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ON DEFECT RELATIONS OF MOVING HYPERPLANES

MANABU SHIROSAKI

§ 1. Introduction

The defect relation 2]*Li δ{f, H3) < n + 1 gives the best-possible esti-

mate, where / is a linearly non-degenerate holomorphic curve in Pn(C)

and Hu ,Hq are hyperplanes in Pn(C) which are in general position.

However, the case of moving hyperplanes has ever got only n(n + 1) in-

stead of n + 1 (Stoll [4]) and it has not yet been known whether this

bound is best-possible or not. In this paper we shall give some particu-

lar cases which have the bound n + 1.

The author thanks Professor Fujimoto for his useful advice and dis-

cussions with the author.

§ 2. Holomorphic curves and moving hyperplanes

In this paper, we fix one homogeneous coordinate system of the n-

dimensional complex projective space Pn(C) and denote it by the nota-

tion w — (w0: : wn).

A hyperplane H in Pn(C) is an (n — l)-dimensional projective sub-

space of Pn(C), i.e., it is given by H = {w e Pn(C)\ ΣJJ=O
 ajwj = 0}» where

(α0, - - -, an) eCn+ί — {0}. We call the vector (α0, , an) a representation

of H. Let Hj be hyperplanes in Pn(C) with representations aj =

(aί, , α£) (j = 1, , q). If any min (q, n + 1) elements of α1, , aq

are linearly independent over C, Hu • ,H(1 are said to be in general

position.

We call a holomorphic mapping /: C -> Pn(C) a holomorphic curve in

Pn(C). A representation of / is a holomorphic mapping / = (/0, ••-,/„):

C ->Cn + 1 which satisfies /^(O) =£ C and /(z) = (/ΌO): . : fn(z)) for all z e

C - f-\ΰ). Then we write / = (/0: : /n). If f'\ϋ) = 0, then the repre-

sentation / is said to be reduced.

DEFINITION 2.1. A moving hyperplane HM in Pn(C) is a mapping of
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C into the set of all hyperplanes in Pn(C) given by HM(z) = {w e Pn(C)\

Σ%0 aj(z)wj = 0} (z e C), where (α0, , αn) is a reduced representation of

some holomorphic curve g in Pn(C). We call a representation and a re-

duced representation of g a representation and a reduced representation

of HM, respectively.

DEFINITION 2.2. Let Hf be moving hyperplanes in Pn(C) (j = 1,

• , q). iff, , Hf are said to be in general position if there exists a

point z0 of C such that hyperplanes HJlΓ(z0), , Hf(z0) in Pn(C) are in

general position.

DEFINITION 2.3. Let / be a holomorphic curve in Pn(C) with a repre-

sentation (/o, - - -,fn) and let if be an extension field of C. We say that

f is non-degenerate over K if /0, - ,fv are linearly independent over

if. In particular, / is said to be linearly non-degenerate if it is non-

degenerate over C.

§ 3. Characteristic functions, counting functions and defects

We define the norm ||2|| of z = (zu ., zj e Cm by j|zlί2 = ^ j U |^ | 2 .

DEFINITION 3.1. The characteristic function of a holomorphic curve

/ in Pn(C) with a reduced representation / is defined for 0 < s < r by

a s l o g ii/ii*.

This definition does not depend on the choice of f. We see that

T(f; r, s) is non-negative and that if / is non-constants, then T(f; r, s)

—> oo monotonically as r —> oo. Furthermore we can easily verify that

(3.2) T(f; r,s) = -λ- Γ log \\f(re«) || dθ - -i- Γ log ||/(«
27Γ Jo 2π Jo

DEFINITION 3.3. The counting function of zeros for a meromorphic

function F =έ 0 on C is defined for 0 < s < r by

r, s) = 7i(F; ί) — ,

where τι(F; ί) is the sum of zero orders of F in {z e C\\z\ < t}.

By the definition, N(F; r, s) is non-negative, and Jensen's formula

shows that
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(3.4) N(F; r, s) - iV(l/F; r, s)

= -A- Γlog | ί (re")|d<? - 4 " Γ \og\F(8έ")\dθ .

In the situation of Definition 2.1, we define the characteristic func-

tion of HM by T(HM; r, s) : = T(g; r, s). And we define the counting func-

tion of HM for a holomorphic curve / by N(f9 H
M; r, s) : = N((f,g); r, s),

where / = (/0, , /J and g = (α0, , αn) are reduced representations of

/ and g, respectively, and (f,g) : = Σ5=o 0JΛ» if (Λg) ̂  0. This assump-

tion holds if / is non-degenerate over a field containing all aj/ak with

ak -φ 0. This definition does not depend on the choice of / and g. By

(3.2), (3.4) and Schwarz's inequality, we get

(3.5) N(f9 H* r, s) < T(f; r, s) + T(H* ;r,s) + 0 ( 1 ) , r — • oo .

If either / or g is not constant, the defect of HM for / is defined by

5(f, H*) = liminf ( l - — JN( l
V T(f;r,β)+T(H*;r,8)

which does not depend on s. By (3.5), we see 0 < <5(/, HM) < 1. The

moving hyperplane HM is said to be of lower order than / if T(HM r, s)

= o(T(f; r, s)) as r -> oo. Then

The definitions of counting functions and defects of (not-moving)

hyperplanes are the same as those of moving hyperplanes. However, for

convenience sake, we consider that the category of moving hyperplanes

contains not-moving hyperplanes.

Let / be a holomorphic curve in Pn(C). We denote by Kf the set

of all meromorphic functions g which satisfy the condition that T(g; r, s)

= o(T(f;r,s)) as r->oo. If a representation (/0, ••-,/«) satisfies that

/ φ. 0 for each j and that each fslfk (j Φ k) is not constant, then we set

Kf — (Ί 5Ψk Kfj/fk. Now, we present two lemmas without proofs.

LEMMA 3.6 ([4, Lemma 5.3]). The sets Kf and Kf are fields.

LEMMA 3.7 ([1, Proposition 5.9]). A holomorphic curve f = (/0: :fn)

in Pn(C) is rational, i.e., all f5lfk with fk -φ. 0 are rational if and only if

T(f; r, s) •= O(log r) as r • oo .
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PKOPOSITION 3.8. Let f be a non-constant holomorphίc curve and let

g be a holomorphic curve in Pn(C) with a reduced representation (g0,

• .., gn). Assume that g5lgk e Kf if gk Ξ£ 0. Then, T(g; r, s) = o(T(f; r, s))

as r —> oo.

Proof. Without loss of generality, we may assume that g0 -φ. 0. Since

the representation (g0, , gn) is reduced, for each point p where g0

vanishes there is some g5 with g5(p) Φ 0. Hence, we have

N(gQ; r, 8) < Σ%i N(gjlgo, °° r, s)

<Σ%iT(gJlg«;r,s)+ 0(1)

= o(T(f;r,s)) (r • oo)

and

T(g; r, s) = - L Γff log (1 + Σ>U \gj(reiθ)lgQ(rei6)f)dθ
4π Jo

+ -±-Γlog\gQ(rei°)\dθ+O(l)
2π Jo

< Σ"-i Άgjlgol r, s) + N(g; r, s) + 0(1)

= o(T(f;r,s)) (r • oo). Q.E.D.

In this paper, we treat non-rational holomorphic curves / and we

use a notation S(f, r) for representing a quantity with a property that

lim S(f;r)IT(f;r,s) = O

for a set E C (0, oo) of finite Lebesgue measure.

§4. Defect relations

First, we give the known defect relations.

THEOREM 4.1 (See, for example, [3, Chapter 3]). Let f be a linearly

non-degenerate holomorphίc curve in Pn(C) and let Hu , Hq be hyper-

planes in Pn(C) which are in general position. Then

THEOREM 4.2 ([4, Theorem 6.19]). Let f be a holomorphic curve in

Pn(C) and let £Γf, , iff be moving hyperplanes in Pn(C) with lower

orders than f which are in general position. Let (aξ, , aζ) be reduced

representations of Hf (j = 1, , q) and K be the smallest extension field
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of C which contains all aj

kla
j

m (1 <j < q, 0 < k < n, and me{k\a{ φ 0}).

Assume that f is non-degenerate over K. Then

THEOREM 4.3 (2, Theorem 3.4]). Let f be a holomorphic curve in Pn(C)

and let HI1, -,Hξ+ι are moving hyperplanes in Pn(C) with lower orders

than f which are in general position. Let (aJ

0, •• ,α£) be reduced repre-

sentations of Hf (j = 0, , n + 1) and let K be the smallest extension

field of C which contains all ailaJ

m (0 <j9 k < n and me{k\a{ =£ 0}). As-

sume that f is non-degenerate over K. Then

Σ%lδ(f,Hf)<n+l.

The main purpose of this paper is to prove the following:

THEOREM 4.4. Let f be a linearly non-degenerate holomorphic curve in

Pn(C) with a reduced representation (/„, , fn) and let Hf, , Hf be

moving hyperplanes in general position in Pn(C). Let (a&, •• ,αθ be re-

duced representations of Hf (1 < j < q). Assume that the following three

conditions are satisfied:

(Cl) alJaieKf ifai^O;

(C2) / is non-degenerate over Kf

(C3) N(ff;r,s) = S(f;r) ( ; = 0, • • . , * ) .

Then

§ 5. Second main theorems

The next second main theorem is well-known and Theorem 4.1 is its

corollary.

THEOREM 5.1 (See, for example, [3, Chapter 3]). In the same situation

of Theorem 4.1, the inequality

(5.2) (q _ n _ i)T(f; r, s) < ΣU Wf, Hs; r, s) + S(f; r)

holds for 0 < s < r.

The next lemma will be proved by the same method of Theorem 4.3.

For a proof, see [5, pp. 313-333].
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LEMMA 5.3. In the same situation of Theorem 4.3, the inequality

(5.4) T(f; r, s) < Σ%1 W , Hf; r, s) + S(f; r)

holds for 0 < s < r.

§ 6. Proof of Theorem 4.4

Before begining to prove Theorem 4.4, we show the following lemma.

LEMMA 6.1. Let f be as in Theorem 4.4. Let HM be a moving hyper-

plane in Pn(C) with a reduced representation (α0, , an). Assume that

ajlak e Kf if ak ΈJΞ 0. If ah Ξ£ 0, , ajk Ξ£ 0 and α, ΞΞΞ 0 for j φ j0, , j k 9 we

give a hyperplane H = {w e Pn(C) \ wjo + + wjk = 0} in Pn(C). Then

(6.2) N(f, H; r, s) - N(f, H* r, s) + S(f; r).

Proof. For simplicity, we may assume that jf0 = 0, , j k = ^. In the

case of k = 0, the conclusion is evident since iV(/0; r, s) = o(T(f; r, s))

(r —> oo) by Proposition 3.8. Hence we assume that k > 1.

Let h := (fQ: - - :fh) be a holomorphic curve in Pk(C) and let LJ/ be

a moving hyperplane in Pk(C) with a reduced representation (α0, , ak).

Furthermore, we consider the hyperplanes L5 : = {w e Pk(C)\ wό = 0} 0' —

0, , k) and L : = {α; e P*(C)| Σ"=o ̂  = 0} in Pfc(C). Note that L¥ has

a lower order than h. We get by Theorem 5.1 and Lemma 5.3.

T(h; r, s) < N(h, L"\ r, 8) + S(f; r)

and

T(h;r,s)<N(h,L;r,s) + S(f r).

Here we used the fact N(h, L5\ r, s) = S(/; r) (y = 0, , k). By (3.5) and

the above inequalities, we have T(h; r, s) = N(h, L; r, s) + S(/; r) and

Γ(Λ; r, s) - N(h, LM; r, s) + S(f; r). Since JV(Λ, L; r, s) + o(T(/; r, s)) =

JV(/, F ; r, s) and ΛΓ(Λ, L*; r, s) - iV(/, ff*; r, s) + o(T(f; r, s)) (r -> oo), we

obtain (6.2). Q.E.D.

Proof of Theorem 4.4. There exists a point zQ of C such that a{.(zQ)

Φ 0 if α£ φ. 0 and that Hffa), , Hf(z0) are in general positions. Then

by Lemma 6.1, we have

iV(/, fff(*0); r, 8) = iV(/, F f r, s) + S(/; r) ( = 1, , q).

On the other hand, we have by Theorem 5.1,
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(q - n - ϊ)T(f; r, s) < ΣU W , Hffa); r, s) + S(f; r).

Hence we obtain

(q - n - ϊ)T(f; r, s) < Σ%i N(f> Hf; r, s) + S(f; r).

Therefore we have the defect relation

ΣUδ(f,HT)<n+ 1. Q.E.D.

§ 7. Further result

In this section, we give a generalization of Theorem 4.4.

Before stating it, we show next lemmas.

LEMMA 7.1. Let g be a linearly non-degenerate holomorphic curve in

Pm(C) with a reduced representation (g0, , gm). Assume that N(gs; r, s)

— S(gklgι) for any distinct k and I. Then g is non-degenerate over Kg.

Proof. Assume that g0, , gm are linearly dependent over Kg. So

there exist α0, , am e Kg such that some a3 φ 0 and that aQgQ + +

amgm Ξ 0. Without loss of generality, we may assume that a3 ̂ 0 (0 < j

< k + 1) and α, = 0 (A + 2 < < m), where k + 1 < m, and that ^0, ,

^fc+1 are linearly independent over J?^. If ^ = 0, we can immediately lead

a contradiction. So, let k > 1.

Consider the holomorphic curve h = (g0 • ' ̂ fc) i n P*(C) and mov-

ing hyperplanes

HJ(z) =-{we P\C) 1 ^ = 0} (0 < j < k)

and Hf+1 with a representation (o0, , ak) in Pk(C). They are in general

position and of lower order than h. By the assumption and the relation

αo£o + + akgk = - ak+1gk+ί, we see that d(g, Hf) = 1 (0 < ; < * + 1).

This contradicts to Theorem 4.3. Hence we complete the proof of this

lemma. Q.E.D.

LEMMA 7.2. Let f be a linearly non-degenerate holomorphic curve in

Pn(C) with a reduced representation f = (/0, •••,/„) ami /eί g be a linearly

non-degenerate holomorphic curve in Pm(C) with a reduced representation

g = (gQί . . ., ̂ w ) . Assume that there are relations

(7.3) /• = ΣΓ=o aift, aί e C (0 < j < ή)

and that for each k = 0, • , m, i/jere is a j(£) swc/i ί/iaί a| (λ) ̂  0. More-

over, if N(gj; r, s) = S(g; r) for j = Q, , m,
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T(g; r, s) = T(f; r, s) + S(g; r).

Proof. By (7.3), we have the inequality ||/|| < C||#|| for some C> 0.

Therefore we get

(7.4) T(f; r, s) < T(g; r, s) + 0(1).

Now, we can choose b0, , bneC such that ck : = Σ%oaibj Φ 0.

Consider hyperplanes

in Pn(C) and

Lfc = {w e PW(C) I wfc = 0} (0 < k < m),

in PW(C). Then by Theorem 5.1, we have

T(g; r, s) < ΣLo N(g, Lλ; r, s) + N(g, L; r, s) + S(g; r)

Since χ;^ 0 c Λ ^ = Σ^ = o 6//y, we have

Hence, we get by (3.5)

T(g; r, s) < N(f, H; r, s) + S(g; r)

< T(f; r, 8) + S(g; r).

Consequently, by (7.4), we obtain

T(g; r, 8) = Γ(/; r, s) + S(g; r ) . Q.E.D.

The generalization of Theorem 4.4 is the following:

THEOREM 7.5. Let f be a linearly non-degenerate holomorphίc curve in

Pn(C) with a reduced representation f = (fQ, ••-,/„) given by fi = Σ™UfL

where //, , /4y are entire functions which are linearly independent over

C (j — 0, , ή). Let Hf be as in Theorem 4.4. Assume that f is non-

degenerate over Kf and that N(fl; r, s) = S(fl/fι

m; r) if f{/fι

m is not constant.

Then

ΣU*(f>Hf)£n + l.

Proof Choose gύ, , gm from f{ (1 < k < m ,̂ 0 < j < ή) such that
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{go, , gm} is a base of the vector space over C spanned by f{ (1 < k <

mj, 0 <j < n). Let g be a holomorphic curve in Pn(C) with a reduced

representation g = (go/̂ > , gmlh)> where Λ is an entire function such

that go/h, , gOT//ι are entire functions without common zero. By Lemma

7.1, g is non-degenerate over Kg. It is easy to check that Kf C .K .̂

We define entire functions b{ (I <j < q, 0 < k < m) by the equa-

tions

OoYo + + aίfn = 6^o + + te, ^ 0 (l<j<q).

Since 6| are linear combinations of ai, , αj with complex coefficients,

we see that b{\b{ e Kg if b{ ^ 0. Let dj be a common factor of aj

0, , aJ

m

and let Lf be a moving hyperplane in Pm(C) with a reduced representa-

tion bs - (&*/<*„ , &ί/d,). Set aj = (ai, , aQ. Then (/, a,) - Λd/#, 6,).

Hence we have

(7.6) N(f, Hf ;r,8) = N(g, Lf r, s) + N(hd, ;r,s).

We choose z0 of C such that bl(z0) φ 0 if b{ φ. 0 and iϊ"f (;?0), , Hf (z0)

are in general position. Then by Lemma 6.1, we get

(7.7) N(g, Lf(z0); r, s) = N(g, Lf; r, s) + S(g; r).

Furthermore we have

(7.8) N(g, Lf(z,) ;r,s) + N(h r, s) = N(f, Hf(z0) r, s)

by (I a£zj) = Λd^βXg, &/zo)) Since iV(rf,; r, β) = o(T(f; r, s)) by Proposi-

tion 3.8, N(h;r,s) is S(/; r) and S(g r) is S(/; r) by Lemma 7.2, we

obtain

N(f, Hf(zt); r, β) = W , # f r, s) + S(f; r)

by (7.6), (7.7) and (7.8). Hence using Theorem 5.1, we have

(q-n- l)T(f; r, s) < ΣU N(f> H"iz^ r> ») + S(f; r)

Therefore we obtain the defect relation

ΣUS(f,Hf)<n+l. Q.E.D.

The most typical case of Theorem 4.4 is that fά = exp h^ where hs

are entire functions, and a3

k are polynomials.
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