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Group von Neumann algebras associated with
locally compact groups

Yoshihiro Sekine

Abstract

The relation between two semi-finite von Neumann algebras associated with a
locally compact group is investigated.

1 Introduction

Let G be a locally compact group. Then it is known that there exists an action @ of G on
the additive group R of real numbers such that the semi-direct product R x, G is uni-
modular. Hence the group von Neumann algebra A(R x, G) generated by the left regular
representation of R x, G is semi-finite. On the other hand, using the modular action o
on the group von Neumann algebra A(G) generated by the left regular representation of
G, we also have a semi-finite von Neumann algebra A\(G) x, R, the crossed product of
A(G) by o.

In this note, we shall compare the structures of these two semi-finite von Neumann
algebras.

2 Results

We first recall some basic facts on locally compact groups and von Neumann algebras (see
standard text-books in the reference).

Let G be a locally compact group with a fixed left invariant Haar measure and let A
be the modular function of G. If we define an action « on the additive group R of real
numbers by

ay(t) = Ag)t, t€R, g € G,

then the semi-direct product R X, G is unimodular, so that the group von Neumann
algebra A(R x, G) generated by the left regular representation of R x, G is semi-finite.

On the other hand, let A(G) be the group von Neumann algebra generated by the left
regular representation of G and take a natural weight ¢ on A(G) such that the modular
operator A, arising from ¢ is given by

(A%6)(9) = A9)*€(9), £ € L*(G), g€ G, teR.
Then the modular automorphism group {of};cr on A(G) is computed by

of(Ag) = A(g9)"Xg, g € G, t € R,
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where )  is the left translation operator by g on L?(G) defined by

(A€)(R) = &£(97"h), € € L*(G), g,h € G,

and it is known that the crossed product A(G) X,+ R of A(G) by 0¥ is semi-finite.
In order to fix notation used later, A; and x: (¢ € R) denote unitary operators on

L?(R) defined by
(Aef)(s) = f(s—¢)

(xef)(s) = e f(s)

respectively, and F means the Fourier transformation on L%(R) given by

, f € L*(R),

1 ©
F)s)= —7= i f(t)dt, f € LA(R).
(F1)(s) ) \/%/;me f() f ( )
We note the commutation relation
XsAt = e 't AtXs, S,t € R.

Proposition 1 A(R X, G) is isomorphic to L®(R) x4 G, where the action & of G on
L*(R) is given by

(@ (f))(E) = f(A9)?), fe L*(R),teR, g€G.

Proof. Since
}'-At]:* = Xt t e R,

we have
AR X, G) 2 AR)xaG (@A) = Aagg)
o L°°(R) xqa G (&g(Xt) = XA(y)t)'
q.ed.

Proposition 2 A(G) x,+ R is isomorphic to L°(R) xg G, where the action 8 of G on
L>(R) is given by

(Bg(N))(t) = f(t +1ogA(g)), f € L*(R), teR, g€ G.

Proof. It is straightforward to see that
AMG) xee R = {A,®1,A%® )\ | g€ G, t € R}".
If we define a unitary operator W on L?(G) ® L?(R) by
(WE)(g.t) = A(g)™€(g, 1), € € L*(G) ® L*(R),

then we get
I/V()‘g X 1)W* = Ag ® Xlog A(g)> 9 € G’
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Thus we obtain

{N®L,AY® )N | g€ G, te R}
> (A ®Xiogaw): L®N | g€ G, te R}
{A®1, Xioga@ ®Ag | tER, g€ G}’
> {(x:®1, Aioga) ® A |t ER, g€ G}

IR

Here the second isomorphism follows from the flip and the third is given by the Fourier
transformation. Since

/\—logA(g)Xt)‘—l(:gA(g) = e—i“ogA(g)Xt, teR, g€QG,

we have the conclusion.

q.e.d.
Corollary 3
A(R Xa G) & (/\(G) Xge R) D (A(G) Xage R)
Proof.
MR x,G) =2 L®R)x5zG
= (L*(—o00,0) & L*®(0,00)) xa G
&~ (L°°(—00,0) x5 G) ® (L*(0,0) X G)
>~ (L®(R) x5 Q) ® (L2(R) x5 G)
= (A(G) xov R) @ (AG) Xov R).
q.e.d.
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