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Abstract In this paper, we consider the existence and asymptotic behavior of
solutions of the following problems;
un(t, z) — M(||Vu(t, 2)|3 + [ Vo(t, 2)II3)Au(t, 2) + 6lud(t, )P ue(t, 2)
= plu(t,z)|?  u(t,z), zeQ, t>0,
va(t, 2) — M([|[Vu(t, 2)|l; + IVo(t, 2)lI3)Av(t, 2) + 6lve(t, 2) [P ve(t, 2)
= ulo(t, D)Mot z), seQ, t>0,
u(0,z) = uo(z), wue(0,2) =us(z), ze€9Q,
v(0,z) = vo(z), v:(0,2) =v1(z), z €N
where ¢ > 1,p > 1,6 > 0, € R, A the Laplacian in RY, M(s)=a+bs",a+b>
0,6>0and v > 1.

Keywords and Phrases Existence and uniqueness, asymptotic behavior,
degenerate wave equation, Galerkin method.

1. Introduction

Let  be a bounded domain in RN with smooth boundary 8Q. In this paper,
we consider the existence of solutions of the following problems;
un(t,z) — M(|Vu(t, 2)|17 + [ Vo(t, 2)|13)Au(t, 2) + 6lue(t; )P~ ue(t, 2)
= plu(t,z)|?  u(t,z), z€Q, t>0,
vee(t, 2) — M(||Vu(t, 2)[13 + [[Vo(t, 2)[13)Av(t, 2) + Slve(t, 2) [P ve(t, 2)
= plo(t, z)|* u(t,z), zE€Q, t>0,
u(0,z) = uo(z), u(0,z) =ui(z), z€9Q,
v(0,z) = vo(z), v¢(0,z) =vi(z), z €

(1.1)

where ¢ > 1,p > 1,6 > 0,u € R, A the Laplacian in RN, M(s)=a+bs",a+b2>
0,6>0and v >1.
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Equation (1.1) has its origin in the nonlinear vibrations of an elastic string (cf.
R. Narasimha [6]). Many authors have studied the existence and uniqueness of
solutions of (1.1) by using various methods.

When 6 > 0 and p = 0, for degenerate case, Nishihara and Yamada [7] have
proved the global existence of a unique solution under the the assumptions that
the initial data {ug,u;} are sufficiently small and uo # 0. For the problem with
linear damping §u, there are the works of Brito [1], Ikehata [3], K. Ono [8] and
the references therein. In the case of vy = 1, M. D. Silva Aleves ([9]) has proved the
existence of weak solutions of the unilateral problem using the Galerkin method.
In the present paper we will study the existence and uniqueness of solutions of uni-
lateral problem (1.1) with v > 1 by using Galerkin method and will also investigate
its asymptotic behavior.

The contents of this paper are as follows; In section 2, we present the prelimi-
naries and some lemmas. In section 3, we give the statement of the main theorem.
In section 4, we deal with a priori estimates for solutions of (1.1) and prove our
main Theorem and section 5 deals with the asymptotic behavior of the solutions
obtained in section 4.

2. Preliminaries
We first prepare the following well known lemmas which will be needed later.

Lemma 2.1. (Sobolev-Poincaré [4]) If either 1 < ¢ < +o0 (N = 1,2) or
1<¢< —+— (N > 3), then there is a positive constant C(2, ¢ + 1) such that

lullg+1 < C(R,q+1)||Vulla for ue HY Q).

In other words,

C(9,q +1) = sup ||||vnqﬁl' ue HIQ), u#0)

1s positive and finite.

Lemma 2.2. (Gagliardo-Nirenberg [4]) Let 1 < r < ¢ < 400 and p < q.
Then the inequality

lullwes < Cllulllymsllull;™  for we W™?(Q)Nn L7(Q)

holds with some C > 0 and

o (E 1 1) (m 1 _1\7
“\N 'r q¢J\N ' r p



provided that 0 < 6 <1 ( we assume 0 < § < 1 if ¢ = +0c0 ).

We conclude this section by stating a lemma concerning a difference inequality,
which will be used later.

Lemma 2.3. (Nakao [5]) Let ¢(t) be a nonincreasing and nonnegative func-
tion on [0,T),T > 1, such that

$(t)'F7 < ko(¢(t) — $(t +1)) on [0,T]

where ko is a positive constant and r a nonnegative constant. Then we have
() ifr >0, then

¢(t) < (#(0)™" + kg lr[t —1]*)"7, where [t— 1]* = max{t — 1,0},
(¢2) ifr =0, then

k
¢(t)5¢(0)€_kl[t_1]+ on [0,T], where k; = log( i

ko — 1 )
3. Statement of the result
We consider the following initial value problems;
vee(t) = (a + b(|Vu(®)|3 + I Vo(2)]I2) ") Aut) + Sluc() P us(t)
= /‘!u(t)lq_lu(t)7 t=>0,
vee(t) = (a + ([ Vu(t)llz + BIVU()13))Av(2) + 8lve(£)[P v (2)

(3.1) ‘
= plv(®))* (t), t >0,
U(O) = Uo, ut(O) = U,
v(0) = vo, v¢(0) = vy,
where v > 1.

Now we set

a b
J(u,v) = §(I|VU|I§ + IVo]3) + m(llvullg + [|Voli3)™*?

= el + g,
I(u,0) = a(|Vull} + Vo@)15) + b1 Vul3 + 199]2)7 = a(lull 22D + ol 21D,
I(u,v) = a(||Vull§ + Vo)1) — w(llulliT] + o)) 2+ |
and define the potential as
W = {(u,v) € Hy(Q) x H}(Q)|I(u,v) > 0} U {0}.



Next, by setting

, 1 1
E(u(t),v(t)) = §IIUt(t)II§ + §llvt(t)||§ + J(u(t), v(t)),
we can state our main Theorem.

Theorem 3.1. Let N be a positive integer. Suppose that § > 0 and u > 0.
Assume that p < min{gq, &%ﬂ} is such that

(i)1 < p < +0o(N =1,2)

(1)1 <p<3,1<g<5N=3)

N N . N+2 N-2
<g<
Nz N-z=ismiMG

(iii)1 < p < N > 4).

If'u.o,'vo ewn HZ(Q),ul,vl € Hg(Q) and

I o+1( 2(g+ 1) dn. v =
a[C(Q’q+1)] (a(q—-l)E( 0, 0)) <17

then the problem (3.1) has solutions u = u(t,z) and v = v(t,z) satisfying
u,v € L%(0, 00; Hy () N H*(2)),

u',v' € L*(0, 00; Hy (R)),
u",v" € L*®(0, 00; L%()).

4. Proof of Theorem 3.1

Throughout this section we assume that uo,vo € WNH2(Q) and u;,v; € Hy (Q).
We employ the Galerkin method to construct a global solution. Let {\ i}52, be a

sequence of eigenvalues for —Aw = Aw in Q. Let w; € H3(Q) N H2(Q) be the
corresponding eigenfunction to A; and take {w;j}2, as a complete orthonormal

system in L?(Q2). We construct approximate solutions um,vm (m =1,2,---) in
the form

Um(t) = D gim()wj,vm(t) = Y hjm(t)w;
Jj=1 ij=1
which are determined by the following ordinary differential equations

(um(8), ) = (@ + (| Vum(®} + [Vom(®)I3) ) Aum(t), w)

(4.1) 1 -1
+8um ()P (un (), w) = prlum ()77 (um(t), w),
(4.2) (vm (1), w) = ((a + b([[Vem (@)l + [Vom(D)13)) Avm(t), w)

+ 6o ()P (v (t), w) = plom (D)™ (vm(t), w)
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2 . . . . . .
('= % and " = 23) with the initial conditions,

Um(0) = upm = i(uo,wj)wj —up in Hy(Q)NH*(Q),
(4.3) =
Vm(0) = vom = Z(vo,wj)wj — vy in Hy(Q)N H*(Q),
j=1
ul(0) = Ui, = Zm:(ul,wj)wj — u; strongly in Hj(Q),
(4.4) =
01, (0) = Vi = Z(vl,wj)wj — vy strongly in Hy ().
j=1 _ :

Therefore we can solve the system (4.1)-(4.4) by Picard’s iteration method. Hence
the system (4.1)-(4.4) have a unique solution on some interval 0,T) with 0 <
Th < 4o0o. Note that um(t) is in the C?-class. We shall see that Um(t) can
be extended to [0,00). We can utilize a standard compactness argument for the
limiting procedure and it suffices to derive some a priori estimates for u,,. But this
procedure allows us to employ the energy method for a smooth solution u(t) to
the problem (4.1)-(4.4) (the results should be in fact applied to the approximated
solutions).

A Priori Estimates I

Multiplying the equation in (4.1) by u/, (¢) and multiplying the equation in (4.2)
by v, (t) yield

d 1 2 a 2 M +1
5 (GInIE + 21Vum(®I8 — (o)l

(4.5) + 2 (Vum@I + 17932 [ Tum(D)2
+ 8llum(B)P1 =0
and
%(énvm)uz + 5 IVom®)3 - q—j‘jrrvm<t)llzii)
(4.6)

b d
+ 5(IVum®IlZ + 1 Vom®)115)7 21 Vom ()11
+6llvn,()EH =

Adding (4.5) and (4.6) and then integrating from 0 to ¢ yield

(4.7) E(tm(t),vm(t)) + 6 / (e (IPE + v ($)IEF1)ds = E(uo,vo)
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where

b v
T T 1)(||Vum(t)||§ + [[Vom(®)]12)"

M g+1 H g+1
_ H—ll|um(t)|lq+l - q+—lllvm(t)||q+1.

In particular, E(um(t),vm(t)) is nonincreasing and

(4.8) E(um(t),vm(t)) < E(uo,vo).

Now, to obtain a priori estimates, we need the following result.

Lemma4.1. Assume that either

1<g<+oo(N=1,2), or 1<q< ]NV+§(N23)'

Let (um(t),vm(t)) be the solution of (4.1) with (ug,ve) € WN H}(Q) x H} () and
ul)vl E H&(Q). If

K g+1 2(q+1) 3%-—1
(49) Llo@ g+ 0 (2 B, w) T <1,

then (um(t),vm(t)) € W on [0, +00), that is,

o(|Vumlz + Voml3) — ulumlljii + llomllg3) >0 on [0, +00).

Proof. Since I(ug,vo) > 0, it follows from the continuity of um,(t) and v, (t) that
(4.10) I(um(t),vm(t)) 20 for some interval near t =0.

Let tmar be a maximal time (possibly tmaz = Tr,) when (4.10) holds on [0, tmaz ).
Note that

(4.11)

I (um(®), vm (1)) = S(IVum(@IE + 1Vom®IE) = —(um@OIFE + lom @I
b

+ 5y U Vum@IE + 1Von@I3)™

! a(g — 1)
= 7x 1 n®om(®) + 503

b T+1
+ 5y (IVun Ol + [V5m(OIE)

a(g —1)
2 2(q +1)

(IVum(@®)lIz + [Vvm(@®)lI2)

IVum@®lIz + IVom@)ll3) on  [0,tmaz).
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By the energy identity (4.7), (4.8) and (4.11), we have

2(q¢+1)

IVum(@®)llz + 1 Vom()ll; < mJ(um(t),vm(t))
2(¢+1)
(4.12) < mE(um(t),vm(t))
209+ 1Y) pen
= o(g—p Tt
on [0,tmaz).

It follows from the Sobolev- Poincaré inequality and (4.12) that

pllum®NT: < HOQ, ¢+ DT Vum()1FH
- SC(Q,Q + )T Vun@®)57 - all Vum(2)13

(4.13) -1

E gr1(2(g+1) 2

S aC(Q’q+1) <a(q_1)E(u07v0)
X‘a”Vum(t)”g on [07tmaz)-
Similarly,
g=1
9+1 K +1(2(g+1) 2

(4.14) Hlom@ligh: < =C(Q,9+1)° (a(q ~y Ewo,v0)

X a||Vom(t)|[3 on [0,tmaz).

Thus from (4.9), (4.13) and (4.14), we obtain

+1 +1
l‘(“um(t)”Z-i-l + ”vm(t)“g+1
FESY

B er1( 2@+ 7

x a([|[Vum(@)I3 + [Vom(®)II7)
< a([Vum(®)lI7 + [Vom(®)113)
on [0,tmaz)-

(4.15)

Therefore we get I(u(t),v(t)) > 0 on [0,fmaz). This implies that we can take
tmazr = Tm. This completes the proof of Lemma 4.1.

Using Lemma 4.1, we can deduce a priori-bounded on %,, and v,,. Lemma 4.1
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implies that

Bt (8), v (1)) = (D13 + 510D + T (), v ()

1
7 (1), v (1)

IVum@®IIZ + IVom(@)II3)

1 1
= Sl (I3 + 510013 +

a(g —1)
M 2(¢g+1)

b 2y7+1
s IVum@IE + [ Vom@IR™

1
lem @Iz + 5 llvm (113

a(g —1)
2(¢g+1)

2

+ i+

(IVum@®IZ + [IVom@®)II3)-

Thus,

1 ' ' a(q — 1) 2 2
5@z + llvm@I1Z) + g+ 1)(IIVum(t)llz + IVom($)I12)

t
+5 / (e (IEEL + [0 ()I[EHD s
S E(“Oa UO)-

(4.16)

A Priori Estimates II

Multiplying the equation (4.1) by —Au/,(¢), multiplying the equation (4.2) by
—Auw,, (t) and adding these two equations give

1d
535 (IVan I + [0 (Ol + ol V(@)1 + allVon(t)I} )

@11+ S (Vum®IE + 1V OI3) 2 (AU} + | Avm(B])
+ P81 ()P 7 Vi (1), Vi () + D0 (8P Vi (2), Vi (1)
= (T em®l um (), V(@) + 4Vl om DI vm (1)), Vol (1)),

We set

H(t) = H(um(t), vm(t))

IVurm@IZ + 1IVvm(OIZ + all Aum(®)IIF + allAvm ()]]3
IVum@®Z + IVom@)I12)

+ b([|Aum()llz + |Avm(B)I3).
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Then from (4.17), we have

1o Ol (1P Yl (8), Vul () + pb(Jol ()P~ Tl (), Vol (1))
R (Vam®IE +1Vvm (D127
IV I + [ Vo (I3 + alll Aun(®E + [Ava(DIE)
(IVamO[E + [Vom @2
X (Tt (1), Vet (1)) + (Vom(2), Voo ()
4 BT (1 un (2], Vi (1) + (T [om(B7 v (B, V(1)
(I Vem®IE + Vo)

(4.18)

= Il(t) + Ig(t).
Now, (4.16) implies

IVum@I2 + [Vom@®I2 < 225D Beyg ).

a(g—1)

Thus we have

L) < YUVum@lz + IVorm@IZ + all Aum(®)13 + all Avm(1)]13)
B UIVum@®IZ + Vom@)lI3)7+
X ([[Vum@ll2IVem®)llz + 1Vom @)l Vor(t))]l2)
IVum@Iz + Vo3 + all Aum ()13 + afl Avim (8)]13
IVum@II7 + IVem@)I3)
UVum @z + IVom@)I3 + all Aum ()13 + all Avm(2)]]3)
(IVum@I3 + IVom(#))I3)7+
(4.19) X (IVum (I + I Vo ()I13)
7 Vum @l + IV I3 + all Aum )|l + al|Avm (2)]13
IVum®lZ + Vom@®)I13)
24 ( [Vum@Iz + VoI + all Aum(2)]IF + aHAvm(tNI%)2
2 UIVum@IZ + IVom(®)II3)7
X (IVum@®)lz + [Vom(®)]I3)7

¢+ p N\
atg -1 Pt 0))

<2
-2

v
t3

N

+

Y Y
< —2—H(t) + §H(t)2(

Now we shall compute the second term in the right hand side of (4.18). In the case
Fs<g< min{ {£Z, [—NN—-_Z%}(N > 3), we also see that
(4.20)

((V{lemOF ™ um(®)], Vur ()] < glllum(®)]77 Vum(®)l|2l| Var(#)]l2

< allumON ) N Vg, [Vul @)z
< O umON 1A Ve (B)]]2



where we have used Holder’s inequality and Sobolev-Poincaré’s inequality. We ob-
serve from Gagliardo-Nirenberg inequality and Sobolev-Pointcaré’s inequality that

-1)(1—-6 (¢—1)8
lem Ny n < Cllum@l ™ | Aum(@)13"

- —0 q—1)8
(4.21) < CIVum®IE VI Aun ()8

N -2 1
i 6 = — 1).
with 5 q—1(< )

Thus, (4.20) and (4.21) imply
(V[ (&7 o (8)], Vil ()]
< quClIVum@ONF V" Aun )3Vl ()]
422 < B U TV A ()3
q“c W |7t )2
Similarly
(Y [[om(DIT om(&)], Vo (1))
(4.23) < B0 T ET V0D Av ()26
q“cnv LI
Thus (4.18), (4.22) and (4.23) imply

2(g—1)(1—86 24-2(qg—1)80
guC || Vum@)3 P | Aup(t))3 207V

L(t) <
(1) < 75 IV OTE + [Vom(DIR)
L 2C [Vem@I3 | Avm(1)])5
2 NVum (3 + | Vom(DI13)”

quC _|Vun(OlZ + IVorm ()13
2 (IVum@®IIF + IVom(®N2)”

Q# (g—1)(1—-8)—~
< (uv (D2 + nwm(t)uz)

x (| Aum@I5H2D° 4 | Av (2)]57207D%)
guC || Vul, (D113 + | Vol (1)]13

2 ([Vum(®)I% + HVvZn(tl))IE):) 7

C/r/2 1 - T
<5 (GEZfl§E<U°"’°))
X (| Atm (D12 + [| Avm(2)]|3)1+ =18
quC ([ Val, (DI13 + [ Vol (D113

2" (IVum@®IZ + [Vom@)I[2)7
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(9-1)(1-6)—
(4.24) 2 \a(g—-1)

c
+ &H(t)

Hence (4.18), (4.19) and (4.24) imply

SH'() < LH() + %H(t)Z(ME(Uo,voD )

a(g — 1)
(¢—1)(1—-0)—~
quC (2(q+ 1) ) 14(g~1)8
(4.25) T3 (a(q — 1)E(uo,vo) H(t)
+ MH(t)

< Cy(H(t) + H(t)* =18 4 H(1)?)
where we have used the fact

PS (e ()P Vi (8), Vai (1)) + pE(jop ()17 Vo (#), Vo (1))
IVum@®lI + IVom(®)113)

Integrating (4.25) from 0 to t give
t
SH® < ZHO) +C [ (HE) + HEWD 4 Hs)ds.
0
We set g(s) = s + st 4 52 on 5 > 0. Then we have

SH() < 3HO) +C [ o(H(s)ds,

Note that g(s) is continuous and nondecreasing on s > 0. By applying Bihari-
Langenhop’s inequality ( see [2]), then we get

H(t) £ M, for some constant M; > 0.
Hence
(4.26) [Aum(®)I + |Avm(t)]z < Mo
for some constant M, > 0.

‘ A Priori Estimates III
Finally, by multiplying the equation (4.1) by u!,(t), we have
lum @z < (@ + ([ Vum(@®)I + [[Vom()I2) ) Awm(t)|l2lwm ()]l2

+ 16lum ()P~ (urn (8), um ()] + [tlum (D)7 (um (2), um (1)1



Note that

Sl (8) P~ (uln (£)), 'L (1))
< /Q ful (£)[P [ (1) dz

<6( [ intt)ivas) (/ lu':n(t>|2dz)%

= 6llum (2, lum(®)ll2

and similarly

plum (D17 (um (), um () < pllum (@)1, lum(@)ll2-

Now it follows from the Gagliardo-Nirenberg inequality that

8 1—-6
[uim ()15, < Cal|Vul (£)]IB% [ty (£)]12 %)

—1)N
< G| VUl B)2*, with 6, = PN
2p
and
-0
lem(l13g < Call Vum(®)IF lum (25"~
- 1N
< Cs||Vum(@)||2®? with 6, = Q_E_q_)_
Thus,

lum(@®ll2 < (a + (| Vum (@)l + I Vom()I3) )| Aum(?)]|2
(4.27) + Csl| Vi (DI + Cs || Vum(t)15*
< Mj; for some constant Mjz; > 0.

By applying similar method as the one for u,,, we get

(4.28) lom (D)2 < My fér some constant M,y > 0.

Limiting process

By the above estimates (4.16), (4;26), (4.27) and (4.28), {um}, {vm} have sub-
sequences still denoted by {um}, {vm} such that

(4.29) Um —u, vm —v in L%(0,T;Hy(Q)NH*(Q)) weak®,

(4.30) up, —»u', v, —v in L*0,T;H}(R)) weak*,

m
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(4.31) u' —)u", v;;l—)v” n LOO(O,T;Lz(Q)) weak™,
(4.32) u =, v -9 in L*(0,T; Hy(Q)) weak,

(4.33) —AUpy = —Au, —Av, - —Av in L®(0,T; H 1(Q)) weak™.

Using Aubin-Lions compactness lemma, we can extract from {um},{vm} subse-
quences, still denoted by {um}, {vm} such that

(4.34) Um — U, vm — v strongly in L2(0,T; H}(R)).

It follows from (4.34) that for each t € [0, T},

(4.35) um(t) = u(t), vm(t) = v(t) stronglyin L*(Q).

By letting m — oo in (4.1) and (4.2), we can find that u and v satisfy the equations;

(w"(®),w) = (a+ b(|Vu@®)ll7 + [ Ve)|l2)" Au(t), w)

(4.36) N p=1(o 1 -1 .
+ 8lu'(t) 1P (u'(t), w) = plu(®)|? (u(t),w) forall w € Hy(R),

(0"(8),w) = (a + b(|[Vu(®)[I3 + [[Vo(®)[13)"Av(t), w)

(4.37) A o .
+ 80" ()P (0" (t), w) = plv()]T (v(t),w) for all w e HL(R).

Now, the above result (4.35) imply

(4.38)‘ um(0) = uom — up strongly in  Ha(Q).

Thus, from (4.3) and (4.38) u(0) = uo. Also, from (4.35) we obtain

(4.39) (u1,(0) —u'(0),w) >0 as m — oo foreach w € HJ(Q).

Thus, (4.4) and (4.39) imply
u'(0) = uy.

Similarly, we obtain v(0) = vg and v’(0) = v;. This completes the proof of Theorem
3.1.

In fact, a priori estimates imply that the (approximated) solution u(t) exists in
[0, 00).

5. Asymptotic behavior of solutions

Theorem 5.1. Let u(t),v(t) and g be the same as in Theorem 3.1. Assume
that either 1 < p < 400 (N =1,2)or1 <p< —NNT2 (N > 3) holds. Then we
have the decay estimates if p =1,

E(u(t),v(t)) < Coe™® on [0,400),
— 39 —



and if p > 1, then
E(u(t),v(t)) < Ci(1 +t)"7T on [0,+00)
where k,Co and C are certain positive constants depending on ||Vu||z, ||u12.

To prove our Theorem 5.1, we need the following Lemma.

Lemma 5.2. Let u(t) and q be the same as in Lemma 4.1. Then there is a
certain number 1o with 0 < n9 < 1 such that

#(llwITE + M) < a(l = no)(IVu@®I3 + [Vo(®l3) on [0, 00)

where 1
-1 _ E g+1 2(q + 1) :
n =1 aC(Q,q +1) (—a(q — 1)E(uo,vo)

Proof. 1t follows from the Sobolev-Poincaré inequality and (4.16)

pllu@®llfis < O, + 1)7H | Vu(e) i+
7 -
= —C( g+ D™ Vu®IF™ - all Vu(®)llz

u 2(q + 1) =
< = g+1f AL T ) 2
< fo@q+ (3L [ Ewo,m)) ol Vul}
and
1:—1.
+1 _ M 2(¢+1) ?

O < 400+ 0 (2LE D Buo, u0)) T allvero)3

Thus we get

it
+1 +1 H +1 2(q+ 1) 2
OIS + oIt < So@ g+ vt (B g, )

x a(||Vu(®)]13 + |Vo(t)]2)
= a(1 - no)(IVu(®)[3 + | Vo()2) on [0,00).

This completes the proof of Lemma 5.2.

Proof of Theorem 5.1. We denote E(u(t),v(t)) by E(t) and E(uo,vo) by E(0). Let
u(t) and v(t) be solutions of the following problems;

by = (@ VU + [T AUE + Sl (P ()

' = plu(®)]" u(t),
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0"(t) = (a + (| Vut)|3 + [[Vo@)II3)")Av(t) + 8]o' ()" o'(1)
= plo(t)|"" o(1),

(5.2)

U(O) = Ugp, u'(O) = Ui,

(5-3) v(0) = vg, v'(0)=vy.

Multiplying the equation (5.1) by u'(t), multiplying the equation (5.2) by v'(t),
summation these two equations and then integrating over [¢,t + 1] x §2, we get

t+1
5 / (I ()22 + o' () 1211 )ds = B(t) — E(t +1)

= 6F(t)PH!

(5.4)

where

B = 5 (IWOIE + VO + al Tu)]} + ol Vo)1)

b 2 2yv+1 _ _H et o191
+ m(IIVu(t)IIz + [ Vo()ll2)"* q+1(|| Ollgt1 + l@ligs1)-

It follows from Hoélder’s inequality and (5.4) that

t+1 t+1
| w@gds= [ [ Pz
t t Q
L, [t o
gm(Q);’-ﬁ/ (/ |u'(3)|p+1dx) ds
t Q

p=1 t+1 )
<@ [ (s)Ids

p=1 t+1 }%1' t+1
< m()5 ( / nu'(s)n;::ids) ( / ds)
t t

< m(Q)FF F()?.

(5.5)

p—1
P+1

Similarly, we obtain
t+1 et
(56 [ ez < m@ st Ry
t

Applying the mean value theorem to the left hand side of (5.5)-(5.6), there exist
two points ¢; € [t,t + 1] and ¢2 € [t + 3,¢ + 1] such that

(5.7) ' (t:)]|2 < 2m(Q)TFFD F(2) i =1,2,
and
(5.8) o't < 2m(Q)TBFOF() i =1,2.
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Next, multiplying (5.1) by u(t) and multiplying (5.2) by v(t), adding these two
equations and integrating over [t;,t2] x Q2 give ( cf. (5.7) and (5.8))

/; 2I(u(s),v(s))ds
= /t 2(allvu(s)ll% + al|Vo(s)llz — pllus)llgis — pllv(s)lIET1)ds
2 t2
< 3w @l + 19/l + [ (IR + /(o))

o) O WP, ueas + ol [ P (), os))ds
< 4m(@) 50 F(0)( max, [lu(s)llz + max, [lo(s)lle) + 2m(Q)5F F(1)?

+6 /t 2 /,, ! (3)[P |u(s)|dzds + 6 /t 2 ]Q " ()P [v(s)|dzds
< 8m(Q)T5’;+1—15F(t)t max B(s)¥ + 2m(Q) 5 F(1)?

6/t:2/0Iu'(s)lplu(s)lda:ds+6/t:2/n|v'(s)|p|v(s)|dxds.

Here we note that

5 /: /Q /()| |u(s)|dzds

(5.10) <of (/ '(e) 'Hldm) i ( /Q IU(S)I”“dx) s

fz
-5 / I/ ()IZ (5421

t2
<6C(@p+1) [ () IVuls)lods
t

where we have used Holder’s inequality and Sobolev-Poincaré’s inequality. Since
I(u(t),v(t)) > 0 on [0, 00), we see that

E(t) 2 J(u(t), o(t))

PI(0,0(0) + ST DAV + 1990l

+ 2(—11—)(||Vu(t)n2 + Vo)™

5 alg -
> 2(q+ 1)(IIV u(®)ll3 + [[Vo(®)]13).
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From (5.4), (5.10) and (5.11), we get

t2
6/ /|u'(s)|p|u(s)|da:ds
t Q
_P 1

ta PHI t2 LY
< §C(Q,p + 1)(/ nu'(s)ngi}ds) (/ ds>
1 t1

x(z(q+1))% sup E(s)}

a’(q - 1) t1 <s<t;

(5.12)

= 6C(@pt ”(5—52’%—3) Fer e B9

Similarly we have

¢ / [ WPIu(s)ldads

(5.13) oot 1N b
< 8C(QYp+ 1)(%) F(t)”t sup. E(s)%.
From (5.9), (5.12) and (5.13), we have
/t " I(u(s), v(s))ds
(5.14) < 8m(Q) D F (t), max, E(s)¥ +2m(Q) 5% F(t)?

#2601 ) Fer e B}

On the other hand, from Lemma 5.2 and the definition of I(u(t),v(t)), we have
(5.15) ano([Vu(®)ll7 + IVo(®)13) < I(u(?),v(2)).
and

IVue®lz + Vo))
= (IVu®llz + V@IVl + IVe@)lI3)7

1 (2(g+ 1)\
<o (2 T

Thus, from (5.14)-(5.16), we obtain

/tltz E(s)ds

=5 [ WO + 1S + [ I, o)

(5.16)

t
ty
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= /tlz<nu<s)n2+||v(s)|| s+ [ (), v)ds

el / (IVu()I3 + Vo (s)l13)ds

2(q +1)
(5.17) b t2 2 N
t o5 ), (Ve + IVl
< m(Q) 5 F(t)?
2= 1) b 20+ 1) [ 1), o(s)ds
" (‘I+1 2no(g +1) 20770(’Y+1)(a(q )) )/ I(u(s),v(s))ds.

Consequently, from (5.14), we get

(5.18) /l E(s)ds < C4 (F(t) t131:pt2 E(s)% + F()* + F(t)? tliljgtz E(s)2 )
< Co(E(t)3 F(t) + F(t)? + E(t): F(t)P).

Again multiplying (5.1) by u'(¢), multiplying (5.2) by v'(t), adding these two equa-
tions and integrating over [t,t2] x 2 give

B(®) = Bt2) +8 [ (W) + I/ (o)lhds.

Since t; — il > %, we get

t2 t2
E(s)ds > E(t2)ds
t t
= (t2 — t1)E(t2)
1
> '2'E(t2)

that is,
t2

E(t2) <2 E(s)ds.

ty
From (5.4) and (5.18), we have

E(t) = B(t) + 6 / " ()IEEE + lo'()12E2 s

t2 t+1
<2 [TB@ds 5 [ (W + IV OlEthds

< 2C,(E(t) F(t) + F(t)? + E(t): F(t)?) + §F(t)?*!
< C3(E(t)3F(t) + F(t)? + E(t) F(t)P + F(t)P)
for some constant C3; > 0.
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Thus, we get
(5.19) E(t) < Co(F(t)* + F(t)*® + F(t)P*') for some constant C, > 0.
When p = 1, we have

E(t) < Cu(F(t)*)

(5.20) = Cy(E(t) — E(t +1)).

Thus, applying Nakao’s inequality to (5.20) yield

E(t) < E(0)e % where & =log

4
Cs—1
Note that since E(t) is decreasing and E(t) > 0 on [0, 00),

SF(t)PH = E@t)- E(t+1)
< E(0).

Thus
(5.21) F(t) < (%E(O))#.
On the other hand, when p > 1, it follows from (5.19) that
E(t) < Cu(1 + F(2)**~2 4 F(t)P"1)F(t)?
< Cs (1 + E(0)7F + E(O)%)F(t)z.
= Co(E(0))F(¢)?

with hmE(O)——»O CG(E(O)) =C7; > 0.

Hence

E()'**F < Co(E(0)) ™ F(2)r+!

22
(5.22) < %Cs( E(0))™ (E(t) — E(t + 1)).

Setting C(E(0)) = 6C’6(E(0))_b;‘1, applying Nakao’s inequality to (5.22) yield

E(t) < (E(O)_’:_l + (pi* I)C(E(O)) [t _ 1]+) _;:T'

2

This completes the proof of Theorem 5.1.
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