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HAMILTON-JACOBI EQUATIONS IN THE WASSERSTEIN SPACE*

WILFRID GANGBOT, TRUYEN NGUYEN?, AND ADRIAN TUDORASCU®

Abstract. We introduce a concept of viscosity solutions for Hamilton-Jacobi equations (HJE)
in the Wasserstein space. We prove existence of solutions for the Cauchy problem for certain Hamil-
tonians defined on the Wasserstein space over the real line. In order to illustrate the link between
HJE in the Wasserstein space and Fluid Mechanics, in the last part of the paper we focus on a
special Hamiltonian. The characteristics for these HJE are solutions of physical systems in finite
dimensional spaces.
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1. Introduction. In this paper we introduce a concept of viscosity solutions for
Hamilton-Jacobi equations in the Wasserstein space Po(R?). Throughout this work,
P2 (R?) denotes the set of Borel probability measures on R? with finite second mo-
ments. Let us temporarily set M := Po(R?). It is well-known that this is a metric
space with a weak analogue of a differential and Riemannian structure (cf. e.g. [3],
[11]). The tangent space at p € M is 7, M, the closure of {Vyp : » € C*(R9)} in
L?(p). Here, L?(p) is the set of vector fields of R? onto itself, which are p-square
integrable. The tangent bundle 7M is the union of the sets {u} x 7, M.

We consider “mechanical Lagrangians” L : 7M — R of the form

1

Here, V : M — R. The Hamiltonian associated to L is then

H(u, Q) = {{¢.8u — L, )},

which is defined for (i, () € 7M. Since the tangent space 7, M is a Hilbert space,
we have identified it with its dual. We use this convention in the rest of the paper.
We give sufficient conditions for the value function

Unt)i= min /Otucf(r),a(r))dmUo<a<o>>} M)

oEP:(-,)
to be a viscosity subsolution for the Hamilton-Jacobi equation

ou

E(lht) +H(U7V#U(/Lat)) =0, U(u0)="Up(n). (2)
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Here, VU is the Wasserstein gradient of the function U(-,t) : M — R, as defined in
subsection 3.1. We have denoted by P;(-, 1) the set of paths o : [0,t] — M which are
2—absolutely continuous and such that o; = u. We refer the reader to subsection 2.1
where we recall the definition of 2—absolutely continuous paths and their properties.
Appropriate choices of V,Uy : M — R reveal that the characteristics for (2) are
paths in AC2(0, T; Po(R?)) satisfying specific systems of partial differential equations.
These systems of equations appear in Fluid Mechanics and the one-dimensional Euler-
Poisson system (see theorem 3.9 and also [9]) is included. Proving that the function in
(1) is a viscosity supersolution seems to be a harder task which we are able to complete
only when d = 1. To achieve that goal, we impose that m — V(myvg) =: V(m) is
continuously differentiable. In the last section, motivated by the study of the Euler-
Poisson system on the real line, we consider the case where V(1) is the difference of
one half of the second moment of y and one fourth of [, . [z — z|du(z)du(Z). Despite
the fact that V fails to be differentiable, we still show existence of viscosity solutions
there.

When d = 1, we establish existence of a minimizing path in (1) by exploiting
the fact that, M can be identified with a subset of L?(vy). Here, g is the Lebesgue
measure restricted to the unit interval (—1/2,1/2). That identification is used to show
that minimizers of (1) satisfy a stronger time regularity property. We use this to prove
that the value function U is also a supersolution.

Before concluding this introduction let us point out that the theory of Hamilton-
Jacobi equation in infinite dimensional spaces has been studied in flat spaces such
as Hilbert spaces (cf, e.g. [4], [5]) and in Banach spaces (e.g. [6], [7]). The theory
developed in these works cannot be applied directly to the metric space M.

1.1. Notation and Definitions. -We suppose that 7" > 0 is a constant. We
sometimes give it a specific value, such as T = 1.
- | -] is the euclidean norm on R¢ and (-,-) is the standard inner product.
- C(RY) is the set of functions on R? which are infinitely differentiable and of
compact support.
-If 9 RY — RU {400}, ¥* is its Legendre transform.
- id denotes the identity map on R? for d > 1.
- As usual, we denote by £¢ the Lebesgue measure on R<.
- X denotes the unit cube in R%, centered at the origin. In particular, if d = 1, then
X =(-1/2,1/2). We set X7 := X x (0,7). Similarly, X2 := X x X x (0,7). The
measure v is the restriction of £% to X and so it is a Borel probability measure.
We write vy = £d|X. The product measure of vy by £1|(0)T) is the measure on Xp
denoted by vr. We do not display explicitly its dependence on T since this does not
create any confusion in this manuscript.
- P2(R9) stands for the set of Borel probability measures 1 on R? with finite second
moments:

| iduty) < .

- Given p, v € Pa(R%), T'(u,v) is the set of Borel probability measures on R? x R¢
which have p and v as their marginals. The Wasserstein distance Wa between p and
v is defined by

W2 () = mm./ @ — yPdv(z,y).
YET (1,v) JRd xR
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The set of 4 where the minimum is achieved is nonempty and is denoted by T',(u, V).
We refer the reader to [3] chapter 7 for the properties of Wa and Ty (g, ). (P2(R%), W)
is a metric space which is complete and separable.

-If € Po(RY), L2(u) is the set of functions ¢ : R? — R? which are y measurable and
such that f]Rd |€ |fdu is finite. This is a separable Hilbert space for the inner product
(€. 8u = [pal& E)du. We denote the associated norm by || - ||, When m = L] 1),
we write || - ||2¢0,7) for || - [[m to distinguish between the space and time variables.

- If € P2(R?), we denote by 7, Pa(R?) the closure of {V : ¢ € C°(R?)} in L2 ().
We refer to 7, P2(R?) as the tangent space to P2(R?) at u (see section 8.5 of [3]).
When d = 1 it is easy to check that 7, P2(R) = L?(pu).

-If (Z,]-|) is a norm space, L?(0,T; Z) is the set of Borel functions M : (0,T) — Z
such that fOT |M;|%dt < oo. Here and throughout this work, we write M, in place
of M(t). When p is a Borel probability measure on R? and Z = L?(p), we identify
L2(0,T5 L () with L?(p x L1 0,1))-

-If U : Po(R?Y) — R U {+o0}, we denote by 0.U(u) the subdifferential of U at u, as
introduced in [2] (see definition 3.1). As shown in [2], for A-convex functionals, this
definition coincides with the one in (10.3.12) of [3]. Since || - ||, is uniform and 0.U (u)
is a closed convex subset of L?(u), it admits a unique element of minimal norm. As
it is customary in subdifferential analysis, we denote that element by V,U(u). We
refer to it as the gradient of U with respect to the Wasserstein distance Wy. The
superdifferential of U at u is denoted by 0'U(u) and consists of all £ such that —¢
belongs to 0.(—=U)(u). We say that U is differentiable at p if 0.U(u) and 0'U(p) are
nonempty. In that case, both sets coincide and contain a unique element. Observe that
there is no confusion denoting the element of minimal norm of 9'U(u) by V,U(p).

- We also recall that if M : RY — R? is a Borel map and p € P2(R?) then My p is the
Borel measure defined by

Myu[C) = u[M~Y(C)] for all Borel sets C C R%.

- If u, v are Borel probability measures on the real line and u is atom-free, then it
is known that there exists a unique (up to a set of p—zero measure) optimal map
pushing forward p to v. It is called the monotone rearrangement and is obtained
as G~ ' o F, where F, G are the cumulative distribution functions of u and v. We
have G(y) = v(—o0,y] and G~!(z) = inf{y € R : G(y) > x}. Note that G~ ! is
the generalized inverse of G [12] . In this work, optimal map on the real line always
means left continuous optimal map.

- We denote by Mon the set of monotone nondecreasing, left-continuous functions
M :(—1/2,1/2) — R which are in L?(vy).

- Suppose (M, dist) is a complete metric space and o : (0,7) — M. We write o for
the value of o at t: oy := o(t). If there exists 3 € L?(0,7T) such that

dist(o,05) S/ B(r)dr (3)

for every s < t in (0,T), we say that o is 2—absolutely continuous. We denote by
AC?(0,T; M) the set of o : (0,T) — M that are 2-absolutely continuous.

- Suppose o € AC?(0,T; M). Since M is complete, lim,_,o+ 0, exists and will be
denoted by og. Similarly, o7 is well-defined. For £!-almost every ¢ € (0,7,

. dist(0t+h O't)
1(t) = lim ————2 "%
o71(0) = iy =
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exists. If the above limit exists at ¢, we say that |o’| exists at t. We have |0’| <  for
every (3 satisfying (3) and

¢
dist(o¢,05) < / |o’|(T)dr  for every s < t in (0,T). (4)

The function |o’| is refered to as the metric derivative of . For more details, we refer
the reader to section 1.1 of [3]. We denote the L?-norm of |¢’| on (0, T) by ||o” || metric,T-
In case there is no confusion about the time interval on which we integrate, we simply
write ||o’ || metric-

- Suppose 5,5 € M. We denote by Pr(s,5) the set of curves o € AC?(0,T; M) such
that o9 = s and or = 5. Similarly, Pr(-, 5) denotes the set of curves o € AC?(0,T; M)
such that o7 = 5.

- If n is a integer, P.,, is the set of n averages of n Dirac masses in R. When d = 1,
we divide X = (—1/2,1/2) into n intervals of equal length. Recall that vy is the
restriction to X of the one-dimensional Lebesgue measure. Suppose N, N € L?(v)
are constant on each of these subintervals. We denote by P#(N, N) the set of M in
Pr(N, N) such that for each t € (0,T), M, is constant on each of these subintervals.

2. Preliminaries.

2.1. Absolutely continuous curves on metric spaces. As in [9], throughout
this subsection (M, dist) is a complete metric space. We assume the existence of a
Hausdorff topology 7 on M, weaker than the metric topology. Also, suppose there
exists a distance dist; such that on bounded subsets of (M, dist), the topology 7
coincides with the distance topology dist,. We assume that closed balls of (M, dist)
are compact for 7 and that dist is 7—sequentially lower semicontinuous on B x B
whenever B is a closed ball in (M, dist). For instance, when (M, dist) = (L*(vp),
|l - lo), we choose 7 to be the weak topology. When M = Py(R%), dist is the
Wasserstein distance, we choose T to be the narrow convergence topology (see [3]
remark 5.1.1).

The following proposition appears in [9].

PROPOSITION 2.1. Suppose that o belongs to AC?(0,T; M) and so € M. Then

|| dist(o(-), s0) ||l L20,7) < 27110 |l metric + mV/Tdist(or, s0). (5)

REMARK 2.2. Let M := Py(R?) and let dist be the Wasserstein distance: dist =
Wo. By theorem 8.5.1 in [3], o € AC?*(0,T; M) if and only if there exists a Borel map
(y,t) — vi(y) € R? such that t — ||v¢]|,, € L?(0,T) and the continuity equation

8,50,5 + Vy . (O'tVt) =0 m Rd X (O,T)

holds in the sense of distributions. We call v a velocity associated to the path o. One
can choose a velocity associated to the path o so that it is uniquely determined by the
following properties: if w is another velocity associated to the path, then ||vi||r2(q,) <
[WellL2(o,) and vi € To, P2(RY) for L' -almost every t € (0,T). We refer to vy as the
tangent velocity field at oy, or the velocity of minimal norm associated to o. For the
velocity of minimal norm we have ||v¢||12(0,) = |0”|(t) for L' —almost every t € (0,T).
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2.2. Value functions and the Lax—Oleinik semigroup. Throughout this
subsection we assume that M, dist and dist; are as in subsection 2.1. Suppose
YV : M — R is a Borel map and there exist sg € M and ey, e; € R such that

V(s) < eodist®(s,so) +e; foralls € M. (6)

If 0 € AC?(0,T; M), then o € C([0,T]; M) by (4) and so t — V(o¢) is a Borel
function as a composition of two Borel functions. From (5) and (6) to conclude that
for every € > 0, we have

1 T
Ar(o) > 3.2 [ — 8(1 + €)eoT] /0 lo'|?(t)dt — T [eo(1 + 1/€)dist* (o7, s0) + e1],

(7)
where Ar (o) is the action defined by
fr1
Ar = AL and  Al(0) ::/ (§|a'|2(7') - V(O’T))dT.
For Uy : M — R we define the value function
U(s,t) :=inf {4A;(0) + Up(c(0)) : o(t) =s, o € AC*(0,t; M)}. (8)

REMARK 2.3. Suppose Uy is bounded below. Let (1) = s for all T € [0,t], then
we have

U(s,t) < Ai() + Up(6(0)) = —tV(s) + Up(s) < .

(i) If in addition 8egT? < w2, then we may choose € > 0 such that m* — 8(1 +
€)eoT? > 0. Thus, we conclude from (7) that U(s,t) > —oc for t € [0,T] and s € M.
Consequently, U : M x [0,T] — R.

(i1) If V(s) < epdist? (s, s0) + &1 for some p € (0,2), then for every eq > 0 there exists
e1 > 0 such that (6) holds. Choosing eq arbitrarily small, we have 8egT? < 72 holds
for T > 0 large. Hence all conditions in (i) are satisfied, so in this case we also have

U:Mx[0,T] —R.

LEMMA 2.4. Suppose Uy : M — R is bounded below, T > 0 and 8eyT? < m2.
Then the value function U defined in (8) satisfies

U(s,t) = i]gf {ALc) +U(os,8): or=s, 0 € AC?*(s,t; M)} 9)

for0<s<t<T.

Proof. The method of proof of this lemma is standard. Fix s € M and s,t such
that 0 < s <t < T. Denote by V(s,t) the expression at the right handside of (9) and
let € > 0. There exists o€ € AC%(0,t, M) such that of = s and

U(s,t) > —e + Af(oc) + Ug(ac(0)).

Consequently, T — £[(c)'|?(7) — V(0%) € L*(0,t) and hence we can write A§(c¢) =
A§(0¢) + AL (0¢). Thus, we obtain from the above inequality that

U(s,t) > —e+ Aj(0°) + AL (0°) + Up(0°(0)) = —e+ U(0%, ) + AL (0°) = —e+ V(s,1).
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Since € > 0 is arbitrary, we conclude that U(s,t) > V(s,t). To obtain the reverse
inequality, it suffices to show that for any ¢ > 0,

U(s,t) < e+ Al(o) + U(os, s)

for all o € AC?(s,t; M) satisfying oy = s and A%(0) < +oo. Let o be such a path
and choose 0¢ € AC?(0, s; M) be such that o = o, and

U(os,s) > —e+ Aj(c€) + Ug(op). (10)
We extend o€ to (s,t] by setting
of(r) =o(r) for T € (s,

The fact that o€ is continuous at s, ensures it belongs to AC?(0,t; M). Because of = s
we have

U(s, t) < Ay(09) + U(0h) = A3 (o) + AL(0) + Uo(0f),

where we have used the fact that A§(c°) and A%(c) are finite to obtain the last
equality. This together with (10) yields

U(s,t) < e+ Ul(os,s) + AL(0o).

O

3. Hamilton-Jacobi equations on Wasserstein space P;(R?) . In this sub-
section, d > 1 is an integer and we apply the results of the previous section to the
space M := Py(R?) endowed with the Wasserstein metric dist = Wa. We assume that
YV : M — R is Borel and is bounded below on bounded subsets of M. We introduce
the Lagrangian

L(1,€) = El2 V), (1,6 e TM.

The Hamiltonian associated to L is then

H(p, Q) =smp {(G, € — L1, - € € TMy=3[CIZ +V(w),  (1,0) € TM.

If o € AC?(0,T; M) we denote by v the velocity of minimal norm associated to o.
We introduce the action

T
Ar(o) ::/O L(o¢,vy)dt

defined on AC?(0,T; M). Recall that if u, v € M, then Pr(u,v) denotes the set of
paths o in AC?(0,T; M) such that o9 = p and o1 = v.

3.1. Definition of viscosity solution on Wasserstein space. The notion of
viscosity sub and super solutions can be defined in terms of the subdifferentials and
superdifferentials of functions on M. The definitions of sub (super) differential we
are going to give here coincide with that of [3] for A-convex function. Otherwise, in
general, they differ.
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DEFINITION 3.1. Fiz pp € M and { € T,M. Let W : M — RU{xo0} be a proper
functional.
(i) We say that & belongs to the subdifferential of W at i1 and we write £ € . W(u) if

W) - W) > sup / D)y — Ddv@.y) +o(Walu,r)) Vv e M.
YET 5 (p,v) JRE xR

Here T'y(u,v) is the set of optimal plans between p and v.
(i) We say that & belongs to the superdifferential of W at u and we write £ € 9 W(u)

if =€ € 0.(=-W)(n).

REMARK 3.2. As expected, when the sets 0. W (u) and O W(u) are both nonempty,
then they coincide and consist of a single element. Indeed, suppose & € W (1) and
& € OW(p). Let o € C2(R) which we assume to be distinct from the null function to
avoid trivialities. The map M® = id + eV is the gradient of a convex function for
le| << 1. Thus, setting pi := Mg p, we get v° := (id x M®)pp € Uo(p, p1e). We have

0> lim Jraspa(61(y) — &) (7 — y)dv* (y, 7) _ 1
T 0 Wa (s, ) Vel

Since ¢ is arbitrary and &, {2 € T,M we obtain that & = & u—almost everywhere.

/ (&1 — &, V)dp.
Rd

DEFINITION 3.3. In case the convex set 0.W(u) is nonempty, as it is standard in
convex analysis, its unique element of minimal || - ||,,—norm is denoted by V, , W(u). It
is called the gradient of VW with respect to the Wasserstein distance at . In particular,
if OW(p0) NOW() # O then V, ,W(u) is the unique element of the intersection.

REMARK 3.4. Suppose that O W(u) is nonempty and denote its unique element
of minimal || - [|,—norm by ViW(u). If O.W(u) is also nonempty then ¥V, W(u) =
V:{W(u). Thus, there is no confusion denoting both elements of minimal norm by
VW ().

In the sequel, if T > 0 we set
QT =M x (O,T)

By analogy with the standard finite-dimensional theory, we have the following defin-
itions:

DEFINITION 3.5. Let U : Qr — R.
(i) We say that U is a viscosity subsolution for (2) if U is upper semicontinuous on

Qr,
U(-,0) < Uy, and 0+ H(u,¢) <0 for all (pu,t) € Qr and all (¢,0) € U (u,t). (11)

(i) We say that U is a viscosity supersolution for (2) if U is lower semicontinuous
on Qr,

U(-,0) > Uy, and 8+ H(u,¢) > 0 for all (u,t) € Qr and all ((,0) € 0.U(u,t). (12)

REMARK 3.6. If U is a viscosity solution, then, in view of remark 3.2, we deduce
that (2) is satisfied at all points (u,t) € Qr where .U (u,t) N O U (u,t) # B, which
are precisely the points where U is differentiable.
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3.2. Existence of viscosity subsolutions in P;(R?). We suppose there exist
€o,e1 € R such that

V(p) < 60/ lyldu(y) +e1 Ype M. (13)
Rd

Given a path o € AC?(0,T; M), we always denote by v its velocity of minimal norm.
With this convention, by remark 2.2, the value function U defined in (8) is

U(p,t) = iglf {/0 L(os,v.)dr +Up(c(0)) : o(t) =p, o € ACQ(O,t;M)}
for (u,t) € Qr. (14)

For pu, v € M we define

Ct(u,u):igf{/otL(UT,vT)dT : aePt(l/,u)}.

Note that

U(p,t) = ulen/{/l {Ct(V7 ) + UO(V)}

LEMMA 3.7. Suppose that V : M — R is Borel and bounded below on bounded
subsets of M. Then U is upper semicontinuous on Qr and (v, u,t) — Ci(v,u) is
upper semicontinuous on M x M x (0,T).

Proof. Let (pin,tn) — (u,t) and suppose € > 0. Then there exists o € Py(-, i)
such that

/Ot L(or,vr)dr + Up(0(0)) < U(u,t) + €. (15)

Let 6™ € Py(p, un) be a geodesic connecting p and pi,. Define o™ (7) = o(ntr/(n —
1)ty,) for 7 € [0, (n—1)t,/n] and 0™ (1) = 6" ((n7/t,)+(1—n)) for 7 € [(n—1)t,/n, ty].
Then o™ € P, (-, pun). By changing variables and using the properties of geodesics,
we have

(n-1)tn .

tn n
/ L(o?,v)dr = / L(Jf,vf)dT—l—/( L(o?,v})dr
0 0

n—1)tn
n

— Dt [ tn 1
= %/ L(UT,VT)dT+—/ L(gr,v2)dr
n 0 n Jo
(n—l)tn/t b < o tn /1 B
=—"— | L(or,v)dr + =Wy (pt, tn) — — 7 )dr.
| Lonvaar ¢ W ) - 2 | Vioar

Moreover, the set {g"(7) : 7 € [0,1]} is bounded uniformly in n as Wa(a2, u) <
Wa(u, pir). Therefore, as V is bounded below on bounded subsets, we obtain

tn t
limsup/ L(Uf,Vf)dTﬁ/ L(or,v,)dr.
0 0

n—oo
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This together with the facts that o™ € P, (-, ) and 6"(0) = o(0) yields

tn t
lim sup U (pin, tr,) < lim sup/ L(o7?,v2)dr + Up(c™(0)) < / L(o-,v.:)dr+Uy(c(0)).
0 0

n—oo n—oo

It then follows from (15) that limsup,, . U(tn,tn) < U(u,t) + € yielding that U
is upper semicontinuous on Q7. The proof of the upper semicontinuity of C on
M x M x (0,T) is similar. O

We soon give a sufficient condition which ensures existence of viscosity subsolu-
tions for the infinite-dimensional Hamilton-Jacobi equation

G0+ 5 [ VU 0@P ) + Vi) =0, U0 =Thl)  (16)

on Q7. When appropriate conditions are imposed on V, then a minimizer o exists in
(14). It satisfies the system of partial differential equations
0oy + div(opve) =0 in RYx(0,7)
O(opve) + div(oyve @ vi) = =0V, V(0y) in R? x (0,7) (17)
or = W, Vo = VMUQ(O'Q).
This result, which can be found in theorem 3.9, gives the clear link between infinite-

dimensional Hamilton-Jacobi equations on M and Fluids Mechanics. The system of
equations (17) (i) has to be understood in the following sense:

T
/ dt/ (8t¢t + <V¢t, Vt> )dO't +/ ¢0d0'0 = O, (18)
0 R4 Rd

whereas (ii) amounts to
T
/ dt/ <8t(1)t + V., ®vy, Vt>d0't + / <‘I)Q, VHUQ(U()»dUO
0 R4 Rd

- /OT dt /Rd@)t,V#V(at»dUt (19)

for all ® = V¢ where ¢ € C}([0,T) x R%). Here C}([0,T) x RY) is the set of C!
functions on [0, 7) x R? which are the restriction of compactly supported C! functions
on (—1,T) x RY.

DEFINITION 3.8. Suppose o € AC?(0,T; M) and v is its velocity of minimal
norm. We say that (o,v) satisfies (17) if it satisfies (18) and (19).

In the second part of the next theorem, we assume that V satisfies the following
condition: 9 V(u) is nonempty for every p € M, and for any C' > 0 and any compact
set K C M, there exists a constant C* > 0 such that

{ V((id + eW)yp) — V(p)

sup — (T V() W) s p€ KW € CFRY, ¥ < C}

v
> —C* (20)

for all € > 0 sufficiently small.
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THEOREM 3.9. Suppose that V satisfies (13), 8eqT? < w2 and V is lower semi-
continuous with respect to Way. Also, suppose that Uy : M — R is bounded below and
V is bounded below on bounded subsets of M. Then U from (14) satisfies:

(i) U is a viscosity subsolution of (16) over Qr.

(1t) Assume in addition that p — V,V(u) is a Borel map and 0 Uy(v) is nonempty
for allv € M and (20) holds. Then if o is a minimizer of (14) for t = T, we have
(0,v) satisfies the system of equations (17).

Proof. Clearly, (14) implies U(p,0) = Up(u) for all p € M, so the first inequali-
ties in (11) and (12) hold trivially. By lemma 3.7, U is upper semicontinuous.
Step 1: We prove (i). Let (u,t) € Qr and assume that ((,0) € 9U(u,t). Take
an arbitrary ¢ € C2°(R) and ¢ > 0 small enough such that = — |z]?/2 + A\p(z) is a
strictly convex function for all A € [0,¢]. Let ¢S (x) := |z|?/2 + (t — 7)¢(z), which is
strictly convex for 7 € (¢t —,t). Set
M®:=id+eVy, p° = Mypu, o= (Ve )up T€Et—et].
Note that o€ is the geodesic connecting u® at time t — e to p at time ¢. Also,
Wa(p, 1) = e[Vl 7" = (id x M®)yp € To(p, p°). (21)
We extend o€ to [0,¢ — €) by choosing 0° € P,_.(-, u) so that
Ut — ) 2 —22 + AL (0%) + Up(0°(0)).
We have ¢ € P;(-, ) and so,
U(p,t) < Aj(0®) + Uo(0°(0)) = Ay (o) + Ai_(0%) + Up(0°(0))
SUps t—e)+e*+ Al (o). (22)
The velocity of minimal norm associated to o. on (t — ¢,t) is v¢ defined by

. V(5 -id

v

t—7
For 7 € (t —¢,t), we have
Vi oVl ==V, Walog,p) = [[VéL —id|, = |t = 7[ [Vl

Hence,

t t
Al _(0%) = / L(oS,vi)dr = %||ch||i - / V((id +(t— T)Vgo)#u>d7.
t

—& t—e

It follows from this, (22) and the assumption V is lower semicontinuous that

U(p,t) = U(us,t —¢) < %/}Rdwﬂzdu_v(#), (23)

lim sup
€10 €

We use the fact that (¢,0) € 90U (u,t) and (21) to obtain
Ut —e) = Ulp, )

< / / (CW), 7 — y)dr* (5, 7) + (t — € — )0 + o(Wapt, 1)) + 0e)
R4 xRd

:5/ (¢, V)du —e0 + o(e).
Rd
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Thus,

U(:ua t) — U(:usa t— 5)

lim inf
|0

>0— /Rd (¢, V)dp. (24)

Combine (23) and (24) to deduce 6+H (11,¢) < 1/2 [p4 [¢+Vep|?dp. Since ¢ € C°(RY)
is arbitrary and {V¢ : ¢ € C>°(R%)} is dense in 7, M which contains ¢, we conclude
that 8 + H(u, ) < 0. This proves (11) and hence U is a viscosity subsolution.

Step 2: We prove (i7). In order to do that, let us introduce the augmented action
B(o) := Aj (0) + Uo(00).
Fix 0 € AC?(0,T; M), let
0 € CX(0,T) xRY), ®:=Vyp and o} = (id + s®(t,-))40:.

Let v® (resp. v) be the velocities of minimal norm associated to ¢® (resp. o). By
definition, the continuity equation (17) (i) holds. Lemma 8 in [9] ensures

T T T
[ i [z [ (2 4 250+ Vo, )it (25)
0 0 0
where C; = [|0;® + V®;v¢| 12(5,). Observe that
[id x (id + sfbt)}#at ely(oy,07), for 0<s<<l1.
Hence if (o € 9'Up(0p), then

Uo(a5) = Uo(00)) < (o, Po)oy, + 0(s)-
This together with (25) yields

T 2
B(o’s) — B(O’) S / (Cf% + S<Vt7 8t<1>t + qu)tvt)gt)dt
0

_ /0 V(05) = V()] dt + 5(Co, D)oy + 0f5). (26)

In the sequel, we assume that o is a minimizer of (14) for t = T. We then have
B(o) =U(u,T) < B(o®). Using this, we obtain from (26) that

T T yo( s\
0 [ o+ Vatiodi—timsup [ X=X g g0, (2
0 510 0

Recall that (4) ensures that o is continuous and so, o([0,7]) is a compact subset of
M. Thus, o(]0,T]), ¢°([0,T]) and &°([0,T]) are bounded sets in M, where 57 :=
(id — s®(t,-)) 40, Moreover, it follows from (20) that

V(Ut) ; V(Ut) + c* > <VMV(Ut)7 (I)t>0't > _V(Ut) ; V(Ut)
Therefore, we conclude in particular that t — (V,V(0y), 1), € L*(0,T) since the
function V is bounded on bounded subsets. Furthermore, by Fatou’s lemma and the
fact 0. V(o) is nonempty, we obtain

T sy T
liminf/ Vat) )dt>/ liminfwdtz/ (V,V(00), ®4)o, dt.
0 0

s|0 sl0 S

—-C*.
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Combining this with (27) , we get

T
0< / ((vt, 0By + Vo ®yvi)g, — (V,V(01), <I>t>at)dt (G0, D)o, (28)
0

We substitute ® by —® in (28) to conclude that

T
0= / (<Vt, 8t<1>t + v:p@tvt>a’t - <VMV(U,5), (I)t>gt )dlf + <<0, (I)0>(70.
0

Hence (17) (ii) holds. O
REMARK 3.10. We remark that condition (20) is satisfied if V(i) = W (u,15).
3.3. Conservation of the Hamiltonian along minimizing paths. In the
next proposition, we prove conservation of the Hamiltonian along paths minimizing
Arp over Pp(u,v). We use a technique which is standard in the finite dimensional

setting. This technique has been applied to the Wasserstein setting by Ambrosio and
Figalli [1] when V = 0.

ProOPOSITION 3.11. Assume that V : M — R is Borel and bounded on compact
subsets of M. Suppose o minimizes Ar over Pr(u,v) and let v be the velocity of
minimal norm associated to o. Then there exist N C [0,T] a set of zero measure
and v* : [0,T] x RY — R? such that vi = vi for all t € [0,T)\ N and H(oy,v}) is
independent of t.

Proof. We have Ar(G) < oo, where & is the geodesic connecting p to v. Thus,
Ar(c) < oo. Because V is bounded on compact subsets of M and &([0,T]) is a
compact set, we conclude that Voo € L*>(0,T'). Thus

t— |vel|2, € L'(0,T) and t— H(oy,vs) € L'(0,T). (29)
Let p € C°(0,T). We consider the functions Ty : [0,7] — [0, 7] defined by
Te(s) = s+ ep(s)-

These are increasing diffeomorphisms for |e| << 1. We denote by S. the inverse of T..
It satisfies

Se(t) =t —ep(t) +o(e), Te(S:(t) =1 —ep(t) + ofe). (30)
Here, ¢(t) is the derivative of ¢ with respect to ¢. We define
o; =or. () and v := TE(S)VTE(S) for s € 0,17,

where T.(s) stands for the derivative of T%(s) with respect to s. One readily checks
that v¢ is the velocity of minimal norm associated to ¢¢. Thus,

T
Aro)) = [ (FEOIvn I, ~ Vior.))ds
- [ (Mo, - vion )i (1)
0 2 7 Ts(Ss(t))
T
- (L(at,vt)—a¢(t)H(at,vt)+0(5))dt (32)

T
— Ar(o) - 5/0 S0 H (00, v1)dt + o(e). (33)
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The equality (31) is obtained by a change of variables whereas (32) is a consequence
of (30). To obtain (33) we have used the fact that, by (29),

t — L(oy,vy) € LY0,T) and t— ¢(t)H(o¢,ve) € L*(0,T).

Since 0° € Pr(u,v) and o minimizes Ag over Pr(u,v), it follows from (33) that

T
/0 O(t)H (o, vi)dt = 0.

As ¢ € C°(0,T) is arbitrary, this concludes the proof. O

REMARK 3.12. Let o and v* be as in proposition 3.11. The proposition implies
that t — ||vills, € L*(0,T). If, in addition V is continuous, then as V o o is also
continuous, we in fact have t — ||vi|ls, € C[0,T].

4. Hamilton-Jacobi equations on P»(R): Hamiltonians with smooth po-
tentials. In this section we study Hamilton-Jacobi equations in the metric space
M :=P5(R). We recall that

X =(=1/2,1/2) and vy = L} .

Unlike the case d > 1, we can still prove existence of a minimizer of the action Ap
over the set Pr(v,u) while allowing the potential V(i) to contain a term such as
Na(p) = a [ y*du(y). For a > 0, the functional N, is not upper semicontinuous on
bounded subsets of M for the narrow convergence. This is a source of additional
difficulty which we overcome when d = 1.

For the sake of illustration, let us describe first some of the results we obtain in
a simple case. For parameters a € R we define the Lagrangians:

1
L(p,w) = §(Hw||i —aMs(p)) for pe€ M and w € T, M,

where My (1) := [5a |y|*du(y) is the second moment of . The associated action is

T
Ar(o) ;:/ Loor,0)dt, o € AC?(0,T: M),
0

Here v is the velocity of minimal norm for o. Suppose {6"}n,en C Pr(p,v) is such
that

T T
sup/ o™ |2, dt < oo and sup/ Ms(oft)dt < 0. (34)
neN Jo ' neN Jo

Here, v™ is the velocity of minimal norm for ¢™. Suppose in addition that for each t,
{07 }nen converges narrowly to o; as n tends to co. In general, we have

T T T T
liminf/ Hv?Hgnth/ loe|| dt, and liminf/ Mg(a?)dtZ/ Ms(oy)dt.
n—oo Jo t 0 t n—oo J 0
(35)

Therefore, only if a < 0 does (35) yield in general that

liminf Ap(c™) > Ar(0o). (36)

n—oo
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The fact that we do not know whether (36) holds for @ > 0 is an obstruction to proving
existence of a minimizer of Ar over Pr(v, 1) in that case when d > 2. However, when
d = 1, it is shown in [9] that one can weaken the condition on a by only imposing
that T%a < 7% and still conclude that (36) holds. We will use this to prove existence
of a path minimizing Ap (o) + Uy(oo) over Pr(-, ). Since M, is continuous and o is
continuous, the conservation of the Hamiltonian obtained in proposition 3.11 gives
that if we modify v on a set of zero measure then ¢t — ||v¢]|,, is continuous. Only in
one dimension are we able to obtain the stronger conclusion that for every t, ||v¢]|,
equals the metric derivative |o’|(t). That property shall be instrumental for proving
that U defined in (14) is a viscosity solution of (16).

In the sequel, we consider a class of Lagrangians which are more general than L®.
These are

1
L(p,w) = 5 (lwll2 = ada(e) = W()  for () € TM,
where a € R. The Hamiltonian associated to L is

H(pyw) = = (0]l + aMa(w)) + W) for (u,w) € TM.

N =

Similarly, we define

L(m,n) = S (|nll}, — allml?,) —W(m) for (m,n) e L*(v) x L*(v0),

N =

where a € R and the function W : L%(1) — R is defined by
W(m) := W(mywy) for m € L?(1p). (37)
The Hamiltonian associated to L is

H(m,n) = %(Ilnllf0 +almll3,) + W(m) for (m,n) € L*(n) x L*(vo)-

REMARK 4.1. Let Mon be the set of m € L?(vg) which are monotone nondecreas-
ing. Here vy := E‘lx and X = (—1/2,1/2). It is well-known that I : Mon — Pa(R)
defined by I(m) = mxyvy is an isomorphism. It is shown in [9] that this induces a
map Z : M € H'(0,T; Mon) — AC?(0,T; P2(R)) defined by Z(M); = I(My) =: ;.
Furthermore, if v is the velocity of minimal norm associated to o then vy o My = M|
for almost every t € (0,T). Here, M’ is the functional time derivative of M. Hence,
llvello, = | M{||uy for almost every t € (0,T). Furthermore, if M € H*(0,T; L*()) is
such that My yvo = My 4o, then || M}, < ||M]||,, for almost every t € (0,T).

Given Uy an initial real valued function defined on M, we introduce the aug-
mented actions

t
Ai(o) = / L(o,,v,)dr + Ug(og)  for o € AC%(0,t; M).
0

Here v is the velocity of minimal norm associated to o. For these o, let M €
H(0,t; L?(1p)) be uniquely determined by the fact that M, pushes 1 forward to oy
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and M; is monotone nondecreasing. It follows from remark 4.1 that A.(o) = B(M),
where

B.(M) := /0 t L(M,, M%)dr + Uo(Mop). (38)

Here, M ’_stands for the functional derivative of M with respect to time, and the
function U : L?(vp) — R is defined by

Uo(m) := Up(mywy) for m € L*(1p). (39)

We impose that there exist 1 < p < 2, eg > 0 and e; € R such that

W(p) < éo/ ly[Pdu(y) +é1 for pe M. (40)
R
Note that this is equivalent to
W(m) < éo/ |m[Pdx 4+ &, for m € L*(w). (41)
X

We also assume that Uy is A-convex and the subdifferential 0.Uy(m) is nonempty for
every m € L*(vp). We denote the element of minimal norm of that convex set by
VL2 UO (m)

4.1. Basic properties of augmented actions. The main results will be ob-
tained under the following assumptions: we suppose that Uy is Frechet differentiable,
A—convex for some real number A satisfying

(H1) TA~ <1 - 412

T2

We suppose that W is upper semicontinuous for the narrow convergence on bounded
subsets of M:

(H2) limsup,,_, ., W(u") < W(p) whenever {u™}nen is bounded in M and converges
narrowly to p.

Occasionally, we will assume that the superdifferential (?V_V(m) is nonempty at every
m € L*(vy) and so, its element of minimal norm Vy2WW(m) exists. In that case, we
assume that
(H3) m — V2W(m) is Borel and bounded on compact subsets of L*(vp).

We introduce the bilinear and quadratic functionals on H(0,T; L?(14)) as follows

T
Br(M,N) :z/ /(M;N; —aM N;)dvodr, 2Qp(M):= Br(M,M).
o Jr

We first point out that elementary computations yield, if R € H(0,T; L?(1y)),

T 1/2
Rilly < 1Rl +VT=2( [ B2 ) forecfoTl. 2
t

If, in addition Ry = 0, we recall a sharper inequality, the Poincaré-Wirtinger inequal-
ity given in proposition 2.1:

T T
w [ IR dr <4t [ R dr (43)
0 0
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Hence,

a+T2 T
201(R) > (1-4") [ IR o (44)

REMARK 4.2. Suppose Uy is A\-convex and its subdifferential 3.Uy(m) is nonempty
for every m € L?(1vp). Let M, N € AC?(0,T; L*(vp)) be such that My = Np. Then

Or(N) + Up(No) > Q7 (M) + Ug(My) + Br(M,N — M) + (V2Ug(My), No — M),
1 +T2 _ r / 1112
+ 5(1 —dat— — T\ ) /O IN. = M|, dr. (45)

Proof. Setting R=M — N and t = 0 in (42) we have

T
Mo = Mo, <7 [ I = N (40
0

It is straightforward to obtain
Or(N) + Up(No) > Q7 (M) + Ug(My) + Br(M,N — M) + (V12Ug(My), No — M),
A
+QT(N—M)+§HM0—N0HEO- (47)

We use (44), (46) and (47) to obtain (45). O

COROLLARY 4.3. Suppose Uy is A\-conver, its subdifferential 0.Uy(m) is nonempty
for every m € L*(vy) and 72 — 4a™T? > 7?TA~. Let {M"},en be a sequence in
AC?(0,T; L*(1p)) such that for each t € [0,T], {M]},, converges weakly to M; in
L?(vg). Then

lim inf{ Q7 (M™) + Uo(Mg)} > Qr(M) + Up(My).

Proof. By lemma 3 in [9], {M"},, converges weakly to M in L?(X x (0,7)) and
{(M™)"},, converges weakly to M’ in L?(X x (0,7)). Thus,

lim Byp(M, M"™ — M) = 0.

n—oo

This, together with remark 4.2 and the fact that
lim <VL2(70(M0),M61 - ]\40>1,0 = 0,

yields the proof. To apply remark 4.2, we have used that 72 — 4at72 > 72TA~. 0
We now show a coercivity property of the action By defined in (38).

LEMMA 4.4 (Coercivity). Suppose Uy is A-conver and its subdifferential O. Uo(m)
is monempty for every m € L%*(vp). Suppose W satisfies (41). Let M,N €
AC?(0,T; L*(1)) be such that My = Nr. Then, for each § > 0, we have

B 1 T2 T
Br(N) = Qr(M) + Uo(Mo) + 5(1 —dat— —2b; - TA™ — 5) / N7 — My |7, dr
m 0

1 - Sz ar 24T e
—Cé_% \/T||VL2U0(MO>HV0+ 0 ||MT||V0dT+T 0 HMTHVOdT
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where the constants bs and cs are defined by
T
by i= 4éop T267 and 2cs := 26T + 2eopd » / | M-||2 dr + €(2 — p)Tdﬁ.
0
Proof. Young’s inequality yields that for every ¢ > 0,
2
dr 2—
MJp < BEEIMP? + = E 57
2 2
We use this, together with (41) and (43) in which we set R = M — N to obtain
/ W(N,)dr < Cg-f—bg/ |NL — M||7 dr. (48)
We combine (45) and (48) to obtain
Br(N) > Qp(M) + Uy(Mo) + Br(M, N — M) + (V2Us(Mo), No — Mo)y,
1 T2 T
+ —(1 —dat— —TA - 2b5) / IN. = M2 dr — cs. (49)
2 ™ 0
Note that Holder’s inequality and (42) with R = N — M yield
) ) T 1
[V 1200(Mo), No = Mobiy| < VIV 1Oa(Mo)l ([ 187 = M2 )" (50)
0

and

Br(M.N - M) |<\// Iazzl2, d\// Iz = M2 |3, dr
+|a|\// I3 d\// INy = M2, dr
\// Iazzl2, d\// IN2 = ML, dr
+|a|\/ JAATAC dT\/ [z ey

We combine (49)—(51) to get
Br(N) > Q7 (M) + Uo(Mo)

/ 712 f 7 r 7112 2‘a|T r 2
||N MZ|IZ, dr ( VTV L2 Uo(Mo)llvo + s M5 dr + —— : | M1, dr

1 T2 T
+- (1—4a — — 25— TA~ )/ IN. — ML|2, dr — cs.
2 0 0

Using Young’s inequality to estimate the expression in the second line above, we
conclude the proof. O

REMARK 4.5. Let {m"}n,en C L?(v0) be a sequence of monotone nondecreasing
maps converging weakly to m in L?(vg). Since {m"}nen is bounded in L*(vy), by re-
mark 6 of [9], it is bounded in BV,.(X). The Sobolev Embedding theorem ensures that
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{m"},en converges to m in L}, (X). In fact, because X is a bounded set, {m"},en
converges to m in LP(vg) for all 1 <p < 2.

COROLLARY 4.6. Suppose W satisfies (H2) and the growth condition (40). Let
{M"},en be a sequence in L*(0,T; L?(vg)) such that M} is monotone nondecreasing
for every t in [0,T]. Suppose that for each t € [0,T], {M{}, converges weakly to M,
in L*(vp). Then

T T
limsup/ W(M")dt < / W(M,)dt
n—oo 0 0
Proof. Fort € [0,T] we define
op = (M{")gvo and oy := M4vyp.
By remark 4.5, {M]'},en converges to M, in LP(1y) for any 1 < p < 2. Hence,

n—oo

lim 2 / M Pde + &1 = e / M, P + &4 (52)
X X
and {0} }nen converges narrowly to o¢. Thus,
liminf —W(M]") = hmlnf —W(o}) > -W(oy) = —W(M,).

This, together with (52), (41) and Fatou’s lemma, yields

T T
/ dt/ éO|Mt|pd:c+liminf/ WMD) dt_hmmf/ (/ eo|MPP — (M”))d
T
2/ liminf(/ Eo|MP|P — (M"))d
0 n—oo

> /OT (/X ol Mil? — W(M,) ) dr.

REMARK 4.7 (Strict convexity). Suppose Uy is A—convex, —W is l-conver and
the subdifferentials 8.Uy(m), 0.(=W)(m) are nonempty for every m € L*(vp). Assume
also that W satisfies (H3) and the growth condition (40). If M, N € AC?(0,T; L*(n))
are such that Mt = Nt then

Br(N) > Byp(M) + Br(M, N — M) + (V ,2Uo(My), No — Mo),, (53)
T T
—/O (V2 W(M,), Ny — M), dr + (T, 1, A, a)/ |N. — ML||7 dr.

This proves the corollary. O

Here, 2¢(T,1,\,a) =1 —4(at + 1~ )7T — TA~. Hence, if ¢(T,1,\,a) > 0, then By is
strictly convex on Pr(-,m) for every m € LQ(V()).

COROLLARY 4.8. Suppose Uy is \—convex, —W is l-convex and their subdiffer-
entials 0.Uy(m), 0.(=W)(m) are nonempty for every m € L?(1y). Assume also (H3)
and (40) are satisfied and 1 — 4(at +17)T? /7% > TA~. Let {M"},en be a sequence
in AC?(0,T; L*(vo)) such that for each t € [0,T], {M}*},, converges weakly to M; in
L?(vg). Then

n—oo

Proof. Use remark 4.7 in place of remark 4.2 in the proof of corollary 4.3. O



HAMILTON-JACOBI EQUATIONS IN THE WASSERSTEIN SPACE 173

4.2. Existence of viscosity solutions for the Cauchy problem. We will
show that the value function U defined in (14) is a minimum which satisfies the
Hamilton-Jacobi equation (16). Our study includes “linear” functionals of the form

UO(:“) :/uod,u‘v
R

where ug € C*(R) is A-convex as a function defined on R and —C' < uo(t) < C(|t]*+1)
for some C' > 0. In that case Up(M) = [y uo o Mduy.

THEOREM 4.9. (i) Suppose (H1), (H2) and (40) hold. Assume also Uy is bounded
below and the subdifferential 0.Uy(m) is nonempty for every m € L?(vo). Then for
any monotone nondecreasing function m € L?*(1vg), we have By admits a minimizer
Me° over Pp(-,m).

(i3) Suppose in addition (H3) holds, =W is l-convez, 0 (—W)(m) is nonempty for
every m and TA™ + 4(a™ +17)T?/w? < 1. Then the minimizer of By over Pr(-,m)
1S UNIquUe.

(iii) In addition to the assumptions in (i), suppose that W, Uy are differentiable and
Vi2W is continuous. Then M° € H%(0,T;L*(1p)) and satisfies the Euler-Lagrange

equation
(M) +aMy = =V 2 W(MY), M =m, (M) =V=200(Mg).  (54)

(iv) If the assumptions in (ii) holds then any element of Pr(-,m) which is a solution
for (54) minimizes B over Pr(-,m).

Proof.  Suppose the assumptions in (i) hold. Let M; = m for all t € [0,7].
Since By (M) is finite, we conclude that Bt is not identically +oo on Pr(-,m).
This, together with the facts Uy is bounded below and W satisfies (40), implies that
inf {Byp(M): M € Pr(-,m)} is finite. Because of (H1) we may choose 6 > 0 small
enough so that 0 < 1 — 4a+Z—§ — 2bs — TA™ — 4, where bs is the constant given in
lemma 4.4. Lemma 4.4 and the Poincaré-Wirtinger inequality (43) yield that the
sublevel sets of By over Pr(-,m) are bounded subsets of H*(0,T; L?(vp)). Hence,
every minimizing sequence {M"},en of By over Pr(-,m) is a bounded subset of
H'(0,T; L*(v9)). By remark 5 of [9] and the fact that m is monotone nondecreasing,
we may assume without loss of generality that for each ¢t € [0,7], M]* is monotone
nondecreasing. We apply proposition 4 of [9] to obtain a subsequence of {M"},en
and M° € H(0,T; L?(vp)) such that for each t € [0,T], {M]*},en converges weakly
in L?(vg) to Mp. It then follows from remark 4.5 that for each ¢t € [0,T], {M}*}nen
converges strongly to My in LP(vp) for all 1 < p < 2. Hence M is monotone non-
decreasing and M° € Pr(-,m). We apply corollary 4.3 and corollary 4.6 to conclude
that

lim inf BT (Mn) Z BT (MO).

n—oo
This proves that M° mininizes By over Pr(-,m). Under the assumptions in (ii),
remark 4.7 gives that Br is strictly convex on the convex set Pr(-,m). This ensures

uniqueness of the minimizer.
Suppose that the assumptions in (iii) hold. Let M € H'(0,T; L*(v)) be such
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that My = 0. Because M° + M € Pr(-,m) for every € € R we have

d
0= EBT(MO + EM)|€:0

T
— Br(M®, M)+ (V 12 To(ME), Mo) vy — / (V12 W(MP), M, )y, dr (55)
0
T
= [ (M2 M2y = (a2 + TV, My ) )7 + (7 1200(M), Mo,
0

This proves that M° € H?(0,T; L?(vp)) and (54) holds. To obtain (55), we have used
that the function f : [0,77] x [0,1] — L?(1j) defined by f(t,s) = V2 W(M? + sM;) is

continuous and so, it is bounded on the compact set [0, 7] x [0, 1]. Hence,

lim
e—0

T \A A T 1

M + eMy) — W(MY _

/ WP+ Et) W( t>dt:lin% dt/ (Vi2W(MP + esMy), My),,ds
0 e~vJo 0

T
== / <VL2W(MtO),Mt>VOdf.
0

Suppose now that the assumptions in (iv) hold. Let M € Pr(-,m) be a solution
for (54). Then for any M € H(0,T; L?(vp)) satisfying My = 0, we have

T
B (B, M) + (¥ 12T0(¥o), Mo)v, —/0 (VW ), My )uedr = 0. (56)

Now for any N € Pr(-,m), by setting M := N — M in (56) and using remark 4.7 we
conclude that By (N) > Br (M) unless N = M. In particular, we have proved that
Br(N) > Br(M) for all N € Pp(-,m) which means M is a minimizer of By over

PT(-,m). d

COROLLARY 4.10. Suppose as in theorem 4.9 that (H1), (H2), (40) hold, Uy is
bounded below and 0.Uq(m) is nonempty for every m. Then for any p € M, we have
A7 admits a minimizer 0° over Pr(-, u). If in addition (H3) holds, =W is |-convex,
0.(=W)(m) is nonempty for every m and TA~ + 4(a* +(7)T?/7® < 1, then o° is
unique.

Proof.  This is a direct consequence of remark 4.1 and theorem 4.9. Indeed,
suppose 1 € M and let m € L?() be the monotone nondecreasing map satisfying
myvy = p. It then follows from remark 4.1 that M° minimizes By over Pr(-,m)
if and only if Z(M°) minimizes Ar over Pr(-,u). Here, T is the map defined in
remark 4.1. We now use theorem 4.9 to conclude the proof of the corollary. O

REMARK 4.11. Suppose as in theorem 4.9 that (H1), (H2), (H3), (40) hold and
Uo is bounded below. Assume also —W is l-convez, 0.(—W)(m) and 0.Up(m) are
nonempty for every m, and TA™ + 4(a™ +17)T?/7? < 1. For each m € L*(vp) we
define by m* the monotone rearrangement of m characterized by the facts that m* is
monotone nondecreasing and mi vy = myvyo. Suppose E C L?(1p) is a convex set such
that for any m € E we have m* € E. Then one can readily check that the arquments
used in the proof of theorem 4.9 can be applied to prove that if m € E then B admits
a unique minimizer over the set of Er of all M € Pr(-,m) such that M, € E for all
te€0,T].

The following corollary ensures the continuity of the value function U.
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COROLLARY 4.12. Suppose (H1), (H2) and (40) hold, and W is bounded below
on_bounded subsets of M. Assume also Uy is bounded below and the subdifferential
0.Uo(m) is nonempty for every m € L?(vo). Then the value function U is continuous

on Qr.

Proof.  We know that U : Qr — R. Since U is upper semicontinuous by
lemma 3.7, it suffices to prove that U is lower semicontinuous. Suppose (i, tn) —
(1,t) in Qr and let € > 0. Let m,, and m be the monotone nondecreasing maps
satisfying mp,xv0 = ptn, and myry = p. For each n, we can find a path o™ € Py (-, pin)
such that

tn
U(pn,tn) +e > / L(o?,v)dr + Up(c™(0)).
0

Let 6" (1) := o™ (%), for 7 € [0,]. Also, for each n and 7, let M be the monotone
nondecreasing map that pushes vy forward to 7. Then we have M™ € P,(-,m,,) and
the above inequality can be rewritten as

tn (7 tn [T~ _
Ui, tn) + ¢ > 7/ L(6™, 9" )dr + Up(5™(0)) = 7/ L(M™, (M™Y. )dr + Uo(M).
0 0
(57)
Since limsup,, . U(tn,tn) < U(p,t) < 400, by arguing similarly as in the proof of
theorem 4.9 (i) we see that there exist a subsequence of {M"},, and M € P,(-,m)
such that for each 7 € [0,], {M™}, converges weakly in L?(vg) to M,. Furthermore,

n—oo

liminf{t?”/o L(Mf,(Mn);)dr+Uo(Mg)} 2/0 L(M,, M))dr + To(Mo).  (58)

We note that to obtain the analogous results of lemma 4.4, corollary 4.3 and corol-
lary 4.6, we need to use the following Poincaré-Wirtinger inequality (see proposi-
tion 2.1): for any N € P,(-,m),

t 1/2 ot t 1/2
([ 1z - woar) <2 ([ iy, = Nar) -+ Vg =l
0 0

Now let o, := M,y for 7 € [0,t]. Then o € P.(-, ) and hence by using (57), (58)
and the fact M, is monotone nondecreasing for every 7 € [0, ¢], we obtain

t
liminf U(pp,t,) +€ > / L(M, M} )dr + Uo(Mo)
0

= [ Loy )ar + Vofo(0) > Un1).

This concludes the proof. O
THEOREM 4.13. Suppose (H1), (H2), (40) hold and W is bounded below on

bounded subsets O[LQ(VO). Assume W is differentiable and V=W is continuous.
Suppose also that Uy is differentiable and bounded below. Then the value function U

defined in (14) is a viscosity solution for (16).

Proof. We have from corollary 4.12 that U is continuous on Q. Also by the-
orem 3.9 (i), U is a viscosity subsolution for (16). It remains to show that it is a
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viscosity supersolution. For that fix (u,t) € Qr and let ((,0) € 0.U(u,t). Corollary
4.10 ensures existence of a minimizer o in (14). For 0 < s < ¢t we denote by M,
the unique monotone nondecreasing map pushing vy forward to o,. It follows that M
minimize B; over P;(-, M;) and hence theorem 4.9 (iii) yields M € H?(0,t; L*(v)).
Fix 0 < € < t. By the semigroup property of lemma 2.4 and remark 4.1,

t t
U, t) — Ulorart —€) = / L(ow, v2)dr = / L(M., MDdr.  (59)
t—e t—e
Let ve := (My X My_.)pvo € To(oy, 00—c). We use (59) to obtain

t J— J—
1/ .Z/(M-,—,M,I/.)dT _ U(/Jﬂt) U(Ut—aat E)
€ Ji—e £

< / (), 2 ; e () + 0 + éo(Wg(at,s, o)) + @
RXR

- [ o),

Letting € tend to 07 in (60) and using the fact M € H?(0,t; L?(v)), we conclude
that

Mz — M,;_.x o(Wa(ot—c,01)) [[My — My—c||u, n o(e)
€ Wa(oi—e,0¢) € e

(60)

ydx + 6 +

-0 < / (C(Myx), M{z)dx — L(My, M]) < H(My,¢ o My) = H(, ).
X

Therefore, the second inequality in (12) holds and we conclude the proof of the theo-
rem. [

We end this section by showing that the value function U enjoys a semiconcavity
property. We first give the definition of semiconcave funtions on Pa(R).

DEFINITION 4.14. We say that a function v : Po(R) — R is semiconcave if there
exists a constant C such that for every pi1, ps € P2(R), we have

(1=a)o(pr)+av(pz) —v (1 = )Ti + aTa)gwo) < a(1-)OW3 (1, p2) Ve € [0,1],

where Ty and T> are the monotone nondecreasing maps satisfying Tiuvo = p1 and
Toyvo = pa.

In the following result, Up is only required to be bounded below.

PROPOSITION 4.15. Suppose W satisfies (40) and W is k-convex on L?(vp).
Suppose also Uy is bounded below. Then the value function U(-,t) is semiconcave for
any t > 0 satisfying 4at*> < w2. More precisely, for every ui, pa € M and o € [0,1],
we have

(1—=a)U(pa,t) + aU(u2,t) = U ((1 — @)Th + aT) 10, t)

a(12— a) <1 (a+ 'f)t) W2 (1, p2).

<
- t 3

Here Ty and Ty are the monotone nondecreasing maps satisfying Tiyvy = p1 and
Toyvo = pa.
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Proof.  Notice that due to (40), 4at?> < 72 and Up is bounded below, we ob-
tain from the Poincaré-Wirtinger inequality that U(p,t) > —oo for all u € Pa(R).
Therefore, if we let € > 0 then there exists o € P,(, ((1 — @)T1 + aT2)x1p) such that

U(((1 — )Ty + aT)sr0,1) > /O L(0s,64) ds + U((0)) — . (61)

For each s € [0,¢], let M, be the monotone nondecreasing map pushing vy to os. As
o= ((1 — )11 + oTs)x1p, we have My = (1 — a)T1 4+ oT5. For s € [0,¢], define

ol = (MS—FgOé(Tl—TQ))#VO and o?:= (M ——(l—a)(Tl—Tg))#Vo.

Then we have o} = Th4vo and 07 = Toyurp. This together with (61) yields

(1 — Oé)U(Tl#V07 ) =+ OéU(Tz#l/o7 ) — U(((l — Oé)T1 + OéTz)#l/o7 t)

<(1-a) /tL(UmaS) ds+oc/ L(o2,62) ds—/ L(os,0s) ds+¢

/[l—a /|US WP dol(x +Oé/|0’s ) do? /|05 VWP dos(z ] ds
0

/(; [(1 _O‘)M2(Us) +06M2(Us) MQ(O;)] ds

t

[(1— a)W(0) + aW(0?) = W(o.)] ds+e

S— wls: [\3|)—Ac\'w|@ [\Dl}—‘

/O/R[l‘a'M + 21 - TP +alin - 5 )(Tl—Tz>|2—|Ms|2] dvo(x) ds

/O/]R (1= a)|M, + 2a(Ti = To) + alM, — (1~ a)(Ty ~ To)* ~ M, ] don(e) ds

[(1 — a)W(M, + ;a(Tl —T%)) + aW(M, — 2(1 —a)(Th — T»)) — W(MS)} ds +e.

It follows from this and the assumption W is k-convex on L?(vp) that

(1 — a)U(Tl#l/o,t) + OéU(Tg#Vo,t) -U(((1- a)T1 + aTg)#Vo,t)

all—a) |1 at &kt
< - nl, e

Since |1 — 5|y, = Wa(u1, p2) and € > 0 is arbitrary, we conclude the proof. O

5. An example of non smooth potential: the 1-d Euler Poisson system.
In this section, we assume that we are given a function Uy which is differentiable
such that
(H4) {V12Uo(mn)}S converges to Vi2Ug(m) whenever {m,}5°, converges to m
in L*(vp).

In the previous section we dealt with smooth potentials. From the point of view of
Fluid Mechanics, it is interesting to extend the study to include cases of non smooth
potentials. We consider the potential

W) = =1/4 [ o= aldn(e)du(o) (62)
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Up to a multiplicative constant, this is the Green function for the Poisson equation.
That potential was considered in [9] and [10] in the study of some versions of the
Euler-Poisson system.

REMARK 5.1. Writing

1
W3 (p,v0) = /Ryzdu(y) +2W(p) + 5

and knowing that W3 (-, ) is differentiable on M, (cf. e.g. [3]), we obtain that W
is differentiable everywhere on M. However, W(m) := W (mxy1y) is not differentiable
everywhere on L?(vy).

In the sequel, we work with the Lagrangian

1

1 1
L w) = ~ w2 - / duly) + 2 / ly — gldu(y)du(@).
2 2 R 4 RxR

5.1. Existence of viscosity solutions.

THEOREM 5.2. Suppose both (H1) (with a = 1) and (H4) hold. Assume also
Uo is differentiable and bounded below. Let m € L*(vy) be monotone nondecreasing.
Then, there is a unique minimizer of B over Pr(-,m). Also, M is a minimizer of
Br over Pr(-,m) if and only if it satisfies the Euler-Lagrange equation

M, + Mz = %/X wi(z,Z)de, Mp=m, M}=V_1Uo(Mp). (63)
for some w : X x X x (0,T) — R such that wi(x,T) = —wi(T,z) and wi(z,T) €
6| . |(Mt£[] — Mt,’f)

Proof. Let us define
— T —
Cr(mg, mq) := inf {/0 L(My, M])dt : M € PT(mO,ml)}. (64)

By theorem 4.9, By admits a unique minimizer M° over Pr(-,m). If we set mo = Mg
and my; = MY then M?° is the unique minimizer in (64). By proposition 7 [9], the
differential equation in (63) holds.

For € > 0 let W€ € C?(R) be an even, convex function such that

0=W0) =minW¢, W =W/ <&, [[(W) e <14e [(W)"]lo < oo
Here, W(w) := |w|. We introduce the Lagrangian
1

(I3, =[lml[5,) == (m), We(m) == -~ We(m(z)—m(z))dzdz.

Lf(m,n) =
4 XxX

N =

The associated Hamiltonian is
_ 1 _
H*(m,n) = §(||n||§0 + [Iml[2,) + W= (m).

We introduce the augmented action as

T
BET(M):/O L (M, , M )dr + U, (Mo).
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Note that

B —Br| < <. (65)

By theorem 4.9, BS. admits a unique minimizer over Pr(-,m), namely M® €
H?(0,T; L*(v)) satisfying

(M), + Mf =~V 2We(M§) and (M€)y = V2Up(M§). (66)

By remark 4.1 and the fact that m is monotone nondecreasing and M€ is the unique
minimizer, we have that My is monotone nondecreasing for each ¢ € [0,T]. By (65)

Br(M®) < - +B7(M?) < < +B3(M°) < < +Br(M°). (67)
This, together with lemma 4.4 and again (65) gives that
T
sup [ 104 e < o, (68)
c€(0,1) Jo
Since ||(W¢)']|co <1+ €, we have that
IVL2Welhy < (1 +6)/2< 1. (69)

We use (68) and the fact that
T
IME115, < 2llmlf3, + 2T/0 I(ML=) 2|17, dr

to conclude that

sup{[[M{ |}, : t €[0,T], e € (0,1)} < 0. (70)
g,t

We combine (66) and (68) to conclude that

Sg?{||(ME);/|‘l2,O : t€0,T], e €(0,1)} < co. (71)

We use (68), (70) and (71) to obtain a sequence ¢ C (0,1) converging to 0 as k tends
to oo and M* € H?(0,T; L*(1p)) such that respectively {(M*)” bren, {(M) }ren
and {(M¢®*)}ren converge respectively weakly in L2(X x (0,T)) to (M*)”, (M*)’
and M*. Furthermore, as in the proof of theorem 4.9 that there exists a subsequence
of e, C (0,1) we don’t relabel such that for each ¢ € [0,T], {(M®*);}xen converges
weakly to M} in L?(vg) and {M;*}ren converges strongly to M} in LP(vp) for 1 <
p < 2. Naturally, M* € Pr(-,m).
We use (67) and then apply corollary 4.3 and corollary 4.6 to conclude that

Br(M?) > limsup By (M®F) > likminfBT(Ma") > Bp(M7"). (72)

k—o0

Since My € Pr(-,m) and M? is the unique minimizer of By over Pr(-,m), (67) yields
M* = M° and so,

BT(MO) = klggo BT(MEk) = BT(M*) (73)
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By remark 4.7, there exists a constant ¢ > 0 such that
B7(M?) = BS(M?) + Br(M°®, M® — M?) + (V2Uo(Mo), Mg — Mg)u, (74)

T T
- / (VW9 (M), ME — M2)yodr + ¢ / |(AL°), — (M), |2, dr.
0 0

By (65), (69) and (75)

% + Bp(M°) > —% + B (M®) + Br(M®, M — M®) + (V12U(Mo), ME — ME),,

T T
- / IMZ = M2|| sy + / 1(M2Y. — (MO |2, dr. (75)

We use (73), (75), the fact that {M®*}ren and {(Me*) }ren converge respectively
weakly to M and M’ in L?(X x (0,7T)) to conclude that

T

Br(M°) > Br(M°) e lim [ (M%), — (M), |2, dr
Thus,
T

tim [0, — (M), 2 dr =0

— 00 0
and so,

T
timsup MG+ = M3, < Jim 7 [y, Q0 dr =0, (70

To obtain the previous inequality we have used the fact that M7" — M9 = 0 and
a simple computation. We now use (76), the second identity in (66), the fact that
{(M¢=*)}}ken converges weakly to (M*)) in L?(vy) and the assumption (H4) to con-
clude that (M?°)§ = V 2Up(Mg).

It remains to prove that every solution of the Euler-Lagrange equations (63) is a
minimizer of By over Pr(-,m). We skip the proof as it is similar to that of theorem
4.9. We also refer the reader to proposition 7 [9]. O

~ COROLLARY 5.3. Suppose both (H1) (with a = 1) and (H4) hold. Assume also
Uy is differentiable and bounded below. Then the value function U defined in (1) is a
viscosity solution for the Hamilton-Jacobi equation (2).

Proof. By corollary 4.12 and theorem 3.9 (i), we only need to show that U is a
viscosity supersolution. To prove this, we argue as in the proof of theorem 4.13 and
use theorem 5.2 instead of theorem 4.9 (iii). O

5.2. Connection with the finite dimensional case. The following result
connects our infinite-dimensional objects with the corresponding finite-dimensional,
classical restrictions.

PROPOSITION 5.4. Suppose that Uy : P2(R) — R satisfies (H1) (with a = 1) and
(H4). Assume also Uy is differentiable and bounded below. Then the viscosity solution
U given by (1) for our infinite-dimensional Hamilton-Jacobi with initial data Uy has
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the following property: if p = (1/n) "1, 84, for some real T1, x2, -+, x, € R, then
the optimal trajectory for U(u,t) consists of averages of n point masses as well.

Before we prove this, let us introduce the finite-dimensional version of (2), namely

HU™+ H"(x,VU") =0  in Q% :=R"x(0,7), (77)
Uum(-,0) =U} onR",
where
n — (m Ip|*
H (Xap) T H(:uxap)_ 2 + 5 W2( Hx s 0)
2 2
=|12)7L |X| Z| x]|+ foerR,peR"

1,5=1

and

U (@) = Uo(u)

Here we endow R™ with the inner product (-, -)/n (inherited from L?(uZ)) and we use
the identification R™ ~ 7,,»P(R). The associated Lagrangian becomes

n n lv[?
L (X,V) = L(:u‘xa ) - % - §W2 (:uxaVO)

VPP 1S | .
:____i-wzpci—xﬂ—ﬂforx,veR.

2n =
i,j=1

Note that, since L™ is invariant to coordinate permutations, we have that

/0 L™ (o™ (7), 0" (7))dr + Ug' (0" (0))

is independent of the permutation x € X, where X" = (Zx(1), Tw(2)s -+ Tu(n))- Due
to Uy sharing this property, it follows that

Um(x,t) =U"(x",t) forall x e R", k € &, t €[0,T). (78)

Here U™ is the viscosity solution for (77) given by

U"(x,t) := UGACI‘rzl(i(I)l,t;R") { /0 L™(o(7),6(r))dr + Ul (00) : or = x}. (79)

The optimal trajectory for U™ (x",t) is obviously o, where o is optimal for U™ (x, t).
Note that, according to the proof of Proposition 5.4 (see below), the solution for (2)
at (u2,t) is

U(pl,t) = min U™(x",1). (80)

nEZn

Along with (78), (80) implies the result stated next.

THEOREM 5.5. For any integer n > 1 one has

U(pg,t) =U"(x,t) for allx € R"™ and all t € [0,T],
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where U and U™ are the variational solutions for (2) and (77) respectively.

We shall next give a proof of Proposition 5.4.

Proof of Proposition 5.4. Let us denote, as before
Ai(0) := A(0) + Uo(00), o € AC*(0,t; L*(n))

and consider the associated B;(M). W.l.o.g., we may assume z1 < 29 < ... < x,. As
in theorem 5.2, one sees that Bt has a unique minimizer M over AC? (0, L n) AMONg
the paths of prescribed terminal point M. Here, M, is the monotone nondecreasing
map such that M, #v0 = py. The symbol L, denotes the set of all such maps
which are piecewise constant on the uniform n-division of X. Since, in particular, M
minimizes By over the set of paths in AC?(0,t; L-,) which have the same initial and
terminal point as M, if we let 7;(7) := M, (z) for z € (¢;_1,¢;), i = 1,...,n, we deduce
r(t) = x and (1) < ro(7) < ... < rp(7) for all 7 € [0,¢]. Here, ¢; := —1/2 + i/n.
Also, r € H?(0,t;R™). For £!'-almost every 7 point of twice differentiability of r,

M!"z = #(7) for all z € (¢;_1,¢). (81)

Consider M € P,(-, M) a path such that M, are monotone nondecreasing maps and
let M;41v9 =: pr for 0 < 7 < t. The corresponding path of measures is denoted by o,

whereas the path given by M is denoted by . The convexity of e — G(e) = |e|/2
implies

1 1 _
2A,(0) + — = / (|M']? — |M*)dv + —/ |M,x — M, Z|drdzdr + 2Uy( M)

> 2A,4(5) + % +/ (IM' = M'|2 — |M — M|*)dv + 2[Us(Mo) — Uo(My)]

+ 22/ dyo/ — 75 (7)) 7i(7) — (My — Ti(T))T‘i(T)) dr (82)

41 Z/ d:vdac/ wiy () (Mrz = ri(r)) = (M2 s (7)) ). (83)

J#i

where we have set X;; = (ci—1,¢i) X (¢j—1,¢;) and w;; are from [9], Theorem 5,
equation (51). To be precise, w;;(t) € 8. - [(r;(t) — r;(t)) such that wj; = —w;; and

Pi(t) +ri(t) = 2‘2 Zwij(t), i=1,..n.

Due to the minimizing property of M over AC? (0, t; L-,) with terminal endpoint fixed
My, one can easily infer (as in the proof of Theorem 5.2) that M0 = V2Uy(My). Thus,
we can write

<VL2(70(M0), MO — MQ>L2(UO) = Z /CI Ti(O)(MO — T‘i(O))dV(). (84)

Since My = My, we use

. 1 4¢2
/ (|M' = M'|? = |M — M*)dv > - (1 — —) | Mo — Mol|72,)
Xt
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again, along with (H1), to deduce in light of (84)

A (lM/_M/|2_|M—M|2)du+2(UQ(MQ)—Uo(MQ)) > 22‘/0Z f‘i(O)(Mo—Ti(O))dyo.
¢ i=17¢i—1

(85)

We can integrate by parts the expression in (82) and obtain explicit boundary terms
that vanish when we combine the result with (83), (85). Finally, we exploit the fact

that wj; = —w;; to obtain

2A,(0) + — > 2A,(5) + —
N Ty =T

n s t n

¢ 1
— 2‘2/0.7 dyo/o (’I“Z(T) + (1) — > Zwij (T)) (M —ri(r))dr

=1 i—1 VE)
—2A4(5)+ —
BT
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