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HYPONORMAL TOEPLITZ OPERATORS ON H*(T)
WITH POLYNOMIAL SYMBOLS

DAHAI YU*

Let T be the unit circle on the complex plane, H*(T) be the usual Hardy
space on T, T, be the Toeplitz operator with symbol ¢ € L™(T), C. Cowen
showed that if f; and f, are functions in H” such that f = f, + f, is in L”, then T
is hyponormal if and only if f, = ¢ + T3 f, for some constant ¢ and some function
gin H” with || g|.. < 1 [1]. Using it, T. Nakazi and K. Takahashi showed that the
symbol of hyponormal Toeplitz operator T, satisfies ¢ — g = k¢, g€ H” and
k€ H” with | k|| £ 1 |2), and they described the ¢ solving the functional equa-
tion above. Both of their conditions are hard to check, T. Nakazi and K. Takahashi
remarked that even “the question about polynomials is still open” [2]. Kehe Zhu
gave a computing process by way of Schur’s functions so that we can determine
any given polynomial ¢ such that 7, is hyponormal [3]. Since no closed-form for
the general Schur’s function is known, it is still valuable to find an explicit ex-
pression for the condition of a polynomial ¢ such that T, is hyponormal and de-
pends only on the coefficients of @, here we have one, it is elementary and re-
latively easy to check. We begin with the most general case and the following
Lemma is essential.

Levva 1. Iff, g € H(D) and ¢ = f+ g € L™(T), then T, is hyponormal
if and only if the (bounded) operator A on I

1) A=(4,) = A0 )~ A6 D)
= ((S¥f, S —(S¥g, S¥ ) i,j21

is non-negative where S refers to the unilateral shift on H*(T).

Proof. By definition T, is hyponormal when T¢*T¢ - T‘,,T';< =0, ie.
(T1p) Tz — Trg( T ™ = (T, — T,1,%) — (T,'T, — T,1,") 2 0, the Lemma
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is no other than to find out the matrix form of T¢*T¢ - T¢T¢*.
Put f= 37, fiz', 8= 2,82, let {2}, be the natural base for H(T)
since

(2) Tf*Tf - Tfo* = HT*H7

where H refers to the Hankel operator with symbol f_ (consult [4] for the defini-
tion and related properties of a Hankel operator), for any pair of non-negative in-
tegers 4, j, 1 = j, we have

(3) AT T, — T,1,M7, 2> = (H'H:Z, 2
= <H}'Zj, H7zi>Lz(T) = < Z f,zj_’, Z ]?kzi_k>L2(1)
I1=j+1 k=i+1
= X f_kfi-j+k
k=7+1

since T,*T, - T,T,* is self-adjoint (We temporarily disregard the boundedness of
T,, since {z”}:;o are obviously in H", the above computation has no problem). The
element of the upper half of the matrix A, is ZT=j+1 f,+,-_,~f, respectively, thus we
have

SLAL Efts Erafiafe Ziafishe. ..
e ke Z AR S Fs Srafiafe...
W A= S ffe Zrafiafe Sl AP Zr S
Z‘,"’zg‘,_af,, Z‘;:g,-j,, >, Jf,_lf',, 2‘;°=4|f,|2,...

| S*FIF,  <S™F, S, (S¥F, ST, (STF, SR,
(S*, 8, IS¥FI, <S¥, S¥P, (S*F, TP,
(S*f, S%p, <S¥F,$%p, IS¥FE, (ST, ST,
S*f, S™p, (S¥F, STp, (S*F, ST, 1SMFE,
the Lemma is pro'ved. ‘ ‘ .
From the matrix form of T,"T, — T,T,, we have an explanation for the fact

that T, is hyponormal, the analytic part of ¢ must be in some sense “larger” than
it’s co-analytic part, namely we have

COROLLARY 1. Suppose ¢ E LD, ¢=f+z ,f, g€ HYD and T, is
hyponormal, then the following inequalities hold
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(5) IS¥f P == AP 2 1S¥e ==l gl vi=12,-,

where S™ is the backward shift on H*(T) .

Proof. 1t is enough to take & € H?(T) such that the coefficient of 2" is zero
for all # except # = i where it equals 1 and compute <(4, — A)h, h>.

In particular, when f is a polynomial, we have the following
TueoreM 1. If Ty,z is a hyponormal Toeplitz operator where f= 3y fi2"

£, #0, g€ H”, then g must be a polynomial with order less or equal to n, g =
Zn 4 . .
1=0 &2 , and the finite matrix.

71(|f1|2_|g1|2) 11 fI S 8n8), f_lfn_g_lgn

le(fl 1f1 8- 1g1 zz(lfllz_lgll) Y fzfn_g-zgn

(6) Z13(7(1 zfz 818, 13(f1 1f1 g.8), fsfn—gzgn
214(f1 3f1 8i-s8), 14(f1 Zfl 8i8), f4fn_g4gn
flfn—glgm fzfn_gzg—m ) Ifnlz—lgn|2

18 non-negative.

Proof. Since S*ifE 0V :>n by Lemma 1, all the components in A, are
zeros except the first # rows and rays, so by Corollary 1, g, =0 V k > n, the
rest of the proof is trivial. we are done.

We give some examples, they are Example 6 and a special case of Example 7
respectively in [3].

ExaMpLe 1. Put ¢ = a, + @,z + a,2° + b, + bz + bz’ and
A=<|a1|2+|az|2_|b1|2_|b2’2» d1a2—51b2>
) .

a,a, — b152, | a, |2 - b, |2

The non-negativity conditions of this matrix A, are

(7)

@ la,f+1al>=16+b,and|a,l =105,/
() la, P +1a P =16, =15,al =15, —
(8) — (a,@, — b,b,) (@,a, — b,b,)
= (a,”—10,»*— | a,b, — bya,|” 2 0,
(i) [a, > =1 6,1° + | a,b, — ba, .



182 DAHAI YU

It is easy to check (iii) implies (i) and (ii), so (iii) is the necessary and suffi-
cient condition for that T, is hyponormal.

EXaMPLE 2. Put ¢ = a, + a,z + a,2° + a2’ + b, + bz + b2’

I a, I2 + I a, IZ + I a; ]2 - l b1 lz - I bz IZ, a,a, — b_lbz + a,a,, a,a,

) A= a,d, — b,b, + a,d, la, "+ 1a,l* = |0, aa,
a,a,, a,d,, | ay|*
and
(10) detd, =
la, I+ | a, [+ | a, - b, [ -] b, F aa, — bb, + a4, @
o, 0, ~ b, + a8, FARIPASTANTAR
ai, @y, 1

A computation shows that T, is hyponormal if and only if the following (11)

is true.
(11) |a3l2;lbzlz+la3b1"a2bzl

Of course, we can give more examples (through routine computation), but I
feel it probably looks more natural to give the condition in matrix form.
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