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A QUASIANALYTIC SINGULAR SPECTRUM WITH
RESPECT TO THE DENJOY-CARLEMAN CLASS

SOON-YEONG CHUNG anp DOHAN KIM

Abstract. Making use of the FBI (Fourier-Bros-lagolnitzer) transforms we
simplify the quasianalytic singular spectrum for the Fourier hyperfunctions,
which was defined for distributions by Hérmander as follows; for any Fourier
hyperfunction u, (xo,&) does not belong to the quasianalytic singular spec-
trum W F)y(u) if and only if there exist positive constants C, v and N, and a
neighborhood of zg and a conic neighborhood T" of & such that

fuy[(exp —[€](z — y)*/2 = i(y, €)]| < Cexp[-M(v[€])]

for all z € U, |§] € T and || > N, where M(t) is the associated function of
the defining sequence M,. This result simplifies Hérmander’s definition and
unify the singular spectra for the C* class, the analytic class and the Denjoy-
Carleman class, both quasianalytic and nonquasianalytic.

§0. Introduction

The classification of singularities according to their spectrum was de-
veloped by several mathematicians around 1970. Sato introduced and
studied the analytic singular spectrum for the hyperfunctions in [Sa], and
Hormander defined W F'(u) for the distributions by means of pseudodifferen-
tial operators, and later by multiplying cutoff functions and taking Fourier
transforms for the C* class in [H1, H4]. Hormander also introduced the
wave front set W Fjs(u) with respect to the Denjoy-Carleman class CM in
[H2, H4], which includes the analytic wave front set WF4(u) as a special
case. To define this he used a sequence of cutoff functions to overcome the
difficulty of absence of cutoff functions in the class of analytic functions.
But it is rather complicated, and difficult to compare this with C*° wave
front set WF(u). On the other hand, making use of the FBI transforms,
Bros and lagolnitzer introduced the essential spectrum, which was shown
to be equal to the analytic singular spectrum of Sato and the analytic wave
front set of Hérmander by Bony in [B].
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The purpose of this paper is to define a singular spectrum with respect
to CM for the Fourier hyperfunctions which include distributions and Sato’s
hyperfunctions in the spirit of Bros-lIagolnitzer and to unify the theories of
singular spectra for the case of the analytic class, the C* class and the
Denjoy-Carleman class, both quasianalytic and nonquasianalytic.

The following is the local regularity theorem for CM by Hérmander as
in [H2, H4j:

THEOREM 0.1. ([H4]) Let u be a distribution. Then u is CM near x
if and only if there exist a constant C > 0, a neighborhood U of xq and a
bounded sequence u, € £ which is equal to u in U and satisfies

[ﬁp(g)’ < C(CpMp/lﬂp)a p= 1,2,3,...,
where ~ denotes the Fourier transform.

We simplify the above theorem and generalize to the larger category of
Fourier hyperfunctions as a main theorem in this paper as follows:

THEOREM 0.2. Let u be a Fourier hyperfunction. Then u is CM near
xo if and only if there are positive constants C, v, N and a neighborhood
U of xy such that

[uy (exp[—[€](x - y)?/2 — i{y, )| < Cexp[-M (v[¢])]

forallz € U and |§| > N, where M(t) is the associated function of My (see
(1.6) for the definition).

Also, we derive from the above theorem a local regularity theorem for
the analytic class and the C* class as a corollary, which generalizes a
microlocal result of Matsuzawa in [M].

§1. Preliminaries

We first introduce the real version of the Fourier hyperfunctions as
defined in [KCK]. We refer to [Ka| for the sphere compactification D",
which is R® U S%!, of R® where S%! is an (n — 1)-dimensional sphere at
infinity and the original definition of Sato—Kawai.
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DerINiTION 1.1. ([KCK]) Let K be a compact set in D". We say
that ¢ is in F(K) if ¢ € C*°(Q2NR"™) for some neighborhood 2 of K and if
there are positive constants h and k such that

070
(1.1) Ol = Sup Hielar

exp k|z| < oo.

Here we use the multi-index notation: |a| = aj+- - +ay, 8% = 971 ---9%n,
9; = 0/0zj for a = (a1, @, -, a,) € N where Ny is the set of nonnegative
integers.

We say that ¢; — 0 in F(K) as j — oo if there are positive constants
h and k such that

wp 12°05(@)

TEQNR™ h'ala'

a

expk|z| — 0 as j — oo,

where (2 is any neighborhood of K.

We denote by F'(K) the strong dual space of F(K') and call its elements
Fourier hyperfunctions carried by K. Especially if K = D™ then we often
use the notation F’ simply instead of F'(D").

In fact, in [KCK] the space F(K) is shown to be topologically equivalent
to the space P.(K) of a holomorphic functions in a complex neighborhood
QNR" 4+ i{|y| < r} of K in C” satisfying the estimate

(1.2) sup |p(2)| expk|z| < oo
2€QNR™ +i{|y|<r}

for some k, which was originally defined by Sato-Kawai. Here z = x + iy
and € is a neighborhood of K in D".

We denote by F(z,t) the n-dimensional heat kernel:

E(z,t) = { (()47rt)*n/2 exp|—|x|?/41], i z 8

and set U(z,t) = uy(E(z — y,t)) for u € F/(K).
The following characterization of the Fourier hyperfunctions by the heat
kernel is very useful later.

THEOREM 1.2. ([KCK]) Letu € F'(K) and let

Uz, t) = uy(E(x —y,t)), t>0.
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Then U(z,t) € C®°(RY™), RTT = {(2,t) € R*|z € R?, t > 0} and
satisfies the heat equation

(1.3) (8 — A)U(z,t) =0 4n RYTL
For every € > 0 there exists a constant C > 0 such that

d(z, Ks NR™)?

(14)  [U 1) < ceXp[e(% Fitlal) - DR s
where Ks = {z| |z —y| < 6§ for some y € K}.
Moreover, we have
(1.5) U(z,t) — uin F ast— 0+, i.e.,
(1.5) u(g) = lim / Uz, t)d(z)dz, &€ F(K).

Conversely, every C* solution U(z,t) defined in ]RT'l satisfying the
conditions (1.3) and (1.4) can be expressed in the form

U(z,t) = uy(E(z — y,t))
with a unique element u € F'(K).

In particular, the heat kernel E(z,t) corresponds to the Dirac measure
6, since

¢(z) = Jim E(z —y,t)é(y)dy, ¢ € F(K).

For more details of the Fourier hyperfunctions and the related theory
we refer to [KCK, Ka).

Now we would like to introduce the Denjoy-Carleman class C™ | which
lies between the analytic class and the C* class.

Let My, p=0,1,2,..., be a sequence of positive numbers and {2 be an
open set in R". We impose the following conditions on M:

(M.0) There is a constant h > 0 such that

p! <ChWM,, p=0,1,2,....

(M.1) M2 < Mp 1My, p=1,2,3,....
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(M.2) There are positive constants C, H such that

Mpiq < CHPYIM,M,, p,q=0,1,2,....

DEFINITION 1.3. We denote by the Denjoy-Carleman class C(Q) the
set of all ¢ € C*°(Q2) such that on each compact set K C 2 its derivatives
satisfy the estimates

sup |0%(z)| < C’h'alM|a], a € Nj
zeK

for some constants C' > 0 and h > 0. Sometimes this class is called the
space of ultradifferentiable functions in .

Actually, for the above class (M.0) means that every analytic function
belongs to CM (Q) and (M.2) means that C™(Q) is stable under the ultra-
differential operator. By Gorny’s theorem referred in [Ko] we can always
rearrange the sequence M, without any change of CM(Q) so that (M.1)
should be satisfied. Therefore, the above three conditions on M), is the
most fundamental and essential.

For each sequence M, given as above its associated function M (t) on
[0,00) is defined as follows:

Myt?
(1.6) M (t) = suplog 0
P My

and
M(&) = M([¢]), &e€R™

Then (M.0) gives
alogt < M(t) < pt, t>0

for a couple of positive constants a and .
We refer to [H4, Ko] for more details on the Denjoy-Carleman class and
the properties of the associated function.

82. Main Theorem

We first define the FBI transform a(z, &) of a Fourier hyperfunction u
by the formula

(2.1) i(z,€) = uy(exp(~[¢|(z — y)?/2 — iy, €)])
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for £ # 0 and z € R™. Since the Gaussian function is exponentially decreas-
ing @(z, &) is well defined for any Fourier hyperfunction w.

We are now in a position to state the local regularity theorem for F’
which will be used to define a singular spectrum with respect to the Denjoy-
Carleman class for F’. In fact, this is the main theorem of this paper.

THEOREM 2.1. Let u € F' and xg € R*. Then u € CM in a neigh-
borhood of xg if and only if there are positive constants C,~v, N and a
neighborhood U of xo such that

(2.2) [a(z, €)| < Cexp[-M(v[£])]
forallz € U and |§] > N.
To prove this theorem we need the following two lemmas.

LEMMA 2.2. Let u € F' vanish near xo. Then for any N > O there
exist positive constants C, o and a neighborhood W of xy such that

li(z, €)| < Cexp[—al€]],
forallz € W and |§]| > N.
Thus, @ satisfies the condition (2.2).
Proof. Choose 6 > 0 sufficiently small so that v = 0 in a neighborhood
Wss = {x ||z — zo| < 36}.

Since
suppu C D™\Wss

for any r > 0 and k£ > 0 there exists a constant C > 0 such that

lu(¢)] < C  sup |p(z)|exp k2|

z=y+in
ly—=zq|>26
Inl<r

for any ¢ € F(D"). Let x € W5, r < 6, |¢] > N and z = y + in. Then we
have

|a(z, &)
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<C sup fexp[ - [€l(z — 2)*/2 = i(z,6)] | expklz
s

<0 swp ep [~ Ll 27—+ 0.6 + Kol + o)

ly—=zg|>26
[n]<r
€] 2 r?
<C sup exp [— =6+ |&|(—= +r) + kb + k|zo| + kr
ly—o|>25 4 2
€| 5 2k., Kk?
——{ly—=2"- 7V +5
it @ "l
& r?+2r k?
< Coxp [~ [€[(F = —5 ) + k(6 + leol +7) + ]

S C(ka T, X0, N) exp[—a]f”

for some a = a(8,r) if we choose r > 0 so small that §2/4 > (r? + 2r)/2.
This completes the proof.

LEMMA 2.3. Letu,v € F' and u = v in a neighborhood of xy. Suppose
u satisfies (2.2). Then v also satisfies (2.2).

Proof. Let w = v — u. Then w vanishes in a neighborhood U of zy.
Therefore it follows that w satisfies

[w(z,§)| < Crexp[—alé]]
< Cyexp[—M (alg])]

for [£] > N and z in a neighborhood W C U of zg. Thus we obtain

oz, &)| < lu(z, §)] + w(z, )]
< Caexp[—M (v[€])] + Crexp[—M (a¢])]
< 2C3 exp[—M (v'[¢])]

where C3 = max(C1, Cq) and ' = min(a, 7), which completes the proof.
We now prove the theorem.

Proof of Theorem 2.1. (i) Necessity: By the above lemmas it suffices to
prove in a local context. As a result of this observation we may assume in
the sequel that u belongs to CM in a neighborhood Wy of g and vanishes
on R™\Wjs.
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Then using integration by parts we have

i(z, )
~ / y) expl—¢l(z — y)?/206” exp(—ily, €))dy
= [ u(o) expl—lel(e — )2/ 2035 exp(—ity, &)y
= [}, (=010 (uty) expl—lel e — ) 20}l exp(ify. €))dy.
Making use of the fact
sup |82 exp[—sz?]| < Cllalsla'/Zall/Q, 5> 0,

we obtain that for |¢] > 1

95 {u(y) expl- €]z — v)*/2))|

IN

o (87
cf ( 3 )Mlal—lﬁllfllm/zﬂ!m
B<Lo

O M exp(M(€])/2),

IN

where the last inequality follows from (M.1).
Then it follows that for x € Wy

|a]

M,
[z, )] < Cinf =21 exp[n(l¢]) /2]

<C 1nf

ey P (D /2
< C'expl-M(A[E]) + M(I¢]/2).

Making use of the inequality

S M(Alel) - M(el) 20, 1€ 2 1/4°
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we have, for |£| > max(1,1/A3)
|a(x, §)] < Cexp[-M(A[¢])/4].
Therefore, if M, satisfies (M.2) then we have

|a(z, )| < C"exp[—M (v[€])]-

(ii) Sufficiency: Since we need only the local regularity of u near xg
we may assume that v = 0 outside of a neighborhood U of zg. Then by
Lemma 2.3 the condition (2.2) remains still valid.

We follow the context given in the proof of Lemma 2.2 in [S].

Since

(l/20)"7* [ expl=[el(s = )?/2}ds = 1

and for t > 0
() [ expl—ti¢]? — ite, 1€ = (4mt) ™2 exp(~a]* /41
we can express the heat kernel E(x — y,t) by the integral
(2.3) E(xz —y,t)
= em [ [ (el/2m) expl-[el(s — )*/2 — ite — y, e ds de.
Then it follows from Theorem 1.2 that

(24) oz —y)
= m) [ [ (el/2m expl-lel(s — 9)*/2 - ile — y, lds

in the oscillatory sense for the Fourier hyperfunctions. In other words, for
every ¢ € F we have

(2.5) Jim E(z —y,t)p(y)dy

= tim 2m)™ [ [ [(el/2m2 expl- (s - /2 - il - 4, 8)]

-exp[—|¢|*)p(y)ds d¢ dy
(6(z —y), o(y)).

Il
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Moreover, for any N > 0 we obtain from (2.4) that

(26) é(z—y)
= (277)‘”//'51>N(|£l/27r)"/2 exp[—[¢](s — y)*/2 — i(x — y, €)]ds dE
+9(z,y)

with some entire function g. Then it follows that the second term in (2.6)
is analytic for = # y. In particular, consider

h(z,y)
= @)™ [ [ (61720 expl[€](s = )*/2 = io — ,€)}ds de.

§12N

Then by the same reason in the proof of Lemma 2.2 in [S], h(z,y) is analytic
in {(z,y) € R* ||z — xo| < €}. Thus we have, in |z — z¢| < €,

(27) 6w~ y)
=0 [ [ (€202 expllel(s — y)?/2 — ife — y,€))ds

|§12N

+k€(w, y)

with some analytic function k(z,y) in the region {(z,y) € R*" ||z — zo| <

e}.
Since u vanishes outside of U we can regard u as an analytic functional
with carrier in U. Thus

@8) @)= 0™ [[ (/20 2y fexpl-el(s — )2

[€1ZN

~ifz — y,€)])ds dé + we (o)
= ) [ [ el (s, €) explife, €))ds dg

12N

+we(z)

where we () is an analytic function in |z — x| < € and € > 0 is a sufficiently
small number.
On the other hand, since we have under the condition (M.1)

sup expl=M (EDIEN*! = (1/)*!M
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it follows from (2.2), (2.8) and (M.2)’ that
o [ o Ul 205, expli, )]s de
|8$ /[ |sl(_)>_|ﬁ l

=C _/s—;zmgzs (|§|/27r)n/2 eXp[——M(nyl)”g“aids de¢

lgl1=zN

<1/ E Mg g2
< C(K /7)1 My

for some constants C = C(n) > 0 and k' > 0. Therefore, there exist
constants C' >0 and h > 0

|0%u(z)| < Ch|a|M|a|, o € Ng,

for all z in the region |z — zo| < €, which means that u belongs to C™ in
| — 0| < e. This completes the proof.

COROLLARY 2.4. (i) Let u € F' and g € R"™. Then u 1is real analytic
in a neighborhood of xqg if and only if there are positive constants C, v, N
and a neighborhood U of z¢ such that

(2.9) iz, §)| < Cexp[—[]]

forallz € U and |{]| > N.
(i1) Let u € F' and zy € R™. Then u is infinitely differentiable in a

neighborhood of xo if and only if for any k there exist positive constants
Cy, N and a neighborhood U of x¢ such that

(2.10) li(z, &) < Cplé]™*, k=1,2,...
forallz € U and |§] > N.

Proof. (i) Since M, = p! in this case every function ¢ € CM is real
analytic and M(t) = ¢. Thus the condition (2.2) just becomes (2.9).

(ii) Since M, = oo for all p except a finite number of p every function
¢ € CM is simply infinitely differentiable and the condition (2.2) becomes
(2.10), which completes the proof.
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Remark. In view of the above corollary Theorem 2.1 does not exclude
the case of analytic functions or that of €' functions. Thus the advantage
of our approach is to unify the theory of local regularity with respect to
differentiability, analyticity and the Denjoy-Carleman class, both quasian-
alytic and non-quasianalytic.

We can now introduce a singular spectrum with respect to the Denjoy-
Carleman class W Fy;(u) for the Fourier hyperfunction u as follows:

DEFINITION 2.5. Let u € F'. Then we denote by W Fjs(u) the com-
plement of the set of (zg,&o) such that there exist a neighborhood U of z

and a conic neighborhood I' of &y such that for some positive constants C,y
and N,

|a(z, )| < C exp[~M(v[¢])]
forallz €e U and £ e TN {€ € R"||¢] > N}.

In general, if >572, M;,_1/M, = oo, that is, it is quasianalytic then
the space CM has no cutoff functions. In [H4], to avoid this difficulty
Hormander chose some sequence of cutoff functions with adequate bounds
for derivatives up to a certain order only, which leads to a more complicated
description than our results.

By the above definition of W Fj;(u) and Theorem 2.1 we easily obtain
the following:

COROLLARY 2.6. Let u € F'. Then the projection of W Fys(u) in the
space variables is equal to sing supp, u.
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