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FORMULAE FOR THE RELATIVE CLASS NUMBER
OF AN IMAGINARY ABELIAN FIELD
IN THE FORM OF A DETERMINANT

RADAN KUCERA

Abstract. There is in the literature a lot of determinant formulae involving
the relative class number of an imaginary abelian field. Usually such a formula
contains a factor which is equal to zero for many fields and so it gives no in-
formation about the class number of these fields. The aim of this paper is to
show a way of obtaining most of these formulae in a unique fashion, namely by
means of the Stickelberger ideal. Moreover some new and non-vanishing formu-
lae are derived by a modification of Ramachandra’s construction of independent
cyclotomic units.

§1. Introduction

In [2], Carlitz and Olson computed Maillet’s determinant for an odd
prime p. For any positive integer m and any integers a, b relatively prime to
m let R,,(ab~!) means the integer determined by R,,(ab=')b = a (mod m)
and 0 < R,,(ab™!) < m. Carlitz and Olson obtained the following formula

p

1 -
(1) det<Rp(ab ) Q)a,be{l,...,(pfl)/Q}

1 -1
-5 det (Rp(ab ))a,be{l,...,(pfl)/Z}

1
_ 1 0-3)/2 -
=4 5 P th,

where hy. means the relative class number of the p-th cyclotomic field K.
ThlS result was generalized by Metsankyld in [18] to any prime power
cyclotomic field (see also [15] which together with [24] shows the relationship
with the Stickelberger ideal) and by Tateyama in [27] to any cyclotomic
field. For a positive integer m # 2 (mod 4), m # 1, let n and nt denote the
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168 R. KUCERA

number of prime ideals dividing m in the m-th cyclotomic field K, and in
its maximal real subfield K|, respectively. Tateyama proved that

(—m)EmQl-1gn-1. hy —ifn=nt,

2)  det (Ry,(ab™? =
(2) ( ( ))a,beC {0 otherwise,

where C'is the set of all positive integers less than m/2 which are relatively
prime to m. The same result was obtained independently by Wang (see [29])
whose formula contains the class number only implicitly.

An interesting paper on Maillet’s determinant was also written by
Okada ([19]) who observed the connection between Maillet’s determinant
(1) and the Stickelberger ideal of the p-th cyclotomic field. He also gen-
eralized Maillet’s determinant for an odd prime p in a different direction:
taking any system of representatives C of (Z/pZ)* /{1, —1} he proved that

_ 1 _ _
(3) det (Ry(rs ™)), sec = —5(—p)(p DR+ Aoy, .
Here 9
(4) Ao=-—3 > evexBiy,

XEX ™

where the sum is taken over the set of all odd Dirichlet characters modulo
p, By, means the first generalized Bernoulli number, and ¢, =) .~ x(a).
Comparing with (2) we obtain Ag  (,-1)/2y = —3, which follows also di-
rectly from [19, Proposition®].

A connection between Maillet’s determinant and the Stickelberger ideal
of an odd prime power cyclotomic field was studied by Fuchs in [5].

A generalization of the Maillet’s determinant to any imaginary abelian
field K was introduced by Girstmair (see [8]). It is easy to see that his result
can be equivalently stated as follows. Let m be the conductor of K; for any
automorphism o € Gal(K/Q) put

g Ben S (3)1)

jmod* m
(4,K)=0

'Let us mention that this proposition works not only for 6’ = > %ail (in Okada’s
notation), but also for * = @U and that the identity [19, p. 169, row 4] should be
read as s(So0) = (0-1 + 0(p11)/2 — 1)0". See also Proposition 2 in Section 5 of this text.
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where (r) means the fractional part of a rational number x (i.e., 0 < (z) < 1,
x — (zr) € Z) and j in the sum runs over all those elements of a re-
duced residue system modulo m which satisfy (j, K) = o, i.e., o equals
to the restriction to K of the automorphism of K,, which sends each

root of unity to its j-th power. Let C' be a system of representatives of
Gal(K/Q)/Gal(K/K™). Then Girstmair’s result is

hik

6 det(E 1)o7 = (=2 [K+:Q] K
(6) et Jorec = (—2m) I Do

where hy, Qr, and wg are the relative class number of K, the Hasse unit
index of K, and the number of roots of unity in K, respectively, [KT : Q]
is the degree of the maximal real subfield KT of K, and gx can be easily
described by means of odd Dirichlet characters corresponding to K (see
Notation).

Maillet’s determinant was modified by Endo (see [4]), who for an odd
prime p introduced the matrix (R;(ab_l))a7b6{17_n7(p_1)/2}, where Rl’o(ab_l)
means the integer satisfying R},(ab™!)b = a (mod p) and —p/2 < R}, (ab™!)
< p/2. Endé computed determinants of products of this matrix with some
other matrices (see [4, Theorem 1]). The determinant of this matrix was
computed by Kanemitsu and Kuzumaki (see [14]):

(7) det (R;(abil))a7be{1,...,(p—1)/2}

_ p(P=3)/2 992(Kp)—1 hg, if 92(Kp) = g2(K),
0 if g2(Kp) = 292(K)).

Another matrix connected with the relative class number of imaginary
abelian fields is the Demjanenko matrix. For a positive integer m and any
integer a let

® enla) = { 1 G <3

0 otherwise.
In [10] Hazama obtained for any odd prime p the following formula
1
st =2 ot -
(9)  det(cp(ab)) bE{L, . (p—1)/2} det( cp(ab) 5 ) wbeitr1)/2)
= dhy, p Bk,

where Fj g, is a constant depending on the decomposition of 2 in the p-
th cyclotomic field (see Notation). The relationship between Demjanenko
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matrix and the Stickelberger ideal of the p-th cyclotomic field was described
by Skula in [25] and [26].

Later on Girstmair in [7], Schwarz in [21], Sands and Schwarz in [20],
and Dohmae in [3] generalized the formula (9) to an imaginary subfield of
p-th cyclotomic field with a prime p = 3 (mod 4), to an odd prime power
cyclotomic field, to an imaginary field with an odd prime power conductor,
and to an imaginary field with an odd conductor, respectively.

Finally in 1996 the notion of Demjanenko matrix was generalized to
any imaginary abelian field K by Hirabayashi (see [12]). We can rephrase
his result as follows. Let m be the conductor of K; for any automorphism
o € Gal(K/Q) put

(10) do= Y (enli)~ )

jmod* m
(J,K)=0

where j in the sum runs over the same set as in (5). Let C' be a system of
representatives of Gal(K/Q)/Gal(K/K™). Then Hirabayashi proved that
hi

Qrwi’

(11) det(dy,-1)orec = ek - Fo. i - Gk -

where ex, F» i, qx can be easily described by means of odd Dirichlet char-
acters corresponding to K (see Notation).

Recently Tsumura and Hirabayashi independently discovered formu-
lae generalizating both Maillet’s and Demjanenko determinants (see [28]
and [13]). Although their formulae look different, it can be shown (see Sec-
tion 6 of this text) that in fact Tsumura’s formula is a special case of
Hirabayashi’s one.

It is easy to show that Hirabayashi’s formula can be read as follows.
Let K be an imaginary abelian field of conductor m, let b be an integer
which is not divisible by m. For any automorphism o € Gal(K/Q) put

<w> e 3 (WD)

jmod* m
(4,K)=0

where the sum is taken over the same set as in (5) and [z] = x — (x) means
the integral part of a rational number z. Hirabayashi proved that

(13) det(tyr—1)orec = (—1)F e (b) -
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where cg(b) can be described by means of odd Dirichlet characters corre-
sponding to K (see Notation). It is a straightforward calculation to show
that taking b = m + 1 we obtain (6) and putting b = 2 we arrive at (11).

Let us mention that the determinant (13) for m being an odd prime and
2 < b < m was already computed by Agoh and Skula in [1, Theorem 4.4
and Proposition 4.5] by means of the Stickelberger ideal.

There is another determinant connected with the relative class number
of an imaginary abelian field which can be found in the literature. Let p > ¢
be odd primes and let M be the set of all positive integers a < pq relatively
pﬁime to pg. Then for T = {a € M| <%> < <%>} Hazama in [11] proved
that

1
(14) | det(Hap)aper| =2 - ‘det (H‘l’b B §>a,beT‘
1 _
= % 'thq 'Fp,Kq.F(LKP’
where b b
(15) Ha,b: {1 1f<%> < <%>’
0 otherwise.

In the rest of this paper we show a way of obtaining all the above men-
tioned formulae in a unique fashion (see Theorem 1 in Section 4). Moreover
some new non-vanishing formulae are derived (e.g., see Example 4 in Sec-
tion 4).

§2. Notation

Z, Q, and C means the integers, the rational numbers, and the complex
numbers, respectively.

K,, denotes the m-th cyclotomic field (for any positive integer m # 2
(mod 4)).

By an abelian field we have in mind a finite abelian extension of Q. For
any imaginary abelian field K we define

m the conductor of K;

[K : Q] the degree of K;

hy the relative class number of K (i.e., the quotient of the class number of
K by the class number of its maximal real subfield K);

@k the Hasse unit index of K (i.e., the index of the subgroup generated by
all real units of K and by all roots of unity in K in the full group of
units of K);
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wg the number of roots of unity in K;

X the group of all Dirichlet characters corresponding to K, (all characters
are supposed to be primitive);

X~ ={x € X ; x(—1) = —1} the set of all odd Dirichlet characters
corresponding to K

for any rational prime p we introduce:
ep(K) the ramification index of p in K;
fp(K) the residue class degree of p in K;
gp(K) the number of primes in K dividing p;

0 if ep(K) = 2e,(KT),
Yp(K) =14 1 if g(K) = 2g,(K™),
—1 if f(K) = 2f,(K);

For = H (p—x(p) = p[KJr:Q](l — ¢p(K)p*fP(K+))gp(K+), the second
XEX~
equality can be obtained by a standard technique (see [17, Lemma 6]

or [30, Theorem 3.7));

qK = H H(l —x(p)), where the second product is taken over all rational

XE€X~ plm
primes dividing m; by the mentioned technique one can show that qx =

0 if there is a prime p|m satisfying g,(K) = 2¢,(K") and ¢x = 2"
otherwise, where n is the sum of all g,(K) such that p|m and e,(K) =
ep(K7);

ex = {O if m is even and there is x € X~ such that x(1 + (m/2)) =1,
1 otherwise.
For an integer b which is not divisible by m put m’ = m/(m,b), b’ =
b/(m,b), and

ci(b) = H c)(b). Here for any character x € X~ of conductor f, we

xXEX™
define
[T —x(w) if fifm,
k=1 (m)
pL100 = xw) = 2 mx@) [T = x)) it £
plm plm/

where ¢ means the Euler p-function.
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§3. Stickelberger ideal

In this section we shall define the Stickelberger ideal of an abelian field
following Sinnott (see [23]) and derive some basic facts which will prove
useful in the next section.

For any abelian field L let G, = Gal(L/Q). If M/L is an extension of
abelian fields, then res,;,r, : C[Gy] — C[G[] is the ring homomorphism of
group rings induced by restriction; cory/r, : C[GL] — C[G ] is the additive
homomorphism which maps any o € G, to the sum of all automorphisms
of M whose restriction to L is o.

For any abelian field M and any character x of Gy we also denote by x
the associated Dirichlet character and by p}, the ring homomorphism p}, :
ClGp] — C induced by x. We say that a Dirichlet character corresponds
to M if it is associated to a character of (GGps. Recall that all Dirichlet
characters are supposed to be primitive.

LEMMA 1. Let M and L be abelian fields, L C M; let x be a Dirichlet
character corresponding to M, and let o € C[GL], B € C[Gp].

L. If x does not correspond to L, then py(cory ) = 0.

2. If x corresponds to L, then

P}(/[(COTM/L a)=[M: L]Pf(a)a
pr(resyy L B) = pa(B),

where [M : L] means the relative degree of M over L.
Proof. Follows directly from the definitions. 0

LEMMA 2. Let K be an imaginary abelian field, let j € Gy be the
complex conjugation, and let C be a system of representatives of Gg /{1,j}.
Let us fix 0 € (1 - j)Q[Gk] and define t, by 6 =3 cq,. tyo~t. Then we

have
1

det(tm‘*l)Uﬂ'EC: H Ep)](((e)?
xXEX™

where X~ s the set of all odd Dirichlet characters corresponding to K.

Proof. For any T € Gx we have

1—-35 _ _ _ 1—35 _
HTT 1 = 07’ 1 — Z tO.T—lo' 1 = Z 2t0.7.—1 TJ 1,
ceGg oeC
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s0 (2t,,-1)srec is the transition matrix from {9%7"1 ;T € C} to
{%T’l ; 7 € C'}. The lemma follows from Lemma 1.2(b) in [23]. (Al-
ternatively, the orthogonal idempotents ﬁ > e X(0)o™t € C[Gk] cor-
responding to odd characters x € X~ form a basis of (1 — j)C[Gk]. The
matrix of the linear transformation given by the multiplication by 6 with
respect to this basis is the diagonal matrix diag(p}(6))yex--) 0

For any positive integer n let K, be the n-th cyclotomic field. Following
Sinnott, let us define for any integer a the element

On(a) = > <—%t>(t7Kn)*1e@[GKn];
tmod* n

here the sum is taken over a reduced residue system modulo n, (z) is the
fractional part of a real number z and (¢, K,,) € Gg,, is the automorphism
sending any root of unity to its t-th power.

Let K be an abelian field. For any positive integer n and any integer a
let

0,,(a) = corg gk, TeSk, /Kknk, On(a) € QGK].

The Stickelberger ideal of K is the intersection S = S’ N Z|Gk], where S’
is the additive subgroup of Q[G k] generated by

{0/ (a) ; a,n € Z, n > 1}.

LEMMA 3. Let n be a positive integer, let a be an integer relatively
prime to n and let x be a non-trivial Dirichlet character whose conductor
divides n. Then

pic, (0u(@) = x(-a) B [T - X)),

p|n

where By, means the first generalized Bernoulli number.

Proof. We have

P n@) =k, (o r) X (H)er) ) =20 S

tmod™ n t=1
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Let f, be the conductor of x. The well-known distribution relations give

n fX
=% w0 = (5 ) IT0 - <o) = B 10 - <o)
ut;L1 et Pln ol

(e.g., see [9] or [22]) and the lemma follows. 0

LEMMA 4. Let K be an imaginary abelian field, let x be an odd Dirich-
let character corresponding to K, f, being its conductor. For any positive
integer n and any integer a we have

/ . 0 if ij(n’
CICIOIER PP R At

Proof. Follows from the definition of ¢/,(a) and Lemma 1. U

84. Determinants obtained by means of the Stickelberger ideal

For any imaginary abelian field K and any integer t relatively prime to
the conductor m of K, let (¢, K) be the automorphism given by the Artin
map, i.e., (t, K) is the restriction to K of the automorphism of the m-th
cyclotomic field K, which sends each root of unity to its ¢-th power.

THEOREM 1. Let K be an imaginary abelian field of conductor m and
let G = Gal(K/Q) be its Galois group. Let a, , be rational numbers for any
divisor n > 1 of m and any 0 € G. We put

a9 S DI G L) P

nlm tmod* m

n>1
for any o0 € G, where the second sum is taken over a reduced residue system
modulo m. Let j € G be the complex conjugation. Then for any system C
of representatives of G/{1,j}, we have

=
(17) det(tUT_l)O',TGC = K H Z bn,x H(l - X(p))
Qrwi :
XEX }zlvln pln
X n

where hy, Qk, and wi are the relative class number of K, the Hasse unit
mdex of K, and the number of roots of unity in K, respectively, X~ is the
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set of all odd primitive Dirichlet characters corresponding to K, fy is the
conductor of x, and

_ o) 5~ ox(o
(18) box = 5y 2 tnerx(0)

Proof. For any divisor n > 1 of m, let us denote

dy = [Kpm : KK, ) anqo € Q[G],
oeG

where K K, means the compositum of these two fields. We put
1-— J /
== > (1)
1<n|m
Then we have (e.g., see [16, Lemma 14])

[Km : KKn]H:.L(l) = [Km : KKTL] CorK/KﬂKn reSKn/KﬂKn Gn(l)

= I'eSKm/K Coer/Kn Hn(].)

- ¥ (ew

tmod™ m
therefore
1-—
[ —— ] S K KEJO,(1) Y an g0
1<n|m oeG
1—3j t
:TJ S Yoer ¥ (D)
1<n|m o€G tmod><

Y S () (et

1<n|m tmod*m 0€G

= Ztga_ ,

oeG

since <—%> + <%> = 1. Lemma 2 gives

1
det(tm‘_l)U,TGC: H Ep)lc((e)
XEX~
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Now
P 0) = D pl(dn)pX(05,(1) =D pic(dn)[K : K 0 Kylpe (6(1))
1<n|m n|m
IxIn

due to Lemma 4. Since [K : K N K,] = [KK,, : K], we have p}(d,)[K :
K N K,] = by, and Lemma 3 implies

Pic(0) = =Bix Y bay [T(1 = x(p))-

nlm p|n
IxIn
Therefore
det(tmﬁl)gﬂ—ec = H (_%BL)_() Z bn,x H(l - )Z(p))
XEX™ nlm pln
IxIn

The theorem follows using the analytic class number formula

hi = Quwic ][ (=3B14)

XEX~

(e.g., see [30, Theorem 4.17]). [

Now we can choose any rational numbers a, , and obtain a determi-
nant formula for the relative class number. As examples we will show how
to obtain the formulae mentioned in the introduction. We will keep the
assumption that K is an imaginary abelian field of conductor m.

ExaMPLE 1. Let b be an integer which is not divisible by m. We put
m’ = m/(m,b), ¥ = b/(m,b) and we choose and fix some b” which is
relatively prime to m and satisfies b = o’ (mod m'). For any divisor n > 1
of m and any o € G we define a,, = ay, , + ay, ,, where

J = —b ifn=mand o = (1, K),
™7 10  otherwise,
o {1 if n=m'and o = (V', K),

n,o = .
’ 0 otherwise.
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The definition in Theorem 1 gives

D IS G EID SR C R )

tmod™ m tmod™ m
(LK) =0 (1K) (b K) 1 =0
- > -G 2 GG
tmod™ m tmod™ m
(t,K)=0c (t,K)=0c

But (1) = (%) = (£), so

o= T (-GGG

t mod™ m
(t,K)=0c

which is (12). An easy straightforward calculation gives that
> bun [0~ x(0) =~k )
nlm p|n

IxIn

see Notation for the definition of ¢ an eorem 1 gives .
N ion for the definiti f ¥ (b d Th 1 gi 13

EXAMPLE 2. Let us generalize formula (7) now. For an integer a let
R!,(a) mean the integer determined by R/, (a) = a (mod m) and —m/2 <
Rl (a) < m/2.1t is easy to see that LR/ (a) = (£ +1)— 1. Hence we shall
compute the determinant?

det (tm’_1 )U,TEC
for a system C' of representatives of G/{1,j} where
t 1 1
= > ((m+3)-3)

tmod™ m
(t,K)=0

2Let us notice that this determinant was computed by Kanemitsu and Kuzumaki but
their formula seems to be valid only for cyclotomic fields of an odd conductor (see [14,
Theorem 1, formula for Dy ; (0)]).
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for any 0 € G. We shall distinguish two cases depending on the parity of
m. At first, let us suppose that m is even. Then m is divisible by 4 because
m is the conductor of K’; hence 1+ 7 is relatively prime to m. For an odd

integer t we have <% + %> = <% + %> = <%(1 + %)> and so

= X ()2

tmod> m
(tK)(A+% ,K)"'=0

Therefore (16) will be satisfied if we put

{—1 ifn:mandaz(l—i—mK),
Un,oc = .
0 otherwise.

Then for any x € X~ we have by, , = —X(l + %) and b, = 0if n # m.
Theorem 1 gives

det(tar_l)a,fec = QZI;K H <_X(1 + %) H(l - X(p))>
XEX™ plm

There is x € X such that X(l + %) # 1 because m is the conductor of K.
Moreover X(l + %)2 = X(l +m + mTQ) =1 for any xy € X so we get that
Y ={x€X;x(1+%) =1} is a subgroup of X of index 2. Now X* =Y
if and only if the conductor m™ of Kt divides m/2. Hence

hi

det (tm’—1 )J,TGC =

where zx = 1 if mT|(m/2) and zx = (1)UL if m* § (m/2); (see
Notation for the definition of gx).

Now we begin to consider the case m being odd. Because (2z) = (x) +
<:c + %> — % for any real x, we have

w= 3 (G- ()

tmod™ m
(t,K)=0

for any o € G. Thus (16) will be satisfied if

”;
-1 ifn=mando = (2,K) # (1,K),

1  ifn=mand oc=(1,K)
an,o {
0 otherwise.
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Then by, =1 — x(2) and b, , = 0 if n # m and Theorem 1 gives

Qet(tyr-)orec = 55— TT (0 - x@) I - x)

KWK
Q XEX plm
hK

= q
Qrwi

KZK,

where zx = 0 if ¢p(K) = 1 and zx = 292(57) otherwise (see Notation).

Remark. Let us mention the obvious fact that the determinant (17) is
not zero if and only if the Q[G]-module generated by 6 equals (1 — j)Q[G].
Having 8 € S this condition means that all conjugates of 6 generate a
subideal of finite index in the “minus part” of the Stickelberger ideal S~ =
SN (1—7)Q[G]. Therefore we can obtain a non-vanishing determinant for-
mula for the relative class number just taking such an element of the Stick-
elberger ideal (or a rational multiple of this element). An element of this
kind has been used by Lettl to explain the analogy between Girstmair’s
cotangent numbers and the Stickelberger ideal (see [6] and [17]). The non-
vanishing class number formula given by this element is computed in the
following example.

EXAMPLE 3. Let us consider the prime decomposition m = [[7_; p;*,

with pairwise different primes pi,...,ps and positive integers ri,...,7s.
For any I C {1,...,s} let my = [[;c;p;*. For any i € {1,...,s} we fix the
Frobenius automorphism by Frobp; = (p}, K)~!, where p; = 1(mod p.*)
and pip; = 1 (mod myy . ¢\ (})- For any divisor n > 1 of m and any o € G
we define (¢ ¢ I means i € {1,...,s}\ [)

H(—pf”) if there is 1 C {1,...,s} such that n = m;
Uno = { i¢l and 0'::Ili¢1(FY0b1%)fla
0 otherwise.
Then (16) gives (an empty product equals 1)
1 t 1-r;
= 2 > (GG e

0#AIC{1,...,s} tmod* m i¢gl
(K)o =I1;¢; (P}, K)

[Ligr P} s
zz(—<¢ ) It
o=(t,K)



RELATIVE CLASS NUMBER OF AN IMAGINARY ABELIAN FIELD 181

Theorem 1 states

det( or—1 )U Tel

)(=pi ) [T (1= x(p)

XEX~ IC{1,.. ,s}z¢] el
Ixlmr

II II a-pixte)

QKwK XEX — i€{1,mns}
pi*fx
__hg _ Fo(KH)\9p(KT)
e (L
pm

(see Notation). Let us suppose that m is square-free (i.e., K is not wildly
ramified). Then the formula for ¢, can be simplified as follows

— pootn (Lt Ligrpipiyy
” (Z)#IC{ZL ,S}trr;%l{) ( < m >)

It is easy to see that if s > 1 then t,+3 is an integer and |t,| < 2(2°—1)[K,, :
Finally, let us consider the case of cyclotomic field K,,, where m = pq
and p > ¢ are primes. Then we have t, = £1/2. Let us fix an integer d such

that d = p (mod ¢) and d = —¢ (mod p). For any integer a relatively prime
to m we have

= (3= (50 - (3 (0) - (3-(5))

Since t(4q, ) = £1/2 and ‘% — <%d>| < 1/2, we have

= = (3 (2 (G- (-2) <o

= <3>< <3> < Hy,1=1
b q

(see (15)). Hence t(qq,x) = Ha,1 — 1 and we obtain Hazama’s formula (14)
by means of the permutation of the rows of the matrix.
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EXAMPLE 4. Another non-vanishing formula can be obtained by a
modification of Ramachandra’s construction of independent cyclotomic
units (see [30, pp. 147 and 152]). As in the previous example let us de-

compose m = [[°_; p;* with pairwise different primes p1,...,ps and posi-
tive integers r1,...,7s. For any I C {1,...,s} let my = [[,c;p;’. For any
i€ {l,...,s} let us fix a rational number ¢; and put

o = {Hi¢lci if there is I C {1,...,s} such that n =mj and 0 = 1,
" 0 otherwise.

Then (16) gives
1 t
b= ¥ 2 (3G e
0#AIC{1,...,s} tmod* m i¢l
(t,K)=0o
and Theorem 1 states
detltyr aree = i [ 30 (et TT0 - o)

w
QKWK S 1 Vil iel
fx‘ml

hx T T (et +1-xm)

Qwi XE€X~ie{l,...,s}
pitfx
h 11 - K+ 90, (K+)
= ((ci p(pi*) + 1)) — gy (1)) it
Qrwk s
¥p, (K)F0
For example, if we take ¢; = --- = ¢; = 0 then we obtain (6). If we put

ci = —p(p*)~! then we get

det | (-1)° ) (—1)‘”M ) (%_<mif>)

0AIC{1,...,s} sp(m) tmode1
(t,K)=o1~ oreC
= (1)
Qrwr’

where n is the number of primes of K™ dividing m which splits in K/K™.
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§5. Adding a constant

We have covered all formulae mentioned in the introduction with the
exception of (2) and (3). These determinants can be obtained by adding a
constant to all entries of the determinant computed by Theorem 1.

In this section we keep the notation of the previous section and we still
assume that K is an imaginary abelian field, G = Gal(K/Q), j € G is
the complex conjugation, C' a fixed system of representatives of G/{1,j}.
Moreover we have chosen rational numbers a,, , which give ¢, and b, , by
means of (16) and (18), respectively, and § = Y ., t-0'. We define the
polynomial

D(z) =det(z +ty-1)orec-

This section is devoted to the computation of D(z). Of course we know
D(0) which was determined by Theorem 1.
First we need an easy lemma.

LEMMA 5. Let 6;; means the Kronecker delta. We have

det(r + 0450:); jef1,..n} = (Haz> + xz H a;
=1 j=1,...,n
JF
for any complex numbers a1, ..., ay.

Proof. 1Is given by induction with respect to n. Let us denote
rn(ar,az, ..., an) = det(x + 045a;); jeq1,...n}- If > 1 then after subtracting
the first row from the last one, Laplace development with respect to the
last row gives

rp(ai,ag,. .. an) = a1rp—1(0,a2,...,an-1) + aprp_1(a1,az, ..., an_1)
and the lemma follows. []

ProprosiTiON 1. We have

D)~ D)= -2 S 5 BB T S0 - o

XEX ™ d)EX nlm pln
Y#EX fyln
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where d = [KT : Q| and ¢, = > o x(7). In particular, if D(0) # 0 then
the previous formula can be simplified as follows

22 o
D(z) = <1 - = X >D(0).
d XGZX B11X<Z"|m b”v)_() Hp\n(l - X(p))

IxIn

Proof. Since

we have

det(x(7))yex— - det(P(7))rec = d”.
TelC YeX~

Therefore D(z) = d~¢det M, where3

M = (X(O-))XEX* ’ (gj + t(rrfl)o',TGC : (&(T))TGC
oeC YexX—
Because tj, = —t, and x is odd we obtain

3 S MO+ bt )() = ey + 5 SN Y trix(or )

oeC reC TeC oeG
= xCyCy + Oy 4hSs

where

d
Sy = 5 Z tJX(J)7

ceG
and 0y, = 1 if x = ¢ and 0 otherwise. Let X; = {x € X~ ; ¢, # 0}. Then

det M = det(xcxcqz + 5x,w5x)x,w€X—

s
- ( H 5x>< H \cx\2> det(x—l—éx’wc—)‘P) .
X X,YEX

XEXT\X, XEXy

and Lemma 5 gives

detM_< 11 sx)—i—x S e I se-

YEX— YEX™ PpeX ™
YF#EX

3Let us mention that this method of computation was used by Wang in [29].
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For =Y _otso0™" we have

(19) %:% X (0) :——BLXZI)HXH 11—y

nlm

fxln
(see the proof of Theorem 1) and the proposition follows. 0
Remark. It is easy to see that Proposition 1 is a generalization of
Okada’s result (3): for an odd prime p take K = K, and a,, = —p if
o = (1, K) and 0 otherwise. The following proposition is a generalization of
Okada’s Proposition (see [19]).

PROPOSITION 2. If there is v =Y, . noo ' € Q[G] such that

% Zafl =ab,

oeC
then D(z) = (1 + 2nx)D(0), where
D DL S
oeC oceC
Proof. For c, defined in Proposition 1 we have
=D X(0) = pi(af) = p(a)p) (6)
oceC

and (19) gives

lex|? v
B = k(@) > bax [J—x(p
sX

nlm p|n

fxIn
Proposition 1 and Theorem 1 imply
2z

D(x) - D(0) = = D(0) Y expkla)
XEX~
We have
Z CXIOK Z Z ZnaX(U)
XEX ™ xeX— teC ceG

=2 me ), ) ot

oeG TeC xyeX—

=) ned+ Y ne(—d),

oecC ceG\C
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because
d ifo=r,
Z X(UT_I): {—d if o = jr,
XEX ™ 0 otherwise.
The proposition follows. 0

EXAMPLE 5. Let m > 1 be an integer satisfying m # 2 (mod 4). For
any integers a, b relatively prime to m let R,,(ab~!) means the integer
determined by R,,(ab™1)b = a (mod m) and 0 < R,,(ab~!) < m. Let C be
the set of all positive integers less than m/2 which are relatively prime to
m. Put K = K,;, and

a :{—m ifn=m and 0 = (1, K),

0 otherwise.
Then by, = —m and b, = 0 if n # m. Hence t(, ) = m<%> — & for any
integer s and 0 = —m%&m(l). For

D(z) = det(x + t(q i) (b,K)1)abeC

Theorem 1 gives

D)= "5 T (=m) [[(1 - x®))

QK'U)K XEX plm
h7 .
= ﬁ(—m)[K+'Q]qK-
KWK

We want to compute

det (Rm(ab_l))a,bec - D(%>

At first let us suppose that m is even. Then

L Sante ¥ () (e

tmod™* m
= (-1~ %) — Op(—1)
(1 2 k) + ) o)
1
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so Proposition 2 gives n = —2/m and D(m/2) = —D(0) in this case.
We shall suppose m is odd now. Then

1—j - 1—3j 2a 2a _
e =gt (G ))en”
. (aTm):l
= 1L (2(-1) B (-2)
1 _

= (Q(I,K) — (Q,K))Tjem(l)

2 1 1 -1
= (w7 (" K) e,
m m 2
so Proposition 2 gives n = —3/m and D(m/2) = —2D(0) in this case.
Putting both cases together we have obtained D(m/2) = —<£D(0), so

-1 __wr  hg K*:Q
det (R, (ab ))a,bec = Orwn (—m)ET Qg
= (_m)[KJriQ]*lq_K - hg,

Rk
which gives (2).

§6. Tsumura’s formula

This section is devoted to the comparison of the formulae derived inde-
pendently by Tsumura and Hirabayashi. We shall show that the matrices
in these formulae differ only by a permutation of rows, if we take a special
case of Hirabayashi’s formula, namely b relatively prime to the conductor
of the considered field (see (12) and (13)).

Let K be an imaginary abelian field and let [ > 1 be an integer relatively
prime to the conductor m of K. For any integer ¢, Tsumura defines the
rational number (see [28])

B Cmfc
Ap(e,l) =) et
¢I=1
A1
Tsumura’s matrix A(K,[) can be defined as A(K,l) = (0,,-1)srec, Where

C is a system of representatives of Gal(K/Q)/Gal(K/K™) and
0o =2 Y Ap(al)

amod* m
0<a<m
(a,K)=0
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for any o € Gal(K/Q). Tsumura proved

20 det A(K, 1) = (—2)K"0Q. (I
(20) (K1) = (=272 g TT (1) -
XEX
LEMMA 6. Let k be an integer satisfying kl = 1(mod m). Then for
any wnteger ¢ such that 0 < c < m we have
kc [—1
st = (5] -5
(c,0) - 5

Proof. We can suppose k < 0. Let n = (1—kl)/m. The positive integer
n then satisfies nm = 1 (mod [) and we have

CflJrnc gnc 1— gnc 1
A=Y Ly e e
1-¢ 1-¢ 1-¢ 1-¢
¢i=1 ¢'=1 ¢'=1 ¢'=1
A1 A1 A1 A1
But ) )
2 =[-1.
Zl— Z(l—<+1—<1>
¢'=1 ¢'=1
A1 A1
and
nc—1 nc—1 .
=2 2 =t} ) ¢
¢t=1 ¢t=1 =0 ¢t=1 =0
(#1 A1
—1 —1
:—nc—l—l<[ncl ]+1):z—1—l<”cl >

The lemma follows if we use the identity

(o =i- -1

which can be easily proved. Indeed,

)

on both sides of this identity there are

non-negative integers less than [ satisfying

(L E———
El—l—l<nc_1> (mod 1)
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COROLLARY 1. Tsumura’s formula (20) can be derived from Hirabaya-
shi’s one (13).

Proof. Due to Lemma 6 we have d, = 2t ), for any o € Gal(K/Q),
where t, is defined by (12) (take b = [). Therefore

A(Kal) = ((5pfr*1)p,7'60 = (Qt(l@K)pT*l)p,TGC = (ppa)p,UEC(2t(rr*1)(7,7'607

where (p,o)p0ec is a permutation matrix given by

1 if (k,K)p=o,
ppa:{—l if(—k',K)p:J,
0 otherwise.

We need the sign of the determinant of (p,s),,0ccc. Multiplying by the char-
acter matrix, which is well known to be non-singular, gives

(ppo)p,UGC(X(U))UGQXEX* = (X(p))peC,xeX* diag(X(k))xeX*

and so det(ppo)pcec = [[ex— X(k). Then (13) gives

e
det A(K,1) = (—2)E" U . cpo(p) . — K . k),
(K1) = (-2 o) 5 [T (b
x€X
and (20) follows by a straightforward calculation. U
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