Nihonkai Math. J.
Vol.27(2016), 89-97

ON CONVERGENCE OF ORBITS
TO A FIXED POINT FOR
WIDELY MORE GENERALIZED HYBRID MAPPINGS

TOSHIHARU KAWASAKI

ABSTRACT. The concept of widely more generalized hybrid mapping introduced
by Kawasaki and Takahashi in [6] in the case of Hilbert spaces. We also use this
definition in the case of Banach spaces. In this paper we discuss some strong
convergence theorems of orbits to a fixed point for widely more generalized hybrid
mappings.

1. Introduction

Let E be a Banach space and let C' be a non-empty subset of E. A mapping
T from C' into FE is said to be widely more generalized hybrid if there exist real
numbers «, 3,7, 6, e, and 7 such that

a| Tz — Tyl + Bllx — Ty|* + | Tz — y||> + 6|z — y|?
tellz = Tz|l* + Clly — Ty|)* + nll(x = Tz) — (y — Ty)|* <0

for any x,y € C. Such a mapping is called an («, 3,7, d, €, ¢, n)-widely more general-
ized hybrid mapping. The definition above introduced by Kawasaki and Takahashi
in [6] in the case where E is a Hilbert space. In this paper we also use this definition
in the case of Banach spaces. We obtained the following fixed point theorems in the
case of Hilbert spaces.

Theorem 1.1 ([6, 7, 2|). Let H be a real Hilbert space, let C' be a non-empty closed
convex subset of H and let T be an («, 8,7, 9, €, (,n)-widely more generalized hybrid
mapping from C' into itself which satisfies the following condition (1), (2) or (3):
(1) a+pB+7v+d>0,a+v+ec+n>0and(+n>0;

(2) a+B+7+5>0,a+8+C+n>0andec+n>0;

3) a+pB+7+5>0,2a0+8+v+ec+(+2n>0ande+(+2n>0.
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Then T has a fized point if and only if there exists z € C such that {T"z | n €
NU{0}} is bounded. In particular, if « + 8+~ + 6 > 0, then a fived point of T' is
unique.

Theorem 1.2 ([6, 7, 2|). Let H be a real Hilbert space, let C' be a non-empty closed
conver subset of H and let T' be an («, 8,7, 6, ¢, (,n)-widely more generalized hybrid
mapping from C' into itself which satisfies the following conditions (1), (2) or (3):

(1) a+B+7+6>0, a+v+e+n>0, and there exists A € [0,1) such that
(a+B)A+C+n>0;

(2) a+p+7+5>0,a+pB+C+n>0, and there exists A € [0,1) such that
(@+YA+e+n>0;

3) a+p+7+6>0,2a+B+~v+e++2n >0, and there exists A € [0,1)
such that 2+ S+ ) A +e+(+2n>0.

Then T has a fized point if and only if there exists z € C' such that {((1 — \)T +

M)z | n € NU{0}} is bounded for A € [0,1) N {\ | (o« + B)A+ (+n > 0},

A€ [0, D)N{A | (a+y)A+e+n >0} or X € [0, 1)N{\ | Qa+S+v)A\+e+(+2n > 0},

respectively. In particular, if a + 8+~ + 6 > 0, then a fived point of T is unique.

Theorem 1.3 ([8]). Let H be a real Hilbert space, let C' be a non-empty bounded

closed convex subset of H and let T be an (o, B,7,0,¢,(,n)-widely more general-

ized hybrid demicontinuous mapping from C' into itself which satisfies the following

conditions (1) or (2):

(1) a+4+p4+7+06>0,2a0+8+7+e+(+2n>0,8+v+e+¢ >0 and
B4+~v+2(+(+n) <0;

(2) a+f84+7+d>0,2a+F+7+e+C+2n >0, F+7+e+¢ <0 and
—B—~v+2n<0.

Then T has a fized point. In particular, if o« + 3+ v+ 0 > 0, then a fized point of

T s unique.

Theorem 1.4 ([8]). Let H be a real Hilbert space, let C' be a non-empty bounded

closed convex subset of H and let T be an (o, B,7,0,¢,(,n)-widely more general-

1zed hybrid demicontinuous mapping from C' into itself which satisfies the following

conditions (1) or (2):

(1) a+p+7+6>0,2a+B+v+e+(+2n>0 and, there exists X € [0,1)
such that f+vy+e+(>0and B+v+2(e+(+n)+ 2a+L+7)A<0;

(2) a+p+7+6>0,2a+8+v+e++2n>0 and, there exists A € [0,1)
such that B+~v+e+( <0 and —f—~v+2n+ 2a+ 6+ 9)A <0.

Then T has a fixed point. In particular, if « + 3 +~v+ 9 > 0, then a fized point of

T 1s unique.



Theorem 1.5 ([3]). Let H be a real Hilbert space, let C' be a non-empty bounded
closed convex subset of H and let T be an (o, B,7,0,¢,(,n)-widely more general-
ized hybrid demicontinuous mapping from C' into itself which satisfies the following
conditions (1) or (2):

(1)  a+2min{B,7} +0 > 0, a + min{B,7} + min{e,(} +n > 0, min{B3,v} +
min{e, (} > 0 and min{5,~} + 2min{e, (} +n < 0;

(2) a4+ 2min{f,v}+ 90 >0, o+ min{f, v} + min{e,(} +n > 0, min{s,~v} +
min{e, (} < 0 and —min{3,v} +n < 0.

Then T has a fixed point. In particular, if « + 3 +~v+ 9 > 0, then a fized point of
T 1s unique.

The results above are necessary conditions for mappings to have a fixed point in a
Hilbert space. When a mapping have a fixed point, is the orbit {7z | n € NU{0}}
convergent to a fixed point or not? We know that, if 7" is a contraction, then the
orbit is convergent to a fixed point. In this paper we discuss some strong convergence
theorems of orbits to a fixed point for widely more generalized hybrid mappings.

2. Strong convergence theorems of orbits to a fixed point

In this section we discuss some strong convergence theorems of orbits to a fixed
point.

Theorem 2.1. Let E be a Banach space, let C' be a non-empty subset of E and let
T be an («, 8,7,0,¢,(,0)-widely more generalized hybrid mapping from C into itself
which has a fixed point. Then the following hold:

(1) in the case of a + B+~ + 6 + 4min{e, 0} > 0,
(i) if a4+ v+ 2min{e,0} > 0, then the orbit {T"x} is convergent to a
fized point for any x € C;
(i)  if a+v+2min{e, 0} <0, then lim, o ||T"z| = oo for any x € C;
(2)  in the case of o+ B+ v+ 6+ 4min{(,0} > 0,
(i) if a4+ B+ 2min{(,0} > 0, then the orbit {T"x} is convergent to a
fixed point for any x € C;
(i) ifa+ P+ 2min{(,0} <0, then lim, , ||T"z|| = oo for any x € C;
(3)  in the case of a+ B+ v+ + 2min{e + (,0} > 0,
(i) if 2a+ B+~ +2min{e +(,0} > 0, then the orbit {T"x} is convergent
to a fixed point for any x € C;
(i)  if2a+F+v+2min{e +(,0} <0, then lim, . ||T"z|| = oo for any
rxeC.



Proof. Let z be a fixed point of T. Replacing = and y by T"z and z, respectively,
we obtain

(o + T e =2l + (B + )T % — 2|* + e[| T2 — Tz < 0.

Since
1T e — 2| = 2| T" e — 2| T — 2| + | Tz — 2||?
< ||T"z — T |
< T — 2| + 2T e = 2||| T — 2| + || T2 — 2|,
we obtain

elT" e — 2| = 2lel|T" e — 2| |T"x — 2l + el T"x — 2||* < || T"w — T ||
Therefore we obtain
(a+y+e)|T" e — 2P+ B+ +e)|T"x — 2|
=20e[|IT" 'z — 2|||T"z — 2|
=(a+y+e—[eDIT e — 2| + (B+ 0+ — [e))IIT"2 — 2|
Hel(IT" e — 2| = | T — 2]))?
<0

and hence
(@t +e—[eDIT e — 2" + (B+ 0 +e — [e)IIT"2 — 2|
= (a+ v+ 2min{e,0)||T" > — 2||* + (B + 6 + 2min{e, 0}) | Tz — z||?
<0.

If &+~ 4+ 2min{e, 0} =0, then S+ 0 + 2min{e, 0} > 0. Therefore |77z — z|| =0
for any = and for any n, and hence

lim Tz = 2z
n—oo

for any z. If a + v+ 2min{e, 0} > 0, then
_ B+6+2min{e, 0}
a+ v+ 2min{e, 0}

0 4 2 mi 0
< max{ G0+ 2minde,0F (1 e
a+ v+ 2min{e, 0}

17— 2* < 1Tz — 2|)*

Since a + f + v + 0 + 4min{e,0} > 0, we obtain 0 < max {—%,0} < 1.

Therefore

lim T"z = 2
n—oo



for any z. If & + v + 2min{e, 0} < 0, then

_ B+ 6+ 2min{e, 0}

Tn+1 _ 2>
| x—z||" > a+ v+ 2min{e, 0}

1Tz — 2|)*

__ B4464+2min{e,0}
and P ey i 1. Therefore
lim || T"z — z|| = o0
n—oo
and hence
lim [|[T"z] = o0
n—oo
for any .

In the case of (2) we can obtain the desired result similarly by interchanging the
variables x and y.
Interchanging the variables z and y, we obtain

o|[Tw = Ty|* +lle = Tyl* + BTz — y||* + d]lz -yl
+(llw = Ta|* +elly — Tyl* < 0.
Therefore we obtain
20Tz = Ty|* + (8 + Nz = Tyl* + (B + DTz — ylI* + 20]|x — y*
+He+Qllz = Tx)* + (e + Qlly — TylI* < 0.
In the case of (3) we obtain the desired result similarly. U

Using Theorem 2.1, we obtain the following theorem.

Theorem 2.2. Let H be a real Hilbert space, let C' be a non-empty convex subset of
H and let T be an (o, B,7, 9, €, (,n)-widely more generalized hybrid mapping from C
into itself which has a fixed point. Then the following hold:

(1) in the case where there exists X € [0,1) such that

(a+y)A+e+n
Ay 0 >0

a+ﬁ+7+5+4min{

(i) if a+v+2min {W,O} >0, then the orbit {((1—=N)T+\)"x}

18 convergent to a fixed point for any x € C;

(id) #a+q+2nﬂn{gﬁ¥%?i10}<<0,ﬂwnhnhﬁmﬂal—AXT+AD”xH:
oo for any x € C;

(2)  in the case where there exists X € [0,1) such that

(a+B)A+C+n
o) o

a+ﬂ+7+5+4min{



(i) if a+ [ +2min {(O‘H?_#, 0} > 0, then the orbit {((L—=X\)T+ X )"z}
1s convergent to a fived point for any x € C;

i)  ifatpf+2 min{(‘”ﬁ)# o} <0, then limy o | (1= N T+ || =

oo for any x € C;
(3)  in the case where there exists X € [0,1) such that

a+B+y)A+e+(+2n
(1P 0§ >0

a+ﬁ+’y—|—5+2min{

(i) if2a+ B+~ +2min { Qoctfyeettrdn, 0} > 0, then the orbit {((1 —
MT + N)"x} is convergent to a fized point for any x € C;
(i)  if 20+ B+~ +2min { (octfeyeetCrdn, o} < 0, then limy o || (1 —

MNT + X)"z|| = oo for any x € C.

Proof. Let S = (1 —\)T + M. Since C' is convex, S is a mapping from C' into itself
and F'(S) = F(T). Moreover

1 A 1 A
(I—Asx_l—)\x) (1—>\Sy_1—>\y)

2

(6%
+6 ||z — ! Sy — A + ! Sz — A — 2
T\ YT Y TINT =2 123 ) 7Y
+0|lz -yl
A 1 A 2
o= (e 20 | + <o (- 20)
1 A 1 A 2
+77H(w—<—1_A5w—1_w>)—(y—(l_ﬁy——l_w))
_ o . 2 B _ 2 0 2
—1_A||Sw Syll® + Allx Sy|| +1_AHS$ Y|
A
+(-pipat 840 +0) o -l
€+ YA 2, ¢+ BA 2
+ x— Sz y— S
1= )H [* + 1= )H yll
n+ oA B o 2
+(1_A)2H(w Sz) — (y — Sy)||
<0.
Since

I(z — Sz) — (y — Sy)|*
=[Sz — SylI* — ll= — SylI* = 1Sz — yl* + ll= — yll* + = — Sz[|* + lly — SylI*,



we obtain

O o gz D
157 = Syll* +

LR
>\ 2
+(———%a+6+7%H0Hx—m

= Syl* + 715z =yl

1—A

£+ 2y S+ :

+g+“§Mx—&» (v - Syl
1—A) —n—a\
= ST = Syl + & OZA; e — Syl
T1=XA) —n—ak
(1=

+n+ (a+7)A C+n+(a+ B

N e = sl 4 SR sy

<0.

Therefore S is an ( atn  BOA=X)-n—ar y(1-A)—n—ar aX’—(B+7)(1-N)A+6(1-1)>+n

FES LR GEY A GRS VR =N)2 )
€+7Z;:(§;7)’\, C+’zil(c;;;ﬁ )A,O)—Widely more generalized hybrid mapping. Moreover we
obtain

at+n  BA=XN)—n—ar (1= —n—a)
(1=A) (1—=A) (1—A)?
_ 1 1—A)?
(B+7)A=XA+51 =N +n + dmin 5+?7—|—(04+7))\’0
(1—A)? (1=2A)
A
— a+5+’7+5+4min{<a+(z)_ ;\L;JFU,O}
> 0.
Since
1—X)—n—al\ A
atn  Ad=-N-n—ar , . [etnt(etn) 0
(1=A) (1—A)? (1=A)
. (a+y)A\+e+
B a+7+2m1n{% O}
B 1—A ’
by Theorem 2.1 we obtain that, if a + v + 2min{w# 0} > 0, then

the orbit {S™x} is convergent to a fixed point for any =z € C, and if o + v +

2 min {(aﬂl)# O} < 0, then lim,_, [|S™z|| = oo for any = € C.



In the case of (2) we can obtain the desired result similarly by interchanging the
variables x and y.
Interchanging the variables  and y, we obtain

a|[Tx — Ty|* +~lle = Tyl* + Bl Tz — ylI* + 6]z — yl|®
+Cl|x — Tx|]* + elly — Tyl]* + nl|(x — Tx) — (y — Ty)|I> < 0.
Therefore we obtain

20| Tz — Ty|]> + (B + )|z — Tyll> + (B + V|| Tz — y|* + 26|z — y?
+(Ee+Ollz = Tz|* + (e + Olly — Ty|?
+2n|(z — Tz) — (y — Ty)||> < 0.

In the case of (3) we obtain the desired result similarly. O
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