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WEIGHTED COMPOSITION OPERATORS ON THE
LOGARITHMIC BLOCH SPACES WITH ITERATED
WEIGHTS

TAKUYA HOSOKAWA AND NGUYEN QUANG DIEU

ABSTRACT. We will characterize the boundedness and compactness of weighted
composition operators on the logarithmic Bloch spaces with iterated weights on
the open unit disk.

1. Introduction

Let H(ID) be the space of all analytic functions on the open unit disk D and S(D)
be the set of all analytic self-maps of D. For u € H(D) and ¢ € S(D) we define
the weighted composition operator uCy, : f +— wu - f o . Then uC, is a linear
transformations on H (D). We can regard this operator as a generalization of a
multiplication operator M, and a composition operator Cl,.

Let H>® = H*(D) be the set of all bounded analytic functions on D). Then H®
is a Banach algebra with the supremum norm

[fllec = sup [f(2)].
z€eD
The Bloch space B is the set of all f € H(D) satisfying
Il = Slelg(l — =)' (2)] < oo

Then || - || defines a Mébius invariant complete semi-norm and B is a Banach space
under the norm || f||z = | f(0)|+ || f]l. Note that || f]| < ||f]ls for any f € H>, hence
H> C B.

Let the little Bloch space B, denote the subspace of B consisting of those functions
f such that

lim (1 — |z*)f'(z) = 0.
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The little Bloch space B, is a closed subspace of B. In particular, B, is the closure
in B of the polynomials.
For w, z in D, the pseudo-hyperbolic distance p(w, z) between z and w is given by

w—z

9

and the hyperbolic metric 3(w, z) is given by
1+ p(w, z)
We present a growth condition of the Bloch functions: for f € B,

B, ) =  los

1+ |w|
1 — [wl

[f(w)] < |f(0)|+|||f|||-%1og

SO+ A1 5w, 0).
Let d(w, z) denote the induced distance on B defined by

ds(w,2) = sup |f(w) = f(z)]

Iflls<

Then it is also known that the hyperbolic metric coincides with the induced distance
on B, that is,

dp(w, z) = F(w, 2).
See [10] for more information on the Bloch space.

Madigan and Matheson [5] studied the composition operators on B and B, in
terms of the hyperbolic derivatives
1— ’2‘2 /

80#(2) = WSO (2).

In [7], Ohno and Zhao characterized the boundedness and the compactness of uC,
on B and B,. In [6] those results were generalized to the case of a-Bloch space B*
induced by the a-Bloch semi-norm

/1l = sup(1 — [2[*)*1f (=)

for & > 0. On the other hand, Yoneda [9] studied C, on the logarithmic weighted
Bloch space £B' induced by

1 1
I = s ) (g 1os 1 1) 1o
= sup (1L~ )30+ DG

Here we review that M, is bounded on B if and only if u € H® N LB" (see [1] and

2]).



In this paper, we study the logarithmic Bloch space with iterated weights and
the weighted composition operators acting on them. In Section 2, we define the
logarithmic Bloch spaces with iterated weights and investigate their basic properties.
In Section 3, we characterize the boundedness and the compactness of uC, on them.
Moreover, we consider the case of the little logarithmic Bloch spaces in Section 4.

2. The logarithmic Bloch spaces

Here we define the logarithmic weighted Bloch spaces with iterated weights. Let n
be any positive integer. Denote by ¢(z) = (logx) + 1 and ¢, (z) be the n-th iteration
of {(z). Put {y(z) = = and

For f € H(D), denote that
1 £lln = sup (1 = |21) [T L ()1 ().
z€eD he1

Then each || - ||, is a non-Mébius invariant semi-norm.

Definition 2.1. For any positive integer n, let £B" be the set of all functions
f € H(D) such that ||f|l, < oo. The little logarithmic Bloch space, denoted by
LB}, is the closed subspace of LB" consisting of analytic functions f on D with

lim (1 — Ly ( =
im0~ O T G @ =0
For the case of n = 0, denote that || - lo = || - ||, £B° = B, and LB, = B,. Then

LB" and LB are Banach spaces with the norm || f||zz» = [f(0)] + || f]. for any
non-negative integer n.

The following are basic properties of the logarithmic Bloch spaces.

Proposition 2.2. Let n be any non negative integer.
(i) B! G LB".
(ii) LB, S LB".
(iii) Forr € (0,1), let f.(z) = f(rz). Then f € LB} if and only if || f — f|l. — O
asr — 1.
(iv) LB is the closure in LB™ of the set of all polynomials. So LB is a separable
Banach space.

Proof. Let

2 1—2

o(2) = 0, (i log ——— + 1) |



At first, we prove that g € LB". Observe that

n nlgk 1+‘|+1)

(1= |27 H 1"""21"[ |
211 ‘ﬁk (4 log 2 +1)|

If g & LB", we can choose a sequence {z;} C D such that for some 0 <k <n—1

1— |z))w (5 log = +1)
I |1 B Zj| " |€k 2 log 1—Zj + 1)‘

After passing to a subsequence we may achieve that z; — 1. Note that for any £,

’€k<%logliz )’ _Kk( logl1 2Z|+1). (2.2)
Indeed, since Re 12 = Re(1££ + 1) > 1 on D, we have that
‘ log 2 +1’2ilog 2 +1>1
2 2 B2

Moreover, if Rew > 1, we have that [¢(w)| > {(Jw]). By the induction, we get (2.2).
For x > 0, consider the function

1 1 2
h(z) = o €k<5 log = + 1). (2.3)

Then we have that

Notice that

60 (F,0)
NG <JH0 4; (t)> =0
as t — oo. This implies that h is increasing in a small neighborhood of 0. It follows
that

h(1 = [z]) < h(]1 = z) (2.4)
for j large enough. Combining (2.2) and (2.4), we get a contradiction to (2.1). Thus
g is a function in LB".

Next we prove that g belongs to neither £B” nor LB™"'. Let r be a positive
number in (0, 1). It is easy to check that

lim(1 — r? H =1 (2.5)

This means that g ¢ LB],. By (2.5), we have

n+1

lim (1 — ) [T Ls (1)l ()] = o0



We conclude that g ¢ £B"". Here we get (i) and (ii).
For the proofs of (iii) and (iv), we can apply the same proofs of Theorem 5.9 and
Corollary 5.10 of [10]. O

Next we give the growth condition of LB".
Proposition 2.3. Let f be in LB". Then for w € D,

[f ()] < [fO)] + [Iflln log Ln(w). (2.6)
Proof. We have that

fw) — F0)] = \ /f (wt) dt‘<|w|/ | (wt) de

IN

|w|dt
1 | e o
171 1og L ().

Hence we get (2.6). O

Let dgpn(w, z) denote the induced distance on LB" defined by

depn(w, z) = ||\f|ﬁl21 |f(w) — f(2)].

Lemma 2.4. For p € D and positive integer m, put

fp(2) = (&L (% log % + 1>>m /(Ln+1(p)>m_1' (2.7)

Then {fmp : p € D} is a bounded subset of LB" for each m. Moreover

m

i | fnplles = i gl = 5

Proof. We have that

n

(112 H 2) [ p(2)]

n— 14|z 2 m—1
mlpl 1= |2 (3 log B+ 1) (‘M%leg el +1)‘>
2 U=pz] o (S log B 1))\ £, (4 log 12 4 1)

Assume that {f,., : p € D} is not a bounded subset of LB". Then there exist
sequences {z;} and {p;} in D such that

n

1_|Z]’ H (25) |fmp (2)] = o0



as j — 0o. By passing to a subsequence we may assume that |z;| — 1 and pjz; — 1
as j goes to co. Notice that there exist a constant C' > 0 and a positive integer N
such that for 5 > N,

L. (14 ps])? 1. 14 pj
€n<—10g—_J—|—1)‘Sén(—log—]—i—l)—l—C. 2.8

This implies that there exists some 0 < k < n — 1 satisfying

(1—|z)* O(glog = +1)

]Hoo‘l_pjzﬂ” ‘gk % g—(iﬂii) ‘*‘D‘

= 0. (2.9)

Thus for all j sufficiently large such that (1 4 |p;])? > 2, we have

1 14z 1 9
¢ (—1 J 1) 0 (—1 s 1) 2.10
gle T 2 BT T (2.10
and
1 (1+ [p;])? 1 2
0 (—1 Sl 10 1)‘>£ (—1 s 1). 9.11
"“ 2 B T g G T (2.11)

Combining (2.9), (2.10) and (2.11), we get
1
(1= |5+ 6l log =2 + 1)
o ] — e (L 1o —2 41
| p]Z]| " k( 5 10g 15,7 + )

— 0. (2.12)

For x > 0, consider h(z) defined by (2.3). Then it follows that
h(1 = |z) < (|1 = p;zl) (2.13)

for every j big enough. This is a contradiction to (2.12). Thus the family {f,,,} is
uniformly bounded in £LB" for every m.

Next we prove || fopllcen — m/2 as |p| — 1. Since f,,,, converges to 0 uniformly
on every compact subset of D as [p| — 1, |fm,(0)] — 0. It is enough to prove that
|l fnplln — m/2 as [p| — 1. Here we put

M = i | fosl

Since {fmp} is a bounded subset of £LB", we have M < co. Note that

n

m
Lol 2 (1= 1) TLE40) 10 = 5

Thus M > m/2. For every positive integer j, we can choose p; and z; such that

n

1
M_7< (1= 12%) H k(%)) |fmp (2;)]-



By passing to a subsequence we may assume that p;z; — 1. Combining (2.8), (2.10),
(2.11) and (2.13),

n—1 1 2
v Lo il 1— |z]? (5 log 7 +1)

< — 1 2
] 2 |1—ijj| 50 gk(glOgm—i‘l)
1 Lt|p| a
1+p;
(5 log 17:2;: +1)
1 160 1l -
mlp;| ln(5 log 17@;‘ +1)+C
= 1 1+|p;]
Taking j — oo, we get M < m/2. The proof is complete. U

We give some estimate on the induced distance d pn.
Proposition 2.5. (1) There exists a constant C > 0 such that for w € D
C(log L,(w)—logt, 1(log2 + 1)) < dgpr(w,0) <log L,(w).

Moreover, we have
depe(w,0)
jwi—1 log Ly (w)
(ii) For every w € D\ {0} and C > 1, there exists a small neighborhood U of
w such that for every z € U

log (¢,,— ) 1
depn(w,z) < C o ( if(w 2) + ))

k=0 Lr(w)
Proof. (i) From the proof of Proposition 2.3, we have that

e (1,0) < log Ly (w)

Using a test function fs .,/ f2.w[ln, Wwe obtain that
o1 Len(w) — (6 (3 log(1+ [w)? +1))°
— 2wl L1 (w) '
Since (1 — |w|)? < (1 + |w])/(1 — |w]|), we get

dﬁB” (U}, O)

1
depn(w,0) > m (Ln+1(w) — L, (log(1 + |w|) + 1))
1
> m(log L,(w) —logt, 1(log2 + 1)) (2.14)

Put .
¢ = (swllfzull)
weD



By Lemma 2.4, we have that C' > 0. Thus we get
depn(w,0) < C(log L,(w)—logt,_1(log2 + 1))
From (2.14), we have that

1 (1 _ logfn_l(logZ + 1)) S dﬁB" (U}, 0) S 1
Il £l log L (w) log Ly, (w)
Lemma 2.4 implies that || f2.,[l» — 1 as |w| — 1. Therefore we get

dLB" (w, O)

im ————

lw|—1 log L, (w)

(ii) Let f be a function of LB™ with || f]|, < 1. For z # w, denote by [w, 2] the
segment between w and z. Notice that

P =TI g 1716) < sup (1_|g|2>%1’;lﬂk<f>'

|U} - Z’ £€lw,z] £€lw,z]

=1.

It implies that
drpr 1
lim sup —= (w, 2) < : (2.15)

eow W=zl T (1= |[wP) [Tz Le(w)
On the other hand,

lim log £, _1(B(w, z) + 1) (H B(w,z)+1) Bw, z)) 1 |
Z—w lw — 2] z—w U (B(w, 2) + 1) |w — 2| 1 —|w|?
(2.16)
Combining (2.15) and (2.16) we get the desired conclusion. O

3. Weighted composition operator on £5"

In this section, we characterize the boundedness and the compactness of uC, on
LB". We define the generalized logarithmic hyperbolic derivative corresponding to
LB".

Definition 3.1. For ¢ € S(D), define that

(L= o) ITem Le(2)
) = P T Eelo () ¥

Now we get the following.

(2).

Theorem 3.2. Let u be in H(D) and ¢ be in S(D). Then uC, is bounded on LB"
if and only if ||up# || < oo and

sup (1 — [2[*) HLk Lo ((2)) | (2)] < o0.

zeD



Proof. Since L,(w) > 1 for any w € D, the growth condition (2.6) implies that
luColles = sup (Ju(0) F(p(O))] + luCpfln)

lfllzcen<1

< |u(0)[log Ln(#(0)) +  sup  JJuCyflln.

1fllzsn<1

So we can see that uC, is bounded on £B" if and only if

supuCyp < o0,
1fllcen<1

Suppose that ||u ¥ ||« < oo and

sup (1 — =) HLk L1 (0(2))]'(2)] < oo,
Let f € LB" with ||f||zg» < 1. By (2.6) again, we have that
luCoflln = sup(l—[2]*) HLk; 2) F(e(2)) +u(z) ¢'(2) ['(9(2))]

zeD

IN

zeD

sup |u(z) ¢ (2)] (1 = [io(2) H (#(2))

n

+sup(1 — |z|? H gp(z))‘

zeD

< sup |u(z) ¢l (2)| +sup(l — |2) HLk Luga(p(2)) ]t/ (2)]-

z€eD

Hence we have that uC, is bounded on LB".
To prove the converse, we use the test functions f,,, of (2.7). Remark that

Jmp(®) = Lyt1(p) and

!/ —_— . ]_9
I p(P) = 2 (1= 1pI*) L5z La(p)

Let C denote a positive constant independent of any point w € D, whose value is

not necessarily the same at each occurrence. By Lemma 2.4, there exists a constant
C > 0 such that for any w € D

C = Cobaginl
> (1= ) [ £alw)
10 () + a0 o)
— [ = 1) TT £a@) B (o)) (w) + o) u(w) o (w)].

k=

—



Next, by the estimation of [|uCy fi p(w)|ln, Wwe get
2|1 up) ) T2t s () ) + 250 ) 2 )|
By the triangle inequality, we obtain that |u(w) ¢# (w)| < C and

(1= Jwl*) f[ L1 (p(w)) ' (w)] < C.

Since w is arbitrary, we get the assertion. U

In the case that ¢(z) = z, the theorem above gives the answer to the multiplier
problem on LB".

Corollary 3.3. Let u be in H(D). Then u is a multiplier on LB", that is, M, is
bounded on LB™ if and only if u € H® N LB

On the other hand, in the case that u(z) = 1, we get the characterization of the
boundedness of C,,.

Corollary 3.4. Let ¢ be in S(D). Then C, is bounded on LB" if and only if
19 [0 < 00.

Next we consider the compactness of uC, on LB". We prepare a lemma which is
a generalization of Proposition 3.11 in [3].

Lemma 3.5. Let u be an analytic function and ¢ be an analytic self-maps of D.
Then the following are equivalent:
(i) uC, is compact on LB".
(ii) [[uCyfillzan — 0O for any bounded sequence {f;} in LB" that converges to 0
uniformly on every compact subset of D.
(iii) |uCy,filln — O for any sequence {f;} as in (ii).

We have also the following.

Theorem 3.6. Let u be in H(D) and ¢ be in S(D). Suppose that uCy, is bounded
on LB". Then uC, is compact on LB" if and only if the following hold:

i m |u(z #z =
@) Jim fu(=) et ()] = 0,

(i) lim (1—]|z]?) HLk Lpi1(@(2)) [u'(2)] = 0.

lp(2)|—1

Proof. First, we suppose that uC, is compact on LB". Let {w,} be a sequence in
D such that |p(w;)| — 1 as j — oo. By Lemma 2.4, we have that both {fa,(uw,)}



and { f1,(w,;) } are bounded sequences in LB" that converges to 0 uniformly on ev-
ery compact subset of D. Here Lemma 3.5 implies that [[uCy fap(w,)lln — 0 and
luCl fap(w;)lln — 0 as j — oo. We have that

‘(1 — ) T T Za(ws) Lo (o (wi))ud (w;) + o(wy) w(w;) @ (w;)| — 0
and
(1= o) T L 03) B (o)) (w7) + 2 ) 9 (w3)| = 0.

k=1

Thus we get the conditions (i) and (ii).
Conversely, for any bounded sequences {f;} C £B" that converges to 0 uniformly
on every compact subset of I,

[uCe filln < Sup}u of (2)] (1= Je(2) H ((2))

n

+sup(1 — [2[*) H ) fi(e(2))]-

zeD

By the uniform convergence of { f;} and the conditions (i) and (ii), we get ||uCl, f;|l, —
0. Lemma 3.5 concludes that uCl, is compact on LB". O

If we assume the compactness of M, on either LB" or LB}, it would be required
that u € H®NLB"™ and |u(z)] — 0 as |z| — 1. Thus we get the following corollary.

Corollary 3.7. Let uw € H(D) and ¢ € S(D).

(i) M, is compact on LB" if and only if u = 0.
(ii) C, is compact on LB™ if and only if ¢¥(z) — 0 as |p(z)] — 1.

We give some examples.

Example 3.8. Let

1 2
=l, | =1 1],
u(z) (2 ogl_z—i—)
v(z) =14 z and p(z) = (1 — 2)/2. Then we have the following:

(i) M, is not bounded on LB".

(ii) C, is bounded on £B", but is not compact on LB".
(ili) uC,, is bounded on £B", but is not compact on LB".
(iv) M, is bounded on £B", but is not compact on LB".
(v) vC, is compact on LB".



Proof. (i) Since u ¢ H*, M, is not bounded on LB".
(ii) We have that

1—yz|2 ol Ek % og T +1)
|2 H Lt|e(2)]

log o0 + 1)

i (2)] =

For x > 0, consider the function

1 1 2—x
h(z) =a™m €k<§log . —I—l).

Reasoning as in the proof of Proposition 2.2, we can show that there exists a constant
§ > 0 such that h is an increasing function on (0,d). We prove that ¢# is bounded
onD. Put A={ze€D:|z] >1-4,]|p(z)| >1—7}. Since p#(z) is bounded off A,
it is enough to prove that ¢ (z) is bounded on A. For z € A such that |z| > |p(2)],
we have that h(1 — |z|) < h(1 — |p(2)]). Then we get |p#(2)| < 1. For z € A such
that |z] < |¢(z)], we have that Ly(z) < Ly((z)) for each k. Then the Schwarz-Pick
lemma implies that

11—z
| < ————F—=< 1.

21— |90( )2
Hence we obtain that ¢7 is bounded on D, that is, C,, is bounded on LB".

Let x € (—1,0). Then

1
o (z) 1+ |2| H Ek‘ log 177 7o T
n 14 p(2)] €k110g1+x+

— 1

o7 (2)

1)
1)

as * — —1. Hence we have that C,, is not compact on LB".
(iii) To check that |u(z)p? (z)| is bounded on D, it is enough to see that

lim [u(2) g (2)| < oo,

Since p(z) — 0 as z — 1, we have that

- 1
. # . 2
lim lu(2)el (2)| < lim C(1—|z| )I!_[Ofk <§10g - 1) < 0.

2
1 -]

Next we have that

sup(1 — |z|%) HLk Lnt1(p(2))|v(2)]

z€eD

D=

< Csupt— 2 [0l (7o) (= @D Lol

zeD k=0 ’90(2)

< 0oQ.

Thus uC,, is bounded on LB".



On the other hand, we have that
im, u(2)# ()] = 1

This implies that uC, is not compact on LB".
(iv) It is easy to see that M, is bounded on £B", but is not compact on LB".
(v) We have that vC, = M,C,, is bounded on LB". We can see that

lim [o(=)¢ ()| = 0
and

lim (1 —|2f*) HLk Ly1(0(2)|V'(2)] = 0.

z——1

Thus we have that vC,, is cornpact on LB". O

4. Weighted composition operator on LB

In this section, we characterize the boundedness and the compactness of uC, on

LB

Theorem 4.1. Let u be in H(D) and ¢ be in S(D). Then the following are equiva-
lent:

(i) uCy is bounded on LB.
(ii) uCy, is bounded on LB" and uCyz* € LB for any non-negative integer k.
(iii) uC,, is bounded on LB"™ and uC,z* € LB for k =0,1.

Proof. Suppose that uC,, is bounded on LB]. Since the sequences {f,,,} defined
in Lemma 2.4 are included in £B],, we obtain the same conditions as Theorem 3.2,
that is, ||u @7/ < 0o and

zeD

sup (1= o) [T 24(4) Lo (ol ()] <

Therefore we get (ii).
Conversely, by the density of the set of all polynomials in £B], (ii) implies (i).
The implication (ii) = (iii) is trivial. Here we assume the condition (iii). Then
we have that v and up are in LB}, that is,

n

lim (1 = |2%) [T Z(2) |v/(2) = 0 (4.1)

|z[—1
k=1

and
n

lim (1 — |2|?) H o(2) +u(2)¢'(2)] =0

|2|—1 -



Since |p(z)] < 1, we get

n

5311 (1— 1z 1;[ ¢'(2)] =0 (4.2)

We claim that ue™ € LB] for any positive integer m. Indeed, by (4.1) and (4.2),

:::

Jim (1 - =) L] Zi(2) | (ue™) ()]
= |fim (1 =[] AT Le) W (2)p(2)™ + mu(z)¢! (2) ()"

b
Il
—

::]s

< lim (1 —|2]?)

|2|—1

Li(2) (Ju'(2)] + mlu(2)¢'(2)])

e
Il
—_

= 0.
This means ue™ € LB]. Our proof is accomplished. O

From the definition, we can see that LB"*! C LB!". Hence we obtain the following
corollary.

Corollary 4.2. Let u be in H(D). Then the following are equivalent:

(i) M, is bounded on LB".
(ii) M, is bounded on LB.
(iil) u € H® N LB" .

To characterize the compactness of uC, on LB;, we use the following lemma
which is a generalization of Lemma 1 of [5].

Lemma 4.3. A closed set K € LB] is compact if and only if it is bounded and
satisfies that

lim sup(1 — |z] )HLk(Z) 1f(2)] =

|z|—1 ek

Theorem 4.4. Let u be in H(D) and ¢ be in S(D). Then uC, is compact on LB}
if and only if the following hold:

(i) Jim u(2) ¥ (2)] = 0,
(ii) lim (1 —|z|?) HLk Lni1(0(2)) Ju'(2)] = 0.

|z[—1

Proof. First, we suppose the conditions (i) and (ii). Then it is easy to see that (i)
implies (4.1). Also, since L, 11(p(2)) > 1, (4.2) follows from (ii). Hence, Theorem



4.1 implies that uC, is bounded on £B],. By Lemma 4.3, to prove the compactness
of uC, on LB}, it suffices to check

n

lim sup (1— 2| HLk (p(2)) + u(2)@ (2)f (p(2)] = 0. (4.3)

l2l=1 ) £l <1

By the growth condition (2.3) and the definition of ¢,

lim sup (1—|z| H (p(z ))+U(2)90/(Z)f/(90(2)){

|2[—1 u|fmn<1

< lim sup ( L= [T e ) (1FO)] + 1/ Jog Lap(2)) ) u(=)]

=1 fln<1

n

+(1 = [e(2) HLk (0 (2))| \U(Z)wf(ZH)

< lim (1|2 HLk ) L ((2)u(2)] + lim [u(2)@} ()]

j2l—1 j2l—1
= 0.
Hence we conclude that uCy, is compact on LB;.
Conversely, we suppose that uC,, is compact on LB;. We remark that uC,, is also

bounded on LB]. Let {z;} be a sequence in D such that |z;| — 1 but |p(z;)| = r <1
as j — 0o. Then (4.1) and (4.2) yield that

Jim Ju(z;) i (2))] =0
and

i (1= |25 [T £(25) Eua(ole) ()] = 0.

—00
! k=1

On the other hand, using the sequences of the test functions { f,,,} for m = 2,4, we
have that

lim fu(z) ¢} (2)] = 0

le(2)|—1
and
Jim (1= ) TT2e) Lol o211 =0
o(2)|— -
Hence we have (i) and (ii). O

Corollary 4.5. Let u € H(D) and p € S(D).

(i) The following are equivalent:
(a) M, is compact on LB".
(b) M, is compact on LB).



(¢) u=0.
(ii) C, is compact on LB if and only if |p¥ (2)| — 0 as |z| — 1.

Addendum. After we prepared this paper, we found P. Galanopoulos’ paper [4] in
which the same results as Theorem 3.2 and Theorem 3.6 for the case of LB have
been established. In [4] Galanopoulos has studied the family of the analytic function

spaces Qfog including LB* and the weighted composition operators from LB to Qfog.
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