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DETERMINANT FORMULAS FOR THE 7-FUNCTIONS
OF THE PAINLEVE EQUATIONS OF TYPE 4

YASUHIKO YAMADA

Abstract. Explicit determinant formulas are presented for the T-functions of
the generalized Painlevé equations of type A. This result allows an interpreta-
tion of the 7-functions as the Pliicker coordinates of the universal Grassmann
manifold.

§1. Introduction

For each generalized Cartan matrix of affine type A = (a;j)ijer, we
introduced a representation of the Weyl group W (A) on the rational func-
tions of variables ay, fi, 7, (i € I) [1]. The representation is characterized
by the action of the generator s;, (i € I), such that

silag) = a5 —awais,  sif;) = fi+ Sugge silr) =005 [ )%,
7
under certain conditions on the constants (u;)ijer-

This representation is a generalization of the Backlund transformations
of the Painlevé equations Pry, Py and Pyj. As to the root systems of type
Al(l), it is also known that there exist Painlevé type differential (or differ-
ence) system which has the W(A) symmetry [1][2]. In the context of the
Painlevé equations, the variables «;, f; and 7; play the role of parameters
(or the discrete time variables), dependent variables and the 7-functions,
respectively. In [1], it is conjectured that the 7-functions have strong regu-
larity. This regularity is crucial for the differential (or difference) systems,
since it should be closely related to the Painlevé (or the singularity confine-
ment) properties.

In this paper, we prove the regularity conjecture in the case of affine
Weyl groups of type A;l) and A., by constructing explicit determinant
formulas for the 7-functions. The determinant formulas allow an interpre-
tation of the 7-functions as Pliicker coordinates of the universal Grassmann
manifold as in the theory of KP hierarchy [3].
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62. The 7-functions

We formulate our results in the case of Ao. For the reduction to Al(l)
case, see Remark 1 in the last section.

Let K = C(«; f;7) be the field of rational functions in infinitely many
variables a = (o), f = (f;) and 7 = (7;) where i € Z. For each i € Z,

define an automorphism s; of the field K by
si(ag) = —ag,  si(ui+1) = i1 + iy, si(og) = o, (5 #4,1£1),
si(fi) = fi,  si(fix1) = fix1 £ %, si(f;) =[5, (j#4,i+1),
and

Ti—1T34+1 . .
si(1i) = fi——— T‘Z+ o silmy) =15, (G #1).
1

These automorphisms satisfy the relations
si=1, (sisir1)’ =1, sisj=sjsi, (jAi+1),

and define a representation of the affine Weyl group W = W (A.) of type
Aco. One can extend this representation W to the extended affine Weyl
group W by adding the automorphism 7 defined as

m(0g) = oipr,  7(fi) = fir1, 7(T) = Tif1.

The diagram shift 7 satisfies the relation ws; = s;417.
Let A; (i € Z) be the fundamental weights of A, on which the Weyl
group W acts as

si(Ai) = Nip1 + Aic1 — A, si(Ag) = Ay, (G #4), (M) = A,

We also use the notation v; = A; — A;_1. Then o; = —A;_1 +2A;, — A1 =
v; — Vi+1, and we can put formally A; = >
given by the permutation

j<i Vj- The action of s; on vj is

5i(v;) = vig1,  si(vig1) = vi,  si(vj) = vy, (J # 40+ 1).

Furthermore, the Weyl group W is identified with the infinite symmetric
group Ss, which permutes v;.
There exist a family of rational functions ¢,,(A;) € C(a; f) for w € w
and j € Z such that
w(ry) = ¢uw(Ay) [T 7™

1€Z
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where m; = (oy, wAj) € {0,%1} is the coefficient of A; in wA;. The con-
jecture in [1] states that the function ¢, (A;) is a polynomial in « and f
with integral coefficients. We will prove this conjecture by constructing an
explicit determinant formula for ¢,,(A;). Since any function ¢,,(A;) is easily
obtained from the case j = 0 by the shift ¢y, (A;) = 7 (dr—suri(Ao)), We
will concentrate on the functions ¢,,(Ag).

LEMMA 1. If wiAg = welg for wy,we € W, then wi(1y) = wa(1p).

Proof. The condition wy(Ag) = wa(Ap) means that the element w =
wy Lw, € W is in the stabilizer Wy of Ag. An element in W belongs to W
if and only if the corresponding permutation of {v; | i € Z} ~ Z preserves
the subset Z<p. Then Wy is a product of permutations of Z<y and Z>;.
Hence w € Wy = (s, (j € Z<o)) x (s, (j € Z>1)) and w(719) = 7. 0

By this Lemma, the functions ¢,,(Ag) are parametrized by wAg. We
will prepare some notations to describe the orbit W.Ag = {wAq | w € W}
whose elements will be parametrized by Young diagrams [4].

Let A= (A1 > A2 > ... > A\ > 0) be a partition of length [ = I(\). The
corresponding Young diagram Y is defined by

V={s=(i,7) | 1<i<l, 1<j< N}

The transposition X' = Y” is defined by (i,5) € Y’ if and only if (j,7) € Y.
For a partition A, the corresponding Frobenius symbol

(I,J)= {1 >ig>...>0 >0}, {j1 >j2>... >jr > 0})

is defined by
in=Mn—n+1, jn=X\ —n,

where k = max{n|\, > n}. We always identify the three notions, partition
A, Young diagram Y and Frobenius symbol (I, J) by these correspondence.

For w € W, the element w(Ag) can be parametrized by the partitions
A=Y = (I,J) as follows.

Recall that Ag = >, v;. Then we have w(Ag) = 3, vi, where M
is a subset of Z different from Z<( only by finite elements. Such subset M
(called Maya diagram) corresponds to a Young diagram Y with Frobenius
symbol (I, .J) by the rule

MU(—J):ZS()UI.
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In terms of the Maya diagram M, the coefficient m; of A; in w(Ag) =
(X ienmr — 2it1en) i is given by

em;=1,ifie Mandi+1¢ M,

o m;=—1,ifi¢ Mandi+1e M,

o m;=0,ifi,i+1€Morii+l¢M.

Translating this into the language of the Young diagrams, we have

LEMMA 2. Let w(Ao) = > ,cgmil\i and let Y be the corresponding
Young diagram, then the Young diagram s;(Y) corresponding to s;w(Ag) is
given as follows,

e 5;(Y) is obtained by adding the node with color i, if m; =1,
e s,(Y) is obtained by removing the node with color i, if m; = —1,
e 5;(Y)=Y, ifm; =0,
where the color k of the (i,7)-th node is given by k = j — 1.
In summary, we have

PROPOSITION 1. Any element in W.Ay can be obtained from Ay by the
action of si, - s; with my;, = (g, 54,15, (Mo)) = 1, (k = 1,...,p).
Hence, the functions ¢.,(Ao) are uniquely determined by the cocycle condi-
tion

bs;w(Mo) = si(dw(No)) fi,  (mi=1),
with the initial condition ¢;q(Ag) = 1.

It is convenient to introduce another normalization q~5w (Ap) defined by

~ 1

¢w(AO) = N—¢w(AO)

Here the normalization factor NV, is a polynomial in «, which is defined, in
terms of corresponding Young diagram w(Ag) < A =Y, as

Ny = H h(sa Oé), h((laj)a Oé) - ’Ujf)\;. — U\;—i+1-
s=(i,j)€Y

Note that when specialized to a; = 1, h(s, 1) is nothing but the hook-length
of the node s € Y.
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LEMMA 3. The normalization factor N, satisfies the relation
Nskw = aksk(Nw)a (mk = 1)

Proof. From the Lemma 2 and the condition my = 1 the Young dia-
gram si(Y') is obtained from Y by adding one node, say (ig,jo)-th node,
with color k = jo — ip. Since \;, = jo — 1 and )\;-O = 19 — 1, the hook length
h(s,a) = vj_y —vy—it1 for s = (i,7j) € Y contains v; or vp41 if and only

J
if
e s = (ig,*), with h(s,a) = v, — vg,
o s = (x,jo), with h(s,a) = vg11 — vs.
Under the action of sg, these factors are replaced with the hook length of
the same node s in the new diagram s(Y). Multiplying si(N,,) by the

extra factor vy — vpp1 = ay corresponding to the added node (ig,jp), we
get N, - []

As a Corollary of this Lemma 3 and Proposition 1 we have

PROPOSITION 2. The normalized functions qzw(Ao) are determined by
the cocycle condition

Gran(80) = si (u(80)) 22 (mi=1),

with the initial condition ¢;q(Ao) = 1.

ExaMPLE 1. For the partitions (0), (1), (2),(1,1),(2,1) and (2,2), the

corresponding normalized functions ¢,,(Ag) are given as follows.

ar2 = ¢1(Ag) =1 < (0),

a3 = Qgso(AO) = i—z < (1),
T ~ Jofi—a
aig = Pg,50(Ao) = (oo + an)on (2),
foifo+a_q

as3 = Gs_1s0(Ao) = < (1,1),

(-1 + ap)a—q
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_ fafofitoafi—afa |
— Ps_1518 A - 2, ! ’
24 = Gs_y 0( 0) (04—1 + ag + al)a_1061 ( )

and for the partition (2,2), we have

fo1f3fi+aifofi —arf-1fo+ ao(a—1 + ap + ay)
(0471 + ag + Oél)(ao + al)(a,1 + Oéo)Ozo

as4 = ¢808_18180 (AO) =

It is interesting to note the relations
(1) a12a34 — 13024 + ajgazz = 0,

(2) ags =7 ai3)ars — 1 (ar4)ara.
Each of the equations plays a fundamental role in the proof of Theorem 1
or 2 respectively.
§3. The determinant formulas
For integers p > 1 and ¢ > 0, put

Cf, 1 0
Bogr1 f-g+1 1

Xp,q = det ’
/Bp—Q fp—2 1
- 0 ﬁp—l fp—l |
where 3; (—qg+1 < j < p—1) is given by
p—1 j—1
Bi=Y i=vi—uy (j>0), Bi=—Y a=0v—v_g, (j<O).
=1 i=—q

LEMMA 4. Put wpg = (8q---5-1)(Sp—1---50), which corresponds to
the hook diagram wy4(Ao) < A = ({p},{q}), then

Pp,q = ¢wp,q(A0) = Xpg-

Proof. For p =1 and q = 0, the formula is trivially satisfied, X1 = fo.
We need to check the following relations for p > 1 and ¢ > 0.

(3) Xptiq = Sp(an)fp’ Xpag+1 = 3—(q+1)(Xp7q)f—(q+1)'
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Let us prove the first one. By definition

Xp+1, = det fp—2 1

ap—l +04p fp—l 1
o Jfp

expanding this with respect to the last row, we have

=det | -. . fp72 1 fp —det | . X fp72 Qyp,
Sp(apfl) fpfl Sp(apfl) 1

which is nothing but

sp(Xpq) = fpdet | - fp—2 1

splap-1)  fp-1— ?—5
Thus the first relation is proved. The second one is similar. 0

Using the notations above, we can state our main result as follows.

THEOREM 1. For any w € W, the normalized function ¢§w(A0) is given
by the following determinant

Pw(Ao) = det (5p,q)p6[7qua

where (I, J) is the Frobenius symbol of A =Y corresponding to w(Ao).
Equivalently, we also have the following Jacobi-Trudi type ([4]) formulas

THEOREM 2. For anyw € W, the normalized function ¢§w(A0) is given
by the following determinant

~
¢w(AO) = det (h)\i,i+j>1§i7j§l()\) ’

where X\ is the partition corresponds to w(Ag) and h,ij) = ﬂ'j(gk’()) is the
normalized function for the single row \ = (k).
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The proofs of these theorems are given in the next section.

COROLLARY. For any w € W, the function ¢.,(Ao) is a polynomial
i « and f with integral coefficients. The leading term with respect to f is
[Licz [{*, where v; is the number of nodes with color i in'Y < w(Ag).

Proof. We will prove by induction on the length of w € W. ¢;4(Ag) = 1
is in Z[a; f]. Assume that R(«; f) = ¢w(Ao) € Z[a; f]. By Proposition 1,
the function S(«; f) = ¢s,w(Ao) for m; =1 is given by
a; a;
7:7 fi7 f'i+1 + 7:7 .. )fzv
which belongs to Z[«; f; %] The condition on the leading term of S follows
from that on R. On the other hand, from Theorem 1, we see that Gs;w(No) =
Ng,uwbs;w(Ao) is a polynomial in f, hence the function S(c¢; f) also belongs
to Zo; f]. [

S(---,Oéi_l+Oéz‘,—Oéz‘,Oéz‘+1+Oéi,...;...,fi_1—

§4. Proof of the Theorems

LEMMA 5. We have

1 ot [(aij)léi,jén (zi)1<i<n

(Yj)i<j<n z } = det {(aijz B xiyj)lgingn} :

Proof. Let e;, (0 <i < n) be a basis in C"*!. For 1 <i < n, put

n n
a; = 1; + Tie0, 1M = E ajej, ag=§&+zeg, &= E Yj€j,
Jj=1 j=1

n

and b; = Z(Zaij —xyj)ej = 2n; — v
j=1

Then the both hand sides of the identity are the coefficients of eg A--- Aey,

1n
(LHS) = 2" Yag Aai A--- ANan, (RHS)=egAby A---Aby,.

It is easy to see that these two are the same and equal to

n
z”eo/\m/\"-/\nn—z”_lz:eo/\m/\--'/\xzf/\"'/\nn.
i=1
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Proof of the Theorem 1. To prove the theorem, it is enough to check
that the determinant satisfy the transformation properties in Proposition 2.

For the actions of s;, ¢ # 0, the transformation properties directly
follows from eq.(3) for the hook X, , in Lemma 4, since the s; acts only on
the single row (i > 0) or single column (i < 0).

For the sg action, we need some computation because in this case the
size of the determinant changes. For w(Ag) < (I, J) such that mg = 1, we
have sow(Ag) < (L U{1},J U{0}). Then

(gp’q)pel,qu (51’(1) qeJ

(gp,())pe 51,0

1

5501” = det

We shall prove that this is equal to 50(510)@{_2'
As is shown in eq.(1), we have

80(52,1)51,0 = 52.151,0 - 52,051,1-

Applying the actions s, k > 2 or k < —2 repeatedly, one get

50($p,0)91,0 = Pp.g®10 = Ppod1g;
for any p > 2 and ¢ > 1. By using this and q§170 = fo/ap, we get

2 (3u(00)) = B3 det [B,0810 — Fpodia]

Q) pel,qed ’

and this is indeed equal to $Sow(A0), because of the identity in Lemma 5. []

Proof of the Theorem 2. The proof for the general qzw(Ao) cases can
be reduced to the single column cases by the action of si, (k > 0) which
preserves the size of the determinant.

For the single column case A = (1971), the desired formula is

L S
1 h(l—fﬁ'l) L h((}“]‘f'l)
(4) ¢1,4(Ao) = det . . :
—1 -1
1 ATY gy
! Lo
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The case of ¢ = 1 follows from the relation in eq.(2). More generally, we
have

~ SR ACS)
(5) di1 = det [ 0|
To prove the case ¢ > 1, we will check the condition in Proposition 2,
foan . .
(6) s (g1 (d14(A0)) = D11 (Ao).
Q—(g+1)

Using the eq.(5), the left hand side of this relation (6) can be written as
the same determinant as ¢1,4(Ag) in (4), with the first row hE_Q) replaced
by h’gfq) such as

B Ftain) s s plmah (==l
p = 2olet) o T Y i) =71 Ui1) =det | ! 1 .
i o (gan D (i,0) (¢i1) ) e
Then the left hand side of the eq.(6) is equal to the right hand side
'hg*qfl) hgqul) ca. h((ljrgfl) 7]
1 hg—Q) JASY

_ q+1

¢17q+1(A0) = det ..
-1 -1

I A S

i 1oAY
because of the identity
[ago [ aoj | det | @00 @0j
alg | @15 aip aij
det | 0 | a2; = det a2
| 0 nj / 1<j<nd nj 1<j<n

§5. Remarks

Remark 1. The reduction to the finite rank cases Ag\lf)_l is given by the

“rN =17, On the variables a, f, 7, this reduction is
simply realized by the specialization

N-reduced condition

QN =0, fign = fi, TN =T
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By putting 5; = [[,cz Sitnn, (i € Z/NZ), the representation W(Ay)
reduces to that of W = W(Ag\l,ll) on the field C(ay; fi;7i, (i € Z/NZ)).
The 7-functions for Ag\l,)_l case is nothing but the specialization of 7 for A,

and have the same determinant formulas. Note that only the N-reduced
Young diagrams can be generated by the actions of §;.

Remark 2. The determinant formulas of the 7-function provide explicit
solutions for initial value problem of the associated discrete dynamical sys-
tem introduced in [1]. The polynomiality of the 7-functions and the multi-
plicative formula of f-variables in terms of the 7-functions

N ¢w(Az)¢wsz(Az)
W) = G A ) (Arer)

give a strong support for the singularity confinement property which the

discrete dynamical system expected to have.

Remark 3. The representation of affine Weyl groups W(Al(l)) has an
interpretation as the Backlund transformations for the Painlevé equations
Pry (for I = 2), Py (for [ = 3) and their generalizations for [ > 4 [2]. Under
this interpretation, the polynomials ¢, (A;) are the far-reaching generaliza-
tion of the “special polynomials” arising in Painlevé equations in the sense
of Umemura et. al. [7][8]. When specialized to certain “initial solutions”,
we obtain explicit determinant formulas for the Okamoto polynomials (for
Pry [5]), the Umemura polynomials (for Py [6]) and their generalizations.

Remark 4. The normalized functions ¢§w (Ap) can be represented as the
minor determinants of the following frame X of the universal Grassmann
manifold,

Dol (w2 (ea
¥ R S S S

hgfl) hgfl) hgfl)
h((]O) hgo)

Where hgj ) = Wj($i70). In this picture, the Weyl group W is nothing but
the Weyl group W (G L). It would be interesting if the space of the initial
values of Painlevé equations can be realized as a natural sub-manifolds of
the universal Grassmann manifold.
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