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DEGREE BOUNDS FOR GENERATORS OF
COHOMOLOGY MODULES AND
CASTELNUOVO-MUMFORD REGULARITY
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Abstract. By extending Mumford’s result on the generating by global sections
there are estimates on the degree for generators of local cohomology modules.
These arguments provide bounds on the Castelnuovo-Mumford regularity, in
particular for Cohen-Macaulay varieties. As an application they imply a few
more cases of varieties that satisfy a conjecture posed by Eisenbud and Goto.

§1. Introduction

Let F denote a coherent sheaf on the projective space P" = P%, K
denotes an algebraically closed field. In [15], Lecture 14, F is called m-
regular, m € Z, provided H!(P",F(m —i)) = 0 for all i > 0. Then it
turns out, see loc. cit., that F(k) is generated as Opn-module by its global
sections if k > m. By more recent results, see e. g. [5], this is generalized
to the generation of S, the j-th sheaf of syzygies of 7. Here we want to
show another generalization of Mumford’s result. In order to formulate our
approach we fix a few notation. For s > 0 let

rs(F) := min{m € Z | H'(P", F(m —i)) = 0 for all i > s}.

Note that reg F = 71(F) is called the Castelnuovo-Mumford regularity of
F. Hence F is m-regular for all m > reg F. Furthermore, define e; (F) the
smallest integer m € Z such that H*(P",F(k)) is spanned by H®(P",0px (1))
® HY(P", F(k — 1)) for all k > m. By Serre’s vanishing result this is true
for all m >> 0. More precisely, Mumford’s result, see loc. cit., says ef (F) <
reg F. Its extension is our first main result.

THEOREM 1.1.  Let F be a coherent sheaf on P". Then there is the
following bound
ef (F) < rig1(F) =1
for alli > 0.
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This result is shown in Section 2 where we prove more general degree
bounds for the minimal generators of local cohomology modules. That is,
we prove 1.1 by considering local cohomology modules of graded modules.

Another point of our considerations are estimates of reg F under ad-
ditional assumptions on the local behaviour of F, in particular when F is
a Cohen-Macaulay Opn-module. More precisely, let S = K|z, ...,zn],
denote the polynomial ring in n + 1 variables over K. Then a Cohen-
Macaulay Opn-module F is called k-Buchsbaum whenever the S-module
®jezH (P%, F(j)) is annihilated by (zo,...,z,)* for all i with 1 < i <
dim F. Note that every Cohen-Macaulay sheaf is k-Buchsbaum for some
k. Using our results on the generators of cohomology modules we explore
some of the restrictions on the vanishing of the cohomology of k-Buchsbaum
sheaves as demonstrated by:

THEOREM 1.2. Let F denote a k-Buchsbaum Opn-module. Then
regF <e(F)+(d-1)(k+1)+2,
where d = dim F and e(F) = max{m € Z | H*(P", F(m)) # 0}.

The previous result shows that (in the case of a “nice” local behaviour
of F) the number e(F) is dominating for reg F. A bound of this type has
first been shown in [8] by completely different means. Theorem 1.2 is a
considerable improvement of the corresponding estimate in [8]. It will be
proved in Section 3. By some examples we show that certain of the finer
bounds obtained in that section are best possible.

In the case of F = Jx, the ideal sheaf of a projective scheme X C P",
there are estimates of e(Jx) by simple invariants. Here X is called -
Buchsbaum scheme whenever Jx is a k-Buchsbaum sheaf. For an integral
nondegenerate k-Buchsbaum scheme X this leads to bounds of the following
type

deg(X) -1
reg X < [ codim(X) ] C(k),
where reg X = reg Jx. In [9] it was shown that C(k) < (dgl)k—d+1,d =
dim X. In [18] resp. in [8] (in a slightly weaker form) this was improved to
C(k) < (2d—1)k—d+1. Our applications to Castelnuovo bounds presented
in Section 4 provide a further improvement.
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THEOREM 1.3. Let X C IP" denote an integral nondegenerate k-
Buchsbaum scheme, k > 1, of dimension d. Then there is the bound
deg(X) -1
codim(X)

So it turns out that C(k) < dk. It is an open problem — due to
Eisenbud and Goto (see [5]) — whether

reg X < [ .' + dk.

reg(X) < deg(X) — codim(X) + 1.

It has been shown for the case X an integral non-degenerate curve, see [6],
resp. for a smooth surface, see [11]. The first case in which the problem
was open, i.e. the case of a possible singular surface which is 2-Buchsbaum,
was settled in the affirmative by Brodmann and Vogel, see [4].

As another feature of our techniques we provide a new proof, see 4.10,
of that result to which the whole paper [4] is devoted.

In the body of the paper we work in the context of graded modules and
their local cohomology. The results mentioned above are just special cases
of the more general statements we will prove in the next sections. In our
terminology we follow [18].

§2. Degree bounds for the generators of local cohomology mod-
ules

Let R = ®p>oR, denote a graded Noetherian ring such that R =
Ry[Ry] and K := Ry is a field. Put m = @®,50R, the irrelevant maximal
ideal of R. Let M denote a finitely generated graded R-module. We fix the
basic notation of [18]. In particular, a homogeneous element = € R is called
M-filter regular provided 0 :ps = is an R-module of finite length. A system
of (homogeneous) elements z = {z,...,z,} is called an M-filter regular
sequence whenever

(z1y. -y @ic)M sz (21, ..y )M, t=1,...,7,

is an R-module of finite length. For an arbitrary graded R-module N let
e(N) denote
e(N) :=sup{j € Z | N; # 0}.

Here N; denotes the j-th graded piece of the graded R-module N. Thus
e({0}) = —oo. Furthermore put

et (N) := e(N/mN).
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Hence, in the case of a finitely generated module N it denotes the maximal
degree of an element in a minimal generating set of N.

The following technical result does not look impressive but it will be
proven useful with respect to the estimates announced in the introduction.

LEMMA 2.1. Lety = {y1,..-,yr} C R denote a set of homogeneous
elements of degree < s. Let x € Ry be an M -filter reqular element. Then
we have

e(Hy(M)/(z,y) Hy (M)
Smax{e(Hﬁ,‘Ll(M)) +t+s, e(an(M/:cM)/gH;.‘(M/wM))}

for alli > 0.
Proof. Since x is an M-filter regular element the short exact sequence
0— M/0:pz(—t) > M — M/zM — 0
induced by multiplication by z provides a long exact sequence
(x) Hu(M)(=t) = Hyp(M) — Hyp(M/eM) — Hi (M)(-t) = H (M)
for all 2 > 0. Hence, it induces a short exact sequence
0 — Ho(z; HL (M)) — HL(M/xzM) — Hy(z; HSFH(M)) — 0.

By applying the Koszul homology functor He(y;-) it provides an exact
sequence

Hi(y; Hy(z; Hi Y (M) — Hy (M) /(z, y) Hy (M)
— Hi(M/zM)[yHy(M/xM).

Call the module on the left hand side N. Note that it is a subquotient of
®;Hy(a; Hy ' (M))(— degy;).

Whence it turns out that
e(N) < e(HSFY(M)) +t+s.

So the claim follows by the previous exact sequence.
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As a consequence there is the following bound of e* (HE (M)).

COROLLARY 2.2. Let x € R; denote an M-filter regqular element.
Then

et (Hpn(M)) < max{e(Hy' (M)) +t + 1, et (Hy (M /2 M)}
for alli < dim M.

Proof. Choose y as a set of generators for the maximal ideal m. Note
that all the generators have degree 1. So the claim is an immediate conse-
quence of 2.1.

For a system of elements z = {z1,...,z,} of R and an integer 0 <7 < r
let z; = {z1,...,z:}. Note that z; is the empty set.

THEOREM 2.3. Let z = {z1,...,2.} be an M-filter regular sequence
consisting of homogeneous elements of degree < t. Let i denote an integer
with 0 < ¢ < dim M =:d. Then there exist the following bounds:

(a) e(Hy(M)/zHy (M) < max{e(Hy(M/zM), e(H (M/z;M))+2t | 0
<j<r—2}foralliwithl<r<d-i.

(b) e(Hi(M) /2H(M)) < max{e(Hy (M/2;M))+2¢ ] 0 < j < d—i—1)
for all v with 1 > d —r.

Proof. First consider ¢ with 1 < r < d—1i. Then a repeated application
of 2.1 provides

e(Hy(M)/zHy(M)) <
max{e(HSH(M)) + 2t, e(HL (M /2 M) [ (22, . . .,z ) HL (M /21 M)} <
max{e(H (M) + 2t, e(HE (M )z, M) + 2t,

e(Hp(M/zoM)/(x3, . . ., o) Hy(M /2, M)} <

max{e(Hit'(M/z;M)) + 2t,
e(Hun(M/z,_1 M)/ Hy (M[2z,_1M))|0<j <7 -2}
But now by an exact sequence as in the proof of 2.1 it is easy to see that

e(Hpn(M /2, M)/ Hy(M/2,_1 M) < e(Hy, (M /2, M)).
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Thus the statement in (a) follows. Now let » > d — ¢. Then first note that
e(Hu(M)/zHzy(M)) < e(Hin(M)/24i41Hu(M))
as easily seen. Similarly as above we obtain
e(Hp(M)/24_ip1 Hu(M)) <

max{e(Hzt(M/_w_d—iM)/md—i+lH;(M/Z_E_d—iM))a
e(Hy (M/z;M))|0<j<d—i-1}.

But now it turns out that
e(Hun(M/z4_iM)/T4_it1Hy(M/zq ;M)) = —c0

because H:,(M/z4 ;.1 M) = 0. Observe that dim M/z,_; ;M < i. There-
fore (b) is shown to be true.

Note that the previous result for 7 = 2, t = 1 was proved in [3], Lemma
4.1. In the special case of linear elements there is the following application.

COROLLARY 2.4. Let I = {li,...,la} C Ry be an M-filter regular
system of parameters, d = dim M. Then

(a) et (HL(M)) < max{e(H5 (M/L,M))+2|0<j <d—i-1} forall
twith 1 <1 <d.

(b) et (HY(M)) < max{e™(M),e(Hp(M/I;M))+2|0<j < d}.

Proof. Because of et (H (M)) < e(HL(M)/IHL (M)) the statement in
(a) follows immediately by 2.3 (b). In order to prove (b) choose a system of
elements y = {y1,...,ys} consisting of linear forms such that ({,y)R = m.
By 2.1 it follows that h

et (Hp(M)) = e(Ha(M)/(L,y)Hu(M))
< max{e(Hp(M/IM)/yHq(M/IM)),
e(Hy(M/LM))+2]0<j < d}.

Now dim(M/IM) = 0 and therefore HS(M/IM) ~ M/IM, i.e.,
e(Hp(M/IM)/yHg(M/IM)) = e(M/ (L, y) M) = e* (M)

which proves the claim.
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In order to continue we recall a definition, see [18], Definition 6.1. For
an integer s > 0 put

(M) := max{i + e(HL(M)) | i > s}.

Then reg M := ro(M) = Tgepth M(M) is called the Castelnuovo-Mumford
regularity of M. It is known, see e.g. [5], that e™ (M) < reg M.

COROLLARY 2.5. There are the following estimates:
(a) et (HL(M)) < rip1(M) —i+1 for alli > 0.
(b) et (H(M)) < max{et(M),r (M) + 1} provided d > 0.

Proof. Forl € Ry an M-filter regular element the short exact sequence
(*) in the proof of 2.1 provides

ri(M/IM) <r;(M) for all,

see [17] for more details. Now let | = {ly,...,l,} C R; be an M-filter
regular sequence. Then by induction on r it turns out that r;(M/IM) <
ri(M) for all . Thus the statements of this corollary follow by 2.4.

Moreover et (HL(M)) = —oo for d = dimM > 0, since HL(M) =
mHZ(M). It is also noteworthy to say that there is no bound for e* (HS(M))
which does not depend on et (M). To this end note that

(M) = r1(M & Ro(t))

for all t € Z.
For the following result let H(-) = lim Hom (m!,-) denote the functor

of global transform. Let R‘H,i > 1, its right derived functors. For an
R-module M there are a natural exact sequence

0— HX(M)— M — HM) - H:(M) — 0
and natural isomorphisms H5M (M) ~ R*H(M) for i > 1.
LEMMA 2.6. Let M denote a finitely generated graded R-module. Then
et (H(M)) < ra(M),

in particular et (H(M)) is a finite number.
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Proof. If d = dimM < 1, then e*(H(M)) = —oco, so the claim is
true. Let d > 2. Let | € Ry denote an M-filter regular element. The
multiplication by ! induces a short exact sequence

0— H(M)/IH(M) — H(M/IM) — Hy(l; H3(M))(-1) — 0.
Now a Koszul homology argument as in the proof of 2.2 provides that
et (H(M)) < max{e* (H(M/IM)), e(Hy(M)) +2)}.
Furthermore, by induction hypothesis
et (H(M[IM)) < ro(M/IM).

Because of ro(M/IM) < r9(M) and e(H%(M)) + 2 < 79(M) the inductive
step is complete.

Now we prove Theorem 1.1 of the introduction.

Proof. We use the notation of the introduction. Choose M a finitely
generated graded S-module such that M, the sheafification of M , satisfies
M = F, that is M = ®;>0H° (P, F(j)). Then there are graded isomor-
phisms

H(M) ~ ®;ezH*(P", F(j)) and H' (M)~ @jczH (P, F(j))

for i > 1, see, e.g., [7]. That is, e (F) = eT(Hif'(M)) and ri(F) =
ri+1(M) for ¢ > 1. So the claim of 1.1 is a consequence of 2.5 and 2.6.

§3. Restrictions on the cohomology imposed by large cohomolog-
ical annihilators

For a graded R-module M let a;(M) = Anng H.(M),i € Z, denote
the i-th cohomological annihilator of M. See [18] for basic results and ap-
plications. For an M-filter regular element z € a;(M) N a;4+1(M) the long
exact cohomology sequence induced by multiplication by z provides a short
exact sequence

0 — Hy(M) — Hy(M/zM) — H (M)(~=t) — 0,

t = deg z, see (*) in the proof of 2.1. So there is a good comparison of r;( M)
and 7;(M/zM). Pursuing this point of view further we show estimates of
e(HL(M)) by e(HE(M)) and the “size” of aj(M),i < j < d.
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THEOREM 3.1. Let!l = {l1,...,la—i+1} C R1,1 < i < d, denote an
M -filter reqular sequence with d = dim M. Suppose that

U HL(M) =0 forall i<j<d

and certain integers p; > 0. Then

d-1
e(Hu(M)) < e(Hp(M)) + > _(u; +1).

j=i

Before we shall prove 3.1 let us mention an interesting consequence. In
fact, it is helpful in order to streamline the proof of 3.1. It gives bounds of
(M) in terms of e(HZ(M)) and the “size” of a;(M). If in addition H, (M)
is a finitely generated R-module, one can measure the “size” of a;(M) by
the integer

Xi(M) = min{\ € N| m* C a;(M)}.

COROLLARY 3.2. With the assumptions of 3.1 there are the following
estimates:

(a) r3(M) < e(HE(M))+d + ;l;il wj, provided 1 > 0.

(b) reg(M) < Ao(M) + max{e™ (M) — 1, e(Hap(M)) + d + 521 w5}

Proof. By the definition of r;(M), the claim in (a) follows by 3.1. If
Ao(M) = 0, i.e., equivalently H)(M) = 0, then reg(M) = r1(M) and the
statement in (b) follows by (a). If A\o(M) >0, then reg(M ) =max{e(HY(M)),
r1(M)}. On the other hand by Lemma 3.3 below it follows that

e(Hp(M)) < e (Hp(M)) + do(M) - 1.
Therefore, by 2.5 we get
reg(M) < Ao(M) + max{et (M) — 1,ry(M)}.

So the statement in (b) follows by virtue of (a).

In the proof of the previuos corollary we have already used the following
observation.
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LEMMA 3.3. Let I C R be an ideal generated by elements of Ry and

let M be a finite graded R-module. Suppose there is an integer p > 0 such
that I*"M = 0. Then

e(M) <e(M/IM)+ p— 1.

Proof. Let r denote the number of generators of I. For an integer ¢t > 1
there is the natural epimorphism

(MM (=) S ey
Thus e(I'tM /T M) < e(M/IM) + t. Because of
e(M/I'"M) = max{e(I" " 'M/I'"M),e(M/I'""1 M)}
the conclusion follows now.

Now let us continue with the proof of 3.1

Proof. In order to prove the desired bound we make induction on
d—1 > 0. In the case d — ¢ = 0 the statement is empty. Let 0 < i < d. If
pi =0, i.e., HL(M) =0, then e(H:(M)) = —co and the statement is true.
Let p; > 0. Then by 3.3

e(H,(M)) < e(HE (M) /LHL(M)) + 15 — 1.
By combining 2.3 (b) with the fact that
ri(M/L;M) < ri(M)
for all 4,7 with 0 < j < d—1 —1 it turns out that
e(Hu(M)) < ripa(M) =i+ 14 p; — 1.

By the induction hypothesis the claim is true for d — (z + 1). Whence the
above Corollary 3.2 provides

d—1

ripi(M) < e(HE(M)) +d+ > pj.
j=i+1

Putting this together it completes the inductive step.
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Note that in 3.1 there is no assumption on the finiteness of Hi (M), =
1,...,d — 1. Under the additional assumption of finiteness it follows:

COROLLARY 3.4. In addition to the assumptions of 3.1 suppose that
H(M),i=0,...,d—1, are finitely generated. Then there are the bounds:

(a) m(M) < e(HL(M)) +d + Z?;il Aj(M)  provided i > 0.
(b) reg(M) < max{e® (M) + do(M) — 1, e(HA(M)) +d + T2 3, (0)).

There is no generalization of 3.1 relating e( H (M)) and e(HZ, (M)) with
@ < j < d. This follows because for any integers m,n one may construct
Buchsbaum modules with e(H: (M)) = m and e(H,(M)) = n.

Remark 3.5. (i) Let R be the coordinate ring of a projective curve
C C P™. Then 3.4(a) specializes to [12], Proposition 2.8.
(ii) Now let us assume that C is a curve with arithmetic genus g,(C) = 0.
Then it holds e(HL(R)) < A1(R) by 3.1. Since a(HL(R)) > 1 (in the non-
Cohen-Macaulay case) and A\;(R) < e(HL(R)) — a(HL(R)) + 1 it follows
(cf. also [12], 2.10) that

e(HL(R) = M(R) and a(HL(R)) = 1.

In particular, it turns out that 3.1 is optimal in this case. These consid-
erations apply in particular to smooth rational curves. Note also that the
previous equalities are proved in [2] in the case of monomial curves in P3.

According to Theorem 1.1 (or Corollary 2.5) it holds eT(HL(R)) <
e(H2(R)) +2 = 1. Since a(HL(R)) = 1 we obtain e*(HL(R)) = 1. Hence
the estimate in Theorem 1.1 is best possible as well.

Theorem 3.1 is also optimal in higher dimensions as seen by the follow-
ing:

EXAMPLE 3.6. Let S := K{zy,...,z4] denote the polynomial ring in
Z1,...,xq over the field K. For a positive integer u let M = z*S, where
z = {z1,...,24}. So there are the following isomorphisms

S/zhS ifj =1,

H(M) ~{ H(S) ifj=d,

0 otherwise.
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Now z is an M-filter regular sequence. Thus 3.1 is applicable. It yields the
following estimate

e(HL(M)) < e(H.(S)+p+d—1=p—1.
On the other hand e(S/z#S) = p — 1, as easily seen. So it follows that
e(HA(M)) = e(S/2"S) = p — 1.
Hence the bound in 3.1 is optimal.

The bound in Theorem 3.1 is also optimal in the case when M has
more than two non-vanishing cohomology modules. In order to illustrate
this situation consider:

EXAMPLE 3.7. For r > 2 put S = K|z1,...,z2,] and R = S/a with

a=bnc, where b = (z1,...,2,) N (Trt1,...,T2r) and
- (171,...,$Ii2-l,($£2r_l+l,...,.’l:27‘)3) if r is odd,
(z1,... s TL,LL41T2ry e« o s Tror, (.’L‘%+1, ooy @p)?) if r is even.

Then H:(R) ~ H{ (S/b) for i > 0 and thus

- _J K for i=1,

Hm(R)_{O for 1<i<r

Finally HO(R) ~ b/a ~ K(~2)(;). Therefore we have e(H[,(R)) = -,
M(R) = M(R) = 1, 2(R) = --- = A_1(R) = 0, and reg R = 2. Thus in
3.4 (b) equality holds.

Now recall that M is called a k-Buchsbaum R-module if )\;(M) < k
for all 7 with 0 < 7 < dim M. Note that 0-Buchsbaum means Cohen-
Macaulay. Observe that 3.7 shows that the bound in [8], 2.8, is not true for
1-Buchsbaum rings which are not arithmetically Buchsbaum. Instead, we
have the following estimations in case of k-Buchsbaum modules.

COROLLARY 3.8. Let M be k-Buchsbaum R-module. Then there are
the bounds:

(a) r(M) < e(HL(M)) +d+ (d—i)k for alli > 0.
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(b) reg(M) < max{et (M) +k —1,e(HL(M)) + d(k + 1)}.
Proof. By the definitions this is an immediate consequence of 3.4.

Remark 3.9. (1) First note that Theorem 1.2 of the introduction is
a consequence of 3.8 by the same translation procedure as in the proof of
Theorem 1.1.
(2) Put M = R. Then e*(R) = 0. Moreover, it is known that e(HZ(R)) +
d > 0, see e. g., [10]. Let R denote a k-Buchsbaum ring. Then 3.8 yields
the following estimate

reg(R) < e(HL(M)) + d + (d — t)k,

where t = depth R.

(3) Note that 3.8 improves the main results of [8] for k-Buchsbaum modules.
It is often much easier to check if a module M is k-Buchsbaum than to decide
if m* is an M-standard ideal. Note that the main results of [8] stated under
this latter assumption are also improved by 3.8 in case ¢ + k > d.

84. Applications to Castelnuovo bounds

First let us recall the definition of an (, ¢)-standard sequence introduced
in [18]. To this end let z = {z1,...,2,},1 <7 < dim M =: d, denote an M-
filter regular sequence. For i < d — r it is called an (r,4)-standard sequence
with respect to M provided

xn-i—lH:z:-j(M/(xl’ cee ,:L‘n)M) =0

for all non-negative j,n with 0 < j +n < r. This notion generalizes the
notion of a standard system of parameters. In [18] it is shown to be useful
in order to control the vanishing of graded local cohomology. This point of
view is pursued further in this section.

LEMMA 4.1. Letz = {z1,...,2,} C Ry be an (r,i)-standard sequence
with respect to M. Then

e(HE(M/2M)) = max{e(HEH(M)) + jk | 0 < j < ).
Proof. In [18], 6.3, it is shown that

e(H5 (M) < e(Hiy(M/zM)) - jk
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for j = 0,1,...,7. This proves that the left-hand side is bounded by the
maximum on the right. Since z is an (r,7)-standard sequence there are
short exact sequences of local cohomology modules

HTI (M) (21, ..., ¢0)M) — HFI(M/(z1,...,T0p)M)
— HEFIYY (M (2, ..., zq) M)(=k).
Thus an easy induction on 7 proves the claim.

As an application 4.1 implies a bound of r;(M). Thereby we use the
notation [F) := {1¥ ... I¥} for I = {I;,...,l,} a sequence of elements of R.

ProPOSITION 4.2. Let [ = {l1,...,la—i} C Ri denote an M-filter
regular sequence. Suppose that 1® js an (d—1i,1)-standard sequence. Then

ri(M) < e(Hy(M/IM)) + i+ (d — i)(k - 1).
Proof. By virtue of [18], 6.5, it follows that
e(HAM/IOM)) < e(HL,(M/IM)) + (d — i)(k - 1).
Therefore, by 4.1 it implies for ¢ < j < d that
e(HAM)) +( =)k < e(Hn(M/1PM))
< e(Hn(M/IM)) + (d - i)(k — 1),
which by definition proves the claim.

In the case of M a Buchsbaum module and I = {l1,...,l;} C Ry a
subsystem of a system of parameters 4.1 yields that

ri(M)=r;(M/IM) foralli<d-r.

This is the crucial observation in [20] in order to derive Castelnuovo bounds
for Buchsbaum schemes. In contrast the basic result for our Castelnuovo
bounds for k-Buchsbaum schemes is the following:

PRrOPOSITION 4.3.  Let I = {l1,...,lag—i} C Ry, 0 < i < d, be an
M-filter regular sequence. Suppose there are integers p; > 0 such that
il Hn(M) =0 for alli < j < d. Then

ro(M) < e(HL (M/IM)) + 1 + ¢;,

where .
o H1+"'+l"/d—1_1 Zfﬂz+"+“d—-1>07
¢ = ;
0 otherwise.
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Proof. Let pi+ ...+ pg_1 =0, i. e, HL(M)=0forj =4,...,d — 1.
Then the claim is a consequence of 4.1. Otherwise we make an induction
ond—12>1 Leti=d—1. If uyg; = 0, then the claim follows by the
previous argument. Let pg_1 > 0. By 3.3 we have

e(Hy (M) < e(Hp '(M/LHg " (M))) + pa—1 — 1.
Whence by 2.3 (a)
e(Hp '(M)) < e(Hg ' (M/IM)) + pg-1 — 1.
Moreover, by [18], 6.2, we know that
e(Ha(M)) +1 < e(HE™H(M/IM))

which proves the claim for : =d — 1.

Suppose 0 < 2 < d—1. If y; = 0, then (M) = r;y1(M). So the
statement follows by the induction hypothesis. Now suppose that p; > 0.
By 2.3 (a) and observing that r;(M/IM) < r;(M) it turns out

e(Hi(M)) < e(HE(M)/LHE(M)) + i — 1

(*) max{e(H? (M /IM)), risr (M) —i + 1} + p; — 1.

<
<
Due to the beginning of the proof we may assume p; +...+ pg—1 > 0. Now
let us suppose that even ¢;4+1 > 0. Then by the induction hypothesis and
(18], 6.2, we get
rent(M) < e(Hi (Ml M) +i+1+cin
< e(Hn(M/IM)) + i+ ciqa.

So (*) implies e(H: (M)) < e(HL(M/IM)) + 14 + ¢, i. e., the claim is true.
In the remaining case of cjy; = 0 we have H5™ (M/L;M) = 0 for all 0 <
Jj < d—1i—2, which follows by an easy induction. Thus 2.3 (a) reads as

e(Hyn (M) /LHG (M) < e(Hy(M/IM)).
Therefore () and the induction hypothesis complete the inductive step.

It is noteworthy to say that in 4.3 there is no finiteness condition for
the cohomology modules in the case 2 > 0. Under additional finiteness
conditions 4.3 yields the following:
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COROLLARY 4.4. Suppose that H,{,(M),j =14,...,d — 1, are finitely
generated R-modules. Letl = {l1,...,la—;} C Ry, 0 <1 < d, be an M-filter
regular sequence. Then

TZ(M) < ’I’z(M/LM) + d;,

where

g = 4 M@+ A (M) =1 X (M) + -+ A1 (M) > 6,
v 0 otherwise.
Remark 4.5. Consider the ring R of Example 3.7. R is 1-Buchsbaum

and reg R = 2. Since rankg/[a], = (T‘;l ) we obtain for general linear forms
1={l,...,1,} that

rankg[(a,l)]s = rankg[a]s + rankg = [(D)]2

r+1 n 2r +1 [ r+1
2 2 2
= rankg[K][z1,...,T2r]]2-
Therefore e(HS(R/IR)) = e(R/IR) = 1. Whence
2 =reg R = e(HY(R/IR)) + Ao(R) + ...+ Ar—1(R) — 1.
That is, the bound in 4.4 is the best possible.

We need some more notation. The unique polynomial hp(t) deter-
mined by hps(t) = rankp, M; for t > 0 is called the Hilbert polynomial of
M. Let d=dim M > 0. Then it may be written as

td—1
har(t) = mult(M )@-_—1)' + terms of lower degree
where mult(M) # 0. Then the multiplicity of M is defined to be mult(M).
If M is zero-dimensional its multiplicity is by definition mult(M) =
length(M). The codimension of R is codim R := rankg, R; — dim R. Fi-
nally, recall that [a] denotes the least integer > a for a € R.

The following lemma concerns the most technical part of our estimates

of the Castelnuovo-Mumford regularity.

LEMMA 4.6. Let M denote a finitely generated graded R-module.
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(a) Let I = {h,...,la_1} C Ry be an M-filter regular sequence where
d=dim M. Then we have for alli >0

d+e(HL(M)) < i+ e(HL(M/l;_;M)) < mult(M) + et (M) ~ 1.

(b) Suppose that R is integral and Ry = K is an algebraically closed field.

Let l1,...,lq_1 be general linear forms where d = dim R. Then we get
for alli >0
) : It(R) -1
d < i . < |ty — 2
o e(HA(R) < i+ (AR /Lo iR) < | P

Proof. In both statements the bounds on the left-hand side follow by
[18], 6.2. In order to show (a) put M’ := (M/IM)/HJ(M/IM). Note that
M’ is an one-dimensional Cohen-Macaulay R-module. Since [ is an M-filter
regular sequence it is well-known that

mult(M) = mult(M’).
Furthermore,
eH(M) > e (M/IM) > e (M')  and  e(HL(M/IM)) = e(HA(M"))
as easily seen. Now let us prove that
(%) 14 e(HL(M") < mult(M') + et (M') - 1.
To this end choose a general | € [R/IR];. Then we have et (M') =
e (M'/IM'). Therefore [M'/IM']; = 0 for a certain integer ¢t > et (M)

implies [M'/IM'|¢+1 = 0, too. Now the multiplication by ! on M’ induces
a short exact sequence

0 — [M'/IM']y = [Hp(M")]e—s — [He(M")]e — 0
for any integer t. It provides

rank[HL (M")]; < max{0, rank[HL(M")];—, — 1}
for all t > e*(M'). But

I‘ank[Hé‘(M’)]a-(M/) = mlﬂt(M) — rank[M']e-;-(M/).
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Because of rank[M'].+ sy > 0 the inequality in (*x) follows. But now
i + e(Hap(M[ly_;M)) < 1+ e(Hy(M/IM))

for all 2 > 0. This proves part (a) of the claim.

In order to prove (b) we use the same notation as above. Then R’ is the
coordinate ring of a set of mult(R) points in linear semi-uniform position,
see [1]. Moreover, by [1] it follows that

1+ e(HL(R) < [——““‘“‘R') - 1]

codim R’

Then the same arguments as above show (b).

Remark 4.7. (1) Because of e (R) = 0 part (a) of 3.7 is a generaliza-
tion of [8], 3.1. Furthermore, part (b) of 3.7 is an extension of [17], Corollary
2, to the case of a ground field of arbitrary characteristic.

(2) The result in 4.4 is an improvement by one of the bound which follows
by a direct combination of 3.4 and 4.6.

Now there are several bounds of Castelnuovo type by combining 4.2
resp. 4.3 with 4.7. Here we state only one which seems most interesting
to us. Consider a Cohen-Macaulay scheme X C P". Let R denote its
homogeneous coordinate ring. In accordance with the introduction put

reg(X) = reg(R) + 1. Moreover, define A;(X) = A\(R).

THEOREM 4.8. Let X C P% be a projective Cohen-Macaulay scheme
of positive dimenston d, where K is an algebraically closed field. Let -

oo AM(X) 4+ -+ 2(X) =1 if X is not arithmetically Buchsbaum,
- 0 if X s arithmetically Buchsbaum.

(a) Then there is the following bound

reg(X) < deg(X) +c.

(b) Suppose in addition that X is integral and nondegenerate. Then

deg(X) -1

reg(X) < [ codim(X)

]+c+1.
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Proof. Let R be the homogeneous coordinate ring of X and let [ =
{l1,...,14—1} C R be general linear forms. Suppose that X is arithmetically
Buchsbaum. Then [ is an (r, 1)-standard sequence and 4.1 provides that

reg(R) = 1 + e(HL(M/LM)).

Furthermore deg(X) = mult(R). Thus the asserted bounds are a conse-
quence of 4.6. If X is not arithmetically Buchsbaum the claims follow by
4.3 and 4.6.

Remark 4.9. (1) The statements in 4.8 are an improvement of [18],

6.9, and — as noted there — also of [8], 3.2 (ii) and 3.3 (ii). Moreover,
Theorem 1.3 of the introduction is a particular case of 4.8(b).
(2) Let R denote a k-Buchsbaum ring with & > 0. Let [ denote a system
of linear parameters. Then reg(R/IR) = e(H(R/IR)). Hence, it yields an
improved bound in [18], 6.8. This follows by replacing the corresponding
argument in [18], 6.7, by 4.4.

For an integral subscheme X C P" it has been conjectured by Eisenbud
and Goto, see [5], that

reg(X) < deg(X) — codim(X) + 1.

This is known to be true only for certain particular cases, see [5], [6], [11],
[18], [20] and [19] for the precise description of the statements. Here we
want to point out that our Theorem 4.8 can be used in order to show this
claim in some further case. In particular, we give a new proof of a result to
which the whole paper [4] is devoted.

COROLLARY 4.10. Let X C IP% denote an integral 2- Buchsbaum sur-
face where K 1s an algebraically closed field of characteristic zero. Then

reg(X) < deg(X) — codim(X) + 1.

Proof. We may assume that deg(X) > codim(X)+3, because otherwise
the claim is known by view of [20]. Let H denote a general hyperplane and
C = X N H. Then by Corollary 4.4 we know that reg(X) < reg(C) + 1
for the curve C C P"~1. Thus we are done provided reg(C) < deg(C) —
codim(C) because deg(C) = deg(X). The latter is true unless C is a smooth
(connected) rational curve due to [6]. In this case it follows that X has only
finitely many singular points, whence X is normal. To this end note that
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in case X has a curve D C X as a singular locus. Then D N C is singular
and non-empty. But this contradicts the fact that C is smooth.

Let R denote the homogeneous coordinate ring of X. Let H be defined
by the linear form {. Since X is normal the vanishing theorem of Kodaira-
Mumford-Ramanujan, see [16], provides [HZ(R)]; ~ H(X,0x(j)) = 0 for
all j < 0. Moreover, since C has genus zero we get [H2(R/IR)]; = 0 for all
7 > 0. Whence the short exact sequence

HZ(R)(-1) — Hy(R) — HL(R/IR)

furnishes [HZ(R)]; = 0 for all j > 0. Thus alltogether it follows that
H2(R) = 0. But now 4.8 yields

deg(X) -1

reg(X) < [ codim(X) ] + 2 < deg(X) — codim(X) + 1,

where the latter is true by our assumption on deg(X) > codim(X) + 3.

Observe that for the final estimate Theorem 1.3 is not sufficient. We
have to use the finer bound in Theorem 4.8.

Imposing stronger conditions on the cohomological annihilators of a
scheme is possible to improve Theorem 1.3 slightly. Recall that a scheme
X is called (k,r)-Buchsbaum if X NV is k-Buchsbaum for all complete
intersections V of codimension < 7 such that X and V meet properly.
Thus a scheme is (k,1)-Buchsbaum if and only if it is k-Buchsbaum. But
usually a k-Buchsbaum is not (k,2)-Buchsbaum. After having received an
earlier version of this paper Miyazaki and Vogel [14] were able to improve
the bound in Theorem 1.3 for a (k,r)-Buchsbaum scheme by » — 1. But
their methods do not give a result as good as Theorem 4.8. Moreover, C.
Miyazaki, see [13], has characterized those varieties for which the bound of
1.3 is attained.
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