 geuy) ]

whose complement is used to produce the scalar products. So, m <n— k — Kk’
and m’ < k. For each fixed m, one can use the set {gu}7; C{1,...,20 \ ({ip)} ey
U {23521 to label the set of creators

(3.8) {A+(St,,Q+ge(a)); a€ {1,....m\{ho, U 2D } \ (A% ) ekt o)
Without loss of generality, we can suppose that
1<¢ < <gu<n

For each fixed m’, one can use the set {gu}7e: C {/}}f-1 to label the set of
creators '

(3.9) [A+ (St @ gean) }z \NAY ) wremn.

=1
Without loss of generality, we can suppose that
1< < < gw <.
For each fixed m, m), 1 < 1 < -+ <gu<m, 1 < g1 < - g < n, there is a m

4+ m”s elements subset of annihilators

(3.10) [A(StaQ’fge(a)); a € {1,....n\ k= U G0} ]
which is used to produce scalar products with
(B.AD{4*(S,Q" ) @ € (LeeeitN\lither U G\ [ 475, @200

If we label the subset by {ps}ie; and {ps}y<: respectively, then, 1 < py,...,0m,
Dot < m; iU pidi © 1,.md \ G and | ot U 7l =
m + m’. Moreover, m + m’ < n—K,i.e. m" < n—k — m. So, we obtain the fol-
lowing

v
h=1"
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(3.12) =% = ¥ =

k=0 1<j1<eee<in<n k' =0 1<jj<eee<iir<n

mke, Nk =0

n—k—k' KN\ (n—k’—m)
m=0 1<q1<+<qm=<n m'=0  1<gi<eeo<gp<i}
{anHih, {1, I\ (Yoo, U iR EL, r AL AL
,
> ZhtE

(D1, e,bm,D1se e D)

jam N

w
< St @ + Z1—cony St Q+&8etam > 'hI:II < Sty Q+81-c6p, Sta Q+Zeiay >

>
i

1

H A (StaQ + gs(a))

ael, s e m\Uin ko, U ML, Utan ey

I1 A* (S, Q + &)

aclin ¥ \igyh ¥,

H A(StaQ + gl—e(a))

e (Lo e W\ EL U Oy U B3

Y 2 Ca@B, m") (AT Y w—mry (A ) themry.

Similarly, we can deal with

(3.13) Z Ca@B, m") (A" )y (A ) h=mrry
and get that (3.12) is equal to

K Nk
(3.13a) 2 > 2

M7 =0 1 < g <eee<gmy ik Dlreeo.bmrr
;
(3 MITAT

m
hHI (@~ Sty',,'gE(P;.')y Q" St; &ewp Ve

H A+(Q - Stdgl—e(a)) . H A+(Q + Sta gs(a)) )

aslipk, \lgw] aeligf \F]

Combining together (3.12) and (3.13a), one finishes the proof.
As an appication of this Lemma, we can easily obtain the following

COROLLARY (3.2). ForeachnE€N,e€ {0,1}", f,f €K, T, S, T, S €R,

(3.4) (e[ 7Q. Sufau) 0 @W (2 [ Q- Sufau) 0%,

35
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t/z2 t1 tn-1
0 0 0

W (e 0700 Surau) 0@ W (2 [0 Supau) o5 >

s =2 ¥ oz >
k=0 1<i1<eee<ix <n k=0 1<i{<ese<iy<n k”’=0 1<i{'<eee<tpim<n
(i a N {ipn, =0 G nUinko, UGk D=0
n—k=k'—k""" KA =k =k =m)

m=0

2 Z
1< 1< <gm=<n

m’=0 1gq’1<.,..<q',,,,,g,-;,
tany i L, e e\ Winte o UtiRHEL U G HEZD @t cliphhy

Y t/22 t tn-1
= Pl dt dty- - dt,
(1,00 4,0m, D1, 20+, 0'm’) 0 0 0

m m’
hH (S @+ G1-coom, St Q + Gean? I <81, Q & g1-csppr Sty @ + Geanr ?
=1 h=1
zn—k—k’—m—k'”

el o\ Wink oy ULikHL U GHHED

T/z22
! j;/z du <S.Q +f, StaQ+ge(a)>
gt “

T/22
#7041 8,9+ gew
aetin b, \gpy, ¥ S/
R —

T/z2
’ H m ’ f 2 du < StaQ+gl—e(a); SuQ +f, > N
@ ll,e oo N\ Ui EL ULHHED U o Thy U iR ¥ 572

kK Nk

m
> = > IT <Q~Sy; geiriyy @ Sta&i-eapy ? ¢
m=0 1 <gY<eeo<gpn<ify BL,oee.pm h=1

LA

o T/z2 _ -

z 1 L Q5. f, Q7S g1-ew V0
aelipbo,\lgy ey < 572

T'/22
- 2K =m) H f, du < Q—Slage(a); Q_Suf>z
actink  \pjym < 7/2

h

e
22 I1 < Q geirn, Q Gr-cusn 2
h=1

W (ef " QuSusin) 0@ W (2 [ Q=S. fau) 0%,

Wil " QuSuran) o @w (2 [ Q8. du) 05>
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COROLLARY (3.3). Foreachn €N, e € {0, }", f,f €K, T, S, T',S" €R,
T/z2 T/z2
615) <) QuSsefan) 0 @ W (22 [ Q. i) %,

[ an [Pt [ angs-

([ @usuran) o @ w(z [ 0 Supan) 91> <

/22
n—k n—k—k’

z 2 2 2 2z

0 1<i1<eee<ig<nm k'=0 1<yi<eee<tfy<n k’'=0 1< <eee<ifin<n

k Tk N rr ik
{talpay N {141}y =0 gk ntintk L ) UtipEL =0

IA
M=

k

ek k=K K ANn—k—k —k"""—m)

2 )

m=0 1<q1<e+e<qm<n m'=0
(gnh Tt (Lo e n\Windk L U LR U GRNDEDD

kK Nk

z 2 2 2 2

LS gi<eee <@ Sl (PLoeespmpisese b)) m'/=0 1< qy<e<dmn i (CIREEN 90
@ c Uik ctipt, (g clinthing

2n+k+k’—m—-m’—2m’") 2(n—m-m’—m’") s fn -
V4 N C1 m dtl dtz ° dtn
0 0 0

m m
hl:[l | (St Q + Z1-com, Stq,,Q + Betan > I 'hl:ll | (Su. Q + Gi-ctan, St. @ + Zeaw > |

K
h

H I <Q T e Q.— 1-¢eGiy) >z | .hH l < Q_Stu ety Q - Sta'.' Li-e@y) >zl
=1

=1
< (2f 7 QuSusau) 0r @ W (2 |, /T/ Q-S. fdu) %,

w(ef " Qusuran) or@w (e[ @S, rdu) 03 |

’/z

wheve, here and in the following,

(3.16) Coo= omax f_ "I <PG, SiPF) | at
and

(3.17) m = | {gn 7 U {g} 7|

(3.18) B = (g U g i\ g .

Moreover, {ax} =, is chosen in the following way:
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Dho 1 By = Ghos

3.19 ar=1", . v
( ) " Dho if By = Gno

With arguments similar to those of the proof of Lemma (3.1), one can get the
following

LEMMA (3.4). Foreach n € R, ¢ € {0,1}",

n n—k n—k—k’
(3200 Iz=2X z z z > =
k=0 1<i1<eee<ixy<n K =0 1<ii<.<ipy<n /=1 1<i{<one<ifn<n
ik Sk e T
(it O lEn}yy =0 GOEL N Wik Ve D=0
n—i‘-‘k’ Z
K’7=0 1<i]'<eee<ifin<n

NN

G dink L U iRk, U Gl =0

KN =K'~k =K —m)

Z 2

m=0 1<q1<eee<qm<n m’ =0
(@t AL oo et \ WYy U GRMEL U GIHED U GRELD
,
’ > o b ZhHk 2k
1Sq1<e o < Sk (py,oee,pm,pl,0 o0 0
[PALRSITAL

n—k—k’—k"""

hﬂ (S Q+ Lieom, St Q + Zeam ? 'hHI (S Q4 Z1-com, Sta Q + Zeam
=1 =

A*(S. Q + gew)

RN U

el oo\ inte oy U G2 U GEED U tanl sy U @R )

A(Sta Q + gl—s(a))

el oo m\ind oy U GIYED UG EZ U (on U 93T

K A+ KA k+k"—d")
d’=0 1S G1<e o< < i d”=0 1Y < oo e <dygn<iyn
[PAHRS AT @l ikl

’

d//
z H < Q_ Stnge(ﬁ’).)yQ— St,;gl—e(q";,) >l

(Bloe s b by, oee,04r) h=1

ar’

hl_]l Q™ Sy, ges, @ ™ Sty Gi-e@) ¢

22271 Q™ geusn, @ ™ Gi-eisn 7

h=1

I1 AT (@~ St g1-cw)

e iR UG ONUGN S U dnisy
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AT Q™ Si g1-c)
ae Wi ko, UG D\l Uignil)

where, 22 1o pmpie vy Means the sum for all 1 < py, = pmy D1, " " P S 1
which satisfying

Q) P U i 0, o N Ul 2 UG HCD

i) | U .| = m + w';

(i) pp< gpforal h=1,...mand p, < g, forall h = 1,...,m;
AN 2GSy Foeee iy, Means the sum for all 1 < Pi,....par, Pryen, Do < 1 satis-
Jying

Q) i, U s < i, UG

Gi) | {pic U giYily| =d’ + a7,

(i) pr < gp for all h=1,...,d" and p, < p» forall h=1,...,d".

COROLLARY (3.5). Foreachn €N,e€ {0,1}", f,f € K, T, S, T, S €R,
G2t W (ef T QuSiin) o @ W ([ QS fau ) 0%
: S/22 ou u F z S§/22 uJau s

[ 7 dt, [F - [ s

’

W ()" Qusepan) op@w (22 Q-Sufau) o> |

7/22
n n—k n—k—k’
<2 2. 2 2 2 2
k=0 1<ij<eee<ig<n k=0 1<{i<eee<ifpr<n k'’=1 1<i"<eee<ifr<n
;k ik N4 N 4
{iph g N ip gay =1 Uk ndamt o UtiHee D=0
n—k—k’

z

k=0 L <onasilin<n

el nWinke Ut Uil D=0
KN G=k =k k" —m)

Z Z

m=0 1<g1<eee<gm<n m’=0
”

{gm Ty cil,e e e i \Uintk Ly UHREL UUNEL U4 LD

3 b3 j; ", fo Yty fo " at,

1< gi<e s e <qpr<ily DLo*o.bm.DL, e+, 0m)
P ALINIT AL

n—k—k'—k"”

K N G+E) KA G+E —d") ,
@'=0 1< {i<eeo<dar <ik ar’=0 LG <er o< St Dhyeos 50,07, 00,05
(ARSI tAL (@ foclinly
d+d’" +m+m’

I <Sta. Q+ 81~ ciany St Q + Zegw > I

h=1
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CUn=m=m'=d'=a") . 2n=mm’ 42k kK =20 ~24")
K &
hH [<Q- 81— ey @ eirn V| - hHl [ <Q~ S, e, Q™ St 81— 5y Ve |
=1 =
T/z2 T/22
()" Q. Sufan) 0@ W (227 Q- S.pau) 0%,

w(ef Q. Surau) or@W(zf " Q= S.fau) 05>

where,

(3.22) d:= ‘ {@H-\ g s

(3.23) {Bgrg +mem’ = L ym  \J {gat s U 53420 U Bty
with

(3.24) {B;.}’Ll = A{g o \ g ..

§4. The limit of the collective and the Negligible terms

In the section, we shall deal with the limits
T/22 T/22
3 2 - ¢
@1 lim< W(sz Q. Sufdu) 0 ® W (2 fw Q- S.fdu ) 0%,

[ " [Fate- [ an;

W (ef 0. Span) 0:@W( [ @ Seau) o8>

/22

and

@2 tim<w (e QuSuin) 0r @ W (2 [ @S, fu ) 5,

z2=0
j; " dh fo "ty fo PR

W (ef " Q:Surau) or@w(2 [ Q- Sepan) o8>

/22

for fixed » € N.
First of all, we have the following

Lemva (4.1). For each n €N, 0<m=<n, 2 << <g,<n 1<
D bm <n-— 1, Dh < qn, h = 1,..., m, {f;,}f,”:l C Ll(R),

hta)| < O [
A e g(n—m)!,,glf_m

4.3) 27 fO' dtl---fO'H dt, 11

h=1

5 |at
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as z— 0.
The proof is similar to that of the lemma (3.3) of [1].
LEMMA (4.2). For each n €EN, 0S<m<un, f, g€ K, 25 ¢, <+ < gn
S 1<p,om<n—1,p.<qu h=1,..., m,
@oy oz flane [Tan M| <o Suzu @280 | = 0
as z— 0.

Remark. Lemma (4.2) is not a direct corollary of Lemma (4.1) because in
(4.4), the operator @+ depends on z.

Proof. By the definition, one has

1 kad 1
2 = (1 + 22 2PH)~1 = > z2Pe3tPH,

So, »=0
t tn-1 m
(4.5) z-ij; dtl...j; dty 111€Q. f S—“f;’“Q‘“g)l
< t tn-1 m L
< 2p, ,—2m . Loow
_Eoz z _/;dtl fo dtnhl;ll {f, Sh;_z,uez g)l_

Applying Lemma (4.1) to (4.5), one finds a majorization of the left hand side of
(4.5) by

(4.5a) >, —tl— ( f_: | (f,Sie-3?tgy | dt)m.

Combining together this and the fact that if the series
> 2"a,, a, 20, n=1,2,...
n=1

has a positive convergence radius, then for any m € N, the series

Ms

(@), an 20, n=1,2,...

n=1

Il

also has a positive convergence radius, the proof is ended.

THEOREM (4.3). For each n € N,

@) m<W(ef Q. Sufdu) 0@ W (e[ Q" S.fdu) o,

fo " fo Yty _/; " I



42 L. Accardi and Y. G. Lu

W (ef " Q. sran) or@w(af T Q- Spdn) ar> =o.

/22

Proof. 1In (3.21), one has

, , t/22 t1 tn-1
(47) 22(n+k+k +2k"" —2d" —2d ’—m—m')f dtl f dtz‘ .. dtn
0 0 0
d+d’”’ +m+m’
H | < St,,. Q + gem,,)y Sfa. Q + Z1-e@8n > ‘
h=1
, , T t t1 tn-1
< z—2(m+m +d+d” ).22(k+k'+2k d-d") f dfl f dtz' .. f dtn
0 0 0
d+d’" +m+m’
I1 | (Q+ Zeaws Styty € + 81-cw > |
h=1 2

By definition, 1 £ 8; <+ -+ < Bi+a +mem < #, so applying Lemma (4.2) to (4.7),
one gets

2omam 43+ | ek +2k +d-a [ f 1
(4.8) ZmHmAm KT | 2Rt K +2kT 4T~ j;dtlfo dtr-- | dt
d+d’ +m+m’
| < Q+8eams Stte Qr&i-canm |
h=1 2t

Szz(k’+k”+i—d') -0 (1) .

Notice that d” < k’ and in II§, k" = 1, so, the right hand side of (4.8) goes to zero
as z— 0.

In the following we shall consider the limit of the right hand side of (3.14).
The first step is to show that we need only to consider the situation in which
there are the same number of A_; and A, ie. k = K.

THEOREM (4.4). In the vight hand side of (3.15), if k #F k', then

, , " t/22 t1 tn-1
hm zz(n+k+k —m’'—m—2m )_f dtl f dtz' .. f dtn
2=-0 0 0 0

) | (S;,, Q + Zi—ciom, St Q+&ean > |‘hI:[1 | S, Q + Gi-can, St Q+Zeam > | = 0.

3

>
I

Proof. With the change of variables
(4.10a) Zztj oy, ]: 1,...,n
one has

t/22 t tn-1
(4.10) zz(n+k+k’—m’—m—2m") .‘f; dtl j; ! dtz' .. j; dtn
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s

l < St,. Q + Z1-epn), Stq. Q + Zelgn > lhn l < Sta. Q + 81-clap)y Sta. Q + Ze8n) > l
=1

- , = - t t1 tn-1
= gm20mtm) . G2k —m/ +m—2m ).f dh f dts" - - f dt,
0 0 0

m m
hl:[1| (Q. Gi-com, Stutn Q + Zean > l'hI:III (Q+ Bi-can)s Stoctn Q + Zein > I

h=1

By the defininion one has {Bx}7: M {gs}7e1 = @, therefore

— t t tn-1 m
(AH)zmmm:ﬁdhj;dw-:ﬁ dty I1 1 < Q + gr-ciomr Stts @ + Zeam ?
h=1 2

%

I <Q+g1—e(ah); S_tg.—_ta._ Q+gs(Bh)> l = 0(1)

h

]
-

By the definition (3.17), we obtain that

(4.12) n=m
SO,
(4.13) k+kK+m—m —2m' > k+ K —2m'.

If k+ K, then 2m” < 2(k AN K) < k + kK’ and this implies that the right hand
side of (4.10) is less or equal to

(4.13a) Ze=amT. 01 £z 00Q)

and goes to 0 as z— 0.

Our second step is to show that with the condition k = k', one needs only to
consider the situation in which the projection on the conjugate Fock space of all
A4y are used to produce scalar products in the normally ordered form, i.e. in the
notations of Corollary (3.2), m" =k (= k).

COROLLARY (4.5). If in the right hand side of (3.15), k = k" and m” < k, then
(4.9) 1s true also.

Proof. In the present case, by repeating the proof of Theorem (4.4), one finds a
majorization of the quantity in the left hand side of (4.9) by

(4.13b) = 0(1) = 22 0(1)

this ends the proof.
Theorem (4.4) and Corollary (4.5) show that in the following we need only to
consider the limit of
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(n/2]

(4.14) A,z t):= 2 2
k=0 1<i1<eee<ix<n 1<i1<eee<ir S

Gntk L iR =B in<ihh=1,00 0k
n—2k Z
k7" =0 1<{H'<eee<ifin<n
iy Yo n Winte ey UtinteL) =0
n—2k—k’"’ KN (n—k—m—k""")
m=0 1<q1<eee<qm<n m’=0 1<q1< e e<qmr <ik
(@rV Lo o)\ Gin,ip) 6oy U GHHEDD PALARITALS

2

(D1, e, Dm, DY, » . Dm")

, t/22 t1 tn-1
zz(n—m -m) ,f dtl f dtz .o dtn
0 0 0

m m’
IT < St Q + Gi-cioms St @ + Zetaw > Il < S, @ + B1-cpp)y St Q + ey >
h+1

h=1

T/z22
i Jor s 7, 5,9+ g

ae (e n\Uinihhk Utgn, ¥ 572

0 [ au<S.0.4f, 5,0+ gew

2
aclipk \igm, /z

T/z2
H f du <StaQ+g1—e(a)y SuQ +f/>

ae (Lo, n\UiHhay U (BYIR) U D310

kK’’’

‘E:Sk hl}l (Q™ S, Zetn, @ St r-ein) V¢ * H CQ7 Zewyr, Q@ &1-ctirn 2.
W (ef " @ Sutau) @ W (22 @ Susau) o,
w(zf 0. Sran) oe@w ([ Q- Supdu) o0

where, for each {is, intiz1, @ < in, B =1,...k,

(415) S/: = [0’ S5 Sk Zg(),) <1;,, h= 1 k}
Remark. In the sum 2. 1<i<- <isn , the conditions 2y < ip, h =
(D) G 8 1iy itk = 1,k

1,...,k dues to on the conjugate space, all operators are used to produce scalar
products (m” = k), so all creators should be to the right hand side of annihila-
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tors.

Stating from (4.14), our third step is to show that those terms in the right
hand side of (4.14) in which m” < k tend to zero, i.e. one needs only to consider
the terms in which the projection on the Fock space (not only the conjugate one) of
all Ay and A, are used to produce scalar products in the normally ordered form.

THEOREM (4.6). In the right hand side of (4.14), if m” < k, then the quantity
, t/22 t1 tn-1
(416) Z—m—m )'j; dt, j:) dty - 0 dt,

m m
H| S, Q+ Z1-com» S Q + Betan > l H‘ (S, @+ 1-c(py), Sta Q + Zeqw > |
h=1 h=1

=

| <Q~ St,ah Zetto)y @7 St G1-eimr V ]

h=1

]

tends to zevo as z— 0.
Proof.  With the change of variables (4.10a) and since the product

(4.17) hH| $Sh @ + Zr-eiom, St Qr8eian 7 |
=1

is less than or equal to

Clel-leb™

we know that the left side of (4.16) is equal to

Y t t tn-1 m
22 )'Z_Z(Hm)‘j; dh j; dty - j; dty hH' (Q. Bl-cion)r Stacty Q+8eqn > I
=] 22

=

, l <€Q‘gs<z.,.>, S_tu__ztm fQ'gl-e«s.) > I’O(l).

Notice that the sets of indices {gu}7=1 and {i,}%-1 are disjoint and by (4.2), the
quantity (4.18) becomes to

1

ZZ(k_m’).O(l)
and it tends to zero if m’ < k.

Remark. The proof of Theorem (4.6) can not give the conclusion that m = £
because {g} 72, € {ix}f1 are NOT disjoint.

Theorem (4.6) shows that {gi) 721 = {ix} =1 therefore

(4.19) IimIEQ, 2z, t) = ling 152, 2z, t)
z=0 Fand
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:=lim 2 > 2
220 k=0 1<j1<eee<ik<n 1<#1<eee<ip<n
Gtk Nt =8 in<ilh=1 000k

n=2k
2 2z

k7" =0 1§ <ove<ifin<n
WL Wintka, Utinka =0

n—2k—k"’"’"

2 Z

0 1<q1< e <qgm<n (b1,ee o bm bl bk, i} mp)
{gr L oo N\ Uin,ind L, U MDD

Z2n—k=m) .fmz dt f“ dt, - 1 dt
1 2 n
0 0 0

K
<St,. Q + Si—com, St Q + Zeaw > 'hll < Sty @ + Zr-coom, Sty Q + Geiin >

m

—s

h=1

T/z2
[1 L du < S,Q +f StaQ + e )

aeil,e e m\in iyt U in V0 U gy © 8722

T/z2
0 [ 7 au<SQ.f 8,9+ g

actink, \g",

T/z2
j; du < St,,Q+g1—a(a), SuQ +f/> :

/22

N %

ae{l, s m\UipH o Ui Y2 U om0V D

k
2 M1<e- S:.,hgeo,.), Q™ Si gi-cam V¢
oeSk h=1

rrr

k
1 <Q ~geirn, @~ Lr-caiwn ).
h=1

(e [ Q. sufau)or@w (2 [ Q- 5. fau)os,

S/z2

T /z

Wi [ 7 Q. Surau)or @ w(z [ Q- .fdu) 0w

/22 S’/z2
where, 2y, .. pmpi-ee i tiyt.p means the sum for all 1 < py, -« pm,p1, " Pk S 1
which satisfies
@) P U puthar © {1, \ i o U 672D
(i) ‘{ph}fz"ﬂ U {ph}f=1‘ =m+k;
(i) pp < guforallh=1,...mandpp < iy for all h=1,...,k.
Our fourth step is to show that we need only to investigate the situation in
which

(4.20a) w=q.— 1, h=1,....m
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and
(4.20b) pr=1in—1, h=1,.,k

THEOREM (4.7). For each m, k, those terms of right hand side of (4.19) in which
either (4.20a) or (4.20b) does not hold will tend to zero as 2— 0.

Proof. We should prove that if there exists a # = 1,...,m, such that g, —
Py = 2o0rah=1,..,k such that i, — pp = 2, then,

t/22 t1 tn-
(4.21) Z2n=k=m. f dt, f dty -+ f dt,
0 0 0

m k
h]:[l | (S, Q + Zi—com, Stu @ + Legn > l ‘hl_]l ] (St @ + Z1-com, Sta QsZeiim > | —0.

The fact {gu}7=1 M {tx}fy = @ implies that the function in (4.21) is made of
type II terms in the sense of [1] and therefore the same arguments as those of the
proof of Lemma (3.3) imply the Theorem.

Theorem (4.7) shows that

(4.22) il (1, z, ) =liml3(2, 2, O = ImkG, 2, 0
20 2= 2=
X (n/2]
:=1lim X > 2
220 k=0 1<ii<eee<ix<n 1<i1<eee<ik<n

Grk L Nk =8 — 1k N =5 in<if h=1,00 0k

n—2k Z
K77=0 1<if"<eee<iyir<n
(i Yoo 0 lintha Ut} e =0

n—2k—k'"’ Z
m=0 1<q1<eee<gm<n
@m0, oo N\ Ui it omy U 552D an— 1 N Wi iy — 1L U K D =0
2 t/z2 t tn-1
¥4 n=k=m) f dtl f dtz ‘ f dtn
0 0 0
K

Z n < Q Sh,,hge(xa.), Q S’ti gl"E(‘x)>(

o€Sk h=1
m k
I1 <St¢._. Q + Z1-car-1, St Q+L8ean > ' I1 <S.‘,;_, Q- B1-eli}-1, St @ + ey >
h=1 h=1

T/22
,,,,,, _l;/zz du < SMQ +f) StaQ + e >

ae{l, oo\ Uik ik oy Uiy L U lanl i)
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T’ /22
H L du <SuQ+g1—e(a); SuQ +f/>'

ae(l, e e \ Uk oo, UGV U dgn=11T8, Uty —13kp ¥ S7/22

K

hH CQ7 geiwn, @7 Lr—ewtn Ve
=1

T/22

(e [ Q. suau)or @ w (2 [ Q- 5. fau) s,

S/z

’

Wiz [ " 0. sraor@w(z [ @ sufau) o>

/22

where {6 — D4 N iei = 0 dues to {purio, < {1,030 \ Uhoy; g —
l}hm=1 ﬂ {Z;z - 1, l;,}’}$=1 = @ dues to {ph};;nﬂ c {1,,1’1} \ {l;’,}’;ﬁ=1 and |{ph}§,“=1 U
il =m+ k.

Remark. 1In (4.21), we consider the integral of the function

3

k
I (S, Q- i-com), St @ + Zeaw > | -hf_ll | < Stp';,Q + B1—cow, Sty Q + Zeiny > l

h=1

)

but not of the function

(4.24)
m k
I11<S0 Q4 g1, St @+ Zewn V| ‘hHI 1 <Q~ Sty Zetianrs @ 7 Sty G1-etip >l
h=1 =

this is due to the fact that if in (4.24) p, = g, — 1 for any h = 1,...,m but there
exists a # € {1,...,k} such that iem < x — 1, the limit

i t/z2 1 tn-1
(4.25) tim 227 [y [Cane- [ at,
20 0 0 0
m K
[1 | S, Q+ Gi—eom, St @ + Zeam > |hH l (S, Q-+ Gi-cphy Ots @ + Geophy > |
h=1 =1

k
hH | < Q - St,o(h) et Q‘St.‘;’gl—e(tﬁ) >z|
=1

may be not zero. For example, =4, k=1 m=2,4,=1,61=4, ¢ =2, ¢, =
3, then, (4.25) becomes

t/22 t t2 t3
(4.26) lim 222"V~ f dt, f Lt f dts f dt,
z2=-0 0 0 0 0

] <St1Q+g1—e(1)yStzQ+ge(2)> | . ] <S¢zQ+g1_5<z>,Sng+ge<3> > |
| {S:Q+81-c(5, St Q+8e0 ¥ | - | (Q7S1,81, QS 81-ew >il
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' 0
= lzlilg_/; dt _[_“/zz dty | <Qig1-c1),S1Q+8: 2V |
0
f—“/zz-tz dts] <Q+81-c2,S1,Q+8e» |

0
f_mzz_m_m dts | Q.+ 81-¢9,5uQ+ 8w ) | : | (@~ Lo, @ T Stirtsrn8i-c@ iz |

We shall prove that this kind of limit exists and is, usually, not equal to zero.
Our fifth step is to prove that as 2 — 0 only those terms can remain, in which
the set of indices {7x,4n)f=1 satisfies

(4.27) G <g <o < <

THEOREM (4.8). In the right hand side of (4.22), those terms in which (4.27)
does not hold will tend to zero as z— 0.

Before proving the theorem we first prove a lemma:
LEMMA (4.9).  Suppose that f € L*(Ry) and is bounded and m = 3, then

(4.28)
2w+ [F g [ tl = tw—s ban tg,. 1y,
g Mt [t p i g (e =ty ] gt ey

h=1

form’ < m—2, where, 2 < q; <- < G < m — 1

Proof. 1f g1 > 2 or g < m —1, by the boundedness of f, the left hand side
of (4.28) is less or equal to

w29 o [Tae [ dtptn 2y A g (et

where C is a constant. It is clear that (4.29) is a type II term in the sense of [1],
therefore by the same arguments as those of the proof of Lemma (3.3) in [1] (4.28)
follows.
Now, suppose that
Q=2 gw=m—1.

Introduce the connected decomposition
{Qh}in;1 = {(Ih}ﬁl U {Qh}iimﬂ u---u {qh};;n;.z‘v-1+l

characterized by the following properties:

D= 1= =gun— @1, ", o= a1 — 1= " = gw
- (m =z, — 1);

() gn 1 <o) G T 1 < Goyorsa-
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Then, similarly to the proof of Lemma (3 3) of [1], one has

(4.30) z—z(m’+1)./;' dt,- ..j;tm dt,, f( tl)f (= b1 tm SIS Hlf(_q_z_t_qu)

t tgy-2
éz‘zf dtlf dt’_lfo t,dt, -
0 0 a —101—1/22f( ['S%add’ %
fo d , fﬁlrl dt.
_ﬁ“_l/zzf(ti;,l) thl o 4z, +1
t:’Il*l_z , 0 ’ ’ 0 ’ ’
. dat _f t dt f t dt, -+
./:) LERG —zazlﬂ_l/zzf( aai+1) Alazien —:;,Ilﬂ_x/zzf( ‘112) 9z,
':11,_1‘2 ’ fo ’ ’
L g, _t,%m_l/zzf(tq,,_gdtu,_l

0 , , tag, \-1422thy,  +er+tay) — t
f . f () dty,, f ' ' dtmf( l)f( tm — tm-1y
‘th”_l—vzz 0

where, since g = m — 1, then,

tm-1 ::t; -1+ Zz(t;x'_l+ R tl;m,)-

Ty-1
With the change of variable
(4.31) (tw — 1)/2% = s,

the right hand side of (4.30) is majorized by

t tf,l-z , tg-1 ,
C,: f dty -+ f dtql—l f dtqzﬁ-l' ..
0 0 0

tag, -2, =ty ~1/224tay,  Hece ey
(432) et j; dtqzv_l_l‘ tt f dsmf(sm)

—t1/22

and this vanishes as z— 0.

Proof of Theorem (4.8). It is enough to show that if either there exists a
h=1,...,k — 1, such that

(433) | e 0 G+ 1, — 1| # 1
or there exists a # =1,...,k — 1, such,that

(4.34) | G N G+ L — | # 1

then,
(4.35)

t/22 t1 tn-1 m
lim Z2®— %™ . j; dt, j:) dty -+ j; dt, H ] <Stq,-.Q + gl—e(qh—l),Sl“ Q- Zegw > I
h=1

z—0
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=

K
\ <S¢,._‘, Q Bl—elth=1)s St.; Qs et > ! I1 ‘ Q- St etm, @ 7 Sty Gr-etin > l = 0.
h=1

h

1
We shall prove (4.35) separately distinguishing 4 cases.
(1) There exists a # = 1,...,k — 1, such that

(436) {Z;’,}Iﬁ=1 ﬁ {lh + 1,' : ',ih+1 - 1} = 0.

In this case, denoting by # the minimum % satisfying (4.36), since 7, < i, and
in & {0y} k- for any h, we have

(4.37) i < o < s < dhg

and therefore

t/22 1 tn-1
(4.38) Z2n—k=m . f dt, f dt, -~ f dt,
0 0 0

m
I:I ‘ <Stq + gl—-e(qh-—l),Sta. Q + Zetay >> l :

—I=

k
l <St,;_| Q + Si—cth-1), St, @ + Letry I <Q~ S, Zeimr @7 St Gimeim V. l
h=1

t/z2 f tn-1
< G-z [y [Mane [T as,
0 0 0

hH | (St @ + Z1ctn—1.5t @ + Gegp » |-
=1

h=1

i

II | (St @ + Gi=ctit-n)» St, @ + Zein > |

hEll, By eeu k)

| < Q_ Stunge(u.,)y Q— Stx;“glﬂs(tﬁo) >zl ::]n(]-y t)

where, C, is a constant. Now, we shall show that J.(1, ) goes to zero as z— 0. In
the following, we denote {i,}5=1 U {gi)7; as {Gu}73F. By (4.36), one knows that

(4.39) {in, 1 — Diemensioernn (Ve + 1, g — 1) = 0.

Moreover, with the change of variable (4.10a) and enlarging f;,-1 to f, one finds
that

(440) ]n(l,t) = Cn . ‘2(k+m) f dtl f dtz Otn—l dtn

—=

! < Q+g1 elga—1)s S“« 4ot Q+gs(qh)> !

h

1

I1 l (Q+ Gloeth=1), Statin QuLecriy > l
i s

he{l, v oo, Ho, 00k}
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1<Q- Beting, Q7 Statn, G1_cingy >l
=
t tho-2 t tn-1
< G-z [Mane [t [Cate e [T at,
0 0 0 0
m
H I < Q + 8l-elan-1) Sty—ta—1 @ 4+ Begn > l
r=1 2
I1 [ < Q4 st Sta—ta=1 Q + Geciy » |
ook 22

h=1,++4,k0,*

| <Q~ getiny, @ St

—tue G1-¢lihy) >z |
2

Z

Putting

(4.41) pi=l{he1,...m: i < g <indl

and

(4.42) Bt ={gn 1o < qn < ino, h=1,...,m}.
Then, , s
(4.43) ., ) < C, - 2720, fo dtip, fo ° dty,

P
H| {Q+ 1—c@r-1r Sta—tn=1 Q & Zeom > |
h=1 2
[ €Q + gimeth-1r Stu=to1 Q 4 Zecisny ? 1| C Q7 Zeting, Q™ Stats, G1-ctiny Ve |-
2t 2

Applying Lemma (4.8) to the right hand side of (4.43), we know that term goes to
zero as 2— (.
(ii) There exists a # = 1,...,k — 1, such that

(4.44) Guiei NG+ 1, — 1} =d 2 2.

In this case, denoting by Ao the minimum # satisfying (4.44), then since iy
< iy for any h = 1,...,k, we know that not only s € {4 + 1, *,tsee1 — 1} but
also 1:;,0-1 S {iho + 1,' : ',iho+1 - 1}, ie.

(445) Z.ho—l < z.hn < i;lﬂ—l < i;zo-

Considering the piece Zno-1, * * *,%h0, One gets (4.43) again. This implies (4.35).
(iii) There exists a 2 =1,...,k—1, such that

(4.46) {ih}£=1 ﬂ {1;, + 1,‘ . ',i;,+1 - 1} = 0.

In this case, i5+1 < 4, considering the piece &, * *,2, one gets (4.43) again.
(iv) There exists a A = 1,...,k — 1, such that
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(4.47) (o N+ 1, i — 1}l > 2.
In this case, since th < ip, & = 1,...,k, we can write (4.40) as

(4.48)

i howe O G+ 1,y — 1] 22
therefore there exist k1, e € {h + 1,...,k} such that
(4.49) i <t <iny <ips

considering the piece in,* * *,n+1, ONe gets (4.43) again.

From the above arguments our proof follows.

Summing up, we know that as z— 0 the limit of I} is equal to the limit of the
following quantity:

[n/2)
(4.50) L4, z, t) = X >

k=0 1<i1<ii<ee<ta<ik <n

k7’ =0 1<4{" <o e<ifin<n
G nink o Ui ) =0

n=2k

n—2k—k"""
2z

0 1<qi<eve<qgm<n
{gnH it L e e \ (i, inHey UG YD) Hah =1 0 Wimih— 15 U DD =0

t/z2 t1 tn-1
zz(n—-k—m) . f dt; f dtz. .o dtn
0 0 0

I Q™ S, Zetin, Q7 St G1-eti) by

m

—~

h

1

k
| <St,,-. Q + Zi-can-), Si @ + Zeqy) b Hl (Si. @+ Gi-ctih-1), Sta @ + Getin) >
h=

s

h=1
T/22
I f ) du < S.Q+ f, S:aQ+gs(a)>
aeil,eee )\t t3}e L U VD Utgm, ¥ 572
77/ ,
, f, , du < StaQ + Z1-c(@), S.Q +f >
@il ee e m\Urh ey UGH D Ulgn=118 U ti—k, ¥ 5772
o
[1 Q geurr, Q@ &i-ctith 2
h=1

(e 7 Q. suam)or@w (2 [ Q- s fau)os,

Wiz [ 0. sran)o-@w(z [ Q- Surau)os>.

/22
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Now let us investigate the limit. In order to do this we shall first prove two
Lemmata.

LEmMMA (4.10). For each m € N, {fi) 72 € L*(R) and bounded, the limit

(4.51)

tim 2o [ty [ b fy (I (Bt ey T (BT
exists.

Proof. With the change of variables
(4.52) (thr — th)/22 S by, R=1,...,m

we have that
(4.53)

, i tuss — t bwer = tuy M3 by =t
z—Zm f dtl' .. f dtm+1f1 ( m+1 . 1)fm+1( m+1 - m) . H fh+1( h+1 . h)
0 0 ¥4 V4 h-1 z

t 0 0
- j:) dtl o jltl/zz dtzfz(tz) j'—n/zZ—tz dtSfS(ta) o

0
f dtm+1fl(tm+l + -+ tz)fm+1(tm+l)
—t/22— 12000 tm
=:M(m, z, t).
Moreover,

(4.54) ‘M(m, 21, 1) — M(m,z, t) |
t 0 0
< ‘j; dt, -+ f_mz% dty f>(t;) f_“/zg_” dts f(ts) -+ -
0
’[‘fl/lz—tz ..... tm dtm"'lfl(t”“"l teee +t2)fm+l(tm+1)

—ﬁtdt; ,[_0, dtzfz(tz)f et dtgfs(ta)

0
.[-tl/zz—tz ..... : Atmer fi(bmser 0 T 82) fms1 (bms)

( max  [" 1 Alat) supl 70|

<m+1

t -t1/2¢
+ [ an] [ dnln ||

t
-'Sm'j;dtl

<max f lfhldt)_%glf(tﬂ

1<h<m+1

—tl/zf
[t A ||
—t1/23

_)O
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as 21, 22— 0. Therefore by the Cauchy principle the proof is finished.

LEMMA (4.11).  With the above symbols and assumptions
. t 0 0
55 mMon, z,00= ["dt [ dtfity-- [ dbufuit)

0
[ dtuas fonr ) s+ 1),

Proof.
(4.56)

t 0 0
M@m, z, t) — j; dt f_m dt, fo(ts) -+ f—m Atmas i1 (bma) filbmar +7 7+ 1)

t 0 0
<| [l [ aure [, dtsic--
0

il s filbmos ) fves (bme)
—t1/28—tz—ee e~ tm

[ [ anpy- [ d g
o tl e thZ(tZ) e tm+1fm+1(tm+1)fl(tm+1 2)

tdtl v | H(t) | dt,
i)

< ‘ j;t dt, f—OT dt; f(t2) f_"T dt3f3(t3)f—0u/zf_n_,3 dts fult) - -

0
f im dtm+1fl(tm+1 +oe 4t tz)fm+1(tm+1)

/2ty e em

~[Tan [ anpty- [ a +o e
0 1 e zfz(tz) e tm+1fm+1(tm+1)f1(tm+l Z)

+Cm

+ Gl [Tan [* 1p@an [T A L as

+ Gl [Tan [ pw ) at,
<. <.

[fan [ A a,

t 0 —t1/22—t2
[lan [ 1 nwlan [T aa | aty
+ o0 4+

Jlan [ 1 pwtan 1 f |ty

< Cu

+Cm

+Cm

55
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—t1/22—tg—c o —tm
f I fm+1 (tm+l) I dtm+1

-T
t 0 0
| [Mat [° dtfitr - [ dtmesfussimat (s -+ 1) =

t 0 0
- 0 1 adlz]all U _HmerJmir 1) J1 b1 e 2
dt dt f2(t;) Atmet fme1(bns ) fillmer 0+ 12)

where,

0
45D Cui=(, max [ 1401V | max swpl )|\ 1)
For each nn > 0, we take T such that

m

(4.58) ,,j{l?‘,’_‘mf: L) | dt<n
then,
(4.59)

t 0 0
lzl_{l;)l M(m, z, t) - L dtl im dtzfé(tz) e ﬁm dtm+1fm+1(tm+1)f1(tm+1 +--+ tz)

S tCut CoL+ - +C

this shows the validity of (4.55).
Using the two Lemmata, we can make our sixth step:

THEOREM (4.12).

(n/2] n—2k
3 €
ImI, = 2 = > Z
z=0 k=0 1<i1<ii< e e<in<sk <n k’7'=0 1< <o i<
R ndink L Uit D=0
m=0 1Sq1<e e <gm<n

rrrrrr

dt. ..a\tii. ..Zi\fql...a\tqm. ..Zi\t,"k' < dty

f PN TN PN e
0 tn1 S eve Sthorr StamSeee St Sove St Soor <HSE

k
(4.60) hI:II M (e, i;,{Qh}hm=1) : N(Ey{ihu, i};}Lo, {Qh};;"ﬂ)

%

hl:[l <g1—e(i’h")7 e‘%””geazﬁ AW (x1s, 71 ®f) T W (s XMNE
with

0 0
(461) M, inindgio) = [ dbyro [ dty
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ih—1p—1

_1
<g1—e(i;.+a),St ..... .gem+a+1>> <ge<f,.), Stat e+t € ZBHgl—e(ii.) 2.
a=0

Moreover, denoting

— k
(462) {Bh}hm=1 = {qh 2 qn & U {ln -+ 1,' . ,l;, - ].},h = 1,...,WL}
h=1

(4.63) m=m—f‘3(i;—ih—1)

h=1

then {Bh};’il has the conmected decomposition

(4.64) B = B U Baiina U UB i ran
the quantity N{e,{ih+1, ta) f=0, {qu}7=1) is defined by the following expression:
(4.65) Il (fl gew) * x15.71(ta)
ae{l, o\t inthn ULin Y2 U lgnt )
I (G1-cw | [ x157.71(ta)

@€ (L, e e o\ Uiin=1 U R U lgr=11 0 )0 {1, o0+, 81-2)

s (Bgi=1) (1-eary | £7)

H (gl—-e(a) l f,) : XIS’.T’[(ta)

ae U, »o N\ Ui fh=11hay U GH D U (gn=1V D) 0 (Br 41,00+, By 01-2)

Xist.1 by 1) (1=e@rp | f)
I1 (gi-ew | ) 2157171 (£).

ae (L, I\ Uik ih= e Ulgh—11 ) N {Brgyq+ 1,00 o,m}

Proof. Using Lemma (4.11), the proof of the lemma (3.4) in [1] and dominated
convergence, it is enough to show for each subset R, of R, and &, n € K,

(4.66) lim [ <Q.€, S,Q+n>dt=£i§(}_[;z & S dt.
In fact
(4.67) URZ<Q+E, S;Q+r]>dt—fh<§, S,n)dt’

< [ |<Q.& 501> = <& Smd|ar

and
(4.68) 2=(01- 22 3H) 1 = i 22~ 3BnH
So n=e

wen [ €Q.65Q.0> — <& s> |ar<a S
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“J.

85. The uniform estimate

(E S > ldt =22-0(1) — 0

Having investigated the low density limit term by term, the present section
will be devoted to study the uniform estimate.
Applying (3.24), (3.25) to (3.22), it will be obtained that

60 1w (e [T e san)or@w(z [ Q" Sufau)os,

1) " [Pt [ a0+ 1)

(e [T Q. sran)o,@w(z [T Q- s.pan)er> | <

7 /22
n n—k n—k—k’
<2 2 2 2 2 =
k=0 1<i1<eee<ik S k' =0 1 <gj<een<ify<n k'=0 1<i<eee<ifn<n
nkntin)io =9 el ndink L, Utin sl D=0
n—k—k -k >
k=0 1< <eee<ifm <n

WD dimk L UL UL =8

Nek=k' =k =k’ K N—k =K"=k =m) k' N\ (k+k”) k7 N\ (k=K"—d") g’

= 2 2 2d - d!
m=0 m'=0 a’=0 a''=0 d=0
1<B1< s s <Bd+d"+mem’ <n 1< a1, oo adsa+mem Sn;an<Bhh=1eee,d+d" +m+m’,
(BadHa Mmoo\ Wik L U G {antSt 8 MM (1o WL U DD

2¢ mdr-a”) | pemem =gk [ " ot
Cn-mom/=d’=d") . g2ln=m-m : dt dt,--- dt,
0 0 0

d+d” +m+m’
| <Psta.gl—e(w.), Psfs.ge(ﬂh)> l

h=1
T/z2

<w(z 77 Quscm)or@w (e 7 Q- s.san) o,

T/

(e[ Q. suran) o @w(z [

/22

Q- Sufdu) 05> |

/22

where, the factor (d’ — d) is due to the fact that all the elements in
e U o U s U B4\ aw) ey +mtm’

being chose freely and P = Q+or Q.
In the following, for each # € N and € € {0, 1}* we denote the left hand side
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of (5.1) by 4(n, ¢, t) then, one has
TuEOREM (5.1). For eachm € N,

(5.2) A, e, t) < n® - 8" max (llgll <+ oz(l)>2mt""”

0<m<n

where, 0,(1) tends to zero as z— 0 and | g [2 is defined in (1.15).

Proof. Put
(5.3) f@):= 2 max ’ {Pg., SiPg.> .
e€{0,1} P=Q+c71Q~
then,
(5.4) [Trwar= £ max_ [ |<Pea SPe> |at

eef0,1} P=Q+:71Q~

this is controlled by

(5.5) 2] glE+ o0.(1)

for z small enough. Moreover, f is a bounded symmetric function, therefore using
Lemma (9.1) of [0] to the quantity

Z zZ(n—m—m’—d’—d"+k’+k")

1L ay, e advarremem Sn;an<Brh=1,+,d+d" mem’,
{ant8rd” ™ m e N\ Ui L, U LD

t/z2 f tn-1 d+d”’ +m+m’
j; dt1 j:) dtz‘ v j:) dtn H l < St,,. Pgl—e(an)’ Sta. PgE(Bh) > l

h=1

we find that

” n—k n—k—k’

(5.6) A, e, ) < 2 2 2 b 2 =
k=0 1<j1<eee<ix<n k'=0 1<{j<eee<tly<n K’'=0 1< iy < oe<ipr<n
ik nlin)io =0 D N itk o UtiR L =0
n—k—k'—k"”

=

k7=0 1< i{'<ees<iffr<n
N %L "

Gy a et L UL U =0

n—k—k'—k" —k"" K Nn—k =k =k"" ~m) k' N k+k"") kN k+E7—d") gr

) > > =

m=0 m’'=0 d’=0 d”=0 d=0
n—k—k"" (4’ — A\ . p200—m—m'—d"~d") , J2(k’ +k""+d~d")

2 2 @ —a)!-ct z

_ 1<B1<eee<Bdraemim <0
BRIZE MM 1 e\ Uiabe Ly U R ELD

tn—d_—d"—m—m’

(n_(—i-_d”——m__ml)' ’ (”g"s"’_oz(l)

>2(¢T+d”+m+m')
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where,

o0

a:=1+ max fwl {g., SIQ'F> | at

e€{0,1};Q =~*¥BH1;F=ff'" —

Notice that the set
{pn e U o, U (pidic, U (97142,

labels the annihilation operator which are used to produce scalar products, there-
fore we should have at least m + m’ + d’ + d” creators, but each fixed time cor-
responds to two operators, this implies that

(5.8) m+m +d +d +m+mwm+d +d <2n
ie.

(5.8a) m+m +d+d <n

therefore,

(d/ —_ d)' . c%(n—m—m’—d’—d”) . zZ(k’+k”+d—d’)

m—d—d" —m—mwm)!

< (d/ — d)' . CIZ(n—m—-m’—d'—d”)
T n—d —d" —m—m + (d — d)!

(5 9) < C%(ﬂ—m—m’—d’—d") __ 0(1)
) “m—d —d —m—w)! :

Moreover, the sum
Rk b =k = k" KN =K — k" =K ~m) KN GE7) KA R+ =d))

m=0 m’ =0 d’ =0 d”=0 d=0

is less than #° and
n n—k n—k—k’
(5.10) 2 2 2 2 2 2
k=0 1<j1<eee<ix<n k=0 1<jj<ere<ifr<n k’'=0 1< i <o e<ifm<n
A TTALEEY Gk ndimkl Ut =0
n—k—k"—k”
Z 2n—k—k"’
k=0 1§ <ees<tyin<n

Wy n kL UL UG )=

=3 Zn_k@ ”-0 <n - k) ;g: (n - I/:”—k’) *':Zk:;k <n - ’Iccw—k'—k”) gk

k=0
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k=0
= ,éo 2n—k(z> (7/2)n* = é;o (Z) 7k = gn

so the proof is finished.

THEOREM (5.2). For each v € {0, £1, £2}, 0 € {0,1},

Gy 1w (e [Ty sum) o @ w (2 [T Q- S, fuu) 0,

/22

1 t/z2 f tn-1 .
o A g, Suwgied) [ an [t [ aas + 11

w(e [T Qussao-@w(z [0 s pau)ory | <

7 /22 ’/z2

2m
< #»®- 8 max (llg s+ oz(l)> e

0<m=<n

Proof. The proof is almost the same as ones of Theorem (5.1) and the differ-
ence is only replacing

tn—d’—d”—m—m'

m—d—d” —m—m)!
by

tn-i—d”—m—m'—l

m—d—-d —m—m—1)!

§6. The low density limit and its properties

In the section we shall
i) prove that the limit (1.13) exists and formulate its explicit form;
ii) find a differential (or integro) equation satisfied by the limit (1.13).

THEOREM (6.1). For each g, &, € K, t =20, D € B(H,) satisfying (1.15),
and each f, f € K, S, T, S, T”, € R, u, v € H,, the low density limit
T/22

6.1 lim < u®@W(zf " S fau) 0. U @ W (2.

exists and 1s equal to

T/

S fdu) 0.

7/ 22

Ms

(6.2) > ) <, Deyy* * " Dewv >
ae{0,1

n=0

It
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[n/2] Z n—ZZk Z
k=0 1 <ji<eee<ik<it<n I=1 1<j1<eee<ii<n
Gntyay €L oo e i\ Win ity
n—2k—1 Z
m=sk_ (ih~in-1) 1<q1<e e <qm<n

@n it (L eee m\ Uik, ik ey U Ublgmyslan—1 0 0 (i ig—1)k 0 =0

PN T~ T
~ -~ ~ AN dtl'"dti""'dtql"'dtqm"'
0Stn-1< eoe Stpere Sty < oo St Seee S Seee <H Kt

gtjk cedt,
k
H M(El,ih,i};,{Qh}ZLl) * N(el{ih+1yi;}ll§=0y {Qh}}'rn=1)
h=1
!
I <ge(j,.>, gl—e(jh)> (W (X|s,r| ®f)w, w (Xls’,T’l ®f,)w>

h=1

where, M (e, iy, tn, {qut7=1}, h=1,...,m and N (&, {1441,0} k=0, {q}7=1) ave defined
m (4.61) and (4.65).

Proof.
(6.3) (u® W(zL/T:Z Sufdu> 2y Utz @ W(zj;::z Suf’du) D>
=3 = <, Dty * * Demyv ?
n=0 €€(0,1}
w® W[ S fau) 0., [“an [t [T at,

T/ /22
A% (S, L) A(Sutr-c) A" (Sue) ASugrec)v @ W (2 [ Supau) 0.5

By the uniform estimate,

T’ /22

G4) m<u®@W(zf " Sufiu) 0, Vv @ W (o[ " Sur7au) 0.

= i > <u, Dy - 'De<n>u>

n=0 ae€(0,1}

lim < ® w(z | f’ Sufdu) @, / “a [t [T at,

T’/

A (Suen) ASuiee) A" (Sugeo) AGSutr-e) 0 @ W (2 [ Sufau) 0.,

/22
Applying Theorem (4.12) to (6.4), we finish the proof at once.

This theorem shows that for each #, v € H,, there exists a G (¢) € H,, such
that
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(6.5) Cu, G(@) >
. T/22 T'/22
=lim <u@ W ([ S, fau) 0., Uy @ W(zf "
For each z > 0, defining
(6.6) Cu, G.(8) 7

=@ W (e[ Sfdu) 0., Uy ® W (2 [ T// S.f'du) @

then
(6.7 Cu, G(O) ) = liyg( u, G,(0) ) =
. T/22 T’ /22 ,
=1;£r(} (u @ W(zfs/zz Sufdu> D, v W<zj;,/22 S,,fdu) o,
=y, v) < W()us,ﬂ@f)q’, W<X|s'.m ®f’>w>-
So,
(6.8) Cu, G(t) > = 1215}( u, G.(t) > = <u, GO)>
+11£r‘} ~<u G.(s) ) ds.
Moreover, for each z > 0, n € N,
(6.9) ] “@W fs /T/ Su fiu) @, / Y "t ",

Vit Vi@ Wz [ s pan) 0. | =
=\<w@w(ef " soin) 0., [ [Mare [T at,
Lvemva v w(f] " s 0.
Hence from Theorem (5.2) follows that
(6.10) %(u, G.(s) > =§1 {u @ W(zfszzz2 Sufdu> )
d

/22 f1 tn-1 o
- dtl_/; dtz'“j; A=V (1) V) v ®

w7 o) 0>

S.f'du) @,

63
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= é%zl (u® W(zfs::z Sufdu) Q,,
v |, Yty [Pate [T a =iV v
v ® W(z fs ,T/,:z Suf ’du) D,

=" @ W (] Sufdu) 0, VA U @ W (2 Sufdu) 0.

Moreover, by expanding V to the sum of the products of creation and annihilation
operators according to (1.15) and (1.10), we find that

6.11) % Cu, Go(s)d =i<u® W(zf; SuQ+fdu)d>p
@w(e [ Q- suau)or>

S D ® (A4%(SaQ + £)ASQ+ 1) B 1

eei0,1}

Z - A+(Ss/zzQ + gs) ® A+(Q - Ss/zzgl-e) + Z - A(Ss/zzQ + gl-—s) ® A(Q - Ss/zzgs)
+ 2% ® (A+(Q -Ss/zzgl—e) A (Q - Ss/z2ge) +< (Y Ze, Q T g1-¢ >l)) Us/

v@W(z [ 50 ra)or@w (2 [ 5,07 rau)or>
=Ln+dm+ 2+
¥4

Now our first step is to deal with %Iz. We split %Iz into a sum of two
z2 z

terms, one of them corresponds to the case of the creator A*(Ss/2@Q + g¢) acting on
the coherent vector W (z[L/Z S,Q 1 fdu) s and the annihilation operator
A'(Se/2Q + g1_e) acting on the coherent vector W (zJZT/Z S,Q + f'du) Dp; the
other one corresponds to the case of the creator A*(S,.2Q + g.) acting on the
coherent vector W (z [ ¥/% S,Q + fdu) @r and the annihilation operator A*(Ss,/.2Q +

g1-¢) commuting with the operator Us, 2, i.e.

(6.12)
L _ T/22 2 T/22 _ ,
" L= 2 {Dfu®@ W(zfs/22 SuQ+fdu)q)p® W(z fs/zz Q Sufdu>q}p

e€{0.1}
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T/22 T’ /22
LS fSe@r g dur [T CSQ s e, S0 F> due Uy

/22

v@W(z [ 780 ran) o, @w(z [T Q- s.fau)ord +

’/22

+ = Dru@W(e [ 8.0 fau)0r @ W (2 [ Q" Sufdu) o
eclo,1} ¢ 2 s wQ + fdu) P “ s wfdu ) O
1 T/z2
; /22 <SuQ +fyS$/22Q+g5> du' [1 ®A(Ss/zzQ+g1—e) ®, Us/z2:|

v@W(e [ 5.0, fau) o @w(e [ Q- s rau) o
:=L(a) + 1.().

It is obvious that

(6.13)
Li_r}f(} L(a) = %“x\s,n(s)(flge) X111 (8) (Gi=e | f) < Ddu, G(s)> a.e.

Moreover denoting for each n € N,

Lina):= ¥ 0u@W(z [ 5.0 fau) o @ W

£€{0,1}
T/z2
X <22.fs/z2 Q S,Jdu)d)p,
T/z2 T /22
‘/; <SuQ+fySs/22Q+gE> du../;'/zz < Ss/22Q+g1—51 SuQ +f/> du

e
[ an [Mane [T anvay v

v@W (e [ 780 ran)or @ w(z [ Q Sufdu) o

then the limit lim ,_ol. (%, a) exists.
In order to obtain the limit

(6.14) lim I, b)
we need the following
LEMMA (6.2). The limit
(6.15)
T/22 T/22
im = <Diu® W<z fs R fu)r ® w (2 fs Qs fdu)d)ir,

20 ege 0,1}
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—i- [1 Q@ A(Sy/2Q + g1-0) D1, Us/zz]
v®@W(z [ 5.0 rau)or@w (22 [T Q" Supau) o

exists.

Proof. By the uniform estimate (Theorem (5.2)), it is enough to show that for
each n € N,

(6.16) 2
im ¥ <D{u® W(zf: S + ) 0r ® W (22

2-0 ee{0,1}

T/z2
Q- S. fdu) %,

S/z2

s/22

dn [ ab =i [1®@ ASaQe -0 ® L, VitV (8]

T’ /22 T7/22
v@W(z [ s rau)or@w (2 [ Q- S.rdu)os
exists.
Denoting the limit (6.16) by

(6.17) 1i_r)rg](n, z,8)

let us prove the lemma by induction.
First of all,
(6.18) JQ,z,8)= X

g,e(ef{o1}

D@ Wz [ 5.0+ fiu) 0r @ W(2?

T/z2
Q- S. fau) ¥,

S/z2

s/22

dtDe ® L [4(S0uQ 1 -0 @1,
(47 (5.0 + £V A(S4Q + 1-c0) ®1 +
24754 Q1 £e0) ® 4@ Sugice) + A5 Qs g1ocr) ®AQ ™ Su o)) +
+21® (CQ~ Suear Q7 Susicew > + A*(Q” Sy £1-2)AQ ™ Suta) )|
v@W(z [V 8.0 ran) o, @w(2 [ Q- s, pau)or>

=, z, 5) + J.Q, 2z, s) + (1, 2z, s) + .1, 2z, s).

Notice that J5(1, z, s) = J.(1, z, s) = 0, now let us investigate the first two
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terms.

(619) ]1(1, z, S) = Z <D§1)De+u, U>

&,e()e{0,1}

W (e [ 7 5.0 )@y, [ atL[A(S,00 . 810, A7(SuQ s £e0)]
AGSQ g W (2 [ 8.0 fdu)0rd
(e[ Q= sufau)os, w(z [ Q- S.fau)or>,

= X < D&{yDfu, v>

&,e(1)e€{0,1}

Ts/z2
dt;  S5/2Q + g1-¢, Su@Q + &y ? fS’/zZ (S,Q+ &1-,SuQ + f 7 du

s/z2

(e [ 5.0 i), Wz [ 5.0 rau)or>

S’ /22
<w(z S/T/ Q" Sufiu) 05, W (2 fST,/ Q- Suf du) 0.
With the change of variable
(6.19a) h—s/Z22=3s,
the right hand side of (6.19) becomes
(6.20) 2 {D&Diu, v>

&,e(D) (0,1}

0 T/22
f—s/zz dsi <Q + gi-¢, S5, Q + g ? _/;,m (Ssyv502Q + G1ewry SuQ + f du
<W(e [ Siw)o w(a [} 7 suri)eo.

Again with the change of variable
(6.21) u—s —s/Z2=v

(6.20) becomes
Z < D&])D:u, l)>

g,e(1)€{0,1}

(6.22a)

(T’ —8)/22-51

0
.[_s/zz ds; <Q + g1, Ss, @ + & ) Q4 grocry, SuQ 4+ 7 dv

(87 —s)/22-51

(e [ spaun)o., wz [ Surau)o.
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which tends to

0
(6.22) 2 DXyDiu, v> j:m dsy g1, Ssl gew 2 (G- | ) xisrn(s)

&,e(1) €{0,1}

< W(X[s,ﬂ ®f>w, W(X[s',m ®f’)w>

Moreover,

(6.23) 5.4,z 8= 2

&,e(1)e{0,1}
T/z2

(DD @ W(ef " 5.0 fau)o: @ W (2 [7 Q- 5. fau)at,
L7410 @ [ASwQ s 810, A*(SuQ s o) | @ 4°@ Sugr-e)

v@W (e[ 5.0 faun) o @w (e [ Q- Supdu)or)
= 5 (DwDiu, v

ge(e{o,1}

T/22 s/z2
2 j; CQ™Suf, QS &1-cy 7. du j; dt; S5/2Q + &1, S,Q + &w >

/22
T/22 T7/22
(2 sufau)oo, w(z [ sufau) de>.
With the same change of variables (6.19) and (6.21), one knows that the right
hand side of (6.23) is equal to 2% -+ O(1) and tends to zero.
Assuming that the limit (6.16) exists for #, let see the situation in # + 1. By

the same arguments as in (6.17), one can write J(# + 1, 2z, §) as a sum of
Jilm+1, z,s) and J.(n + 1, 2, s), where

(6.24) Jin+1, 2 8):= 2

g,e(1)e{0,1}
Dz u®@W(zf " 5. sau)0: @ W (2 [ Q- 5. fau) a1,

s/z2

tn 1
dte [ dtyaDew ® L [AS00 1 2120, 475,04 g0 ]
A(SHQ + g1-cw) @1V (t) -+ V (tarn) (— 1)

v@W (e[ 5.0, rau) o @w(z [ Q- Supdu)or>
and
(6.25) Ln+1,zs):= X2

&,e(1)ef0,1}
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T/z2 T/22
Dt u@W(zf " 5.0 i) or@w (2 [7 Q- S.fau) 0,
s/22 ty tn
[Zan [Tate " dtvaDes ® [ASQ + 41, A7(SuQ + £e0)]
1®1QAYN(RQ ™ Sugi-cw) V(tz) - V (bns)) (—1)"
T’ /22 T’ /22
v@W (e[ 5.0, a0, @W (2 [T Q- Suau) ds).
In (6.25), we apply the creator A*(Q ~ S;, gi-«)) to the coherent vector
T/z2
e [ o
and change of variable

(6.26) th—s/ZE=:t
one finds that the module of Jo.(# + 1, z, s) is less than or equal to

T/z2
(6.27) > {DéyDiu Q@ W (zj;/zz S.Q +fdu> O

e,e(1)€{0,1}

T/z2 0
QW (2 [ Q- Sufdu)o, [ dr <Qi g $:Q4 g

S/z2

T/z2 t+s/z2 tn
o QS @ Sevagiend [ dty - [T dV 0V ()

/22

T’ /22

v @ W(zL,T;::ZSuQ+f'du>@p® W(zzj; Q"Suf’du)q)‘p>‘

7/z2

=22 0(01)—0.

In the formula (6.24), the term [A(Ss/2Q + g1-¢), AT(S1,@ + g:w] is equal to the
scalar product € Ss/z2Q + g1-¢, S @ + e » and the operator

1 QASLQ + g1-c0) @1V () -+ V (bn41)

is equal to the sum of the following two terms:

(6288) V(tz) th V (tn+1)1 ®A(suQ + gl—e(l)) ® 1
and
(628b) [1 ®A(S:1Q + gl-e(l)) ® 1, Vv (tz) o ‘V(tn+1)]

therefore
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(6.29) Sim+1,2z,8)= 2
cetbeion
Dru@W(ef " 0. saw) 0 @ W (2 [ Q- Sufiu)or,
(=7 [ty [" dtyiDiy @ L (S0 1m0 $4Q 4 g0
(Ve V(a1 ® AS1Q+ g1oea) ®1 +
+ 1@ ASu@+ g1-e) ® L, V)V ()]
v@W(ef " s ra o @w(z [ Q- supau)os).
By applying the annihilation operator A(S;, @ + gi-cwy) on the coherent vector

Wz 7 5.0, f'du) o

the first term of (6.29) becomes

(6.30)

s/z2 ftn 1 < >
. dt- -+ . At Z Ss/2@Q + £1-¢, St + ey
. T’ /22
(=0)"V (L) V(b)) 2 fs'/zz (54 Q+ 1-cwy, Su@ + ') du
T /22 T/z2
v@W (e[ " 5.0, rau) 0 @W(z [ Q- S.fdu)oy>.

With the change of variable (6.26) and using Lemma (6.3) of [2], (6.30) becomes
(6.31)

S (DaDru®W(zf " S fau)0r @ W2 [ Q- Sufuu) 0y,

g,e(1)e{0,1}

[ ar<e S.Q >fmzdt---fmdt V)V () (—i)”
e/ + 81—y Ol + e o 2 0 n+1 2, n+1

T’ /22

L CSeraiQ e, S@ S du

v ® W(zLT/::Z S.Q +f’du)(1>p® W(z2 L::Z Q- Suf'du)@‘p>.

Thus the conclusion of Section 4 and the fact that
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0 T’ /22
[0 Qg Qg [ (SvanaQ e, SQ S du

0
—_— j-_m dt’ {gi-, Srgew? x15,11(8) (gr-cw | £, a.e.

shows that the limit of (6.30) exists.

Similar arguments show that by induction the limit of the second term of
(6.30) exists.

Summing up we finish the proof.
LEMMA (6.3).
(6.33)
T/22 T/z2
tim = Dru®@ Wz " 5.0 fau)or @ W ([ @ Susit) 03

2=0 ge{0,1}

[1® 1@ A@Q" Suge), Unn|

v@W (2" 8.0 rdu) o, ® W (2 I Q- S fdu)os = o.

7/22 /22

Proof. By the uniform estimate (Theorem (5.2)) it is enough to show that
for each n € N,

634) 2 D@ W (e[ 5.0, i) ® W (2t [ Q- 5. fau) s,

€{0,1} Z

ane [T a1 @ 1@ AQ Suegd, V(R) V(1]
v@W(ef " 5.0.ran)o:@w(z [ Q- Supau)or) —o,

The left hand side of (6.34) is equal to
(6.35)

S < DaDru@W (e 5.0 si) 0 @ W ([ @ Sufiu) 0%,

£,e(1)e{0,1}

s/z2 tn-1 i
Tt [ (=i (2 <Q Sunge, Q7S

1R AY(QSngi-cw) @1V (t) -V (t) +
+2%¢ Q- Ss/zzgu Q- Stlgl—s(l) >z V(tz) U V(tn)]- ®A(Q - Sngs(l) ® 1+

+2C Q" Sy, @~ Sugioen ). [1® 1® AWQ Sugea) V (8- V (1))
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QW[ Q. i) @w(z [T Q- surdu)or>
v 2 s O +f'du) B 2 s wf"du) P ).
The first two terms of (6.35) are both equal to

(6.36) 2Z2-01)—0

and moreover the same arguments as those in the proof of Lemma (6.2) show that
the third term of (6.35) is 220(1) , therefore we end our proof.

We can obtain more from the proof of Lemma (6.2), in fact the proof shows
how does get the limit (6.14). Now let us realize it.

By definition
(6.37) L) =2 2

n=1 e€{0,1}
T/22

Deu@W (e[ 5.0 fau)or @ W (22" @ Sus) o,

z

s/22 tn-1 T/22
0 dtlj; dtnj;/zz <SuQ+f, Ss/zzQ+ge>du
L 1®A0. 020 @1, Vi)V ()]
T /22 T’/22
v@W (o[ " 5.0, pan) 0 @W(2 [0 Supau)or>.
By Lemma (6.2), the fact that

T/z2
(638) L/; < SuQ +fy Ss/zZQ + ge> du_') X1s,1 (S) : ( fl g€)y a.€.

and an argument similar to the one used in (6.24), ...,(6.30), we know that the
limit of 1.(b) is equal to limit of
(6.39)

& T/22 T/22
2 - ¢
n§0 e,e(lé(o.l) <D€t1)DE+u ® W(z-[;/zz SuQ +fdu) @F ® W(Z j;/zZ Q Sufdu) Fy
0
xisi(s) - (flge) jls/zzdt' (Q+ gi-c, SrQ + gev?
s/22 tn
(—z')”f0 dty fo dtwirV (8)*+* V (b-1)

T’/22
X j; Sy rs/2Q+&1-ery, SuQ+f' V) du

' /22

v@W(ef " 5.0 rau)0: @ W(z [ Q- Surrau) s>,
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+3 3 <DnDru®@ Wz 5.0 fiu)or ®

n=1 g,e(1)€{0,1}

T/z22
2 - s
w(z [ Q- Suin) o,
/22 tn 0
xis,i(s) - (fl &) _/; dty - f; dtniy _f_s/ﬂdt/ Qs gi-e, SrQ 4+ gery?
(=" LU @ A(Srss/Qutien) ® LV (1) V (b))
T’ /22 T'/22
v@W (750, ran)o-@w(z [T Q- s.rdu)or.
Using Lemma (6.3) of [2], we know that the limit of (6.39) is equal to the limit of

(6.40)
oo T/22 T/22
+ D+ 2 - ¢
n§) 5,5(1)2610,1) < DE(I)DE u ® W <ZL/22 SuQ +fdu> d)F ® W(Z »l;/zz Q Sufdu) d)F’
0
Xis,r1(S) - (f} gs) ﬁmdt, <g1-e, St’g5(1)>
s/22 tn
o[t [T daV @)V G x5 (B | )
T’ /z2 T’ /22
v @ W<z~[s'/zz SuQ+f'du)q)F® W<22 j;’/zz Q- Suf/du)®§.~> +
o T/z2
+2 S (D@ W(zf S0 fin) 0 ®
n=1e,e(1) 0,1} S/22
T/22
2 - 4
w2 fs "o, fdu) 0%,
0
xsn(s) (1) [ dt <ere, Seged
s/22 tn
g [ [Tl @ A Qi) @ LY ()Y (1)
T'/22 T’ /22
v ® W(zfs,m suQ+f'du)<1>p X W(z2 fsm Q- suffdu)di’p)
T/22 T/22
— 2 - ¢
B S,E(lé(o,ll <D;EDDE+“® W<ZL/Z2 SuQ+fdu> @F ® W(Z -[;/zZ Q Sufdu) ¢F’

Xis.m(s) - (fl g Xis'.m1 (81— I ) (8- I Zew)-

U @ W ([ " 5.0 rau)or @ w (2 [77 Q- s.rdu)or>
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+ 2 (DiEDiu@W (Z-/;:::ZSMQ +fdu) Dr Q W(z2 LZZZ Q- Sufdu) o,

£€{0,1}

%X(S,T! (S) : (fl ge) (gl—e | gl—e) - [1 ®A(Ss/z2Q + gx-s(l)) ® 1, Us/zz]
T/,

" Q" Suf )08 ).

’/22

T’ /22
7 2
v@W(ef ~5.0.rau)0r @ W (2 .
As z— 0, the first term of the right hand side of (6.40) goes to
(6.41)

2 < DwDiu, G(s) > Xis,m(s) - (f] &) Xis',11(8) (Gi-evy l (g | gew)-

&,&(1)e{0,1}

and the second term of the right hand side of (6.40) is of the same type as I;(b).
The only difference is the new factor (gi—e| gew)-. So by repeating the same
arguments about I,(d) on the second term of the right hand side of (6.40), we
obtain the following result:

LEMMA (6.4).

642) lmL() = X S X (DiDiw- - - DiwDiu, G(s)>

e€{0,1} n=0 oe{0,1}?
(81— | gow) -+ (@1oow | Go)=* =+ (@10t | &) -
xis1(s) * (flg)xisrn(s) * (gielf)
+ £ ¥ % (DtDiw -+ DéwDiu, G(s))

e€{0,1} n=0 g{0,1}7
(g1 | Zow) - ( G-o» l Go@)-* " ( Gr-om) I Si-e)-
Xis,(8) - (flgdxisen(s) - (gzs‘f/)-

Proof. By the above arguments, one has

(6.43) li_{I(} L) = X <D&Diu, G(s)>

&,e() e{0,1}

xis.71(8) - (flg) xisr 1 (Gr-ev | [ (81— | &e) - +

T/z2
+im = DaDru®@ W[ 5, fdu) 0, ®

2=0 ge(Defo,1}

w(z [ Q- S.au)or,
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T’ /22
Q- S, f’du) 05>

?X[S,T}(S) (flg) (g-e |l gew) - [1 @ A(S5/2Q + g1-cv) R 1, U/
5.Q+ fdu) 0 @ W (2 [

T’ /22

v ® W<z>[s’/zz
{D&vDéu, G(s)> Kis,m(s): (f’gs) (g1-e | gew)-X1s,,71(8) (g1-ew) |f/) +

= X

ge(e{o,1}

+ >
£,&(1),e(2)€{0,1}
x50 * (flg) i (s) (Gi—e | ) +

by

+ lim
2=0 ge(1),6(2)€{0,1}

{ Do DéyyDéu, G(s) > (g1-c | Zew)-(Li-e ! Ze@) -

Dz D Dru®@ W (2" 5,0 fi) 0 @ W (22 [ Q= S, fdu) .

Xis,m(s) - (fl g (81-¢ | gew)- - (Zi-e | ge) -
L 1@ A5+ g100) ® 1, Usad

v@W(ef 5.0, rau)o, @ Wz [ Q- Suprau)or).

{D&yDu, G(s) >

Iterating, we obtain that
(6.43) limL,() = X
2=0 e,e(1)e{0,1)
Xis,11(8) - (f| o) (81—« | gew)-X15,11(8) (Z1-e | )+
(Do DéyDéu, G(s) >(g1—e | gew)-(gi-e I ge) -

+ >
£,6(1),6(2)€{0,1}
Xis,m(8) * (f, &) X1s7.71(S) (G1-e@) If’) +

+ = (D& D DénDiu, G(s) >
£,6(1),6(2),6(3)€{0,1}

(g1-¢ | gew) - (81— | ge) - (Z1-e@ ‘ 8e®) -
X (8) (f‘ 8o Xis.1(S) (&1-e) ' )+

*+ D&wDéu, G(s) >

Ll
= Z Z <Dstn) °
''''' &(n) €{0,1}

n=1 ¢,e(1)
(&1-¢ | &ew) - (Gi-ew l )= " (Zi-ctn-v | Zew) -
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xis(s) - (flge) - Xis'.71(8) (Gr-em | )
where, €(0) :=¢.
We split the right hand side of (6.43) into two terms according to

(6.44a) en) = ¢
or
(6.44Db) em) =1—c¢

then the right hand side of (6.43) is equal to

oo

(6.45) 2 by {D¢Diu-v * *+ + DéwDiu, G(s) >

ol £ (D ee e =D €(0,1)
(gi-c | gew) = (e | ge) =+ + (Gi—etn-1 | &e) -
xsn(8) + (fl g8 xisr(s) - (gre | f)

+ 3 ) (Di-Dén- * *** * DéwDiu, G(s) >

n=1 g,e(1),s++,e(n~-1)€{0,1}

(81-c | gea) =" (Gr-ew | ge) =+ * (Grean—n | £1-0) -
xisn(s) - (flge) - xisra(s) * (grzel )

= % 3 X (DiDiw- - DiwDiu, G(s))

e€{1,0} n=0 ge{0,1}7

(g1 i Zew) - (Z-ow I Zo@)-* " (G1-om | 8o) -
xisr(8) © (flge) xis.r(s) * (gi-el f)
+ = 5 S (DtDiw - - - DinDiu, G(s))

ee{1,0} n=1 oe{0,1}n
(g1 | Zow) - (L1-oy 1 Zo@)- " " (Gi-om I S1-0)-
(Xis.m(s) - (fl Z) X, (s) - (& if/)

where, ¢ (0) := &. This finish the proof of (6.42).

LEMMA (6.5).
(6.46) lim 111, = 0.
z—0 2
Proof.
(6.47)

ti= = Lpruew(:f " so. )o@ w (e [ o s.a)ox,

£€{0,1}
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1 ® A+(Ss/22Q + gs) ® A+(Q - Ss/z2gl—s) Us/z2
T'/22 T’ /22
v®@ (e[ " 5.0, fdu) @ ® W (22 [ e fdu) 0%

Du@W(ef 8.0 )0 @ W (2 [T @ Susiu) oy,

/22

T/22
Z zzf <SuQ+fy Ss/zzQ+ge>du‘

e€i0,1} S/z2

j;r/z < Q B Suf, Q - Ss/zzgl—e >l du - Us/z2

/22
v@W(zf " s, )0, @W(z [T @ Surdu)ar>
=z22-0Q)—0a.e.

LEMMA (6.6).
(6.48) EmIV, = 2 <Dfu, G(s) > {gi-e e F7g).

£€4{0,1}

Proof. It is enough to prove that the quantity
(6.49)

Ve, o) = | Dru@W (e[ 5.0, i) o @w (2 [ 5.0 fau) oy,
1 Q1 A*(S5/22Q ~ £1-e) A(S5/2Q &) Us/ze

v@W(ef " s, rau)or@w(z [ 5.0 rauor |

’/z

tends to zero (a.e.) as z— 0.
Since the integral

(6.50) [faswe, s

is a term of type II in the sense of Section 3 (k” = 0), one gets that
(6.51) tim [“dsIV G, 5) = 0.

By the uniform estimate, we obtain

(6.52) 0= 0' dslim IV (z, ).
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This result and the positivity of IV(z,s) concludes the proof.
Our next step is to investigate the limit

(6.53) lim L 111,

z2—0 R

By definition
(6.54)

=1 = wru@w(ef 7 5.0 sau) o @ W (2 [T @ susau)or,

Z cefo

1® A(Ss/22Q + g1-¢) K AQ- Ss/228¢) * Us/z

’

/22 ‘s
v@W (e[ " 5. pan) - @w (2 [ Q- Supdu)or>
where, one can write the product
1 @ A(Ss/2€Q + 81-0) @ A(Q™Ss/228e) Uy
to a sum of four terms:
(6.55) U2l @ A(Sy/2Q + g1-¢) @ A(Q™Ss/28e) +
+[1 @ A(S5/2Q + 81-0) @1, Uyn]1 © 1 @ A(Q ™ Sy/28e) +
+1Q®1QAQ ™ Sszege), Usill 1 & A(S5/22Q:81-0) @1 +
+[1 @ A(Ss/2Q + g1-0) @ A(Q ™ Ss/282) * Ussnl.

Respectively, JZ*IIIZ can be written as a sum of four terms, namely

(6.56) 1L (a) + 1L (b) + IL(c) + IIL (b)

where,

65720  IL@) =+ T Dru® W(zfmzs 0 fdu>d> ®
. ‘ T Zlon sy EET F

T/z2
2 - ¢
w(z [ @ S.au) o,
(]s/z2 1 ® A(Ss/zzQ + gl—s) ® A(Q - Ss/zzgs)

v@W(zf " 5.0, ran)or@w(z [0 Q- Supau)os>

’ /22
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(6.57b)
mLw =1 S Ore@w(ef " 5.0 fau)or@w (2 [ Q- . fuu)ot,

&€{0,1}

[1 ® A(SS/ZZQ + gl—e) ® 1, Us/22]1 ® 1 ® A(Q_Ss/zlge)

T//22

v@W (e[ 5.0 a0 @W (2 [0 S, fau)or>
(6.57c)
ML©:=1 = Dru®@W(ef " s.0.fau)0, @ W (e [ Q- Susitu) o,

e€{0,1} Z z

[1 ® 1 ®A(Q B Ss/zzgl—e), Us/22]1 ®A(SS/ZZQ + gl—s) ® 1
T/,

v ® W<zL,T/::2 S.Q +f’du)d>p® W<22 j; “ Q- Suf,du>@)‘n‘>

/22

and

1 T/z2
6570 IL@:=+ = Dru@W(f | 5.Q. fdu)0r®

e€{0,1}
w(z [ Q" s.fdu)os,
[1 ® A(Ss/z2Q + gl—e) ® A(Q - Ss/z2ge) : Us/z2]

v® Wz f T// SuQ+ f'du) 0 @ W (2 /. QT S du) 0k

7 /22

For the four terms we have that

LEMMA (6.7).
(6.58) IIl,(a) = 22- 0(1) —0.

Proof. In the right hand side of (6.57a), applying the two annihilation
operators on the coherent vectors and we obtain that
(6.59)

1 T/22 T/z2

M@ =1 = D@ w(ef] s sa)o-@w (2 [ @ s.fau)ot,

e€{0,1}

T’ /22
Uiz [ CSuurQs gice, SuQ . f'> du

T’/22
2 j; (Q- Symge, @ Suf’ >, du

’ /22
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v@W (e[ 5.0 faun) o @w(z [ Q- Supdu)or>

T /22
=z 2 f <SS/ZZQ+g1—e, SuQ+f/>du
eefo,1} v S

7 /22

- [ CQ Syege @ Sufd du

'/22
{Diu, G,(s) ).
This gives (6.58).
LeEMMA (6.8).
(6.60) I, (b) = 2*- 0(1) — 0.

Proof. In the right hand side of (6.57b), apply the annihilation operator
A(Q ~ Ss/.28:) on the coherent vector

w(z [T Q- Supau)os

S’/z2
one finds that

T/z2
(6.61) ML) = 3 2 [ Q" Suuge @ Suf Dcdu

ce{0,1} S/z2
T/,

Dru@ W (ef " 5.0 fau)0: @ W (2 [ @ 5. sau) o,

2

% [1 ® A(SS/ZZQ + gl—s) ® 1, Us/z2]
T"/z2 T’ /22
v@W (e[ " 5.0, rau) 0, @W(z [ Q- Surau)or).
This formula and Lemma (6.2) imply (6.60).
LEMMA (6.9).

(6.62) II.(c) — 0.

Proof. This Lemma is a direct result of Lemma (6.3).
Our next goal is to obtain the limit of III,(d)

LemMa (6.10).  For go, 81, t satisfying the condition (), the limit

t
6.63) lim [ ML (d)ds
20 0



THE LOW DENSITY LIMIT IN FINITE TEMPERATURE CASE 81

exists and is equal to

(6.64) 2 f dty <u, Ds(e) G (tp) 7
e€{0,1}
where,
(6.65) Ds(e) := 2 2 DeDoy* Do(l)f ds, - f dsi < gi-e, Ssifow ?
k=1 oe{0,1}k —e el

{gi-ow, Ss8o@ PR {G1=otk-1s Ssx&1-0t) >+ {&ey Ssi4eees a8ok) ).

Proof. With change of variable

(6.66) s/zt =
one gets
¢ 1
6.67 I, (d)ds = =
( ) ‘/; ( ) s 2 se%):,l)

Dru@W (e[ 5.0, )0 @W (2 [ Q- S, i) 0,
[ as[1 @ A(S.Q 1 1) ® AWQ Su), Usa
v@W (e[ " 5@ faun) o @w(z [ Q- S.rdu)or>

= S <Dru@W(z [ 5.0 fau)0: @ W (e [ @ S.fau) 0,

e€{0,1}

j;mz dtoz[l R A(S,Q + g1-) D A(Q ™~ Swge), Um]

T'/z2

v@W (e[ " 5,0, rau) 0, @ W(z |

/2 S’/z2

Q" S.f'du)ds>
= = S Dnu@w(z [ 50 )0 @ W (e [ @ Sufau)or
(=i ["an-e [ a,

X [1®A(S4Q+ 81 ®AQ ™ Sug) V(8- V (5]

v Q@ W(zf;,/zz SuQ+f’du)d5p® W(zz fT’/

/22 S’/z2

Q Suf'du) 05>

Thus by the uniform estimate, we can exchange the order of the limit of z— 0 and
the sum over » € N.
Notice that for any operators A, B, X,
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(6.68) AB = BA== [AB, X] = [A, [B, XI]
therefore
(6.69) [1® 45,9+ 21-0 ® AIQ™ Sug), V(&) -V ()]

= [1®4(5.0+ £1-0 ®LU 1O AIQ™ Sug), V1)V (82)]]
= 2 [10AGM0- 80 ® L VBVt
[1®1®AQ" Suge), V(WIV (e V (8]

=% % [1®AGQ 80 ®L V)Vt

k=1 e(k){0,1}

1X®1R®AWQ™ Stoge),i(ZA+(5nQ + i-en) @ AT(Q ™ Sigewr)
+ 221 Q1 Q@ AN(Q ™ Sugi-ew)A(Q Suguk)))] Vtes) -V (tn)] .

Respectively, the right hand side of (6.67) becomes

670) £ 5 (Dfu®@ Wz f f/ 5uQ -+ i) 0r @ W (2, [ Z:ZQ’Sufdu)q)‘p,

£€{0,1} n=0

/22 o n-1 n
e [Can- [Tan S T <Q-Su, @ Sugun .

k=1 e(k)e{0,1}
[1®AGQ: 20 ®L V(t)+ V(tidz 1@ A" (SuQutroea) ® 1]
T’ /22 T/ /22
Vit V@ Wz [ 5.0, ran)o- @ w(z [ @ suau) o>
oo T/z2 T/z2
+ 3 S Du@w( [ 50 )o@ W(a [ Q" Sufau)os
N t/z2 to o tn-1
(_Z) IZ-/; dtoj; dt1 j; dtn

i 2 Q7 Sug,Q Sugew > V() - V(tDz1®
k=1 e(k) (0,1}
QA (S Q+g1-cr) D1
(145920 ®1, VitV (1)]

v@W (e[ " 5.0 rau) o, @ Wz [ Q- Supau) o
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T/z2
Q" Sufdu) %,

S/z2

+ = S D:u@W(z [ 5.0 )0 ® W (2

e€{0,1} n=0

N t/22 to . tn-1 n
e[ an [Tate [T S S [1©AGQ- 80 @1,
V() V()
1®1QAQ" Sugs), 21® 1 @ A*(Q Sui-ei)AQ~ Sutiw)]

XV (ta) V(6]

v@W (e[ 5.0, rau)or @ Wz [T Q- Sufdu) o).
S§’/z2 S’/z2

Moreover, the third term of (6.70) is a type II term in the sense explained in
Section 3 (k” > 0), so it goes to zero as z— 0. The second term of (6.70) corres-
ponds to the situation in which there exists some py or py (here, it is 0) such that
g > pnt+lorg>p+ 1.

Therefore this term tends to zero as z— 0.

Now let us consider the first term of (6.70). In the language of Theorem
(4.8), to is some ¢; and £ is some {;, therefore we know that one needs only to con-
sider the situation

0 << << <<
and the limit of the first term as z— 0 is equal to
(6.71)

S S imDru®@W(z [ 5.0, )0, @ W (2 [ Q- 5, fau) oy,

n=1¢e{0,1} 20

t/22 to n-1 n
oz [Tty [Cae [Ta S S (Q Sug @ Sugow

k=1 o(k)€{0,1}k

zDory" * * Doty @ [A(SmQ + 81-¢), AT (Su® + 8o) A(SHQ + G1-0v) "
A (StQ + 8otk-1)A(SH41Q + g1-0t-0) AT (S1,Q + gl—a(k))] Q 1V (tk-1) -V (tw)

v@W(ef 5.0 ran)or®w (2 [T Q- Sufdu) or>.

/22

By Theorem (4.8), we know that one needs only to consider the case in which the
operator

(6.72) [A(Son + 81-8), A+ (SuQ + £o) A(S1Q + 81-0w) " **
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A*(S-1Q + ga(k—l))A(Su—lQ + gl—a(k—l))A+ (S1,Q - gl—v(k))]
is replaced by its pure scalar product term
(6.73) < Si@ + 81-es Su@ + Sow) > K Sn@ + L1-o0, SuQ + o2 PAERE

R4 Sth—lQ + 81~a(k=1), St + B1-ok) >
therefore one has

(6.74) lim f "1IL(d) ds
z—0+ 0

=3 T im<{Du® W(z j;/T:z S.Q +fdu)(Dp® W(zZ j;::z Q- &fdu)@;,

n=0 ee{0,1} 20

t/z2 to tn-1 n
e [Tane [Ta S S Q7 Suge @ Sugow

k=1 e(k)e{0,1}k

Doy * " Doy @1 € S,,Q + &i-ey SulQ + oy ? -
- < Sh® + -0, Su® + Lo PERE

ERE¢ St @ + 81-ock-1), Sth + 81-00 >

Vit V@ W ([ 750 raun)o,@w(2 [17 0 spdu)op>.

r4

In the right hand side of (6.74), changing the order of sum for n=1, 2,... and k=
1,..., n and with the change of variables

(6.75) 2y oty h=0,1,.. k
we obtain that
(6.76) lim [ IL(d)ds = 3 S lim

z2=0 J0 k=1¢ce€{0,1} oe{0,1}k 20

T/z2 T/22
(D DiwDiu @ W (2 [ 5.0 fdu)0r @ W (22 [ Q= 5. fau) 0%,
t to te-1
z7% j; dty j; dt--- j; dty < S:o/zZQ + 81-¢) Sn/z2Q + 8o >

CSh/2@ + &i-0y Strz2® + Lo > K She22Q 4 Z1-ct-1, Ste22€Q + G100 >
CQ™ Sige, Q7 Stlown Ve

o tx/22 tn-1
S iyt [t [V eV 0
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QW[ “s@.raer@w(z [ Q- Supau)ord
v s D +fdu) P Z Jsm uf du) O ).
In the right hand side of (6.76), with the change of variables

(6.77) Sp = (th - t,,_l)/zz, h= 1,...,/6

and applying Lemma (6.3) of [2], we find that

im ["ML@ds=% = = [an

k=1¢ee{0,1} gee{0,1}k ¥ 0

0 0
J:oo ds; 'f_m dsy <g1—sy Sle + o) >
<g1—a(1), SszQ + 8o > e < 81-0k-1), Sst + 81-0(k) > ' <g5y Ssk+---+slga(k) >

T/z2 T/z2
lim < D+ DinDiu @ W (2 [ $.Q + fue) 05 @ W (zz Q- S. fdu) o,
z—0 S/z2

z S/z2
T" /22

Ut @ W (Zf

S’/22

Q. fau) 0 @ W (2 [ Q- Sydu)or>

= = > = ["at(DiwDiwDiu, Gt

e€{0,1} k=1 gef{o,1}k ¥ 0

0 0
’[_N dSl‘ . 'f_m dsy <g1—sy Ss1g0(l) >
<g1-a<1>, S @ + Bo@ > < Li1-otk-1), S5 @ + G100 > <ge, Ssitreets1800) >

this ends the proof of (6.64).
Finally, combining together (6.7), (6.9), (6.11), (6.12), (6.13), Lemma
(6.2)—Lemma (6.10), we get the following

THEOREM (6.11). For any £, gy, g1 satisfied the condition (1.15),
(6.79) Cu, GO =<, GO + = [ ds

e{0,1) ¥ 0

(26m1(9) * 2501 ©)° (&1 1) - (F 8 <DF @, G&)> +
+ xs.n(8) * xisri(s) - (flg) - (g-e| ) - {DF (&)u, G(s) > +

+ C(Du(®) + D g, e g1 ) u, G(s))
where, Dy(¢) defined by (6.65),
(6.80) Di(e) := D +
+ 3% % Do+ DowDi-e

n=0 ge{0,1}*
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(g1 | &ov) - * (L1-ow) | go@)-* " (Gi-om | Gi-e) -
and .
(6.81) D:e) ;=2 X DeDswy* " * DoiwDs

n=0 ge{0,1}”

(g1-« | &ow)- " (&1-ow l o) * "t (gl—o(n)lgs)——

where, 6(0) :=e¢.

§ 7. The quantum stochastic differential equation

In the section, we consider the quantum stochastic differential equation
(q.s.d.e)

(7.1) Ut =1+ % fo Do ® dNu(gegra +

ee{0,1}

+ Due) ® dN.(ge, £ + (Ds(&) + De < gice, e ¥7g.>) ® 1ds| U (s)

on Hy @ F(LZ(R) ® (K,('I'))), where, N is the gauge process and
(7.2) Ni(g, &) := Ns(xo.a ®lg> <g'l).

D, (e), Dy(¢) and D;(¢) are defined in § 6. By [11], we know that the q.s.d.e. (7.1)
has a unique solution U (#) which can be obtained by iterative.

Proof of Theovem (1.1). Theorem (6.1) has shown the low density limit (1.13)
exists. Now, we shall prove that it is equal to (1.14). Clearly, (1.14) is continuous
for u, v € H,, so one can write it to

Cu, F(O)
where, F (t) € H, Hence one has
73) U, FO)> =<u®@W Ksn ® f)T, 9@ W (501 @ f) T
= Cu, G(O)).
Moreover, by (1.16)
74 C FOY =<, FO>+ = [ Cu®@W(rsn®/)Y,

o
(Do) ® V. (g2, 10 +
+ Do(e) ® dN:(ge, &) + (Ds(®) + { g, e 388, ) ® 1ds)
XUEGvQ W s m@MHED.
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Apply the theorem (4.2) of [11] to (7.4), one obtains

(7.5)

Cu, FO> =<u, FOY + X [ ds

eefo,1} v 0
(tism(®) x99 (6) * (&l 1) - (f] ) <D @u, F(s)> +
+ x50 Xis,r(S) - (f' ge)-* (gl—el IO (D (e)u, F(s)> +
+ ((Dy(e) + D { gie, €2, ¥)*u, F(s) >).

Since (7.5) has unique solution, so (7.8) has a unique solution. Therefore,

(0]

(1]
(2]
(3]
[4]
[5]
(6]
(7]
(8]
(91

(10]
(11]

Cu, F)> =<u, G@)> t=0.
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