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A NEW REGULARITY CRITERION FOR THE NAVIER-STOKES
EQUATIONS IN TERMS OF THE GRADIENT
OF ONE VELOCITY COMPONENT *

YONG ZHOUfT

Abstract. In this paper we consider the regularity criteria for the weak solutions to the Navier-
Stokes equations in R3. It is proved that if the gradient of any one component of the velocity field
belongs to L*7Y with 2/a + 3/ = 3/2, 3 < v < 00, then the weak solution actually is strong.

1. Introduction. We consider the following Cauchy problem for the incompress-
ible Navier-Stokes equations in R?® x (0,7’)

au

4+ u-Vu+ Vp=Au,
o M
divu = 0,
u(z,0) = ug(z),

where u = (ui(x,t),us(x,t),us(x,t)) is the velocity field, p(z,t) is a scalar pressure,
and ug(x) with divug = 0 in the sense of distribution is the initial velocity field.

The study of the incompressible Navier-Stokes equations in three space dimensions
has a long history. In the pioneering work [10] and [7], Leray and Hopf proved the
existence of its weak solutions u(z,t) € L>(0,T; L?(R3))NL?(0,T; H*(R?)) for given
up(z) € L?(R3). But the uniqueness and regularity of the Leray-Hopf weak solutions
are still big open problems. In [12], Scheffer began to study the partial regularity
theory of the Navier-Stokes equations. Deeper results were obtained by Caffarelli,
Kohn and Nirenberg in [2]. Further result can be found in [17] and references there
in.

On the other hand, the regularity of a given weak solution u can be shown under
additional conditions. In 1962, Serrin [13] proved that if u is a Leray-Hopf weak
solution belonging to L*? = L*(0,T; LY (R?)) with 2/a +3/y < 1,2 < a < 00,3 <
v < oo, then the solution u(z,t) € C*°(R? x (0,7)). From then on, there are many
criterion results added on w. In [18] and [5], von Wahl and Giga showed that if u
is a weak solution in C([0,T); L3(R3)), then u(x,t) € C>®(R? x (0,T)); Struwe [16]
proved the same regularity of u in L>(0,7; L*(R?®) provided supg.,cr |[u(z,t)| 1
is sufficiently small and Kozono and Sohr [8] obtained the regularity for the weak
solution u(z,t) € C°(R3 x (0,T)) provided u(z,t) is left continuous with respect to
L3-norm for every t € (0,T). Recently Kozono and Taniuchi [9] showed that if a
Leray-Hopf weak solution u(x,t) € L?(0,T; BMO), then u(z,t)is actually a strong
solution of (1) on (0,7T). L*7 is defined by

t 1/
( ||u(.,7')H%7dT) if1<a<oo
fulles =4 Vo
ess sup ||u(.,7)| L~ if @« =00
0<r<t

*Received November 21, 2002; accepted for publication January 14, 2003. This work is partically
supported by Hong Kong RGC Earmarked Grants CUHK-4219-99P and CUHK-4279-00P.

TThe Institute of Mathematical Sciences and Department of Mathematics, The Chinese University
of Hong Kong, Shatin, N.T., Hong Kong (yzhou@math.cuhk.edu.hk).

563



564 Y. ZHOU

where

I
(ol /|uw7|"’dx ifl<y<oo
u Ly =
i ess buﬂgg |u(z, 7)]| if vy=o00

(S

The point is that ||uy|/fe.~ = ||u| Lo~ holds for all A > 0 if and only if 2/a+ 3/ =1,
where uy(z,t) = Au(Ax, \%t), pa(z,t) = A2p(\z, \%t) and if (u, p) solves the Navier-
Stokes equations, then so does (uy,py) for all A > 0. Usually we say that the norm
||| e.v has the scaling dimension zero for 2/a + 3/y =1 [2].

Sohr [14] extended Serrin’s regularity criterion by introducing Lorentz space in
both time and spatial direction, u € L*"(0,T; L9*°) with 2/s +3/¢ =1, 3 < ¢ < o0,
2 < s <r < oo, here LP-? is Lorentz space, for weak solutions which satisfy the strong
energy inequality. Later on, Sohr [15] extended Serrin’s regularity class for weak
solutions of the Navier-Stokes equations replacing the L%-space by Sobolev spaces of
negative order, u € L*(0,T; H=*?) with 2/s+3/¢=1—,3 < ¢ < 00, 2 < s < 00,
for0<a<l.

Zhou [21] proved the regularity of the Leray-Hopf weak solution by adding the
Serrin’s regularity criterion only on two components of the velocity field. Also in [21],
the author gave a regularity criterion by adding condition on one velocity component,
say, uz € L*Y with 2/a+3/y < 1/2 for v > 6.

One can find that if 2/a + 3/v = 2, both |Vu||ge.~ and ||p||Le.~ have scaling
dimension zero. Related to this point, Beirdo da Veiga [1] proposed the regularity
criterion on Vu, which states that if a weak solution u(x,t) satisfies Vu € L7, 2/a+
3/v <2,3/2 <7 < oo, then u(z,t) € C*°(R3 x (0,T)). Chae and Choe [3] improved
Beirao da Veiga’s condition by imposing that only on the two components of the
vorticity field. Very recently, Zhou [21] proved that if a Leray-Hopf weak solution
satisfies Vug € L*7 with 2/a+3/y < 3/2, 2 < v < 3, or ||Vus||p=~. is sufficiently
small, then the weak solution is strong.

In this paper, we want to prove the analogous result for v > 3. More precisely,
our main theorem reads

THEOREM 1. Suppose ug € H*(R?), and divug = 0 in the sense of distribution.
Assume that u(x,t) is a Leray-Hopf weak solution of (1) in (0,T). If Vuz € L™7
with 2/a+3/v = 3/2, 3 < < 00, or Vuz € L*>> then u(x,t) is a strong solution
on [0,T).

REMARK 1. In [6], He proved the same conclusion under a stronger condition
Vus € L% with 2/a+3/y = 1.

Before going to sections, we recall the definition of Leray-Hopf weak solutions.
DEFINITION. A measurable vector u is called a Leray-Hopf weak solution to the
Navier- Stokes equations (1), if u satisfies the following properties

(i) u is weakly continuous from [0,T) to L?(R?).
(ii) u verifies (1) in the sense of distribution, i.e.,

/ /R3 — + (u- V)(b)udxdt + /RS upp(z,0)dx = /OT . Vu : Vodzdt
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for all ¢ € C°(R3 x [0,7)) with dive = 0.

T
/ / u - Vodxdt =0
0o JR3

for every ¢ € C§°(R3 x [0,T)).
(iii) The energy inequality, i.e.,

t
lul., )22 + 2/ IVu(;s)llfzds < uollz>, 0<t<T.
0

By a strong solution we mean a weak solution u such that
ue L0, T; HY) N L*(0,T; H?)

It is well-known that strong solutions are regular (say, classical) and unique in the
class of weak solutions.
The constants are different from section to section.

2. Proof of the Main Theorem. The proof follows from the framework es-
tablished in [20].
First, we give a very simple interpolation lemma

LEMMA 1. Assume that a measurable function u(x,t) € L>? and Vu € L*?
on [0,T%), T* < T, then u € LP? with p > 2,2 < q < 6 and 2/p + 3/q > 3/2 for
0<t<T™

3_1 3.3
lullzea < Crllullfe2 [ Vull 2 (2)

where C1 = C1(p,q,T). If% + 2 = %, then

-2 33
[ullzea < Cr(@)llull Lol [IVull .o (3)
The proof is simple (see Lemma 1 in [21]).

The second lemma is the following Gronwall type inequality.

LEMMA 2 [4]. a(x) and b(z) be nonnegative functions on [0,A4) and 0 < § < 1.
Suppose a nonnegative function y(x) satisfies the differential inequality

y'(z) +b(z) < alz)y’(z) on [0,4), y(0) = yo. (4)

Then for 0 < x < A,

y(x) +/ b(s)ds < (2700 4+ )yo + 26/(1_5)(/ a(s)ds)l/(l_é). (5)
0 0

Proof. Solving the homogeneous differential inequality 3’ < a(x)y’, one obtains

y@) < {ui= + /Oz a(s)ds}l/(H). (6)
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substituting (6) into (4) and integrating over [0, z|, we obtain

’ ! v 5/(1-5)
y(:v)—i—/ b(s)dsﬁ/ a(s)ds{y(lf‘s-i-/ a(s)ds} + 1
0 0 0
* 1/(1-6)
< {yé_é —|—/ a(s)ds} + Yo
0

<29/0-9 {1 (/ a(s)ds) "+ o
0

This complete the proof. O

Now we go to the proof of the main theorem. Since there are some differences
between the proof for v = 3 and v > 3, we divide the proof into two parts.

PrROOF OF THEOREM 1 FOR 7 = 3. Now our condition is that u is a
Leray-Hopf weak solution on (0,7) with Vus € L*3. For the vorticity field
w = curly = (w1, ws,ws), one has the following estimate.

LEMMA 3. Suppose ug € H'(R3) with divug = 0. Assume that (u,p) is a smooth

solution in R3 x (0,T), which satisfies the energy inequality, with Vu € L>? and
Au € L?2. If Vuz € L*3(R3 x (0,T)), then for 0 <t < T

t
lws (-, t)]I72 +/O IVws (., 7)l[72dr (7)
02 2 3 3
< 3llwslize + CollVusl|zasl|Vullf oo 2| Aull 72 2
where Cy = Ca(||ugl|z2) and w°(x) is the initial datum for w.

Proof. Vorticity w = curlu satisfies

aa—j—i—(u-V)w: (w-V)u+ Aw,
divu = 0, (8)
curlu = w,

w(x,0) = wo(z).

Multiplying the first equation of (8) by ws, and integrating on R3, after suitable
integration by parts, we obtain

Ld
2dt
S/ |(w - Vus)ws|dx

R3
< 2[Vull 12 [Vus|zallws|zs (jw] < 2[Vul)

lws (-, O)IZ2 + Vs (., )72

1 3
< Csl|Vul| 2z [[Vus|| s [lws]| 72 [ Vews|| 72 (Gagliardo-Nirenberg inequality)

1 . .
< SIVeslige + CallVall 5 [ Vs [ sl 72 (Young iequality). (9)
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Then we can apply Lemma 2 on (9) corresponding to § = % in Lemma 2,

t
lws( D25 + / Vs (o 7)|2dr

t 5/4
<3163+ Cof [ IVul¥G IVuslfiar)
0

t 5/4
< 381 + Caf [ IVulLNT IVl e}
< 3[|wsliFe + Call Vull 22| Vel pas | Vug|[7a.s
1 1
< 3llwgllzs + CsllVullf oo | Aull 222 | Vus|Fas
where we use the energy inequality and apply Lemma 1 on ||Vul| 43, since 2 +3 = 3.
So we finish the proof. O

After the a priori estimate on ws, we establish the following a priori estimate for the
velocity field.

LEMMA 4. Under the same condition as that in Lemma 3, we have

T
sup |Vl )| +/ 1Au(., )| 2adr < C (10)
o<t<T 0

where Cg depends on T, ||Vug||rz, ||Vuo|lrz and | Vusl||pa.s.

Proof. As we have done in [21] we can rewrite the first equation of the Navier-
Stokes equations (1) as

9] 1
8—1:+w><u+§V|u|2+Vp=Au. (11)

Multiply the equation (11) by Au and integrate on R?x (0, t), after suitable integration
by parts, one obtains

1 t
illvu(ﬁ)ﬂiz +/O [Au(., 7)[|72dr (12)
t 1
= / / (w X u) - Audzdr + —HVuo||2L2
0 RS 2

let

t
I:/ / (w x u) - Audxdr
o JRs
t t t
S/ / |wQU3Au1|dxdT—|—/ / |w3uzAu1|dde—|—/ / |wsuy Aug|dzdr
o Jrs o JRs 0o Jrs
t t t
—|—/ / |wQU3Au2\dde+’/ / LU1UQAU3d.’IJdT‘ —l—‘/ / wott Ausdxdr
0 JR3 0o JR3 0o JR3

EIl+12+13+I4—|—I5+IG
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We will estimate the terms one by one.

t
Il :/ / |WQUSAU1|d$dT
0 R3
t
< / ol zalluall | Aul| odr
0

t
1/4 /2, 1/2 7/4
<O / I57all 2 Vs | 7l 57| A "
(Gagliardo—Nirenberg inequality, for ws and U3)

1
< o5l AlZee + Cs[|Vus|pas|[Vulix2, (Young inequality) (13)

where Cs is a constant depending on ||ugl| 2 only.
1 2 ' 2 2
B < gplBulfas +5 [ ual fosludr
20 0
. ) . . 1 1 _ 1
(Holder s and Young inequality = + ¢ = 5)
1 L .
< 2_0||A/U/||%22 + 5[Juz |7 p.a [|ws || a0 (Holder s inequality % + % = %)

Now we want to apply Lemma 1 on ||ws]|pqs, s0 a, b, p and ¢ satisfies

1 1 1
4=z,
§ T3
p g = 2 (14)
aTrT2
(14) can be solved as
p=o00, a=3;
{ q=2, b=6. (15)
Then Lemma 3 tells us
lews[|226 < Coll Vs |13 a1 Vull 2 2 | Aul| 7% + Cro, (16)

where Cy and Cg are constants depending only on ||w9]| 2.
On the other hand,

luallfees < [lullZo.s
< lullzo 2 [[ull oo
< C11||Vul| g2, (Energy inequality and Sobolev inequality)

where Cy; depends on ||ug|z2 only.
Therefore I can be estimated as

1
Iy < g5 | Aulfas + Cral Vull 72 o |Aul 2% | Vs [Fas + Cral| Vullzz,  (17)

where C1o depends on ||ugl|z2, while C13 depends on |lugl/z2 and [|wd| L2-
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I3 is similar to I,
1
Iy < s llAulfas + Crall Vully 2 | Aull 2 Vsl s + Crall Vull o, (15)
and I, is similar to Iy,

I < 5ol + Csll Vsl oo [Vl e (19)

t
.[5 = ‘/ / w1U2AU3d£L'dT’
R3

/ |(Daus)ug Aus|drdr + ’/ (O3uz) ugAugdde‘ =13 +12
R3 R3

15 / / | 82uS UQAU3|d£BdT

< 014/ |Aul| 2| Vus| 13| Vul L2dr (Holder’s and Sobolev inequality)
0

1
< Enmniz,z +5CUTY?|Vus |2 s || V| 2.z, (20)

where in the last inequality, we use Young and Holder’s inequality. For simplicity, we
denote 5C14T"/? as Ci5 which depends on 7.

t t
12 = ‘/ / (33u3)U2Au3d$dT’ = ‘/ / lugA(aSUIi)dxdT’
0 R3 0 R3 2

t t
‘/ (63U3)U2AU2d$dT’+‘/ / (83u3)\VuQ|2dxdT‘
0 JR3 o JR3

IN

IA

1 t
EIIAUII%w + C15]| Vs[5 V| T .2 +/ IVuall7s | Vus|| o dr
0

(By (20) and Holder’s inequality respectively)

IA

1 t
EIIAUII%M + C15l|Vus|[Fs | Vel T + 016/ IVl 2| Aul| L2 | Vus | Ladr
0

IN

1
sgllAulize + Crrl|Vus | Las [ Velf s (21)
Ig can be treated similarly

Is = 45 IIAUIIL2 2 + (C15 + C17)|| V|| 2aa | Vullg .2 (22)

where C15 and Cy7 depend only on T
Substituting the above estimates (13), (17), (18), (19), (20), (21) and (22) into
(12), it follows that

SIVuC, Ol + ol dulae — 5[ Vuoll

< 2(Cs)|Vus|| 11 + (Cis + C17) | Vus||F1) [Vl e 2
+2C ||Vl 2 | Aul 2% [ Vus 3.5 + 2C1s ]| Vul| e 2

< 2(Cs||Vus|| 11 + (Crs + 017)||Vu3||%4 o) Vul[F o2

+4018HVUS||€2/433”VU”L00 2 + HAUHH 2+ 4013 +3 ||uHL°° 2
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where Cyg is a constant depends on ||ugl| 2. Hence

[Vu(, t))172 + [ Aull 22 — [[Vuoll7»
< 4(Cs||Vus|[as + (Cis + Cio) || Vug | 2as

1
12018V |35 [Vl 32 + 8CE; + e, (23)

Now we choose 0 < tg < T, which is small enough, such that

to

to 1/2
Cs / IVus(..7)|[4sdr + (Cus + Cir) ( / |Vu3<.,7>||%sd7>
0 0

to 2/3
R ( / Vu3<.,f>||4m)
0

and consequently from (23), we obtain that

1
<_7
-8

to
sup ||Vu(.,t)|32 —|—/ |Au(., 7)||32dT < 32CF; + 4]|Vug||32- (24)
0

0<t<tg

Then we can repeat the above process from tg, if tg < T, with u(to) as its initial data
for the problem (1) and obtain a similar estimate as (23), for to <t < T,

t
IVu(. B2, + / JAu(., 7)|[2adr

<4 (08||w3u§4,3 +(C15 + C17)|| V|| Fas + 2018||Vu3||§ﬁ?3) sup || Vull3
to<t<t

1
+8CT5 + —

1 sup [ullZe + [[Vu(. o) |7
to<t<t

There exists a number for t1, such that

th t 1/2
Cs / IVus(..m)|[4sdr + (Cus + Cir) ( / |Vu3<.m>||‘z3d7)

to tO
t 2/3 1
+2018 </ V’U,g(.,T)H%s) S g,
to

therefore we have

t1
sup [Vl £)[25 + / |Au(. 7|2 dr
to

to<t<ty

< 320% + 4| Vu(., to) |22 < 9607, + 8[| Vul., to)||72

Then we can repeat the above process from ¢y, if ¢t; < T. Actually, since Vus € L*3
on [0,7), and the coefficients involving ||us||z+s in (23), which depend only on T, p,
b, ||ugl|L2, the above process only can be done for finite times. More precisely, we can
get a estimate on the whole time interval.

T
sup || Vu(., )]z +/ 1Au(., 7)[|72d7 < Co (25)
0<t<T 0



A REGULARITY CRITERION FOR THE NAVIER-STOKES EQUATIONS 571

where Cg depends on T, ||Vug||r2, ||uollr2 and ||us||p4.s. O

After we got the a priori estimate, the proof of Theorem 1 for the case v = 3 is simple.
It is well known [19] that there is a unique strong solution @ € L% (0, Ty; H'(R3))Nu €
L?(0,Ty; H?(R3)) to (1),for some 0 < Ty, for any given ug € L?(R3) N H(R3) with
divug = 0. Since u is a Leray-Hopf weak solution which satisfies the energy inequality,
we have according to the uniqueness result, u = @ on [0, 7). By the a priori estimate (
25) and standard continuation argument, the local strong solution u can be extended
to time T'. So we have proved u actually is a strong solution on [0, 7).

PROOF OF THEOREM 1 FOR v > 3. Like the proof for v = 3, we want to give an
estimate on ws first. The constants are different from the above’s.

LEMMA 5. Suppose ug € H'(R3) with divug = 0. Assume that (u,p) is a smooth
solution in R® x (0,T), which satisfies the energy inequality, with Vu € L*2 and

Au € L*%. If Vug € L7 (R? x (0,T)) for 2 ,y < 2, then for0 <t <T*

lws( D)2 + / Vs (.7 |2adr (26)

1—3 3
< 3llwgll7z + CollVus|Fon | Vull e | Aul 222

where Cy = Ca(7, ||uol|z2) and w®(x) is the initial datum for w.

Proof. The proof is more difficult than that of Lemma 3, although the method is
same. You know, when you use Hélder’s inequality, how to choose the numbers which
are suitable for the estimates is difficult since there are so many choices.

Multiplying the first equation of (8) by ws, and integrating on R?, after suitable
integration by parts, we obtain

1d

§d—lw3( )7z + IVws( )]z

(w - Vus)ws|dx

INA
\

2IVUII 2 [Vuslliollwsll 2 (|l < 2[Vul)

3
< (s ||Vu|| 2 |Vusl| L~ ||w3||L2 % [Vwsl||;3 (Gagliardo-Nirenberg inequality)

2v—3)2

1 (
§\|Vw3|\L2 —l—C';>,||Vu||47 S HVu3||4” *flwsll;27°  (Young iequality). (27)
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Then we can apply Lemma 2 on (27) corresponding to § = % in Lemma 2,

(o ]2 + / |Vws(.,7)|2adr

47 3

< 3wdl2 + C / IVl 733 Vsl 75 dr}

47—3
2y

< 3[wli3 + Ca / IVl IVl ™22 [ Vsl 5 dr}

(Interpolatlon inequality 2—; = %% + %W)

< 3llwglzz + Call Vil [ Vull 2 2 [IVus|7an

2y 4~ 2+
(Hélder’s inequality “5=* + =% + ;;7; = 1)

1-3 3
<3J|w8lZ2 + s Vull g | Aul| 72 » HVu;;H%a ¥
(Energy inequality and Lemma 1 since 5 /3 + h =32)

The proof is complete. O

LEMMA 6. Under the same condition as that in Lemma 5, we have

T
sup ||Vu(.,t)H%2 +/ ||Au(.,7’)||2L2dT < Cq (28)
0<t<T 0

where Cg depends on «, v, ||Vuo|rz, ||uollzz and ||us||pe-.

Proof.Rewrite the first equation of the Navier-Stokes equations (1) as

ou

o Twxuts V|u|2+Vp Au. (29)

Multiply the equation (29) by Awu and integrate on R? x (0, ¢), after suitable integration
by parts, one obtains

1 t
SIVul Ol + [ A, Fadr (30)

¢
= / / (w % u) - Audxdr + 1HVu0||2L2
R3 2

t
= / / (w x u) - Audxdr
o JRs
t t t
S/ / |wQU3Au1|dxdT—|—/ / |w3uzAu1|dde—|—/ / |wsuy Aug|dzdr
o JRs o JRs 0o Jrs
t t t
—|—/ / |w1U3Au2\dde+’/ / LU1UQAU3d.’IJdT‘ —l—‘/ / wott Ausdxdr
0 JR3 0o JR3 0o JR3

EIl+12+13+I4—|—I5+IG

let
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We will estimate the terms one by one.

¢
11:// |wous Auq |dxdr
0 Jr3

t
< [ ol gyl o 8

1 o /2 11/2 2-1/a
<c; / Il s |2l 2 | Al 35 dr
(Gaghardo—Nlrenberg inequality, for we and 7.L3)

1 . .
< Q—OHAUH%M + Cg||U3||%a,w||vu||%oo,2 (Young mequahty) (31)

1 t
B < gl Aulfas +5 |l fouladr
20 0
. 5 . . 1 1 _ 1
(Holder s and Young inequality = + ¢ = 5)

1 .. . .
< 20 —||Aul222 + 5lluz|Fpal|ws]|Z e (Holder’s inequality ]l) + % = %)

Just as the estimate of I for Vus € L*?, we can solve p, ¢, a and b with

p=o00, a=3;
q=2, b=6.
Then Lemma 5 tells us
1/2—
wsllz26 < Col| Vug|| Lo [[Vul| 5 [Au HLz 2 + Cho, (32)

where Cy depends on v and ||ugl|z2 and Cyj¢ depends on vy and |[w§||Lz.
On the other hand,

luallfes < lullfoes < ullpoe ull g

< C11||Vul g2 (Energy inequality and Sobolev inequality)

So we have the estimate for Iy as
I < Coa|| Vul T2 || Al 2% | Vs [ + 55 ||AU||L22 + Chal| V| oz, (33)

where C12 depends on v and ||lugl|z2, while C13 depends on 7, |lug||zz and ||w9| 2.
I3 is similar to I,

1
I < O | Vul 722 | Aul[ 20 [ Vsl e + 551 AulFaz + Cral[ Vullzmz,  (34)
and 1 is similar to Iy,

Iy < %”AUHLQQ + Csllusl|Zon [IVullf..- (35)

t
.[5 = ‘/ / w1U2AU3d£L'dT’
0 JR3

t t
S/ |(32u3)U2AuS\dxdT+’/ (O3u2)ugAugdrdr| = I + I3
0 JR3 0 JR3
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Since 2/a+3/y =3/2, if 3 <y < oo, then 4/3 < o < 4. However, the techniques are
different between 4/3 < a < 2 and 2 < a < 4. We deal with 2 < « < 4 first.

t
Iéz// [(Daus)us Aus|daxdr
0 R3
t
< / VA 2 | Vetsl| o sl e
0

1
< =Aull7ez: + Cral| Vus||Fan ul® 2e 2, (36)
20 O

where we used Holder’s and Young inequality.

On the other hand,

lull 2o s < Jlufl U584 ()l
La—2"~y=2 La—2 atd La—2"
4 3 3
< C(||u0||L2)||qu/az%2,6 (By Lemma 1~ + ;- = 5)
a—2 a+4
1/2 a/4—1/2

< O Vull w2 [Vl 72,2
(Sobolev inequality and interpolation inequality)

< Cig|| V|2 ..

where C1g depends on «, v and |lug||zz2.

For @ = 2 and v = 6, from (36), we have

1
I; < %”AUH%QQ + C17l|Vus[Ze - [[ullfc.s

IN

sollAulizs + izl Vus Lo Jull o2 full oo

1
sollAulies + Cis||Vus Lo [ Vul Loz,

IN

where Cyg only depends on |Jug||z2.

So for 2 < a < 4, we have

1
I; < %IIAUIIQLM + Cro||Vus || Lo [IVttl| vz, (37)

where C9 depends only on «, v and |lug||zz2.

Then we turn our attention to 4/3 < a < 2. Actually it is more difficult than the
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previous case.

t
151:/ [(Oous)us Aug|drdr
0 R3
t
< / Al g2 | Vsl ol | o
< [ Nsulas Vs ¥l o
1-5)0 1-6)(1-45
< Cao / AUl 2| Vs 13- [Vl 5O Au) U520 ful| podr

26 49+§ 6’5 20(1— 5 9+5 95 2 9+5 95
o180l +Con / Vg |22/ 0409 7y 200 A

25/(0+5—05)

20(1—38)/(0+5—05) |, 112/ (0+5—08)
< o 1wl + Con [V [0 [ 20509 2
where the constants satisfy the following system
1,1 _ 1
L4 =2
5, 1
by P 38
1 11 1
5;(1*91)(5*3)+§91 %)
975-05 o T are—es X g =1

It is obvious that the system is under determined since 4 equations and 6 unknowns.
How can we find other equations?
Before solving (38), one can calculate directly from (38) that

2 3
———_— 1’
q a
therefore, as the above estimate, it is not difficult to obtain

1/2
[ullpaa < Cg,a, 0,8, |[uo|l 2) | Vul[}2 -,

actually one can choose ¢ = 0o, and a natural requirement of 8, ¢ is as follows

1+20(1—-0) 5
O+5—-05 7
Now, we can solve (38) with
§=3
s O
P=1%
a=3
b=6
q =00
Therefore
I <o ||Au||Lz > + Co1 | Vug| Fas [Vl 720 ] 2% 5

< %”AUHLZ? + Con[[Vus |G [Vl 720 [l e 2 el 2 0

1
=< %IIAuII%m + O | Vug| o [Vl . (39)
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where Cy; depends on «, v and |lug||zz2.

¢ t 1
IZ = ‘/ / (83U3)U2A’U,3d$d7" = ‘/ / —u%A(ag,ug)dxdT‘
0 JR3 0 Jrs 2
t t
< ‘ / / (63U3)u2Au2dl’dT‘ + ‘/ / (63U3)|V’(,L2|2d13d7" = 152’1 + 152’2
0o JRrs 0o Jrs

152’1 can be treated similarly as Ié. For 2 < a < 4,

1
I3 < o5l Aul|fas + Crol[Vus|[fes |Vl o2, (40)
while for 4/3 < a < 2,
1
2,1 [
57 < o5l Aulfaz + Col|Vus||Za |Vl fc.e. (41)

t
Igvzg// ’(83U3)\Vu2|2‘dxd7
o Jrs

< ||VU3HL‘WHVU‘|%2<~/(a—1),2v/<w—1>
< Vsl oo [Vl 1Vl .00/
< s || V| oo |Vl 722 [ At 5% (42)
where Cy3 depends on «y and ||ugl| 2.
Similarly, for 2 < a < 4,

1
16 S EHAUH%QZ + 2019||V’U/3H%a,7 HVUHLoo,z
Cas || Vg || o | V]| 22 || A 357, (43)

while for 4/3 < a < 2,

1
16 S EHAUH%zz + 2022||VU3H%Q,~,HVUH%WQ
+Cos | Vg | o [| V]| 225 | Al 357, (44)

For 2 < « < 4, putting (31), (33), (34), (35), (37), (40), (42) and (43) into (30), one
obtain

SIVulds + Al

< 2lAl3 + 205 Vas o [Vl .
+201 || Vul 722 | Aul 2% | Vus |
40|Vl [l e + 5 Vol
+2C03 Vs | oo [Vl 722 | At + 2C13 ] V| w2

< S I8ulZa0 +2 (Coll Vus|Fes + Coall Vs |42 ) [Vl
+4C19||Vus|[Lo.q |Vl o2

.
2573

2 1
+2C25 | Vuz | or [Vl s + 2C13]|Vul| e + §||VU0||%2- (45)
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For 2 < a < 4, putting (31), (33), (34), (35), (39), (41), (42) and (44) into (30),
one obtain

SVl + Aula
< 2 8ulas + 20| Vgl [V
+2cm||w||m“°’é”|m 1% Vg ..
40| V3| s | Vt][3.c 2
+2C03| Vug|| o | Vull 722 | Aul 35 + 2C13]| Val| .2
< 18wl +2 (s + 200) [ Vuslgan + Cos Vsl 1427 ) [Vul
+4019||VU3H%<~ LIVl oo .2
2 Vsl | e [Vl + 2015 | Vull s + fuwonm (46)

Just as the proof for the case v = 3, using the integrability of ||us|| L+ with respect to
time variable, we can choose a sufficiently small ¢, 0 < g < T, such that

to to ﬁ 1
Cs [ 19wl dr+ Cos ([ IVlgear) <
0 0
Due to (45) and (47),
1 1
IVl + LA
1
< ACkol| VB [Vl + 1 [Vuol 3
2055 [Vugl| 7 IVl + 2035V (18)

Since the power of ||Vul/p~.2 in the right side of (48) is strictly less than 2, so we
immediately have the estimate

IVulZe2 + | AulF22 < Cos, (49)

where Cag depends on «, 7, |lug||z2 and ||Vugl|p2. Then the remaining argument is
same as that in the proof of Lemma 4.

Similar argument can be done for 4/3 < a < 2. This finishes the proof of Lemma
6.0
After we have the a priori estimates Lemma 6, the proof of Theorem 1 is completely
similar to the case when v = 3.

Therefore, we finish the proof of Theorem 1.
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