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§1. Introduction. . .

A. Borel and J.-P. Serre have studied the cohomology mod a prime
p of Lie group in the paper [1], using the cyclic reduced power defined
by N. E. Steenrod.

This investigation has required the value of b%7 which appears in
this paper. The definition,of b7 is as follows: Let o7 « calay, g« -
%;_rp-1p D€ a homogeneous symmetric polynomial in variables ;, @y, - -,
x, of degree j where p, k and j are positive integers.

This polynomial is eXpressed by a polynomial B}?in oy, « « -, 0; where
c,(i=1,2,+ - -, j) is fundamental symmetric expression in @+ « -, 2,
of degree 7, and we write the coefficient of a; b}, .,

Regarding b7, it is not necessary to know its value but it is suf-
ﬁC1ent to calculate the value with respect to mod. p.

For instance it is easily seen that b)’=j (mod. 3) but the general
formula of b%? has not been given. The particular case in which p=2
has been treated by Wu Wen Tsiin and the result yields

pg (I—R—1 ‘
(1) ‘bz =(""07)  (mod. 2).
In addition to this formula, he has proved that
—k—1 j—2k\ .
(] ) k—l 61 Tyt e = +(7 1 )ak—lgi—k+1+alao'j—k (mod 2) |

and also in the case k=1, b,’=j (mod. p) has been seen.
- Now it is the purpose of this paper to show the followmg result

about b%7: a .

- €2) o b’” ( —k(pk—l‘ —1) (mod. P).

(1) is mcluded in (2) in the particular case p=2.
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§2. Reduction formula of %7,

First of all we must show that there exists a following reduction
formula

n._ —]+l(p 1)) ,j
(3) (k,—g s

Proof. Let P(#%,+++, x) be a polynom1a1 in varial;les Ty, Xgy v oo,
x, such as
P, e+, m)=Q—=ar)«« « (1=a)(1—a4s;) » » « (1—20).
We write this polynomial in the form i
P(@, -+ o a)=A=2) » » « A= )(L—ze.)) « + + (1=2,)
x (a4 oo 420 ) x oo o x (1424 -+« +aF™")
=A=a+a— - +(=1YqG+ - - - +(=1)"0)
x (1+x]+ P +1-{’—1)>< o o X(1+“«'1¢+ o o » +m§,"1)
where o,(i=1, 2, -+, n) is fundamental symmetric expression in z;,
%, -+, v, of degree 1.
Consider SP(z,, + + -, %) where ‘this- summation runs through all
combinations («;, + + -, x;) taken from @), « + ., @,.
This polynomial is not only expressed by ¢, - -, ¢, but written
in the form

( 1)1( )o’ +(p07ynomlal in Gy * o, 61-)‘

On the other hand, trying to develope P(«, - - -, ;) into another
form, we obtain another homggeneous symmetric polynomial of degree
7, 1. e.

P(®, e, 2)={1—(aP-+ o o« +a2)+(2Px0+ « ¢ « £ 20_a8) = o « «
+ (=D + - a2)x (L= )+« + (1—,).

From this form on the right we get terms of degree j such as
XYL o o o TRpyq o o ¢ Bj_pip1yy XVXG o o 0 TR _ 1T 1 Lpyp @ @ » Tj_hip-1)+1s * * ° »
ATy o 0 o AR X1 Trsg * * * Tj_kot)p-1+lr * ° s
then we must calculate its sign and coefficient.

In the first place, since (—1)*aPa?. ..2% combines with j—kp
terms taken from —xz,;, —&4.p * + +, —,, its sign is

(=D*(—1)*p=(—1)y koD and coefficient is 1.

(=1*" (@ eafy+ -+ +af+--2f) combines with j — (k—1)p
terms taken from —%.,;, —¥%.; « + +, —z, and therefore its -Sigh is
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(—D¥1(—1)i~*r=(—1)~%D>-D gnd coefficient is

({n— (k— 1)}—{1'—("7—1)17}) . (ﬂ—f+ (B=1)(p—1D
1 1

and so on. (—L)*7(aP e« e af ,+ «+« +a%,, «+ +af) combining with j
—(k—r)p terms taken from —®;.;, —¥4,, « + », —&,, its sign is
(=D*7(=1)y~&rr=(—1)y % "®=D and coefficient is
{n—(k—2)}—{j— (k—r)p})__ (n—-j+ (B—1) (1’-—1)>
r

4
where =0, 1, - ., L.
As in the above paragraph considering > P(«;, + « «, 7,), we obtain
a homogeneous symmetric polynomial of degree j

1Y EODSGP o o B e e e X _1yi-@-nep-pf I+ R=D (-1
( 1) Zaﬂ L3l aj—k‘p—'[)—'l_( 1)

1

n—j-+ (k—7) (p— 1)

xzx{)...x%’_]xk...x (k](p 1\+...+< 1).1 - k—rY(p~ ( ,

XX o o« TR By iy vt Bj_pemp- ot F ("'Dj( k )2901 © e e Xy

Of course this last polynomial is expressed by o, .- -, v;,, and
from this expression we obtain the following value as the coefficient
of og;:

, e . . [ B—F+ (R—1) (p—1
('—1)3-'0\7'—1)6;-7—*-('—1>"(7¢-—D(71'-D(n I+ 1 )P )>b,’§—u+ “e

—j+ k=) (p—
r

+<__1>j—(lc—1)(p—])(n )675 "J+ o e o 4 (-—-—1)‘7< )bﬂ where we
put 601—1 A

L . 1l 1
Let k—r={, this becomes Si(—1)-i@-n(* 7" (p "\bt4 and must
= g

coincide with (—1)"(:) the coefficient of o; derived in the preceding
b
paragraph and therefore we obtain '
n ® ~i (= HI(p—1)
(_1)3( i ):E}(_ 1).7 iy 1)( ey )b;;.i.

If p is any prime number such as p—3, this reduction formula be-

(-5

and also when p=2-this equality is valid with respect to mod. 2.

comes
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§3. proof of (2).

To this end we shall prove that the reduction formula (3) is
independent of 7, i. e.

© O

is valid for every integer m—=n. (Observe that we do not change =

which may be contained in each b4 but only n expressed explicitly in

®3))-

Considering b7 for Da? « « « X% &%+ * © _¢t_13p-1» WE Obtain from

n o\ Elm—j+Ip=DY,,
(k-1>";2_5' k—1-1 )b”J
and combining this with (3)
(n+1): (n—;+l(p D)b” n -7+~ ))bl,j
k =0 kB—1—7 »

_ ke r—i o =1 n—1+l(p—1) Y
‘,,Z;l k—1 )+( E—1—1 )}b”a+b”

(3)

——}_, n+1—]+l(l’ 1))(’”'*'5’”—2 n+l1—j+1(p— ))b;,.
t=0 =0 k-1
By induction more generally
—j+1 1 ey
(n+r) ("+' - (p ))bi;-f for every positive
l=]

integer » and then put m=n+r.

Let us now turn to the proof of (2)

Since the expression (4) is a polynomial in variable m of degree k
and its equality is valid for every positive integer m—=>n, setting the
constant term equal to zero, we get

=0 k—1
As (2) is true for k=0, 1, if we assume
_(i—(p=1)—1

by’ , ) (mod. p) for 0=I<k, it is sufficient to prove

this equality for /=k.
From this assumption and (5), we obtain

(— l)kb'ff+z( 1>(7 Kp— 1)+k—l—-1>(] z(p—1)_1)EO

and therefore the proof may be reduced to

(mod. p)



(—1)* i— k(ﬁ H— ) Z( 1)(1 1(p— 1)+k — ’)(j-—l(,p;-l)—-l)EO
(mod. p),

e S(—1) "‘*’("“;)*lk_"‘)("“’(”:”'"l)50~ (mod. p).
= -_

However, since each term in the last expression may be reformed as
follows:

(; 1(p— 1)+k — 1)(; —1(p— 1)—1) (Jlp—D) +k—(—1)!
(k=D 1(—(p—1)—1)!
5 (_j—l(p——l)—l)! k! G=I(p=D +k-1-1)!
NG—I(p—1)—1—1T ~ G—DUul * k(—l(p—D)—I—1)!

(X,

it is sufficient 'to prove that

() )= v

j+k—1—1 1 2 .
In order to prove this, letting - 5 p) Tg — 1) A.p'l* where

A, is polynomial in j and %, we have

()R v

1 k l i iy ) )
G O ()3 G DU WIS 3 G DUV GREDY (o D
H =0 .
In this pl_ace thanks to Euler’s formula [2], we have
B B\ . o
;( D (l)z =0 it 0<<i<<h—1,
* =(=1)%! if i=k
and consequently
k k
B B
=0 /4
Thus the proof of (2) is complete.
‘ Mathematical Institute,
Niigata University, Niigata, Japan.
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