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ON THE ALMOST EVERYWHERE CONVERGENCE OF BOCHNER-RIESZ MEANS

OF MULTIPLE FOURIER INTEGRALS FOR RADIAL FUNCTIONS
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ABSTRACT. Let n=2 and (S« f) (x)=§1>18|(sn £)(x)|, where Sg f is the Bochner-
Riesz mean of order & of the Fourier integral for f on R". We show that the

o)
operator Ss is bounded from the Lorentz space L*' !(R") into L*'* (R") on the
critical line 6 =n(1/p-1/2)-1/2 for 2n/(n+2)<=p=2n/(n+l) besides p>1 when

acting on radial functions.

§1. Introduction.

Let R" be the n(=2)-dimensional Euclidean space and for any x=(x.,..., Xa),
y=0u ..., ¥») in R", we denote (X,y)=xX1yit+: - +X.ya. and |x|=(x,x)'/2

For the Fourier integral of a function feL?(R") (1=p=2), its Bochner-Riesz
mean of order & 20 is defined by

lyl )8 ?(y) ei(x.y)

W 62 Hw=Tm)- X 1 @,

lyI<R R?

/\
where f(y) is the Fourier transform of f, i.e.



Pa -1 ,
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It has been shown that for 1=p=2n/(n+l) there exists a function feL’(R")

such that (Su6 f)(x) diverges almost everywhere as R—co, where & =n(1/p-1/2)

-1/2 ([Ko]). On the other hand, acting on radial functions, it is known that

for 1=p=2n/(n+1) and 0= 6 =n(1/p-1/2)-1/2, Sf is unbounded on radial L*(R")
(IWD). But for 1=p<2n/(n+l1) and & =n(1/p-1/2)-1/2, Sf is weakly bounded on
radial L*(R") ([CM]), and for p=2n/(n+l1) and & =0, Sf is not weakly bounded

([KT]) but restricted weakly bounded on radial L*(R") ([C]).

We put

@ (s D=y 2wl

é
Then, it is known that for 2n/(n+1)<p=<2 and 6 =0, S. is bounded on radial
L*(R") ([Kal, [P]), and for p=20/(n¢1) and 5=0, SO is weakly bounded on

radial Lorentz space L*' '(R*) ([RS]).
In this paper we shall prove the following theorenm.

THEOREM. For p>1 and 2n/(n+2) =<p=2n/(n+l1) and for the critical line

)
0 =n(1/p-1/2)-1/2, S. is weakly bounded on radial Lorentz space L* '(R"). That

is, for any 2 >0 and for any radial feL*:!(R"),
5 1
[(xeR™; (82 D>2MISC, (=t )f

is valid, where C, is some constant independent of 1 and f. Consequently, for

)
any radial function feL®™ *(R"), (Sz f)(x) converges to f(x) almost everywhere
as R—oo,
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Here we remember the Lorentz space L® *(R") briefly. For any measurable
function f on R", we denote the distribution function and the non-increasing
rearrangement by A ((y) and f*(t) respectively, i.e.

A (y)=|{xeR"; |f(x)|>y}| for y>0,
f*(t)=inf{y>0; 2:(y)=t} for t>0.

When 1=p<co, we put
NEN .. o=( g‘(’: (F*()t17P)% t-ide}i7s

for 1=q<co and

= * $+1/p} = 1/p
NEll s e §1>18{f (t)t!7°} §l>18{y(lf(y)) ).

We denote the set of all functions on R" such as || f(l .. «<<co by L** *(R"). Then,
L? "CL* * for 1Sr=s=<oo and L*' *(R") =L (R"). Also, if 1<p<oco and 1<q<oo,
then (L *)*=L" - *, where p'and q' are conjugate exponents of p and q
respectively, and if 1<p<{oo, then (L*' !)*=L* ‘e .

" If f is a radial function on R", we write f(x)=fo(|x|). Then we can express
Vas
f(§) as

/N 0
f(g)=|¢| -2 Xo £o(r)J -2 ,2(] € [r) £™2 dr,

where J;z (t) is the Bessel function of order x=0. So, setting
R t?2 6

(3)  Kg(r, S)=JI‘—SK (1—?) J (n-2),2(rt)J (a-2) ,2(st) t dt
0

for r>0, s>0, we rewrite (1) as
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@ GH@=|xl-e2 i;’fo(r)r‘"-m Bx(r, |x|) dr.

We note that

(5) Kr(r,s)=R K, (Rr,Rs).

§2. Lemmas.
The following lemma is wel lknown.
Lemma 1([SW]). If feL*(R®) (1=p=2) and a =0, then for any & >0

the following formulas are valid ;

() G @)=

R
2l (a+1+¢)  -2(a+e) e ol 2041
[(a+1)T(e) ]0 (R2—t%) t (5. f)(x) dt,

-1 2a+l
t

(i) (R?2—1t?)

R
2r -2
(a+l+e) R (a+e) X dt=1.

I(a+1)T(e) 0

Therefore we get

@ GTDws 6D,

We use the fact (i) with =0 and € =& later on.

Let M, H, H* be the Hardy-Littlewood maximal operator, the Hilbert transform,

the maximal Hilbert transform respectively, and C* be the Carleson’s operator

[+]
—iRt

. _ e
€)= sup I[ p—y f(t) dtl.

-0

The following fact is known ([P]).
Lemma 2. For any radial function f(x)=fo(|x]), the inequality

(S.°)()= C |x|= =272 (M+[H|+H+C*)(fo(r) Ir =V 72)(|x|)
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is valid. Furthermore, denoting M+ |[H|+H*+C* by T, we have
4] [ 4]
[ Jao@ir ww aesc, [ le@]r ww) dt
-0 —00
for weA,(R) (1<p<oo).

It is known that ItlyeA,,(R) for -1<v <p-1.
For (3) with R=1, i.e. for K.(r,s), the following estimates are valid.

Lemma 3([CM]). For &>-1,

: Jr Js
(l) lKI J_— m? |I‘ SI
. /T /s
‘ (l) IK1(I‘,S)|§ C m;' y,].—+S- ’

(i) I|Ki(r,s)|= C (rs) "~ P72,

" By the lemma and (5), we get

©®) IKa(r, xD)I= C R 7%;;% 7%5%?;, Re—RIxl | °
JRr  JR|x|

(1) [Ka(r, [x1)|= C R iR

(8) IEs(r,|x|)|= C R~ p»-1 72 |g| (-1)r2

The following lemma is shown easily.

Lemma 4. For 1<p<oco, we have for radial function f(x)=fo(|x]|),

)4}
[0 Ifo(r)| r*/*~! dr=< C, Ifl.. ..



Proof. We put ¢(x)=|x|_ﬂ (x€R") for £ >0. Since

A, =1k 18 @I>v=IGee; 1xi<y ¥ “3 = @,y V%,

we have

1] in/p s yl—n(l-l/p)/ﬂ

p,o y>
)
and so ¢ELp "(R") for £=n(1-1/p). Therefore for such the z we get

4]
1 -
Xo Ifo(r)] ' r “dr=C IRnlf(x)M(x)dxéCplflp.l-
Since n-1- # =n/p-1, we get the conclusion.

§3. Proof of the theores.

We put I.=[2%, 2**') and I.*=[2%"!, 2%*!), k=0, 1, 12,... For 1<p

<2n/(n+1) we put 6§ =n(1/p—1/2)—1/2. Since (0,<>0)=ku_LDJ_°°I.l , we have

) o )
{xeR"; (S. f)(x)>2.}=k_U_w{x€R“; Ix|€lx, (S« £)(X)>1)
for A2 >0. For each k we decompose f into
f=f + f =f,V4+ £, @
e TRaeyeT M -
say. Then we have

@  1xer*; $ZHm>2)

o o
ékP_ml{xER": Ix|€Is, (Sa £ M)(X)>2/2}]
) o
+ (B xR Ix|el, (8. £fu @) ()>2/2} .
First we estimate S. fi ‘Y’. Simplifying notations, we denote f. ‘i’ (x)
=f, O (|x|]) (i=1,2). By Lemma 1 and Lemma 2, we have
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6
(8. £ m)(x)é(s,ofk MY R)=SClx]™ @172 T(If, D (r)|r "D 72)(|x])
and so
e 6
(Dol (XER™S [xl€Ly, (8. £u ) (0> 2/2}
®
ékgm“xERn; |x|€ls, T(|fx (r)|l‘("_1)/2)(|x|)>C1|x| ("'”/2,1”
® ,
ékgml{xERn; IxI€1., TU £ ® (£)|r -1 72)(|x|)>C, 2% -1 72 }]
m .
écak_)'_zm(zk (a-1)72 2 y-p SI (T £ O (r)|r ™=V 72)(s)}® s"~! ds
B k

4]
éc4k§m(2h (n—l)/zl)—pzk (n-1) j.I {T(lfk (1) (r)'r(n—l)/z)(s)}p dS
== k

=Cad7" kc)g_.‘ 2k (n-1) (-pr2) S:;{T(lf.. W(r)|r=-172)(s)}" ds.

=-—00

If p>1, we apply Lemma 2 with w(t)=1=|t|° €A,(R). Then the last term is
bounded by
<Csd-" % gk (a=1) (1-p/2) K:(If" W (p) |r -1 72)e gp

k=-w

k=-o

:-_—Csl’l’ mz Zk (n-1) (1-p/2) gI 'Ifo(r)lp r(n-l) p/2 dr,
k
§C62‘°P % 2k (n-1) (1-p/2) 2k (n-1) (p/2-1) J lfo(r)lp rn—l dr
k:—m Ik‘

—c l-P © [ ] n—-1 - @ -1

=ca B[ @i oot arseia [Nitmlr o ar
(10) =Cor-’ [Rnlf(x)l’ dx=Ca(l£1,/2)*SCa(I£],. 1/ 2)".
Thus we get the desired estimate for f, .

. o)
Next we estimate (S« fi ‘® )(x) on the set {x€R"; |x|€I.}. We want to prove

the estimate
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o
(A 62 f@)SClxI ™" [ 18| £/ dr

for (p, 6) in the theorem.

If we can get (11), then by Lemma 4 we will have

&2t @y=c. IxI-Ifl.. .

and so

B IGeRs Ixlen, 676 ®)(0>1/2)]

2]
= L xR Ixlel, 1x1<@C Ifl,. 1/ 2)77)]

= |{x€R"; |x]|<(2C," Ifl.../2)" "}|
=Qn(2cpi Hfﬂp. I/R-)P=Cp' (Ifup, l/l)P-
Thus we will have the desired estimate for fy ** and so, by (9) and (10), the

theorem will be obtained.

For the sake of the proof of (11), we fix any x€R"™ with |x|€I.. So |x|~2%.

0
Since supp fi« @ (r)C (2%, 2%*2)C, by (4) we decompose (S. fx @ )(x) as

: o
(12) 6. £ @)@)=|x|" "V 72 I: £ @ (r) r " 72 Ke(r, Ix|) dr

2k—l B
=jo + sz = I @+ @ (%)

say. We shall estimate Ir ¥’ (x),j=1,2, in the case of 0<R=1/|x| and R=1/|x]

separately.
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(I) Estimates for Ir @ (%).
In the case of 0<R=1/|x]|, by (7) we have
[Kr(r, |x])|= C R3*72|x|!2

and so

11z @ (x)|= C |x|- (-2 72 R3s2 Jw Ifo(r)| r ™72 dr,

2k+2

Since (n-1)/2—(n/p-1)=-8 <0, we have

|IR (2) (x)lgclxl- (n-2) /2R3/2(2k+2) (n-1) /2~ (n/p-1) J;k.,zlf()(r) ,rn/P-ldr

[+4]
§C1R3/2|x|-n/p+3/2 jo Ifo(r)lrn/p—ldr

<C,|x|-"* g: Ifo(r) |r™*-1dr.

In the case of R=1/|x|, noting that r—|x|=r/2 for r=2%*2, we have by ()

KaCe, 1D 1s R O a—1x)) ® s ¢ 7% O
and so we get
0
1® (o< ¢ [g) P72 50 gzm PRI e DT VY

Since (n-1)/2—(8+1)—(n/p-1)=-n(1/p—1/2)—1/2— & <0, we have

'IR (2) (X)|
. 0
§C1|X|—(n~1)/2 R 6( 2k+2 ) Rl [2“2 lfo(r)lrn/p_1 dr
6 /p-6 i /p-1
§Cz R IXI n/p Ko lfo(r)lrn p dr

0
- -1
=C; |x| o/p JO lfo(r)lrn/p dr.
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Therefore for 1=p=2n/(n+l) we get the estimate

(13) ﬁgBIIa‘z’(x)l:EC,le""/’ K: |£o(r)|r"/*'dr.

(I) Estimates for Ix ‘¥’ (x).
In the case of 0<<R=1/|x|, noting that Rr=1/2 for 0=r=<2*"!, we have by (8)

k-1
|IR (1) (x)léclxl—(n—l)/z [2 lfo(r)lr(n-l)/z R® r(n-l)/2 lxl (n-1) /2 dr

2k—l -
=CR g | o iar.
Since (n-1)—(n/p-1)=n(1-1/p)=0, we have

gk~1
IIR (1)(x)lgcRn(zk—l)n(l—l/l’) Io Ifo(r)lr""’"dr
<C,R"|x|" @-1/» X: I£o(r)|r"7®~'dr

1]
=C,|x] """ XO |fo(r)|r=/*-'dr.

In the case of R=1/|x|, we decompose Ig ‘'’ (x) as

k-1
e @ ()| < | x|~ (=1 72 gﬁ 1£0(e) |r ™1 72 [Ka(r, [x])ldr
< x|~ -0 2 S(')""Z £0()|r @D 72 |Ka(r, |x])]dr
1/(2R) Ix|/2
_ S + [ —3a @ () +ds @ (1)
0 1/(2R)

say.
For Jr ® (x), noting that Rr=1/2 and |x|—r=|x[/2 for 1/(2R)<r=<|x|/2, we

have by (6)
-(&+1 - -(&+
( )§C : 6|x (6+1)

IBa(r, [x)1=CR ° (Ixl—r) |

1
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and so

Ix|/2

[fo(r)| r

~(0-1)/2-(841) -8 g
1/(2R)

Jr P (x)=C, | x| (n-1)/2 dr.

Since (n-1)/2—(n/p-1)=-6 =0, we have
Ix|/2

1/(2R)

n/p-1

-(n+1)/2-6 R 1£o(0)| dr

Je® (x)SC x| % /ey ® J

[+4]
éczlxl—(ml)/z—a s n/p-1

0 [fo(r)| r dr

[+4]
=Cz|xl—n/p KO [fo(r)| rn/p—l dr.

Lastly, we estimate Jr ‘"’ (x). Noting that Rr=1/2 and |x|—r=|x]|/2 for
0=r=1/(2R), we have by (6)

KeCr, IxDIs ¢ B2 12y (00D

1/2-6, -(&+1) 1/2
R r

§ C1 ’XI

and so we get

1/(2R) n
0 [fo(r)| r

Since n/2—(n/p-1)=0 is valid only for p=2n/(n+2), for p=2n/(n+2) we have

2
Jr P ()=C, x| / dr.

~(-1)/2-(5+1) 1/2-6 [

JR (1) (x)

1/(2R) n/p-1

-(n+1)/2-6 R1/2— o 1fo(0)] r dr

§Cl|X|

(1/(2R) )n/Z—(n/p—l) I

0

-(n+1)/2-8 n/p-1

)
§Czlxl SO |fo(1’)| r dr

[+4]
—C,|x| VP Xo o0 277! gr.
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Thus for 2n/(n+2)<p=2n/(n+l) we get

(14) ﬁgglln“’(x)léscplxl_n/p X 0 [fo(r)| rn/p-l dr.

By (12), (13) and (14) we get (11) and our proof is complete.
Remark. I don’t know whether the statement of the theorem is true when

1=p<2n/(n+2) for general n.
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