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CASCADE OF PHASE SHIFTS AND CREATION OF NONLINEAR
FOCAL POINTS FOR SUPERCRITICAL SEMICLASSICAL
HARTREE EQUATION*

SATOSHI MASAKI'

Abstract. We consider the semiclassical limit of the Hartree equation with a data causing
a focusing at a point. We study the asymptotic behavior of phase function associated with the
WKB approximation near the caustic when a nonlinearity is supercritical. In this case, it is known
that a phase shift occurs in a neighborhood of focusing time in the case of focusing cubic nonlinear
Schrodinger equation. Thanks to the smoothness of the nonlocal nonlinearities, we justify the WKB-
type approximation of the solution for a data which is larger than in the previous results and is
not necessarily well-prepared. We also show by an analysis of the limit hydrodynamical equaiton
that, however, this WKB-type approximation breaks down before reaching the focal point: Nonlinear
effects lead to the formation of singularity of the leading term of the phase function.
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1. Introduction. This paper is devoted to the study of the semiclassical limit
¢ — 0 for the Cauchy problem of the semiclassical nonlinear Schrodinger equation for
(t, (E) S ]RJ,_ x R"

=2

2 .
(1.1) iedut + %Azf =N (uf), ufy_o(w) =ag(z)e

with the nonlocal nonlinearity of Hartree type
(1.2) N () = (|| 77 [u*)us,

where n > 3, A is a real number, and + is a positive number. In this paper we consider
the small-nonlinearity case o > 0. The case a = 0 is studied in [1, 9]. In the case of
linear equation N = 0, the quadratic oscillation in the initial data causes a caustic at
the origin at ¢ = 1. In [4, 5], R. Carles justified the general heuristics presented in
[20] in the case of (1.1) with N(y) = |y|’y (see, also [7]), and two different notions
of the criticality for a are realized. One is concerned with the nonlinear effect on the
behavior far from the focal point, and the other with that near the focal point. The
situation is similar in the case of Hartree equation

2
. € _
. t ¢ Y = 9
(1.3) iedu® + 5 Auc = Xe(|z|7 * [uf|*)us
,,L"TP
(1.4) Uf_o(z) = ao(x)e™" 2.
(see, [8, 10, 27]). The two critical indices are o = 1 (far from focal point) and

a = v (near the focal point). They are completely different notions. For example,
the second index o« = v depends on the shape of the nonlinearity while the first not.
Using terminologies in [6], we have the following nine cases:
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a>1 a=1 a<l
o>y linear WKB nonlinear WKB supercritical WKB
linear caustic linear caustic linear caustic
o= linear WKB nonlinear WKB supercritical WKB
nonlinear caustic nonlinear caustic nonlinear caustic
a <7y linear WKB nonlinear WKB supercritical WKB
supercritical caustic | supercritical caustic | supercritical caustic

Roughly speaking, the term “linear WKB” means that, far from the caustic, the
propagation of u® does not involve the nonlinear effect at leading order. The term
“linear caustic” means that the nonlinear effect is negligible at leading order when
the solution crosses the focal point.

Now, let us be more precise about this problem with (1.3)—(1.4). Let w® be the
solution of the linear equation (icd; + (¢2/2)A)w® = 0 with the same initial data as
in (1.4). Note that w® is approximated by the WKB-type approximate solution

1 x x|
1.5 € = 13e(t—1)
(1.5) Ulin = (1 " pyn/z 0 (1—t>e

as long as £/(1 — t) is small. In the linear WKB case a > 1, it is shown in [8, 26, 27]
that the solution u® is close to w® (and so to vf,) before caustic. The time interval
in which u® is approximated by w® depends on the latter critical notion o = : If
« > v then u® — w® ase — 0 for all ¢t < 1; if & = =y then it holds for 1 — ¢ > Ae
with a large A; if @ < v then it holds for 1 — ¢ > Ae* with a large A and some
w = pla,y) € (= 1)/(y —1). In the case o > =, the asymptotic profile of the
solution beyond the caustic is also given in [8]. Let us proceed to the supercritical
caustic case @ < 7. In this case, infinitely many phase shifts occur between the
time 1 —t = Alsz_j, called a first boundary layer, and the time 1 — ¢t = Ae®/7,
called a final layer. This phenomena, called cascade of phase shifts, is first shown
in [6] for (1.1) with certain class of nonlinearities including the cubic nonlinearity
N(y) = |y|?y, and the asymptotic behavior of the solution is given before the final
layer, 1 —t > £*~1/7=1 in the case (v >)a > 1. The similar result is proven also
in the nonlinear and supercritical WKB case a < 1, provided the initial data is a
properly-modified one of the form

2
(1.6) ufy_o(@) = bo(e%, w)e " 5 explies 1go(e?,x)),
where (bo(t, z), ¢o(t,x)) is a suitable function defined in terms of ag. Let us call this
type of data as a well-prepared data.

The aim of this paper is to give an explicit asymptotic profile of the solution of
(1.3)-(1.4) (before and) on the final layer for whole v > « > 0 with a not-modified
data. In particular, the behavior of the solution is new in the following situations:

e On the final layer, that is, at t = 1 — T~ '¢®/7 with not necessarily small

T > 0.

e a < 1 with an initial data which is not necessarily of the form (1.6).
Moreover, it will be shown that the WKB-type approximation of the solution breaks
down at some time on the final layer, that is, at t = t. := 1 — (T*)"'¢®/7 for some
T* > 0 for a certain class of initial data.

For our analysis, we apply the following transform introduced in [6]:

E B 1 . v x -z
(1.7) ut(t,x) = (1—t)"/2w <1—t’1—t> exp(zm).
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Then, (1.3)—(1.4) becomes
1-242
iet=5 0,47 4 &)

Ayt® = M2 (|7 [P, e () = ao(y),

where 7 = /7 /(1 —t) and y = /(1 —t). The quadratic oscillation of the initial data
is canceled out. This transformation clarifies the problem; if the nonlinear effect is
weak and so if u® behaves like w*® and vy, then 9° is close to ao; if the solution has
a rapid oscillation other than exp(i|z|?/2e(t — 1)), then ¥° becomes oscillatory. We
change the parameter into h = ¢'~*/7. The limit ¢ — 0 is equivalent to h — 0 as
long as a < 7. Denoting ¥° by 9", our problem is reduced to the limit A — 0 of the
solution to

2
(18) D"+ DAt = X (g P, 0 e () = aoly).

(o7
|[T=h7—«

Since 7 = h*/(7=®) /(1 — t), the correspondence between boundary layers of ¢ and 7
variables is as follows:

initial time: ¢t=0 7 =h7=,
(1.9) first layer: t=1-— Ala% — T = A;lhw_il7
final layer: t=1— T '¢5 «—7=T.

Our analysis of (1.8) is based on a generalized WKB method by Gérard [15] and
Grenier [18]. We apply a modified Madelung transformation

(1.10) Y = al exp (z%)

to (1.8), where a” is complex valued and ¢" is real valued. This choice is slightly
different from the usual Madelung transformation

o = Ve (i)

(see [14]) which leads us to an equation of compressible fluid with the quantum pres-
sure. It is essential that a” takes complex value and, therefore, ¢ # S" in general.
The choice (1.10) allows us to rewrite (1.8) as the system for the pair (a”, ¢"):

dral + Vol - Val + %ahAd‘ = igAah,

1
(1.11) 0rg" + SIVO"P + ATy 7 x [a" ) = 0,
h o h _
a|‘r:hﬁ = ao, (bh_:hﬁ =0.

If we approximate the solution of (1.11) up to h' order, that is, if we establish an
asymptotics such as

(1.12) a” = by + hby + o(ht), " = do + hen + o(h1),

then, by means of (1.10), we immediately obtain the WKB-type approximate solution
of 1", This method is first employed for nonlinear Schrédinger equation with a certain
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class of defocussing local nonlinearity including the cubic nonlinearity N(y) = |y|?y
for analytic data [15] and for Sobolev data [18] (see, also [2, 11]), and is extended to
the Gross-Pitaevskii equation [3] (see, also [22]) and to the equation with (de)focusing
nonlocal nonlinearities: Schrédinger-Poisson equation [1, 23] (see, also [21, 30]) and
Hartree equation [9].

Our goal is to justify (1.12). The natural choice of the main part (bo, ¢o) may be
(a", ¢h)\h:0- Letting h = 0 in (1.11), we obtain a hydrodynamical system

1
0-bg + Vo - Vbg + §b0A¢O =0,
1
(113) Or o + 5|V g0l + A7~ (|y[ ™ x [bo?) = 0,

bojr=0 = a0, ¢ojr=0 = 0.

For a Sobolev data ag, (1.13) has a unique local solution (Theorem 1.3). Then, the
main task is to determine h'-term (by, ¢1). The difficulty of finding h'-term lies in
the following two respects:

1. The equaiton (1.11) itself depends on h through the term i%Aah.

2. The initial time of (1.11) tends to 7 = 0 at a speed h7-=.
We will see that the first becomes crucial when we consider the asymptotic behavior
of the solution on the final layer, and that a suitable choice of hl-term is the key
for overcoming this difficulty. We use (bequ, Pequ) defined by (1.18), below, as an
h'-term and show an asymptotic behavior of ¢" for 7 € [h7=,T] when a > 1,
where T is independent, of i (Theorem 1.3). By (1.9), 7 € [h7-=,T] is equivalent to
te[0,1- T’lao‘/'y], from the initial time to the final layer. On the other hand, the
second becomes crucial in the supercritical case o < 1. This is because the moving
speed of initial time becomes too slow. In this case, we need three more kinds of
correction terms whose order are between A and h!. With them, we describe the
asymptotic behavior also for a €]0,1[. A heuristic observation on these correction
terms is in Section 2.2. The rigorous result is in Theorem 5.1.

The well-prepared data (1.6) is closely related to the second problem listed above.

The function (bg, ¢o) in (1.6) is the solution of (1.13). If we employ the well-prepared
data and consider (1.3) with (1.6), then (1.11) changes into

Ora" + V¢ - Va" + %ah&bh = igAah,
(1.14) 0, 0" + %|v¢h|2 + AT 2 (Jy| 77 % [a"]?) = 0,
A" o =by(hE), o' o = go(h7w).

|T=h7v—a |T=h7v—a
The initial time is still moving, however, the only difference between (1.14) and (1.13)
is the existence of i%Aah. Thus, we will see that we do not meet with the second
problem any longer. This point is discussed in Sections 5.2.
We also consider the problem of global existence of the solution to (1.13). With
the notation (p,v) := (|bg|?, Vo), (1.13) is the compressible Euler equation with
time-dependent pressure term of Hartree type:

O-p + div(pv) =0,
(1.15) Orv+ (v Vv + A7 2V (|2| 77 % p) = 0,

Plr=0 = |a0|27 Vr=0 = 0.
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We adapt results in [12, 25] (see also [24, 28]) to prove that C'-solution to (1.15)
cannot be global in time, in several situations (Theorems 1.5 and 1.6). This implies
(1.12) breaks down before caustic t = 1 (see Section 2.1).

1.1. Main result I. To state our result precisely, we introduce some notation.
Forn >3,s>n/2+1,p€ [l,00], and q € [1, 00], we define a function space Y7 (R")
by

(1.16) Yy, (R") = e () ™
with norm
(1.17) llys @ny = oy + 1Vl og@ny + 1V gomany -

We denote Y7, = Y7 (R"), for short. For ¢ < n, we use the notation ¢* = ng/(n—q).
This space qu is a modification of the Zhidkov space X°, which is defined, for
s > n/2, by X5(R") := {f € L®(R")|Vf € H*'(R")}. The Zhidkov space was
introduced in [31] (see, also [13]). Roughly speaking, the exponents p and ¢ in Y},
indicate the decay rates at the spatial infinity of a function and of its first derivative,
respectively. Moreover, the Zhidkov space X*® corresponds to Y3 5 in a sense, if
n > 3. We discuss these points more precisely in Section 3.1. We also note that Y5,
is the usual Sobolev space H®. We use the following notation: Y’ := Ns>oY,,; for
intervals I and I3 of [1,00], Y := Mper, Yy, and Y/ := Nger, Y, ;. These notation
are sometimes used simultaneously, for example Y7/ 1= Ns>0,per qen Y,y - We also
use the operator

z|2
P = T (1~ ) Ve

This is the scaled Versizon of the Galilean operator and is suitable for a study of rapid
phases other than etl#l"/2e(t=1),
We also introduce the following systems for a pair (bequ, Pequ):
1 1 '
a‘rboqu + Vchqu : VbO + V(b() : vbcqu + gbcquA(bO + gbOAd)cqu = %Ab(b
a‘r¢equ + v¢0 . v(bequ + AT772(|y|7’Y * 2Reb_0bequ) = 07

(1.18)

where (bg, ¢o) is a solution of (1.13). This will be posed with the zero data

(119) bequ|7‘:0 =0, ¢equ|‘r:0 =0
or the data
(1.20) bequjr—0 = 0, bequir=0 = M|yl ™7 * |ao|*) /(v = 1).

NoOTATION 1.1. Let T > 0 and X be a Banach space. Let {k;} be an increasing
sequence of real number, ¢(t,z) € C([0,T); X) be a function , and {¢;} be a sequence
of function in X. We write

o0
<> thg; inX
j=1
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if it holds that

J
Bt x) =Y thigs|| = o(t")
j=1

X
ast— 0 forall J > 1.

We now state our main result. To avoid complicity, here we state the result for
a > 1; the linear and nonlinear WKB cases. For the supercritical WKB case o < 1,
see Theorem 5.1.

ASSUMPTION 1.2. Letn > 4 and A € R. The constants v and « satisfy
max(1,n/2—2) <y <n-2and 0 < a <7, respectively. The initial data ag € H*.

THEOREM 1.3. Let assumption 1.2 be satisfied. Assume o > 1. Then, there exists

an ezistence time T > 0 independent of €. There also exist (bo, #0), (bequs Pequ) €

C([0,T]; H*® x Y(‘jf/%oo]’(n/(y_‘_l)’oo]) such that:

1. ¢o(T,y) = Z;)i1 T p;(y) in Y oy 000, (n ) (v+1),09]
2. The solution u® to (1.3) with (1.4) satisfies the following asymptotics for all

s> 0:
(1.21)
. 1 . \'\2
sup |Js|s <u€(t)elq> (t) _ 7A5(t)elm> -0
te[0,1-T—1ea/7] (1 —t)n/2 L2

as € — 0 with

=2[e

3

(1.22) % (t,2) = =5 g0 (1 — %)

and

E% T E% T
1.2 A (t =b T T .cu T 11 7 )
P P W

where (bo, wo) solves (1.13) and (bequ, Pequ) solves (1.18) with (1.19) if a > 1
and with (1.20) if « = 1.

REMARK 1.4.

1. By the definition of “<” sign, the expansion ¢o(1,y) =< Z;’;l 10 (y)
implies

J
(1.24) Go(r) =D T i+ 0(r ) i Y ool (n/(y41).00]
=1

asT— 0O forall J > 1.
2. In Theorem 1.3, we only need ag € H*®0 with some sy > n/2 + 3. Then,

(bo, ¢o) belongs to C([0, T, H®® xl/(ii’/j;?ooL(n/(wl)’OO]) and (bequ; Pequ) belongs
to C([0,T], H*~2 x Y(Srf/,y ool (n/(v+1) Oo]). The asymptotics (1.21) holds for

any s € [0,s0 — 4].
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3. All ¢; are given explicitly (but inductively) in terms of ag. For example,
p1=A(jz|77 x]aol?)/(1 — ) and

)\2

2(y =12y - 1)
)\2

Sy eyl

|V (J| ™ * |ao*)?

P2 = =

2|7 % (V- (Jao*V(|2] ™7 * |ao]*)))

(see, Proposition 4.2).

4. Even if the system (1.18) is posed with zero initial condition, its solution
(Dequ; Pequ) is not identically zero because of the presence of the (nontrivial)
external force %Abo.

5. The choice of the initial data (1.20) is the key for the analysis in the case
a = 1. We discuss this point more precisely in Section 2.2.

The asymptotics (1.21) reads

1

o i0° (o) igail
oA e e

(1.25) ut(t,x) ~

as € — 0. Indeed, this holds in L>°([0,1 — T~'¢®/7]; L?). This explains the cascade
of phase shifts. We consider the case 1 < a(< 7). Combining (1.24) and (1.22), we
have

J a_] 1 T Eon—l
Z (1 —t)vi- 1%(1—t>+0<(1—t)w1)'

J:1

1

We set g5(t,x) = W%( 7). Then, the above asymptotics yields

°(t, ) ~ 0 for 1 —¢> 51,

@ (1.2) ~ gi(t.2) for 115 2

°(t,x) ~ gi(t, x) + g5(t, ) for 1 —¢ > 5T,
J

Ja—1

ZgJ (t, ) for 1 —t>e71,

as € — 0. On the other hand, the amplitude A® satisfies

A7) = ag <1ft) +o(1)
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as €7 /(1 —t) — 0. Substitute these expansions to (1.25) to obtain

€ 5 1 €z i \5\21) for 1 — 1t a1
= e(t— _ =
U~ Uy (1—t)"/2a0 ¢ e or >en-1,
€ e ,igi(t,x) s
u® ~ v, ettt forl —t>e2z-1,
e . 3a—1
uf ~ ’Ulainelgl (t,z)+igs (t,) for 1 —¢t> e3v—1 ,
. J e Ja—1
U ~ ’Ulsinez Zj:l g, (t,x) forl —t> 71 ,

Recall that vj,, given in (1.5), is the approximate solution for the linear solution w®.
One sees that the solution behaves like a free solution in the region 1 —¢ > £5=1 where

the initial time ¢t = 0 lies, and that, at each boundary layer of size 1 —¢ ~ ¢ 7= (the
J-th boundary layer), a new phase associated with g5 becomes relevant.

1.2. Main result II. Our next result is the non-existence of a global solution
to (1.13). We further assume the radial symmetry and v =n —2 (n > 3) in (1.15).
A suitable change of A yields the radial compressible Euler-Poisson equations
A7 (pr"™ 1) 4+ 0, (pur™1) = 0,
0-v + v0,v — )\7'”74870‘/}, =0,
or(r"1o, V) = pr T,

Plr=0 = |a0|25 Vlr=0 = 0,

(1.26)

where 7 := |z|. We define the “mean mass” My in {|z| < r} by

1 (" _
M) = [ ool st

THEOREM 1.5. Let A < 0 and n > 4. For every nonzero initial amplitude
ag € C1, the solution to (1.26) breaks down no latter than

o (n=Dm=3) \T_
r= (|)\|SUPT>OMO(T)> = oo

THEOREM 1.6 ([12], Theorem 5.10). Let A > 0 andn = 4. The radial C*-solution
(a,v) to (1.26) is global if and only if the initial amplitude ag € C* satisfies

2 T
o) > 2M0(r) = 5 [ Jaa(s)*s%ds
0

for all r > 0. In particular, if ap € L*(R*) then the solution breaks down in finite
time. Moreover, the critical time is given by

oo <)\maxr>0 (2M§(T) - |‘10(T)|2)) E '
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EXAMPLE 1.7 (An example of finite-time breakdown). Consider the equation
(1.26). Let n =4 and A > 0. Suppose

ap(x) = ap(r) = rie o
Then, an elementary calculation shows
1

My(r) =r~te™7

and so that 2Mo(r)—|ag|? = (2r—1)r5e~+ takes its mazimum at ro = (T+v/17)/16 =
0.6951 ... which is the root of

8 —Tro+1=0.

By Theorem 1.6, the critical time is

_ ( 2 >% _ 3405+ 827VIT sy
© \IA[(2Mo(ro) — lao(ro)[?) A213 '

In fact, the solution to (1.26) is given by

2R>
X2(r,R)(2R%% — A(2R — 1)72)’
AT
X(r,R)R2%ew

|a|2(7-7 X(t7 R)) =

v(1, X(1,R)) =

)

where

X(7,R) = R\/1+ AR~4e w72

At the time T = 7., the characteristic curves “touch” at r = r. := X(tc,r0), that is,
we have (OrX)(7¢,70) = 0, which is one of the sufficient and necessary condition for
finite-time breakdown (see, [12]). More explicitly, we can see that, as T tends to T,
the amplitude |a|? blows up at r. since the denominator

21"(5)8% — A2rg — )t?

tends to zero as T — 1.. We illustrate the calculation in Remark 6.2.

In this example, ag € H* C C' and so Theorem 1.3 holds. We see that, however,
the asymptotics (1.21) is valid only for €5 /(1 —1t) < 7. and it cannot hold for e~ /(1 —
t) = ..

The rest of the paper is organized as follows. In Section 2, we make a summary
of the results in this paper with previous results. Section 3 is devoted to preliminary
results. We prove Theorem 1.3 in Section 4. The strategy of the proof is illustrated
rather precisely in Section 4.1. In Section 5, we treat the supercritical WKB case
a < 1 (Theorem 5.1). The well-prepared data is discussed in Section 5.2 Finally, we
prove Theorems 1.5 and 1.6 in Section 6.
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2. Summary.

2.1. Cascade of phase shifts in the linear WKB case. We first discuss
about the linear WKB case a@ > 1. According to Theorems 1.3, 1.5, and 1.6, we
summarize the result in this case as follows. Recall several boundary layers:

initial time: ¢t =20 — 1—-t=1,

first layer: ¢t=1-— Ala% —s1—t= Alg%,
(2.1) s o
J-thlayer: t=1—Aje1 «—1—t=ANje71,

final layer: t=1— T v s 1—t=T"e7,

where A; and T are positive constants.

e From the initial time to the first layer. Before the first layer, that is,
for 1 —t > 5%, the behavior of the solution is the same as in the linear case at
leading order. Indeed, the asymptotics (1.21) implies that the solution behaves like
v5;, defined in (1.5) for 1 —¢ > e5T. The phase shifts disappear: From (1.22) and

the time expansion ¢o(7) < 327, Ty we see

) a \ Vi—1
o e
195 () pow ey < Ce7 71 — 0511 oo ey < 1
(R™) 1—¢ (R™)

Jj=1

if1—t>> 5T Moreover, the amplitude tends to a rescaling of ag: By (1.23),

w0 = (0.5 oxw (i (0125 ) ) = a0 (1)

since /7 /(1—t) < 1for 1 —t > 57T, This agrees with the analysis in [26]. On the

other hand, on the first layer 1 — ¢ = Ala% the nonlinear effect becomes relevant.
The term 77~ ¢y in the sum® 37°°, 7777 ¢; is no longer negligible.

e From the first layer to the J-th layer. Soon after the first layer, the solution
becomes strongly oscillatory by 77~ 1y,. Between the first and the second layers, only
771y is effective because

a y—1
o E *
DE(t) — 5! -
(t) - =% (1_t> %(H)
L~ (R™)

00 a vi—1
a_q e
e Z(l—t) H‘PJ'”Loo(]Rn) <1
j=2

holdsif 1—t > ¢ 27=1. When we reached to the second layer 1 —t = Age -1 , the phase

727=1py become relevant. Similarly, at each J-th layer 1 — ¢ = A e =T new phase
@ becomes relevant. This is the cascade of phase shift. In this regime, 7 /(1 — t)
converges to zero as € — 0, and so that the amplitude still stays the linear one.

1 This sum is the formal one: Here, we say “sum” in the sense that ¢o(7) < Z]oil V=1,
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e On the final layer. After a countable number of boundary layers, we reach to
the final layer. In this layer, e /(1 — t) does not tend to zero any longer. Therefore,
the asymptotics of amplitude changes into a nonlinear one. It turns out that the
ratio T' := 5"/”/(1 — t) plays the crucial role. If T > 0 is small, then the asymptotic
behavior of the solution is described by the asymptotics (1.21). It is essential to use ®¢
and A° defined in (1.22) and (1.23), respectively. Thanks to the nontrivial remainder
term given by @equ, (1.21) gives the asymptotic behavior of the solution on the final
layer.

On the other hand, (1.21) breaks down at T' = T™* < oo in several cases (Theorems
1.5 and 1.6). It is because the nonlinear effects cause a formation of singularity. These
focal points are moving: If the focal point is

ey Te
<1—tc’1—tc> (T, X7),

then, in the (¢, z)-coordinates, this focal point is
te =1— (T*)"'e7, Te =X*(T*) e,

which tends to (t,z) = (1,0) as e — 0. Example 1.7 gives an example of this type
blowup.

e After the final layer. It remains open what happens after the breakdown
of (1.21). However, we can at least expect that more rapid oscillations might not
appear after the final layer. This is because, in the case of A > 0, 2 < v < 4, and
o €] max(y/2,1),7], the order of the upper bound of ||Jéu?||,» stays e! /7 even after
the caustic ([26]). Recall that J¢ = eil=I*/2:(t=1)(¢ — 1)Ve~ilel*/2:(t=1) filters out the
main quadratic phase. Therefore, this divergent upper bound implies that the order
of magnitude of energy of the oscillation other than the main quadratic phase is at
most e/,

2.2. Cascade of phase shifts in the nonlinear and supercritical WKB
case. We now turn to the case a < 1, the supercritical WKB case. Our goal is to
obtain a WKB-type approximation similar to (1.21), which explains the cascade of
phase shifts and gives the asymptotic profile of the solution before and on the final
layer. We do not use modified the initial data (1.6) and keep working with (1.3)—(1.4).
As stated above, the analysis of (1.3)—(1.4) is reduced to the analysis of (1.11) via
the transform (1.7). Recall that h = £'~%/7. The difficulty is the following:

1. The equaiton (1.11) itself depends on h through the term i%Aah.

2. The initial time of (1.11) tends to 7 = 0 at a speed h7-=.
The second is the main point of the supercritical case < 1. In this section, we
discuss by heuristic arguments what happens, what is the problem, and how we can
overcome it. Then, it turns out that the situation becomes more complicated, and
the cascade of phase shifts phenomena involves more phase shifts and boundary layers
than the linear WKB case. The rigorous result is in Theorem 5.1 (see, also Remark
5.3).

e The transpose of the initial time and the first boundary layer. We see
from (2.1) that the relation @ < 1 causes the transpose of the initial time ¢ = 0 and
the first boundary layer, that is, the initial time ¢ = 0 lies beyond the first boundary
layer t = 1 — Ala% because Als% > 1 for small . It means that there is no
linear regime and the behavior of the solution involves nonlinear effects at leading
order soon after the initial time.



434 S. MASAKI

e The nonlinear behavior of the solution at the initial time. As a matter
of fact, the behavior of u® is already “nonlinear” at ¢ = 0. More precisely, the principal
part of the phase shift of the solution u® other than exp(i|x|?/2e(t — 1)) (we call this
as a principal nonlinear phase of uf) for a < 1 is given by

where ¢y is the solution of (1.13). Here we remark that the principal nonlinear phase
is the same as in the case a > 1 (In Theorem 1.3, we denote this by exp(i®<)). Since
¢o is given as a solution of (1.13), the shape of ¢¢ is completely independent of a.
Moreover, the choice of ¢q is natural because the function ¢g is the unique limit of
the phase function ¢" which solves (1.11) with a”. Recall that " = a" exp(i¢" /h) is
an exact solution of (1.8). Using the expansion ¢o(7) < 372, 77710 (y), we have

o a -1
a_q 19Nl a_q e

as long as e7 /(1 —t) < 1. If the right hand side is small, then the phase shift caused
by nonlinear effects is negligible and so the solution behaves like the linear solution.
However, the right hand side is O(¢*~1) at ¢t = 0, which is not small if < 1. In this
sense, the behavior of u® is nonlinear at ¢ = 0.

e The initial condition as a constraint. On the other hand, we always have
u®(0,2) = ap(x) exp(—i%) since, as stated above, we do not modify the initial data
and keep working with (1.4). This initial condition seems to be quite natural and the
simplest one for this problem. This is true if & > 1. However, in the supercritical case
a < 1, the meaning of this condition slightly changes and this condition becomes a sort
of constraint: The appearing nonlinear effects must disappear at ¢ = 0. To achieve
this constraint, we need to employ some more nontrivial phase shifts as correction
terms in order to cancel out the nonlinear effect at ¢ = 0. This modification with
correction terms is the heart of the matter. The main difference between two initial
data (1.4) and (1.6) is this point. A use of (1.6) enables us to leave the behavior of

the solution at the initial time nonlinear. Hence, we do not need any correction term.
e A formal construction of correction terms. Intuitively, this modification

is done as follows: First, we replace ¢o(7,y) in (2.2) by ¢o(7,y) — Zf;ll I i (y)

for some k > 2. This yields the following modified principal nonlinear phase

@ — o 4‘_1
(2.3) e v | SR (=) -
. xp | ier — | = il ——
P N1 1—¢) 1= vi\1=¢

At t =0, it holds that

. R =L B
e o (av)— (57) @ | = 0.

j=1

Therefore, if we take k large enough then the modified approximate solution which
the above principal phase (2.3) gives possesses the desired two properties: The leading
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term of the principal nonlinear phase is the same as (2.2); and the phase shifts tend
to zero at the initial time ¢ = 0. Of course, this simple modification is too rude and
so valid only in the small neighborhood of ¢ = 0. Hence, to obtain an approximation
also outside the small neighborhood, we replace each ¢;(y) by a function —@pha,; (7, y)
which solves a kind of j-th linearized system of (1.11) with —¢pha,;(0) = ;. This
yields the principal nonlinear phase like

L2 g i a\Yi—1 t{f% T
(24) exp | e~ Qbo : ( 'Y) pha,j m,m

Jj=1

We note that te> /(1 —t) =¢7 /(1 —t) — &7, which is zero at t = 0.

e Three kinds of correction terms. In fact, the above modified principal
nonlinear phase (2.4) is still insufficient. We need two more kinds of correction terms
which are essentially different from ¢pha,;. Now, let us list all kinds of correction
terms which we use:

1. Correction from phase. The first one is the above ¢pha ;. They satisfy
®pha,j (0) = —p; and remove the bad part of ¢o.

2. Correction from amplitude. The amplitude by which pairs ¢g via (1.13) has
the expansion by (1) =< ao—l—z _ 1 7" aj, where a; is a function of space defined
by ag (see, Proposition 4.2). Hence the principal part of the amplitude of u®
(principal amplitude of u) is

a o a Vi

e X X e X
bo | =— =) ~ - B e
0(1—t’1—t> ao(l—t>+;(1—t> aj(l—t)

for 5%/(1 —t) < 1. In particular, at t = 0 we have

k—1
(2.5) bo (5%,:10) ~ ap(z) + Z eYa; + 0(e%).
j=1

The principal amplitude converges to the given initial data for all & > 0, and
so one might expect this is harmless. However, it is understood that, when we
try to get the pointwise estimate of solution via Grenier’s method, we must
take el-term of the initial amplitude into account because it affects (implic-
itly) the approximate solution at leading order (see, [2, 9, 18]). Therefore, we
must remove ao‘jaj for all j > 1 such that aj < 1 from (2.5), otherwise the
approximate solution will differ outside a small neighborhood of t = 0. To
do this, we construct b,mp ; as a solution to a kind of j-th linearized system
of (1.11) with the condition bamp, ;j(0) = —a;. At that time, there appear a
phase correction ¢amp,; associated with bamp,; via the system which bamp,;
solves.

3. Correction from interaction. The third one comes from the structure of (1.11).
As stated in introduction, the problem boils down to determining the asymp-
totic behavior of the solution (a”,¢") to (1.11) up to O(h'). Suppose that
the solution has two terms (hP*by, hP*¢1) and (hP2by, hP2¢9) in its asymptotic
expansion as h — 0. Then, the quadratic terms in (1.11) produce nontriv-
ial hP1*P2_terms. For example, V¢" - Va has the terms hP11P2V ¢, - Vby
and hP1tP2V ¢y - Vby in its expansion. Again by (1.11), this implies that
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(0", 0,¢") (and so (b", ¢") itself) also contains a hPL1TP2_term in its expan-
sion. Repeating this argument, we see that (b",#") has hP-terms for all p
given by p = Ip; + mpo with integers [,m > 0 such that [ +m > 1. So far,
we have already obtained two kinds of correction terms, ¢pha,; and gamp,;-
Therefore, they interact each other to produce the third correction terms
(bint,j-

e The supercritical cascade of phase shifts. We are now in a position to
understand the cascade of phase shifts phenomena in the supercritical case. With
the above three kinds of correction terms, we can describe the asymptotic behavior
of the solution before the final layer. Recall that, in the linear WKB case a > 1,
the principal nonlinear phase is given by only one phase function ¢o(7,y), and the
notion of boundary layer comes from its expansion with respect to 7 around 7 = 0.
In this case, not only ¢ but also all ¢pha,i; Pamp,;s Pint,k Produce a countable number
of similar boundary layers. Thus, the cascade of phase shifts involves much “more”
phase shifts and boundary layers than the linear WKB case.

e One more correction at the final boundary layer. So far, the second
difficulty listed in the beginning of this section is solved by three kinds of correction
terms Ppha,i, Pamp,;, and Ping ;. We can describe with them the asymptotic behavior
of the solution before the final layer. To give it also on the final layer, we need one
more correction term, ¢oqu, as in the case & > 1. This correction term defeats the
first difficulty. This solves (1.18)—(1.19) and so it is independent of a. When o = 1,
¢equ changes in to a solution of (1.18)—(1.20) (see Theorem 1.3). We next address
why we need a modified peqy.

e Resonance of correction terms and the nonlinear WKB case. Some
of the correction terms associated with ¢pha i, Pamp,j» Pint ks a0Nd Pequ may have the
same order. This phenomena is a kind of resonance. The nonlinear case o = 1 is the
simplest example. In this case, it happens that ¢pna,1 and ¢equ have the same order.

Recall that if « =1 then we work with the modified ¢eqy solving (1.18)—(1.20),

~ ~ ~ 1~ 1, .~ j
87-bcqu + V(bcqu : vbO + V¢O : Vboqu + §bcquA¢0 + §bOA¢cqu = %Abo,
ar(gequ + Vay - vaequ + )‘7772(|y|7’y * 2 Re%gequ) =0,
boquir=0 = 0, Gequir=0 = M|yl ™7 * lao|*)/(v = 1) = =1

(see Theorem 1.3). We will see later that ¢pna,1 is the solution to

1 1
a‘rbpha,l + v(bphax,l ' vbO + v¢0 ' prha,l + §bpha,lA¢O + §bOA¢pha,l = 07
8‘r(bpha,l + V¢O . VQzl)pha,l + )\7'V_2(|y|_V * 2Re%bpha,1) = 07
bpha,l|‘r:0 = 07 d)pha,lh’:o = A(|y|7’y * |CL0|2)/(’}/ - 1) = —¥1

(see Remark 5.3). Let ¢equ be a solution to (1.18)-(1.19). One can check from above

systems that 56(1“ = ¢equ + Ppha,1. Therefore, the modified correction term gequ is
nothing but the superposition of the (usual) correction from equation ¢equ and the
correction from phase ¢pha,i-

3. Preliminary results.

3.1. Properties of the Y’ (R") space. We first collect some facts about the
space Y, defined in (1.16)-(1.17) (see, also [1, 9]).
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1. Y51 C }/;Dsfz if 81 > s9.
pa = Y min(q,2+) 0] and so Y7, C Y., if @1 < ga.
3. Ifg<nthenY) = Y[fnin(p,q*),oo],q' It implies V3, , C Y} , for p1 < p2 under
g < n. In particular, Y7 C Y[z**,oo],[z*,oo] if n > 5, where 2** := (2%)* =
2n/(n —4).
4. If n > 3 then any function f € X? is written uniquely as f = g + ¢, where
g €YZ 5(=Y5. 5) and c is a constant.
The first property is obvious by definition. The others follow from the following lemma
which is a consequence of the Hardy-Littlewood-Sobolev inequality and found in [19,
Th. 4.5.9] or [16, Lemma 7]:

LEMMA 3.1. If ¢ € D' (R") is such that Vo € LP(R™) for p €|1,n[, then there
exists a constant ¢ such that ¢ — c € LY(R™), with 1/p=1/q+ 1/n.

o
S

We take a function f € Y7 . Then, the indices p and ¢ almost indicate the decay
rates at spacial infinity of the function f and its first derivative Vf, respectively.
The second property means that Vf is always bounded and decays at the spacial
infinity so fast that Vf € L?". What the third property says is that f has a similar
decay property. It can be said from the fourth property that Y3 , = X* in a sense,
provided n > 3. Note that every g € Y , satisfies g — 0 as |z| — oo by definition
(1.16)-(1.17). On the other hand, elements of X* do not necessarily tend to zero at
the spacial infinity. We also note that if ¢ = 2 then we have another definition of Y;',:

(3.1) Y2 (R™) = LP(R") N X*(R™),

which makes sense for s > n/2.

3.2. Basic existence and approximation results. Operate V to the equation
for ¢" in (1.11) and put w" := V¢". For our further application, we generalize the
system slightly. Let

(3.2) Q1(a,v) =—(v-V)a— %av -,

(3-3) Qz(vl,w) = —(Ul : V)U2,
Qs(a1,a2) = =AV(|2]77 x (m@2)),

and consider a system of the following form:

b = Qb wh) + Q1 (B, w) + Q1 (6", W) + Rl + ir" AV,
(3.5) Ow" = chQa(w", w") + Qe(Wy', w") + Qa(w", W)
+ (1) (chQs(d", ") + Qs(BY, ") + Qs(b", BY)) + R,

(3.6) bﬁ:o = bh, wﬁzo = wf!,

where b takes complex value and w" takes real value. Other notation will be made
precise in Assumptions 3.2 and 3.3, below. In [9], the existence of a unique solution
for this kind of system is shown with explicit coeflicients. We shall summarize the
parallel result.

ASSUMPTION 3.2 (initial data). Let n > 3 and max(n/2 —2,0) < v < n — 2.
We suppose the following conditions with some s > n/2 + 1: The initial amplitude
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bh € H*(R™) and the initial velocity wl € quo—,‘_Zl (R™) for some qo €n/(y + 1),n],
uniformly for h € [0,1], that is, there exists a constant C independent of h such that
1681122+ + [|wol

s <Ol
Yqole(]Rn) X C

ASSUMPTION 3.3 (coefficients). Let c? and ¢} be complex constants bounded
uniformly in h, and let v be a real constant bounded uniformly in h. Suppose for some
T* >0 and s > n/2+1 that f* is a real-valued function of time and f* € L*((0,T*));
Bl and R} are complez-valued functions of spacetime, and Bl € L*((0,T%); H*t1)
and RY € LY((0,T*); H*); W! and R} are real-valued functions of spacetime, and

2

wh e Ll((O,T*);Y;TS) and R} € Ll((O,T*);YqSOT;). Moreover, suppose all above

functions are bounded in the corresponding norms uniformly with respect to h.

ASSUMPTION 3.4 (existence of the limit). In addition to Assumptions 3.2 and
3.8, we suppose the existence of limits of all bg, wg, ch,orh, fh, Bf, W, and R? as

(e i
h — 0 in the corresponding strong topologies. These strong limits are denoted by b,
wo, ¢, T, f, Bi, Wi, and R;, respectively.

ProOPOSITION 3.5. Let Assumptions 3.2 and 3.8 be satisfied. Then, there exists
T > 0 independent of h, s, and qo, such that for all h € [0,1] the system (3.5)—(3.6)
has a unique solution

(", w") € C([0,T); H* x Y1)

q0,2

Moreover, the norm of (b",w") is bounded uniformly for h € [0,1]. If, in addition,
Assumption 3.4 is satisfied, then the pair (b",w") converges to (b,w) := (b", wh)|h:0
in C([0,T); H*72 x qu(;zl) as h — 0. Furthermore, (b,w) solves

b = c1Q1(b, w) + Q1(B1,w) + Q1 (b, W1) + Ry + irAb,
Orw = c2Q2(w, w) + Q2(Wo, w) + Q2(w, Wa)
+ [(t) (caQ3(b,b) + Q3(B2,b) + Q3(b, Ba)) + Ra,

b\t:o = by, Wit=0 = Wo-
Proof. The key is the following energy estimate for s > n/2 + 1

SB" < o+ OD (el + 14l (B

+ (IBY e+ + 1B e + IVW e + [ VW |3ro12) B
+C(| R e + VRS o) (B")z,

where E" := [|b"||%. + ||[Vw"||%,.. For more details, see the proof of Proposition 4.1
in [9]. O

REMARK 3.6. We intend to apply this proposition to the system (1.11). In that
case, f(t) corresponds to tY~2, which is singular at ¢ = 0 if v < 2. Since f(t) is only
supposed to be integrable, we will see that the system (1.11) (and so the equation
(1.8)) has a unique solution for v > 1 while the singularity. We also note that this
corresponds to the fact that the Hartree nonlinearity is short range when v > 1.
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REMARK 3.7. In the convergence part of Proposition 3.5, it can happen that
n/2+4+1>s—1>mn/2. In this case, we use the definition (3.1) instead of (1.16).

We conclude this section with a lemma which we use for the construction of a
function ¢" from the corresponding solution w”" = V" to (3.5)—(3.6). This lemma is
a consequence of Lemma 3.1.

LEMMA 3.8. If ¢ satisfies |¢| — 0 as |z| — oo and Vi €Y', for some s > n/2
and some q < n, q < 2* then ¢ € Kzif;.
4. Proof of Theorem 1.3.

4.1. Strategy. In this section, we illustrate the strategy of the proof of Theorem
1.3 rather precisely. As in Section 1, we first introduce the semiclassical conformal
transform:

N - laf
(1.7) us(t,z) = (1—t)"/2w <1—t’1—t> exp(lm).

Putting 7 :=¢5 /(1 — ) and y := x/(1 — t), we find that (1.3)~(1.4) becomes

(5

1-2 €
ie -+ 5

Ayws = )\T772(|y|7’y * |¢E|2)1/’5= \ETZEW/W = do.

Put h = e'=%/7 and denote ¢ by ¥". We note that € — 0 is equivalent to h — 0 as
long as a < «y. Thus, our problem is reduced to the limit &~ — 0 of the solution to

h2
(1.8)  ihd 9" + 7A¢h =M (T R WP, h (y) = ao(y)

lr=h7-a
Our strategy is to seek a solution ¥" to (1.8) represented as
(1.10) U (ry) = a(ry)et O,
with a complex-valued space-time function a” and a real-valued space-time function

¢". Note that a” is expected to be complex-valued, even if its initial value ag is
real-valued. Substituting the form (1.10) into (1.8), we obtain

1
— (00t 4 GV AT ¢l
- h h S S SNV N
+ih | 0ra" + (V" - V)a" + 3¢ A —z§Aa =0.
To obtain a solution of the above equation (hence, of (1.8)), we choose to consider

dral + Vo - Va" + %ahA¢h = igAah,

1
(1.11) Or " + V" P + AT 2 (y| 77+ [a"F) = 0,
h _ h _
a|‘r:hﬁ = aop, (ZS‘T:}L.YQLQ =0.

The point is that this system can be regarded as a symmetric hyperbolic system with
semilinear perturbation. In Section 4.2, we first prove that it admits a unique solution



440 S. MASAKI

with suitable regularity (see Proposition 4.1), hence providing a solution to (1.8) and
(1.3)—(1.4).

By (1.10), in order to obtain a leading order WKB type approximate solution it
suffices to determine O(h®) and O(h') terms of ¢ in the limit h — 0. Letting h = 0
in (1.11), we formally obtain the O(h®) term (bg, ¢o) which solves

1
O:bg + Vo - Vby + EboA(bo =0,

1
(1.13) Ao + 5|V¢O|2 + M2 (ly| 77 [bol?) = 0,

bojr=0 = a0, ¢ojr=0 =0

introduced in Section 1. The difficulty of finding h'-terms lies in the following two
respects; firstly, the equation (1.11) depends on h through the term i%Aah; and

secondly the initial data of (1.11) is moving at a speed h3-a. In Section 4.3, we give
the time expansion of (bg, ¢g) around ¢t = 0. We will obtain an expansion of the form

(4.1) bo(r,y) = > 7V a,(y), do(r,y) < Y 77 e;(y)
=0 =1

(Proposition 4.2). This expansion is essential in handling the moving initial-data.
In Section 4.4, we finally determine O(h') term in the case a > 1. What to show
is the existence of the limits

a" (1) — bo(7) ¢" (1) = ¢o(7)
TO — bequ(7), % = Pequ(T)

as h — 0. A formal differentiation of (1.11) with respect to h suggests that (bequ, Pequ)
may solve the linearized system

Orbequ + Ve - Vo + Vo - Vheau + sbeaubét + 500y = = Abo,
OrPequ + V60 - Voqu + A7 (|27 % 2Re bobequ) = 0.
By means of (4.1), the following estimates hold at the initial time:
a"(h7°=) = bo(h7=)  bo(h75) —ag

(1.18)

_ _ a1
N = y — O(h""= Y,
¢h(h73f¥) —(bo(h’*go‘) (bo(h'Vfa) "<(+*a1),1
- i =0(h™ ).

Note that ,fi—L > 1 for all @ > 1, however, % > 1if @« > 1 and % = 1if

a = 1. In particular,

¢"(h7"a) — ¢o(h
h

—p1 fa=1,

723) {0 if o> 1,
-
where 1 is defined in (4.1). Therefore, the O(h') term is described by (bequ, Pequ)
solving (1.18) with (1.19) if @ > 1 and with (1.20) if @ = 1. In Section 5, we consider
=1

the case o < 1. In this case, the above powers f‘% and av

= are less than one,

in general. Therefore, there appear several terms which is order less than O(h') in
the expansion of (a”,#"). We determine all these terms and obtain the asymptotic
behavior of (a”, ") (see, Theorem 5.1).

In Sections 4 and 5, we mainly work with v" = V¢" instead of ¢" itself. Note

that, by means of Lemma 3.8, it is easy to construct ¢ from v".
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4.2. Existence of phase-amplitude form solution. According to the strat-
egy in Section 4.1, we first show that the system (1.11) has a unique solution.

PROPOSITION 4.1. Let Assumption 1.2 be satisfied. Assume 0 < a < . Then,
there exists T > 0 independent of h such that, for all h € (0,1], there exists a unique
solution " € C([h7-=,T + h7-=]; H*) to (1.8). Moreover, ¥" is written as

where
a" € C([h7%%, T + h7s]; H®) 0 C®((h7°%, T + h7=a |; H™)
and
" €C(7%,T + h7=7 1 Y5 ol (n/y-1) 00)
NC® (W7, T+ 75 Y3y o) n (1) 00))-

Moreover, there exists a limit (bo, ¢g) := (ah,(bh)‘hzo belonging the same function
space as (a™,¢") (h > 0), and (a",¢") converges strongly to (bo,¢o) as h — 0.
Furthermore, (bg, ¢o) solves (1.13).

Proof. We set velocity v® = V¢". Then, the pair (a”,v") solves

h
d-a" = Q1(a",v") + iiAah,

(4.2)
6th = Q? (vhu Uh) + TV_2Q3 (ahu ah)u
h _ h _
(43) a/|‘r:hﬁ = aop, ’U‘T:hﬁ = 0,

where @1, @2, and Q3 are defined by (3.2), (3.3), and (3.4), respectively. To fix the
initial time, we employ the time translation 7 =t + h>==. Then, the equation is

0ra" = Q1 (a", ") +1§Aa’%
Ol = Qg(vh, vh) +(t+ hﬁ)V_QQ;g(ah, ah),

(4.4)

(4.5) aﬁzo = aop, Uﬁzo =0.

Now, the assumption v > 1 implies that (¢t + hﬁ)V_Q is integrable over (0,T™*) for
some T™* > 0 and its integral is uniformly bounded with respect to h. Fix s > n/2+1.
Then, applying Proposition 3.5 with ¢ = & = 1, 7" = h/2, f(t) = (t + h7-a )71~2,
and B! = W} = R = 0, we obtain the existence time 0 < T' < T* independent of ¢

and the unique solution

(aha vh) € O([07 T]’ H® x }/(Sr:;%'erl),oo],Q)
to (4.4)-(4.5) such that [|a"||%. + [|[Vo"||%. is bounded uniformly with respect to
t € [0,T]. The upper bound depends only on ||ag||z=. Notice that Assumption 3.2 is
satisfied for all s > n/2+1 and qo €n/(y + 1), n[.
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By the equation and the Hardy-Littlewood-Sobolev inequality, 00" belongs
to C([0, T} Y3, (v41),00,2)-  Hence, we see from Lemma 3.8 that o €

c(]o, T];}/(jj;}y,oo],(n/('wrl),oo])' Since (b\};:o =0, we also have

h .vs+1
0" € OO THY G ] (n/ (r+1),00))-
Therefore, we have ¢ — 0 as |z| — oo. Then, again applying Lemma 3.8 to v",

we conclude that ¢" € C([0,T]; Y(f:;i o], (n/(+1),00))- Since the existence time T' is

independent of s, we have a" € C([0,T]; H*®) and ¢" € C([0,T); Yy ool (n/ (v41),00])-
The bootstrap argument gives the C*> regularity with respect time. The existence of
the limit (b, #9) and the convergence (a”,¢") — (bg, ¢9) as h — 0 follow from the
latter part of Proposition 3.5 and Lemma 3.8. O

4.3. Time expansion of the limit solution near 7 = 0. By Proposition
4.1, the system (4.2)—(4.3) has a unique solution even if h = 0. We keep working
with v" = V" instead of ¢" Write (bg,wp) := (ah,vh)|h:0. The main difficulty of
describing the asymptotic behavior of (a”,v") as h — 0 comes from the fact that the
initial data is given at 7 = h7=a. In order to handle this h-dependence of the initial
time, we give a time expansion of (bg, wp) around 7 = 0.

Note that (bg, wp) solves

(4.6) 0-bo = Q1(bo, wo), drwo = Q2(wo, wo) + 77 2Q3(bo, bo),

(47) boh—:o = ao, Wo|r=0 = 0,
where the quadratic forms Q; are defined by (3.2)—(3.4).

PROPOSITION 4.2. Let (bg, wo) = (bo, Vepo) be the unique solution to (4.6)—(4.7)
defined by Proposition 4.1. Then, it holds that

J

(4.8) bo(y) =Y 7 a;(y) +o(r") in H,
=0
J .
(4.9) wo(r,y) = D 77 i (y) + o) in Y1) 002
=1

as T — 0 for all J, where ag is the initial data for by, a; and v; are defined by

a; = i Z Ql (akkaz)

T 120,k 51k ko=

forj > 17 U1 = Q3(a07a0)/(7 - 1)7 and

Uj ! Z Q2 (vkl ) vkz) + Z Q3 (ak17 ak2)

BE7R ki>1,ko>1,k1+ko=j —j—
121,k221,k1+ka=j k120,k220,k1+ko=j—1
for j = 2 with the quadratic forms Q; defined by (3.2)—(3.4). Moreover, ¢q is expanded
as

J
(1.24) do(r.y) = YT i(y) 0T in YT ) tnyy1) 0]

j=1
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as T — 0 for all J > 1, where ¢; is given by ¢1 = ﬁ(|y|”’ * lag|?) and

1
1—7j

Pj (v</)k1 : v‘/)k2)

N =

k121,ko21,k1+ko=j

+ ) Allyl ™ # (aw, @m7) |

k120,k220,k1+ko=j—1

REMARK 4.3. Using the “<” sign defined in Notation 1.1, the above three expan-
sions (4.8), (4.9), and (1.24) can be written as bo(7) =< E}]:O Ta; in H®, wy(r) =

J s . Jo%s) - J j— : [e'e)
2jmr TR i YO ) g ee and Go(T) = 35 T ey i YR (1) 0l
respectively

Proof. We first note that, by the definitions of @Q;, it follows for all s > n/2+1
that

Q1 (b, v)ll = < Cs 1bll o [[0]ly o1

(n/(v+1),000,2
1Qx(vn, )l < Culloily Joelly e+

(n/(y+1),00],2 (n/(y+1),00],2 ’
<
||Q3(b1ab2)||y(jl/(w+1)m]12 < Cs ”bl”Hs

ball s -

Therefore, we see that a; and v; are bounded in H* and Y(%O/(»YH),OO],Q? respectively.
For simplicity, in this proof we denote Y(Sn/(»y+1),oo],2 by Y. Denote Zi‘:o 9 a; and

Zé‘:l 779~ 1y; by a; and vy, respectively. Then, it suffices to show that

(410) ||b0 - a'lHLOO([O,T];H"O) = O(Tﬂ) vi

0,
(4.11) [|wo — 5l||Loo([o,T];yoo) = o(r7") Vi1

\VARR\Y,

Step 1. Since by € C([0,T]; H*) and by(0) = ag = ao, (4.10) is trivial if I = 0.
We show (4.11) for I = 1. By the second equation of (4.6), it holds for s > n/2 + 1
that

[wo(m)lly- < Cl/ [wo (t)ly-» dt + 02/ 24t
0 0
<Gt ||w0||L°0((07T];Ys) + OéTv_l.

where C7 depends on s and C([0,7T];Y>°) norm of wg, and Cy depends on s and
C([0,T); H*®) norm of by. The right hand side is monotone increasing in time, hence
this gives

[woll oo (0,3v2) < C1T llwoll poe 0,7,y + Co77 ™1
Choose 7 so small that C17 < 1/2. Then, we obtain
||w0||L°°((017-];Yoo) =0(rh

since s > n/2 + 1 is arbitrary. Again by the equation, it holds that

wo — U1 = / Q2(wo, wo)dt +/ t772(Qs3(bo, bo — ao) + Q3(bo — ao, ag))dt.
0 0
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Since wy is order O(7771) in L>((0, 7]; Y°°), the first integral of the right hand side
is order O(727~1) in L®°((0,7]; Y°). Similarly, the fact that by — ag is order o(1) in
L ((0,7]; H*®) shows the second integral is order o(77~!) in L>°((0,7]; Y°°), which
proves (4.11) for [ = 1.

Step 2. We prove (4.10) and (4.11) for large I by induction. By the definition of
a;, an explicit calculation shows
drbo = Q1(bo, wo) = Q1 (bo, wo — V1) + Q1(bo — G0, 7 v1) + 0-(77a1)
= Q1(bo, wo — T2) + Q1(bo — do, 77" v2) + Q1 (bo — 1,77 M01)
+8T(T"*a1 +T2’Ya2) = .-

-1

l
= Qu(bo,wo — ) + > Qu(bo —au,, 7 T g )+ 0- | Y70y
11=0 =

Similarly, it holds that

Orwo = Qa(wo, wo) + 77 2Q3(bo, bo) = - - -

!
~ ~ Il 41)—1
= Q2(wo, wo — Uy) + E Q2 (wo — Ty, 7Y 0D v1711+1)
11=1

I
+772 <Q3(b07 bo— )+ Y Qa(bo — 51177'%141)&111))

11=0

+1

+ 87- E ij_l’Uj
Jj=1

Integrating these identities with respect to time, we obtain

T -1
(412)  bo—a = / (Ql(bo, wo — ) + Y Qu(bo — all,ﬁ“h“vzzl)) dt
0

11=0
and
(4.13)
. !
wo — EH-I = / <Q2(’w0, wy — :El) —+ Z QQ (’wo — 5117t7(ll1+1)lvl_l1+1)> dt
0 =1

- l
+ / =2 (Q3<bo,bo — @)+ Y Qs(bo —a'll,t“”ﬂaz_ll)) dt.
0

11=0

Now, let L > 1 be an integer. If (4.10) holds for I < L — 1 and (4.11) holds for I < L,
then we see that (4.12) gives (4.10) with [ = L. On the other hand, if both (4.10) and
(4.11) hold for I < L, then we obtain (4.11) with [ = L + 1 from (4.13).

The expansion of ¢¢ is an immediate consequence of the expansion of wy = V.
Since

1 1
QQ(Ukl,Uk2) + QQ(vkkal) = _v(vkl ~’Uk2) =-V <§vk1 Uk, F §vk2 'Uk1> ’
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we deduce from the definition v; that

1
1—nj

1
Vo =v; = §(V<ﬂk1 - Vr,)

k121,k221,k1+ko=j
+ > Ay~ * (ar, @ry) | -
k120,k220,k1+ko=j—1
By Lemma 3.8, ¢; belongs to Y(‘jf/moo])(n/(wl)po]. d

4.4. Asymptotic behavior of the phase-amplitude form solution. The
following proposition completes the proof of the theorem.

PROPOSITION 4.4. Let Assumption 1.2 satisfied and o > 1. Let T > 0 and
a”,v e as in Proposition 4.1. Let (bg,wq) := (a",v —0- en, there exists
( hv h) b Prop 4 L (b ) ) ( ha h)\h o- Then, th
(bequs Wequ) € C([0, T]; HX XY 11y o)) such that the following asymptotics holds:

a" (1) = bo(7) + hbequ(T — h7°5) + o(h) in C([h7=,T]; H>),

(4.14) h _a . —= 00
v"(1) = wo(7) + hvequ(T — h7=) + o(h) in C([h7==, T Y3 41),00),2)-

Moreover, (bequ, Wequ) solves
(4.15)

Orbequ = Q1(bo; Wequ) + Q1 (bequ, wo) + %Abm
OrWequ = Q2(Wo, Wequ) + Q2(Wequ, wo) + 772 (Q3(bo, bequ) + Q3 (bequs bo))
with the data
(4.16) bequjr=0 = 0, Wequ|r=0 = {(ivl Z:Z i 1:
where vy is defined in Proposition 4.2.
REMARK 4.5. Since
bequ(T = h7°7) = bequ(r) + o(1), Weau(T = h7°%) = wequ(r) + o(1)
by continuity, (4.14) implies
a"(7) = bo(7) + hbequ(7) +o(h) in C([h7"=,T]; H*),
V(1) = wo(7) + hwequ(r) +o(h)  in C(AT, T Y (141) 00.2):

From this asymptotics and the transforms (1.7) and (1.10), we immediately obtain
the asymptotics (1.21).

Proof. Let (a",v") be the solution to (4.2)-(4.3). Let (bo,wq) be the solution to
(4.6)—(4.7). We put

() = I Sholr 00,
vh(T+ hﬁvy) B wO(T+ h’ﬁvy)

h

w'(1,y) :=
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Then, (b, w") solves

8Tbh = th(bha wh> + Ql(bOa wh) + Ql(bhvwo) + ’L%Abo + ’L%Abh,
(4.17) drw" = hQa(w", wh) + Qa(wo, w") + Q2(w", wo)
+ (7 +hT )72 (RQ3 (b, b") + Q3(bo, b") + Qs (b", b)),

bojr=0 —bo(hw%"‘) Wo|r=0 —wo(hﬁ)
(418) bfl‘r:O = | h ) wﬁ':O = | h

We apply Proposition 3.5 with these initial data and ¢/ = c§ = h, r* = h/2, f'(t) =
(t 4+ h7-a)7=2 Bl = B} = by, W} = W = wy, R = (i/2)Aby, and R} = 0. Note
that the initial data (4.18) is uniformly bounded if o > 1 since an application of (4.8)
and (4.9) gives

bolr—o — bo(h7= o=l o
or=0 h"( Y o
wopr—o —wo(A7°%) aen
h =O0(h™>=7)  in Y5 41),00)2

The term R satisfies || R?||gs < ||bol|grs+2/2. Therefore, if s —2 > n/2 + 1, that is,
if s > n/2 + 3 then Proposition 3.5 provides the unique solution (b, w") € C([0,T —

ha=a]; H =2 x l/(fl7(17+1))oo]72) for h € [0,1]. Moreover, (b, w") converges to (b, @) :=

(O W) in C([0,T — k==l H*=* x Y3 2 o). Tt follows from (4.9) that

limy, .0 w|hT:0 =0 if @ > 1 and limy_,¢ w|hT:0 = —u; if & = 1. Hence, (bequ, Wequ)
solves (4.15)—(4.16). O

5. Supercritical caustic and Supercritical WKB case.

5.1. Result. In this section, we treat the case « < 1 < ~. As presented in
Section 4.1, the asymptotic behavior of the solution (1.3)-(1.4) boils down to the
asymptotic behavior of the solution to (1.11). By means of Lemma 3.8, we work with
(a",v") == (a", V") which solves (4.2)—(4.3).

The main difficulty lies in the fact that the initial data (4.3) is moving at the
speed h-a (see Section 2.2). From the expansion (4.1) of (bo,wo) := (a®, ") h=o, we
deduce that (a”,v") contains the terms of order

a(yi—1) Jjay
—a

O(h™>==") and O(h> =)

for all 4,7 > 0. Note that some of these orders are less than one if & < 1. This is
the feature of the supercritical WKB case, and the problem comes from this point.

Moreover, the above terms interact each other and there appear all the terms whose
a(yi—1) jo
order is given by the finite combination of h 5= and hi-e. Thus, we see that

(a",v") contains all the terms whose order is written as

alyly —l2)
Yy

On™=7), 0<l <l

For our purpose, we determine all these terms up to O(h'). Therefore, it is natural
to introduce a set P defined by

1 —1 1 —1
(5.1) P = {MJO§Z2§ZM O§M<1}.
e T
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Set N := P — 1, and number the elements of P as 0 = pg < p; < --- < py < 1. For
any p;,,pi, € P, either p;, + pi, € P or p;, + pi, > 1 holds. For example, if v = /3
and o = v/3/4 then, py = 0,

V3-1 _a(y-1) 2(V3-1) _a(2y-2)
b1 = = ; b2 = = )
3 Y- 3 Y-
\/§ o a3y —3
(5.2) py= Y3 O p=v3_1=B1=3)
3 ¥ -« 7o
2v3—-1 a(2y—1)
Pbs = = )
3 Y-

and N = 5; and if v = 2 and a = 1/3, then py = 0,

1 aly-1) 2 al2y-2) ary
nm=f=——"17bH P2 = - = = ,
) v -« ) v -« Y-«
3 a3y—-3 a2y -1
¥ -« v -«
4 ady—4) aB3y-2) 2ary
P4 = = = = )
) v -« Y-« v -«

and N = 4.

To state the result, we also introduce several systems. Let @1, @2, and Q3 be
quadratic forms defined in (3.2), (3.3), and (3.4), respectively. Let a; and v; be
sequences given in Proposition 4.2. Then, for any 0 < i < N, we introduce

87-bi = Z Ql(bpj,wpk),

(5 4) Pj+Pr=Dpi
O = Z (Q2(’ij,u}pk) + 77_2Q3(bpj7bpk)) )
Pj+Pr=Pi
bi(0) = { @ if 3t suchthatp; = ot
0 otherwise,
(5.5)

o

(0) —vpif 3 such that p; = 22L=2
wy =
0 otherwise.

We also introduce a system for (bequ, Wequ)

7
87-boqu = Ql(bOa wcqu) + Ql(bcqua wO) + Z Ql(bpj y wpk) + iAbOa

Pj+pr=1

(5'6) 8Twcqu = Q2 (wOa wcqu) + Q2 (wcquv ’LU()) + 7-'Y72(Q3 (bo’ bcqu) + Q3(bcqu’ bO))
+ Z (QQ (ij ) wpk) + TV72Q3 (bpj ’ bpk)) ’

Pj+pe=1

[0}

- if 31 such that 1 = 22
bcqu(o)—{ a; 1 suc a =

0 otherwise,

o !

—vyp if AU such that 1 = e —a
Wequ(0) =

0 otherwise,



448 S. MASAKI

where (bg, wp) is the solution of (1.13). If there is no pair (4, k) such that p; +px = 1,
we let Y _, = 0. It may happen (see (5.2)).

THEOREM 5.1. Let assumption 1.2 be satisfied. Assume 0 < a < 1. Let
P be as in (5.1) and N = §P — 1. Then, there exists an existence time T > 0
independent of €. There also exist (bj,¢;) € C([0,T]; H> x Y(‘:lo/moo])(n/(w_i_l))oo])
(0 < j < N) such that (b;, w;) := (b;, V;) solves (5.4)~(5.5), and (bequ, Pequ) €
C([0,T); H>* x Y(‘;O/%OO]_’(n/(,Hl)ﬁoo]) such that (bequ,Wequ) = (bequs VPequ) solves
(5.6)—(5.7). Moreover, the followings hold:

1. ¢o(1) = 3272, T g; (in the sense of (1.24)).

2. The solution u® to (1.3)—(1.4) satisfies the following asymptotics for all s > 0:

Pj+Pk

(5.8)
e 1 L2
sup |Ja|s <u€(t)e—z<1> (t) _ 7148(15)6125“1)) -0

te[0,1—T~1ee/7] (1 —t)n/2 12
as € — 0 with
(5.9)

€5 x al te x
O (t,x) =7 ! S (1=2)pj 4.
(tz)=e¢ ¢0(1—t’1—t>+;€ bl T 1T

and

E% T E% T
Nl As(t =b P — .cu T 01 4 .
R S W N

REMARK 5.2. In (5.9), the time variable of ¢; (j > 1) is not €% /(1 — t) but

tf:‘% 5%

Although this variable is not stable on the final layer 1 — ¢ = T—1e%, this choice is
suitable when we work with the well-prepared data (see Section 5.2). Of course, the

Taylor expansion
te™ _ = &\ ko ak ev
®; (1 —t) =Y (==7)*(0f¢y) (—1 —t)

k=0

will exclude the variable te5 /(1 —t) from ®¢, however, we do not pursue this point
any more.

REMARK 5.3. Let us classify the phase functions in (5.8) according to the notion
in Section 2.2. If ¢;(0) £ 0 (resp. b;(0) # 0), that is, if there exists a number [ > 1
such that p; = O‘Jl_;a (resp. p; = VO‘_WL), then ¢; is the correction from phase (resp.
correction from amplitude); in particular ¢; = ¢pha, (resp. ¢; = Pamp,;). On the other
hand, if ¢;(0) = b;(0) = 0 then ¢; is the correction from interaction; in particular

¢i = Pint,» for some I’. Notice that the summation in the system (5.4) is decomposed

2= >+ )

Pi+pPe=pri  (§,k)=(4,0),(0,i) p;j+pPr=pi,jk#0
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The second sum is the interaction term, which is an external force. When ¢; is the

correction from interaction, it always has a nonzero interaction term. Otherwise, ¢; =

0 since the system for ¢; is posed with the zero initial condition. There is a possibility

that the correction from phase (resp. correction from amplitude) has lan interaction
avyl—a

term. Indeed, it happens if there is a triplet j, k,[ such that p; = S—a = Pit Dk
(resp. p; = % = p; +pi) and jk # 0. In this case, there is a resonance between
the correction from phase (resp. correction from amplitude) and the correction from
interaction. ¢equ solving (5.6)—(5.7) is the correction from equation with or without
resonance: If ¢(0) # 0 (resp. b(0) # 0 ) then there is a resonance with the correction
from phase (resp. correction from amplitude); if ij +py, Z 0 then there is a resonance
with the correction from interaction. We note that the resonance among the correction
from phase, the correction from interaction, and the correction from equation (resp.
the correction from amplitude, the correction from interaction, and the correction
from equation) may happen, and that, however, the resonance between the correction
from phase and the correction from amplitude never happens because there is no pair
I,I' such that yl =4I’ — 1 if v > 1.

Proof. As presented in Section 4.1, the asymptotic behavior of the solution (1.3)—
(1.4) boils down to the asymptotic behavior of the solution to (1.11). By means of
Lemma 3.8, we work with (a”,v") := (a”, V¢") which solves (4.2)—(4.3).

The existence of (a”,v") and the expansion of ¢y are already proven in Propo-
sitions 4.1 and 4.2, respectively. Let P be as in (5.1), N = P — 1, and p; € P
(i =0,1,...,N) be such that {p;}¥, = P and p; < p;y1. It suffices to show that

(a",v") is expanded as

N
a"(r+h73) = bo(T + h77) + Z hPib;(T) + hbequ(T) + o(h),

i=1
N
VT RTE) = wo(T+ hTE) + > WP wi (1) + havequ(7) + o(h).
i=1
Plugging this and
bequ(T) = bequ(T + hﬁ) +o(1), Wequ(T) = Wequ(T + hﬁ) +o(1),

to (1.10) and (1.7), we obtain (5.8).

Step 1. We first prove by induction that

k
a"(r +hTw) =bo(r + h7%) + > hPbi(r) + o(hP*),
(5.11) =
M1+ R ) = wo (T + hiw ) + thiwi(T) + o(hP*)
=1

holds for k = N, where (b;, w;) is a solution of (5.4)—(5.5). One verifies from Proposi-
tion 4.1 that (5.11) holds if £k = 0. We put K € [1, N]. We assume for induction that
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(5.11) holds for k = K — 1, and put

b () = h™PK (ah(r+hvaa)—b0 (1 +h7= Z hPib, )

h

wh (1) = h™PK (’Uh(T-i-h’YQO‘) wo(T + h7= Zh’”wl ) .
By the equation for (a",v"), we see that (b7, w") solves
Orbl = W7 Qu (B, whe) + Qu(BY whe) + Qu (b, W) + RY + ShAvl,

8Tw?< = hpKQZ(vawK) + QZ(WQ va) + QQ(wKa W2k)
+ (T4 haa )12 (PR Qs (b, b ) + Qa(BY, b) + Qs(bly, BY))

where
K—-1
B =By =) Wb — bo(t),
1=0
K-1
W =W3 =" hPw; — wo(t),
1=0
R}f = Z Ql (bpz ’ wpk)
P <K,pr<K,pi+pr=pK
+ Z RPEPR=PE Q) (b, wp, )
i <K,pp<K,pi+pr>pPK
! 3w,
1=0
- Z Ql(bpszpk)v
P <K,pr<K,pi+pr=pK
and
Rg = Z (Q2 (wpz ) wpk) + (t + hoe )772623 (bPz ) bpk))
P <K,pr<K,pi+pr=pK
+ Z RPUEPE=PE Qo (wy,, wp, )
P <K,pr <K,pi+pr>pK
+ Z hPripRTpI (t + hﬁ)7—2Q3 (bpz ’ bpk)
P <K,pr<K,pi+pr>pK
- Z (QQ(wpwwm) +t772Q3(by,, b )) :

P <K,pp<K,pi+pr=pK
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Moreover, applying the time expansion of (by,wp), we deduce that (b%(0),w? (0)) is

uniformly bounded and that, as h — 0,

bie(0) = = | bo(h5) — 3T hiRa,
{5;29L <pxc}
—aj if El_]/ such that PK = %j/v
— e
0 otherwise,
Wl = —hrr [y Y R,

a(

. j—1
{528 <p}

) e _ a1
_ —Ujn if Elj” such that PK = H=a
0 otherwise.

Note that either b%(0) — 0 or w? (0) — 0 holds for all K since v > 1 implies there is
no pair (4, ') such that vj = vj' — 1. Therefore, we apply Proposition 3.5 to obtain
the solution (b%,wl). Put (bx,wr) := (b, wh)n=o. Then, it solves (5.4)—(5.5),
and so (5.11) holds for k£ = K. By induction (5.11) holds for k = N.

Step 2. Mimicking the argument in Step 1, we construct (bequ, Wequ) such that

N
a(r +h3=a) = bo(r + h7-a) + Z hPibi(T) + hbequ(T) + o(h),

i=1
N
V(T 4+ h7E) = wo(T + h7a ) + Z hPiw; (T) 4+ hwequ(T) + o(h)
i=1
hold. Notice that (bequ, Wequ) solves

)
8Tb9qu = Ql(bO; wcqu) + Ql(bcquywo) + Z Ql(bp].,wpk) + §Ab0’

pj+pr=1
a7'11)cqu = Q2 (wO; wcqu) + QQ (wcqu7 wO) + 7772(623 (bO; bcqu) + Q3 (bcqu7 bO))

+ Z (QQ (ij ) wpk) + TV72Q3 (bpj ’ bpk)) ’

pj+pr=1
- —ap if1=22L3 _ —up i1 = 2lagy
boy= ¢ M AT )= e
0 otherwise, 0 otherwise.

O

REMARK 5.4. By a similar proof, we obtain higher order approximation. Let
0 <a<~vand~y>1 We modify the set P defined by (5.1) as

—1
P = {l—l— aym —l—Oé(7 )n; l,m,n}O},
V-« V-«
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and number the elements of P’ as 0 = py < p1 < -+ < pg < .... Then, we have, for
all k,
k
a"(r 4+ h7=) =bo(T +hTw) + Y hPib(r) + o(hP*),
(5.12) o
¢ (7 + D7) = do(r + hTw) + Y WP i(7) + o(hP).
i=1

Plugging this to (1.10) and (1.7), we obtain higher order approximation of the original
solution. It is important to note that the (5.12) has the same form in the both « > 1
and a < 1 case. When we concerned with higher order WKB-type approximation, we
need four kinds of correction terms even if a > 1. From this respect, the supercritical
WKB case @ < 1 can be characterized as the the special case p; < 1.

5.2. Well-prepared data and general data. We conclude this section with
some remarks about the well-prepared data. By the semiclassical conformal transform
(1.7) and Grenier’s transform (1.10), the leading order WKB-type approximation of
the original solution u® to (1.3)—(1.4) is reduced to the approximation of the solution

(a", ") to

1 h
dra + Vol - Val + §ahA¢h = iiAah,

(5.13) )

0,0 + 5 |VO"[* + A2 (|y ™ x fa"?) = 0
with
(5.14) a” o = ap, " =0,

_a _a
[T=h7—« |[T=h7—

up to order O(h'). Note that (5.13)—(5.14) and (1.11) are the same. As shown in
Proposition 4.1, there exists a limit (bg, ¢o) := (a”, ¢h)\h:0 which solves (1.13). Now,
we consider the distances

dy (t) :=a”(t) — bo(t), dg (1) :=0" (t) — do(t).

If these distances are order o(h') then we immediately obtain the WKB-type approx-
imation bgexp(ic™ "¢g) of uc (recall that h = £'~%). However, unfortunately, the
following two respects prevent us: The first one is the h-dependence of the equation
(5.13), and the second one is the h-dependence of the initial time (5.14). The first
problem is handled by employing the correction term (bequ, Pequ) solving (1.18) and,
therefore we discuss about the initial data in the followings.

The given initial data (5.14) is written as

dy (h7=7) :=ag — bo(h7~7), dli(h77) := — ¢o(h77 ).

The main difficulty in the case o < 1 is the fact that these terms become larger than
O(h') as h — 0. The simplest way to overcome this difficulty is to modify the initial
data (5.14) into

(5.15) a o =bo(h7T), o o = go(h),

lr=h7"=
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which ensures d"(h7-s) = dg(hv%a) = 0. Note that (5.13) with (5.15) is the same as
(1.14). Back to the transform (1.7), this initial data corresponds to the well-prepared
data

o _i\z\z Lo o
(1.6) Ufy_o(z) = bo(e7,x)e”" 2= exp(ic™ Yoo(e™, ).

This initial condition is rather natural in the supercritical case o < 1, and the original
initial condition in (1.4) is a kind of constraint (see, Section 2.2). If we use this well-
prepared data, we do not have to consider any correction term other than (bequ, Pequ)
and, for all 0 < o < 7, it holds that

Q
=
—~

3
~

Il

bo(T) + hbequ(T) + o(h),
¢" (1) =¢0(7) + hpequ(T) + o(h)

with (bo, ¢o) and (bequ; Pequ) solving (1.13) and (1.18)—
the asymptotic behavior of the solution u®(¢,x) to (1.

E% X E% e % €T
b Pa— i Qoqu | ™ —— e Pa—— .
0(1—t’1—t>eXp<l¢q (1—t 1—15)“‘E ¢0< ¢ 1—t>>

This approximate solution is the same one as in the case o > 1. We still need O(h')-
correction term (bequ, Pequ) because it comes from the h'-dependence of the equation
which (a®, ¢") solves.

In Theorems 1.3 and 5.1, we took another way. By the expansion of (bg, ¢o)
around 7 = 0, there exist nonnegative integers k1, ko depending on « and + such that

19), respectively, and so that
(

(1.
3)—(1.6) is given by

]i}l X

di(h7=) =ag — bo(h7%) = =Y hi-wa; +o(h'),
j=1

h o k CX(’YJ 1)

dj(h==) = = go(h>"= Z g+ o(hh).

a(vj—1)

We subtract the main part — 251:1 ha-e aaj and — Z 2, h7 == ¢; by constructing
appropriate correction terms (correction from amphtude and correction from phase,
respectively). Indeed, if we let the correction terms (b;,¢;) (0 < j < N) and
(bequ; Pequ) be defined as in Theorem 5.1 then, at the initial time 7 = h7-= , it holds
that

N
a"(7) = bo(r) = D P7bj (7 — h77) — hbequ(7)

y— (o3
Jj=1 |r=h7—@

@ a~yl @
== [ = X hFEa | b (bean(0) = bean (7))
le{l>0;22L <1}
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N
O"(r) = do(r) = D _hPig;(T — h75) — hepequl(t)
j=1

(o3
|[T=h7—«

= - (ZSO(hﬁ) - Z ha('yj:)‘l) Spl + h (¢equ(0) - ¢equ(hﬁ))

le{i>1; 2010 <1}
=o(hh).

It is important to note that the time variable of (b;,¢;) (1 < j < N) is not 7 but

7 — h7-a. This choice is the key for the above cancellation. By the transform (1.7),
the time variable of ¢; (1 < j < N) in the definition (5.9) of ®¢(¢) should be given by

=[°

o
e

te

These correction terms allow us to work with general data.
6. Proofs of Theorems 1.5 and 1.6. Recall that the system we consider is
7 (pr™™ Y 4+ 0. (pur™ 1) = 0,
0rv + v0pv — )\T"_48TVP =0,
On(r" 10, V) = pr T,

Plr=0 = |a0|27 Vjr=0 = 0,

(1.26)

where r = |z|. We introduce the “mass” m and the “mean mass” M
m(r,r) := M(1,7)r" :=r""10,®(r,r) = / p(T,8)s" tds.
0
We also set mo(r) := m(0,r) and My(r) := M(0,r). Combining the first and the
third equations of (1.26), we obtain
(6.1) drm + v0.m = 0,

where we have used (pvr"’l)‘T:O = 0. To solve this equation we also introduce the
characteristic curve X (7, R):

dX

5 —vmX(TR)). X(0,R)=R.

Denoting differentiation along this characteristic curve by / := d/dr, the mass equation

(6.1) and the second equation of (1.26) yield
(6.2) m' =0,

)
(6.3) v = AT 4X"—1’
(6.4) X' =

We solve this system with the initial data

(X, m,v);=0 = (R,mo(R),0),
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where R > 0 parameterizes the initial location.

By (6.2), the mass m remains constant along the characteristics, that is,
m(7r, X (1, R)) = mo(R). Therefore, (6.3) and (6.4) yield

. Amg (R)Tn_4

65) X" T

X(0,R) =R, X'(0,R) =0.

This equation is studied also in [29].

Proof of Theorem 1.5. It suffices to show that X (7, R) < 0 holds for some R > 0
and 7 < T*. This argument is similar to that for the blow-up for the nonlinear
Schrodinger equation by Glassey [17]. Since A < 0, we see from (6.5) that X” < 0,
and so that X’ < X’(0) =0 and X < X(0) = R for all 7 > 0. Therefore, again by
(6.5), we verify that

|)\|m07'"_4
o Rnr—1
Note that My(R) > 0 for some R provided ag is not identically zero. Now, fix such
R. Integrating twice with respect to time, we obtain

NRMo(R)
(n—=2)(n—-3) °

X"(r,R) < = —|A[RMo(R)7"*.

X(r,R)< R-

which yields X (7, R) < 0 for large time. The critical time is not greater than

. (n=2(m=3) \7
= (|)\|SUPR>0MO(R))

since R is arbitrary. O

Proof of Theorem 1.6. In order to clarify the necessary and sufficient condition,
we repeat the proof in [12]. We first note that X /0R(0, R) = 1, and that the solution
is global if and only if 0X/0R(t,R) > 0 for all 7 > 0 and R > 0.

By (6.5), we have

X,, . Amo
=<3
We multiply this by X’ and integrate in time to obtain

Am m m
2 _ 2 0 0 0
(X/) =0“+ T2 — <z = 2 —XXN7

where we have used (6.5) again. This yields

2)\m0

(X2)” _ 2(X/)2 4 2XX// _ R2

Then, integration twice gives

)\mo
R2
Since X > R > 0 from (6.5) and X'(0) = 0, we see

)\mo
(6.6) X(r,R)=1/R*+ T T2,

X?=R*+ t2.
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An explicit calculation shows that
8X( ) 1+)\(%|a0|2—M0)T2
o\ = )
OR vV 1+ )\]\4()7’2
where mg = MoR* = fOR lag|?s3ds by definition. Note that limp_.o Mo = |ao(0)|?/4

since ag is continuous. Hence, dX/9R(t, R) > 0 holds for all 7 > 0 and R > 0 if and
only if 1|ao|? — My > 0 for all R > 0, that is,

2 R
(67) (B> 7 [ laolo)s'ds
0

for all R > 0. Moreover, the critical time is given by

T (A max,>o (2M§(T) - Iao(r)lz’)) E

The condition (6.7) can be written as

Or (m‘]);ff)) > 0.

We take Ry so that mg(Rp) > 0. Then, it holds only if

for all R > Ry, which fails if limpg_.o mo(R) < oo, that is, if ag € L2(R?). O

REMARK 6.1. If n = 4 then (1.26) becomes an autonomous system. Now we
consider the classical solution of autonomous model

Or (pr™ ™) + By (pur™ 1) = 0,
0-v +v0rv — A0V, =0,

O (r" "0, V) = pr L,
Plr=0 = Po, V|r=0 = Vo,

where (7,7) € Ry x Ry. It is shown in [25] that, under the assumption that n > 3,
po € LY((0,00),7""tdr), vo(0) = 0, and vo(r) — 0 as 7 — oo, the corresponding
solution is global if and only if A < 0 and

_ 217 ' 1
vo(r) = \/m/o po(s)sn—Lds.

REMARK 6.2. The function I' = 9X/JR is called the indicator function. As
in the above proof, the solution blows up if and only if I' takes non-positive value.
Moreover, the solution is given by

R Rnfl
pUEX (1) =
o(t, X (1 R)) z%(t,R).

Example 1.7 is easily checked by this form since the characteristic curve X is given
explicitly by (6.6) in the case of A <0 and N = 4.
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