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A NOTE ON CHARACTERISTIC EQUATION OF TOEPLITZ

OPERATORS ON THE SPACES Ak

GUANGFU CAO

1. Preliminaries

Let k be any integer, k > 0. The k-th Bergman measure on unit ball B of Cw,

μk, is given by

_ Γ(n + k + 1) ( _ - |2

Note that μ0 is simply normalized Lebesque measure on B. The k-th Bergman

space, Ak, is defined as the space of analytic functions on B which are square in-

tegrable with respect to the measure μk. Note that Ak = H (μk), where H (μk) be

the L2(μk) -closure of the ball algebra A, and that Aj c Ak for j < k. The standard

orthonormal base for Ak is given by

ek

a = c(a, k, n)za = c{a, ky n)r^ei0Clθl r?etaifin

where c(a, k, n) is a constant number such that c(a, k, n) || za || = 1. Let Pk de-

note the projection of L (μk) onto Ak. Note that L°°(μk) = L°°(B) = {/ : / i s essen-

tially bounded on B with respect to Lebesque measure on B}. Also H°°(μk), the

weak -closure of the polynomials in z in L°°(B), is the set {/ : / G L°°(B) and

fAk £ i4fc} = 7/ , the set of bounded analytic functions on B. For f ^ L (B),

II/L denotes the essential supremum of/ on £. For any φ ^ L°°(B) and for any

/c > 0, we define a Toeplitz operator Tφ :Ak—>Ak as follows:

T \ \fC) /• χ% / / \ / /• _ Λ \

, f=Pk(φf) (f^Ak).
It can be seen easily that

- X (i -
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(consult Rudin [1]). The set of all bounded linear operator on Ak is written as

L(Ak), clearly, Tφ e L(Ak). It is well-known that equation TΊTTZ = T characte-

rize the Toeplitz operators on Hardy space in one complex variable. A. M. Davie

and N. P. Jewell [2] proved that Σ ? = 1 TΊTTZ = T characterizes Toeplitz operators

on Hardy space of several complex variables. D. H. Yu and Sh. H. Sun [3] proved

that T ^ L{H ) is a Toeplitz operator iff equation Tη TTη = T is hold for each

inner function η. In [4], for n = 1, N. P. Jewell raised the following.

PROBLEM. IS there a set of operator equations which characterize Toeplitz operators

on the weighted Bergman spaces of one complex variable?

In next section, we answer negatively the problem.

2. Theorems

THEOREM 1. Let B be a set of operator equations and A be the set of bounded

linear operators on the k-th weighted Bergman space Ak which satisfy B. If A contains

all Toeplitz operators on Ak, then A is weak -dense in L{Ak).

Proof. If A is not weak*-dense in L(Ak), there exists a nonzero trace class

operator 5 such that tr(S7) = 0 for any T ^ A. Then there exist {ft} in Ak such

that 5 = ΣJLi ft ® 0f> where iet} is the orthonormal basis of Ak and ft 0 et is a

1-rank operator on Ak. Without loss of generality, one can assume that ί^lJLi =

{^}αeZ+», where ea = c{n, k, a)za. For convenience, we replace /• by fa. Note

Furthermore, \\S\\Ci = tr((S*S)*) = Σ α \\ fa ||2. Hence, Σa \\fa ||2 < oo , conse-

quently, Σ α faea ^ L . \ί A contains all Toeplitz operators on Ak, then for any

φ G L 0 0 ^ ) , we have T(

φ

k) e Λ. Thus

t r ( 7 ; α ) S ) = Σ ^ <T{

φ

k)Sel ek

a>

= Σ+n<φ( ΣJβ®eϊ)ek

a,e
k

a>

= Σ ^ <φfaf ek

a>

= Σ + w j Γ φfae
k

adμk
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= jΓί>( Σ+Jae
k)dμk = 0.

Since φ is arbitrary, we easily see that Σ fa(z)ea(z) = 0 for any z ^ B. Suppose

fa has series expansion fa — ΣβGZ

+n aaβeβ> then

Σ fa(z)ek

a{z) = Σ Σ aaβe
k

aeβ(z)
a a β

= Σ, Σ aaβc(ny α, k)c(n, β, k)zazβ

a β

= Σ aaβc(n, α, k)c(n, β, k)ra e
aβ

a+β j(β-a)θ

i{β-a)θ-ι t
= Σ [ Σ aaβc(n, a, k)c(n, β, k)e ]r = 0,

t<=z+n a+β = t

where

^ = (θl9..., ^ w ) , 0 < ^, < 2τr, C8 - α)fl = Σ (A - at)θt,

r= (rlf- , r w ) , 0 < | | r | | < l .

So for each t ^ Z ,

Σ aaβc(n, a, k)c(n, β, k)eΐ(β~a)θ = 0

a+β = t

i.e.

Σ aaβc(n, a, k)c(n, β, k)eHt~2a)θ = 0.
a+β=t

Clearly, {e } is linear independent, so aaβ = 0 for a + β = t. Hence, for any

a e Z + w , j8 ^ Z + w , we have ααj8 = 0 and so S = 0. It contradicts that 5 ^ 0 .

This completes the proof.

Frankfurt [5] proved that no bounded operator Ton Ao satisfies the operator

equation Bo TB0 = T, where Bo is the Bergman shift on A0(D) and D is the unit

disc. We can extend this result to the case Ak(B). In fact, we have the following.

THEOREM 2. There isn't nonzero bounded operator T on Ak(B) such that

Σ n rp(k) rprp(k) rp

t = l IZi * * Z{ ~ I '

To prove Theorem 2, we need some lemmas. The proof of Lemma 1 is related

to that of Proposition 2.4 in [4].
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LEMMA 1. Let Mz * * MZn be multiplication by the coordinate functions on

L CB, dμk). If there exists Γ e L(L ) such that Σ,n

i=1MZiTMZi = T, then T com-

mutes with MZi, M* (i = 1 , . . . , n).

Proof F o r a n y p o s i t i v e i n t e g e r m a n d f , g ^ L , w e h a v e

^ Wl\ , it k k k K

by Σ " β l M ?TMZ ί = Γ. Hence

+
W77^(™*> ''' M>»f' v 1 "

»- Σ | ϊ ί " ! - <TM̂  <»/, M
ΣUk^m + 1 Λ 2 ΛΛ.

Furthermore

y 'Hi II Λ Γ 1 ••• Λ f * * fϊf mi (i f*! + 1 Z

+ Σ M ... *• ? I' M ΐ *'' M ί - f > Illl M ^ i M ^ 2
Σf=2 Jfc,=m+1 Λ 2 «»•

Note for any f ^ L (B, dμk)

\\{MΊMZ + ••• + M , A f 2 Γ / | |

and

Σ
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= Σ

By

γyi\ v ί ΎYl ~ Ί ~ 1

$mlkΓm
 kll'"kJ Zl \ fci + 1 *"

^ r ^ m! m + 1 „ , , Λ i +i
t

and

Σ fc,,
m!iί,^^

Σf=1 ki=m 1 w

- 2 f

Σf= 1 A,=

Ύ m+1
< 3 < Σ MjMz) g, g> + < ( Σ MjMz) g, g>

ί = l ' ' ί = l

< 3II ( Σ M7M,)mgII k I I + II Σ M-zMz)
m+ιg\\.\\g||,

ί = l ' ' ί = l '

we have

TMZ - MZT=O,

i.e.

TM7 = M9 T.
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Similarly, TMZ. = MZT, for i — 1,2, , n. It shows the lemma.

LEMMA 2. // Γ e L(AΛ) sαtis/ y Σ?=i ^ T T ^ = T. Then there is S e

Z,(L) will || 5 || = || Γ||, Σ ? = 1 MjSMZ{ = 5 and swc/i ί/iαί Γ is ί/10 compression of S

toAk.

Proof. It is similar to the proof of Lemma 2.5 in [2]. In fact, we can define φ :

L(L2) -> LGL2) by

= Σ M-zSMZi
ί = l

then || 0(S) || < || S||. Let Γ~ be any operator on L whose compression is T, with

|| Γ~ || = || Γ||, let Sm = — Σ ^ i φ*(T~), and let S be a weak operator topology

limit point of {Sm}, then S has the required properties.

LEMMA 3. // T <Ξ L(Ak) satisfies Σ " = 1 TΊ

kTTZk = T, then T is a Toeplitz

operator.

Proof. If T satisfies the equation, and S is the operator given by Lemma 2,

then Lemma 1 shows that S commutes with MZk and MΊk {k = 1,. . ., n), so there

is ψ ̂  L°° such that S = Mφ, consequently, T = Tφ .

Proof of Theorem 2. If there is Γ G UAk) such that Σ * = 1 TjTT^ = T,

then T is a Toeplitz operator on Ak, i.e., there is L°°, such that T = Tφ . Note

-̂1 rp(k) rpik) rp(k) _ rp(k)

^ 1li

 1φ 1li ~ I (Σfl\zA2)φf

s o ^ ( ή ^ = ^ Λ ) ' a n d hence, T^n^.^ = 0. Hence, φ = 0, consequently, Γ =

0. We complete the proof of Theorem 2.

The author is indebted to the referee for his many suggestions.
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