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A GENERALIZATION OF KITA AND NOUMI'S
VANISHING THEOREMS

OF COHOMOLOGY GROUPS OF LOCAL SYSTEM

KOJI CHO

Abstract. We prove vanishing theorems of cohomology groups of local system,
which generalize Kita and Noumi's result and partially Aomoto's result. Main
ingredients of our proof are the Hodge to de Rham spectral sequence and Serre's
vanishing theorem in algebraic geometry.

§1. Introduction

Vanishing theorems of cohomology groups of local system are important

to study the theory of hypergeometric functions (cf. [AK]). In fact, several

vanishing theorems of cohomology groups of local system are known. For

example, Kita and Noumi [KN] obtained a vanishing theorem by using

the technique of a filtration attached to logarithmic forms. Our aim is to

generalize their result and give a simple algebro-geometric proof. Of course

there is a tradeoff: While their proof is concrete and elementary, ours is

abstract and depends on big theorems.

In order to state our theorem, we begin with the definition on the

sheaf of logarithmic 1-forms along a divisor adapted in this paper, which is

different from the one given in [S]. Let M be a complex projective manifold

of dimension n, D an effective reduced divisor on M. Let D = YJILi Dj

be the irreducible decomposition of D and fj the defining equation of Dj.

For x G M, Assume x G D3%, i = 1,.. ., k and x 0 Dj for j φ {1,. . . , m) \

{ji,..., jk}. Then the sheaf Ω1(\ogD) of logarithmic 1-forms along D is

defined as follows: φ G Ωι(\ogD)x if and only if ψ = X)f=1 h^-r^ + <£>, where
J 3%

h% is a holomorphic function at x and φ is a holomorphic 1-form at x. We

also define Ωp(log.D) as ΛpΩ1(logD). Let £ be a locally free sheaf on M.

A meromorphic connection V on E is said to be an integrable holomorphic
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connection with logarithmic poles along D, if it satisfies V2 = 0 and

V : ε - + 1

Now our theorem is:

THEOREM 1. Let M be a complex protective manifold of dimension

n, D an effective reduced divisor on M, D = Σ'fLi D3 the irreducible de-

composition of D. We consider a locally free sheaf 8 with an integrable

holomorphic connection V with logarithmic poles along D

V: ε-+Ωi(logD)®ε.

Let C be a local system defined by V on U := M \ D. Namely, C :=

Ker(V|[/:£|[/ —> Ω1(logD) ®8\u). We assume that there exists a subset

J C {1,..., m} satisfying

(1) Df := ΣjeJ Dj is a support of an effective ample divisor H

(2) D is simple normal crossing in a neighborhood of D'

(3) the monodromies of C around Dj [for any j G J) do not have an

eigenvalue 1.

Then

Hk(UΊ£) = 0, kφn.

Hence we have

dimHn(U,C) = (-l)nrank(£)χ t o p(C7).

One can also prove the following theorem which partially generalizes

Aomoto's vanishing theorem [A].

THEOREM 2. Let M be a complex protective manifold of dimension

n, D an effective reduced divisor on M, D — ΣJLi Dj the irreducible de-

composition of D. We consider a locally free sheaf 8 with an integrable

holomorphic connection V with logarithmic poles along D

V: ε->

Let C be a local system defined byV on U := M\D. We assume that there

exists a subset J c { l , . . . , m} satisfying



COHOMOLOGY GROUPS OF LOCAL SYSTEM 6 5

(1) D1 := ΣJEJ Dj is a support of an effective ample divisor

(2) Let B := {x E Dr | D is not simple normal crossing at x\ and Jf : =

{j I Dj Π B φ 0}. Then the eigenvalues of monodromies of C around

Dj {for any j E J U Jf) are generic.

Then

Hk(U,C) = 0, kφn.

Hence we have

άϊmHn{U,C) = (-l) n rank(£)χto P (£/).

Remark. In the condition (2) of the above theorem, we mean generic

if the following condition is satisfied: There exists an embedded resolution

TΪ'.M —> M such that π~1(Db) is simple normal crossing, where D^ :=

Σ J G J U J ; -̂ J5 a n o - that none of eigenvalues of the residues of τr*V around the

irreducible components of π~1(Dι)) is not integer.

Since the proofs of Theorems 1 and 2 are almost identical, we only give

a proof of Theorem 1.

§2. Proof of Theorem 1

Since U is affine Hh(U, C) = 0, fe > n. We show that Hk(U, £) = 0,k<

n. By the condition (2) and Hironaka's theorem on resolution of singular-

ities, we can find a blowing up π M —> M along nonsingular centers such

that D := π~1(D) is a simple normal crossing divisor and the exceptional

locus is contained in D and does not meet π~λ(Df) (~ Z)'), which will be

also denoted D''.

Let E be an effective divisor supported in the exceptional divisor such

that —E is 7r-ample. It follows from the condition (1) that for sufficiently

large TV > 0, H := π*(NH) - E is very ample.

Let (£, V) be the canonical extension of π\u*C (p± C) defined by Deligne

[Dl]. In particular, the eigenvalues of residues of V are not positive integers.

Moreover from the condition (3) and the construction of M, the eigenvalues

of residues of V(~^ are not positive integers for v > 0, where V^"^ is a

connection with logarithmic poles induced by V on S( — uH). Thus by the

Deligne theorem [Dl, II, Theoreme 6.2]

Hk(U,C) ~ Hfc(M,(Ω (logD) ®f (-ι/£Γ), V^)) ) for v > 0.
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By the Serre duality and vanishing theorem, for q < n

Hq(M, Ωp(log D) <g> έ(-uH)) = 0 for sufficiently large v > 0.

Considering the Hodge to de Rham spectral sequence [D2, 1.4]

we get
Hk(U,C) = 0, k < n.

Since χ(C) = rank(£)χtOp(ί>0, we get the last assertion. D

§3. Comparison with Kita and Noumi's results and some
examples

In order to compare our theorem with Kita and Noumi's results, for

the convenience of the reader, we will explain their result in the case of

local system of rank one. Let Po(x) :— xo, Pι(x),..., Pm(z) be distinct

homogeneous polynomials with n + 1 variables x = (xo, # i , . . . , x n ), Dj a n

effective divisor on P n defined by Pj(x) = 0, D := Σ?=oDj, a n d u i t s

complement. We consider an integrable holomorphic connection V with

logarithmic poles along D

V: O-+Ω1(logD).

Let us denote C a local system of rank one on U defined by V, namely

C : = K e r V | t / .

Set P 7 ( x 1 , . . . , x n ) : = Pj(Q,xu... ,xn) (j = l , . . . , m ) .

THEOREM. ([KN]) Assume the following conditions:

(1) For any 1 < r < min(ra, n — 1) and 1 < j \ < . . . < j r < m

height(dPh Λ . . . Λ dPjr,Ph,. . . , Pjr) > n,

where {dP3l Λ... Λ dPjr, jR^,..., Pjr) denotes the ideal of C[x\,... , xn]

generated by all r-minors of the Jacobian matrix

\
xi

dPJr ΘPJr

\ dxi ' ' ' dxn I

and Pjλ,.. ., Pjr.
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(2) For any 1 < s < min(ra, n) and 1 < j \ < ... < j s < m, Pjx,..., Pjr is

a regular sequence.

If moreover the residue of V along a hyperplane DQ is not an integer, then

Hk(U,C) = 0, kφn.

Remark. One can easily check that the above conditions (1), (2) are

equivalent to saying that the divisor D is simple normal crossing in a neigh-

borhood of a hyperplane DQ.

As an application of our Theorems, we will give two interesting examples

in the theory of hypergeometric functions.

EXAMPLE 1. Let us consider the arrangement in P 2 with the homo-

geneous coordinates (uo : u\ : U2) defined by Po * P4 — 0, where

Po := uOj Pi := uι,P2 — u2, P3 = ^ 0 - ^ 1 - ^ 2 , P4 '=
and x\ φ§^x2φ 0. We also let

4 dp
Λ

ti
where pi = Pi(l, ϊ/χ, u2), o>i G C, i = 1,. .. 4. Then by Theorem 1, if a^ is

not an integer, Hk(C) = 0,/c φ 2 and hence dimHk(£) = 4.

ul=0

Ulu2-xluθul-x2uθu2=θ

u2=0

uO-ul-u2-O

uO-0

FIG. 1



68 K. CHO

EXAMPLE 2. Let us consider the arrangement in P 2 with the homo-

geneous coordinates (UQ : u\ : U2) defined by ZQ . . . Z5 = 0, where

V = d + ωΛ = d + Σi=0 α ^ Λ , where α 0 ? 5 «5 ^ C and X)f=0 α^ = 0.

If, for example, none of ao,ao + aι + a% and αo + 0̂ 2 + <̂4 is an integer, it

follows from Theorem 2 that Hk{£) = 0, k φ 2 and dimfl^fX) = 2.

FIG. 2
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