METHODS AND APPLICATIONS OF ANALYSIS. (© 2008 International Press
Vol. 15, No. 2, pp. 137-148, June 2008 001

SIGN CHANGING SOLUTIONS WITH CLUSTERED LAYERS NEAR
THE ORIGIN FOR SINGULARLY PERTURBED SEMILINEAR
ELLIPTIC PROBLEMS ON A BALL*

YIHONG DUT, ZHAOLI LIU%, ANGELA PISTOIA%, AND SHUSEN YANY

Dedicated to Professor Neil Trudinger on the occasion of his 65th birthday

Abstract. We study sign changing solutions to equations of the form
—2Au+u = f(u) in B, ,u =0 on 8B,

where B is the unit ball in RN (N > 2), € is a positive constant and f(u) behaves like |u|P~'u (but
not necessarily odd) with 1 < p < (N +2)/(N —2)if N >3,and 1 < p < oo if N = 2. We show
that for any given positive integer n, this problem has a sign changing radial solution ve(|x|) which
changes sign at exactly n spheres U?_, {|z| = p5}, where 0 < pj < --- < pf, < 1 and as e — 0,
p5—0 and ve(r) — 0 uniformly on compact subsets of (0, 1]. Moreover, given any sequence € — 0,
there is a subsequence €y, such that uc(|z|) := ve(e|x|) converges to some U in CL_(RY) along this
subsequence, and U = U(|z|) is a radial sign changing solution of

—AU+U = f(U)inRY, U e H'R"N)

with exactly n zeros: 0 < p1 < -+ < pn < 00, and eflp; — pj; along the subsequence ¢g,. Hence
the sharp layers of the sign changing solution v are clustered near the origin.

The same result holds if the Neumann boundary condition is replaced by the Dirichlet boundary
condition, or if B is replaced by RN .
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1. Introduction. Positive solutions of the singularly perturbed Neumann prob-
lem

—EAu+u = f(u) in Q, d,u=0 on IN (1.1)

have been investigated extensively in the past decade. Here §2 is a bounded smooth
domain in RY (N > 2), € is a positive constant and f(u) behaves like u? with 1 <
p<(N+2)/(N—-2)if N >3, and 1 < p < oo if N =2. It is known that for small ¢,
(1.1) has positive solutions with sharp peaks concentrating at certain interior points
as well as on the boundary of Q; for example, it was shown in [GW] that given any
nonnegative integers k and n with k +n > 0, (1.1) has, for small € > 0, a positive
solution which concentrates at exactly k peaks in the interior of 2 and n peaks on the
boundary of €. For more results and background, we refer to the survey [N]. Positive
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solutions with sharp layers also exist; see for example [MN], [AMN1], [AMN2] and
the references therein. Recently, for the case that ) is the unit ball, it was shown in
[MNW] that given any positive integer n, for all small ¢, (1.1) has a positive radial
solution u. which concentrates at n spheres UJ_, {|z| = 75}, where 1 > r{ > --- >},
are such that rj_;, —rj ~ elog%, j=1,.,N, r§ =1 Thus the sharp layers are
clustered at the boundary of .

Much less is known for sign changing solutions of (1.1). In this paper, we show
that if Q is the unit ball as in [MNW], and if f(u) behaves like |u|P~lu (with p as
above), but not necessarily odd in w, then for any given positive integer n, problem
(1.1) has a sign changing radial solution v, (|x|) which changes sign at exactly n spheres
Ui {lz| = p§}, where 0 < p§ <--- < p;, <1land ase— 0, p§ — 0 and ve(r) — 0
uniformly on compact subsets of (0,1]. Moreover, given any sequence ¢, — 0, there
is a subsequence €, such that u(|z|) := vc(e|z|) converges to some U in C} (RY)
along this subsequence, and U = U(|z|) is a radial sign changing solution of

~AU+U = f(U) in RN, U € HY(RY), (1.2)

U(r) has exactly n zeros: 0 < p1 < -+ < p, < oo, and 6_1p§ — p; along the
subsequence €x,. Hence in contrast to the positive solution u. of [MNW], the sharp
layers of the sign changing solution v. are clustered near the origin, spaced apart in
the order of €, but in general not evenly in the limit.

Sign changing solutions for singularly perturbed problems similar to (1.1) over a
bounded domain with Dirichlet boundary conditions, or over RV, have been studied
in several papers; see for example [CDNY], [BCW], [DP] and the references therein.
However, the solutions obtained in these papers are peaked solutions, namely they
concentrate at isolated points, and the profile of the peak is determined by a posi-
tive solution of the corresponding entire space problem. Moreover, the approach in
[CDNY] requires a special geometric condition on the underlying domain (which is
not satisfied by a ball). The approaches in the other papers rely on an z-dependent
term in the equation whose behavior determines the existence of such solutions and
the location of the peaks; for a homogeneous problem like (1.1) these approaches do
not work in general. In contrast, our analysis does not rely on such an z-dependent
term, and the asymptotic profile of our solution is determined by a sign changing
entire space solution. To our knowledge, this seems the first research on solutions of
singularly perturbed elliptic problems with sharp layers clustered near a point.

The proof of our result is relatively simple, and relies on the radial symmetry of
the problem. We follow a well-known approach which uses the Nehari manifold and a
minimization argument over functions obtained by piecing together a prescribed num-
ber of positive and negative solutions of (1.1) over neighboring annuli, and estimates
of the energy levels of each such positive and negative solutions. Such an approach
has been developed and refined in [CSS], [CZ], [BW], [LW] and many other papers.
In this paper, we mainly follow [BW].

This approach can treat equations more general than (1.1). More precisely, we
consider the following problem

—2Au + b(|z|)u = f(|z|,u) in B, d,u =0 on dB, (1.3)

where B is the unit ball in RY (N > 2), b:[0,1] — R*, f:[0,1] x Rl — R are
continuous functions, and f is locally Lipschitz in « uniformly for r € [0, 1]. Moreover,
as in [BW], we make the following assumptions:
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(B) b(r) > ap > 0 for all r € [0,1].

(F1) There exist a1, R > 0 such that
|f(r;w)] < axful” for 7 € [0, 1], u] > R,

where 1 <s < (N+2)/(N—-2)if N>3,1<s<ooif N=2.
(F2) There exists p > 2 such that
wF(r,u) = ,u/u f(r,v)dz < uf(r,u) for r € [0,1],u € R
0
(F3) limg oo infycio,1),juj>x F(r,u) > 0.
(F4) limy)—o f(r,u)/u = 0 uniformly in r € [0, 1].
(F5) f(r,u)/u is increasing in u € R\ {0} for every r € [0, 1].

Our main result in this paper is the following theorem.

THEOREM 1.1. Suppose that (B) and (F1)-(F5) are satisfied. Then for every
integer k > 1, there exists a pair of radial solutions u} (|xz]) and u_ (|z]) of (1.3), with
uZ (0) < 0 < uf(0), having precisely k zeros: 0 < pfe <-- < pie < 1. Moreover,
as € — 0, pjjfé — 0 for j = 1,...k and uX(r) — 0 uniformly on compact subsets of
(0,1], and for any positive sequence €, — 0, there exists a subsequence €, such that
UZX(|z]) := uF(e|z|) converges to some U in CL _(RN) along this subsequence, and
U*(|z|) is a pair of radial sign changing solutions of

—AU +b(0)U = f(0,U) in RN, U € H'(RY) (1.4)

satisfying U~ (0) < 0 < UH(0), with exactly k zeros: 0 < pf < --- < pif < o0, and
671;)356 — p; along the subsequence €, .

REMARK 1.2. The conditions (F2), (F3) and (F5) can be relaxed. In [LW],
among other things, it was shown that the result in [BW] remain true if (F2), (F3)
and (F5) are relaxed to

(F/2) lim‘u|ﬁoo % = OQ;

(F’5) f(r,u)u — 2F(r,u) is nondecreasing in |u| and increasing for |u| > 0 small.
One easily checks that by making changes similar to [LW] in our arguments below,
Theorem 1.1 remains valid under these changes of assumptions on f(r, u).

The rest of the paper is organized as follows. In section 2, we modify the approach
of [BW] to obtain radially symmetric positive and negative solutions on annuli or balls,
by making use of suitable Nehari manifolds. In section 3, we estimate the energy levels
of the solutions obtained in section 2 and study the behavior of these energy levels
as the underlying domain and e change, to obtain crucial information which will be
needed in section 4, where the existence and asymptotic profile of the sign changing
radial solution are proved.
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2. Positive and negative radial solutions. Setting v(z) = u(ex), we can
reformulate (1.3) as

—Av+b.(|z))v = fe(|z|,v) in Be, Ov|op. =0, (2.1)

where b.(|z]) = b(e|z|), fc(|z|,v) = f(e|z|,v) and B, = {z € RN : |z| < e~ '}.

Our arguments in this section are modifications of those in [BW]. We provide
sufficient details here for completeness and for the reason that they are needed in the
estimates in section 3 later, which play a pivotal role in determining the profile of our
sign changing solutions as € — 0.

Fix € > 0 and p € (0,e"1). We consider the mixed boundary value problem

{ —Av + be(jz))v = fe(|z],v) for [x] € (p,e7),

2.2
v =0 for |z| = p, d,v =0 for |z| = e L. 22)

In order to obtain a positive solution of (2.2), we consider the modified problem

{ —Av + be(|z|)v = g(|z|,v) for |z| € (p,e 1),

2.3
v=0 for |z| = p, dv =0 for |z| =1, 23)

where

fe(ryu) for u > 0,
—fe(r,—u)  for u <0.

g(r,u) = ge(r,u) = {
Denote M = M(p) = M(p,e 1) :={x e RN : p < |z| < e '} and let X = X (M)

be the Hilbert space of all radial functions in H'(M) satisfying u(p) = 0, with the
usual norm

1/2
[/ (IVul? +u?)da]
M
and E = E(M) be the subspace of X such that
el = [l := /M (IVul? + be(Je])u?)de < oo.

(In fact, E = X; E # X is possible only when B, is replaced by RY.) Due to (B),
there is a continuous embedding (for N > 3)

2N
ECXCL‘J(M)for2§q§N 5

which is true for ¢ € (2,00) when N = 2. Define

1
d(u) = o (u) = e pr(u) := 3 /M (|Vu|2 + b€(|x|)u2)dac — /M G(|z|, u)du,
where G(r,u) = Ge(r,u) = [} ge(r,v)dv.
Because of (F1), ¢ is well-defined on E and is C*, and critical points of ¢ are
classical solutions of (2.3). A necessary condition for u € E to be a critical point of ¢
is that

(6 (), w) 1= 5 ull” /Mg<|w|,u>udx 0.
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We define the associated Nehari manifold by
N =Ny =Ny = {u € E\{0}: (¢'(u),u) = O}.
We will show that
A :=inf
inf ¢(u)
is a critical value of ¢ with a corresponding positive critical point. To this end, we

need several lemmas.

LEMMA 2.1. ¢ satisfies the assumptions of the mountain pass theorem on E,
namely,

(a) $(0) =0 and there exist 1o > 0, € > 0 such that p(u) > € if ||Jul| = ro.

(b) For every u € E\ {0} there exists to > 0 such that ¢(tu) < 0 if t > to.

(¢) & satisfies the Palais-Smale condition.

Proof. This is standard; (a) follows from (B), (F1) and (F4), (b) is a consequence
of (F2) and (F3), (c) is implied by (F1) and (F2). We omit the details. O

Thus we may apply the mountain pass theorem of Ambrosetti and Rabinowitz to
conclude that

¢ = cm = o = inf Jnax ¢(v(t)) = €0 >0

is a critical value of ¢, where
I':={y e C([0,1], E) : 7(0) = 0, ¢(~(1)) < 0}.

LEMMA 2.2. For any u € E\ {0}, there exists a unique t = t(u) > 0 such that
t(uw)u € N, the mazimum of ¢(tu) for t € [0,00) is achieved at t = t(u), and the
function from E\ {0} to [0,00), u > t(u), is continuous.

Proof. Fix v € E'\ {0} and consider the function
h(t) := ¢(tu), t € (0, 00).
We have

(0) = (&' t).w) = tful® = [ gllal.tu)uda.

Hence tu € NV if and only if //(¢) = 0, that is

1
Jul? = [ (el tujuda,
M

By (F5), the right-hand side of the above identity is an increasing function of ¢, and
by Lemma 2.1, h(0 + 0) = 0, h(t) > 0 for ¢ > 0 small and h(t) < 0 for ¢t > 0 large.
Therefore max h(t) is achieved at a unique ¢ = ¢(u) > 0. It follows that A'(t(u)) =0
and hence t(u)u € N. The fact that u — t(u) is continuous follows easily from the
uniqueness of ¢(u) and the boundedness of ¢(u), the latter follows from (F2), (F3) and
(F5), which imply ug(r,u) > as|u|* for some az > 0 and all u € R*. O

LEMMA 2.3. X\ = ¢ = d := inf,cp\ [0} Maxy>0 A(tu).



142 Y. DU ET. AL

Proof. By Lemma 2.2 we clearly have A = d. Since ¢(tu) < 0 for u € E'\ {0} and
large ¢t > 0, we infer ¢ < d. On the other hand, every v € T has to cross . This is
because, by Lemma 2.2,

N ={t(wu:ue E\{0}} =0D,
where
D:={tu:ue E\{0},0<t<t(u)},
which contains a neighborhood of 0 in E, and ¢ > 0 in D. Therefore, ¢ > \. O

LEMMA 2.4. Ifug € N and ¢p(ug) = A, then ug is a critical point of ¢.

Proof. This follows from the quantitative deformation lemma, and the proof is
exactly the same as in Lemma 3.4 of [BW]. O

Since ¢ satisfies the Palais-Smale condition and A = ¢ > 0, A is always achieved
by some ug € N and hence Lemma 2.4 guarantees that ¢ has a critical point v € N.
Since g(r, u) is odd in u, we see that u(z) := |v(z)| belongs to A and ¢(u) = ¢(v) = .
Hence u is a nontrivial nonnegative solution of (2.3). Since f is locally Lipschitz in
u, by the maximum principle, it is positive and hence is a positive solution of (2.2).

We can obtain a negative solution of (2.2) analogously, by defining g(r, u) by

—fe(r,—u) for u >0,

9ru) = { fe(r,u) for u < 0.

For later reference, we denote the corresponding ¢, N, ), etc. by ¢, N7, A™,...,
respectively.

For fixed € > 0 and 0 < p < 0 < ¢!, we also consider the Dirichlet problem over
D = D(p,0) := interior of {x € RN : p < |z| < 0}:

—Av +b(|z))v = fo(|z|,v) in D, v € H}(D). (2.4)

In this case, we define X = X (D) to be the Hilbert space of all radial functions
in H}(D) with the usual norm, and define E, ¢, N, \,c,d analogously. The same
argument shows that ¢ achieves its minimum on N at a critical point of ¢, which
gives rise to a positive solution of (2.4). One can also obtain a negative solution
of (2.4) by the same trick of redefining g(r,u). To distinguish the solutions for the
various situations, we will write ujM,u;M,uE D> U, p, With the obvious meanings.
Similarly, we will write 1 7 7 7

N%M, )\:M,/\/fD,/\fD, etc.

€

3. Qualitative properties of )\fM and )\EiD. In this section, we examine the

behavior of )\jf ) and )\jf p as p and o vary. Since our proof for At and A~ is the same,
we will omit the superscripts + and — and simply write A¢ as or Ac, p. To emphasize
the dependence on p and o, we further write

Ae,D = /\e,D(pa U)v )\E,M = )‘E,M(p)

LEMMA 3.1. Suppose that (B), (F1)-(F5) are satisfied. Then the following con-
clusions hold:
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(i) If0<p<p <o <o<el then \ep(p,0) < Aep(p,0).
(ii) If0< p< p' < L, then Aar(p) < et (9) < Aep('s L),
(iii) For any given 6y > 0, there exist positive constants bo,dy and og, all inde-

pendent of €, p and o such that

Ae.p(p,a) > bo|D(p,o)| "% for0<p<o<el,
At () > BolM(p, 1)~ for 0 < p < L,
Aep(p,0) > dop™ 1 whenever 6y < p <o <€ %,

Aem(p) > dop™ 1 whenever 6y < p < e L.

Proof.  Since a function in H}(D(p',0’)) can be regarded as a function in
H{(D(p,0)) by extension to the value of 0, we find Npy ) C Np(pr). Hence

)\e,D(pa 0) S )\e,D(plu U/)-

Similarly, ND(p/7671) C NM(p/yE—l) C NM(p,E*I) implies )\E,M(P) < /\e,M(p/) <

Ae.p(p’,e7t). This proves (i) and (ii).

By (F2), for every u € Np(p,o) or Naj(p,e-1), we have, denoting Q = D(p,0) or

M(p,e™1),

o) = gl =~ [ el wuds = (5= =)l

2

By (F1) and (F4), we can find a3 > a; such that

1
lge(Jz], u)| < §a0|u| + aglul® for all u € R e > 0.

Therefore, for u € Np(,.4) or Najpe-1) we have
Jall? = [ acllel yuda

1
< —ao/uzdx—i—ag,/ lu|* 1 dx
2 " Ja Q

s+1

1 q
< sllulP + aa( [ fulra)
2 Q

s+1
a )

1_s+1

(/Q ldz)

1 _
< S lull® + asflullzt 0

(3.1)

where s +1 < ¢ < 2N/(N —2) when N > 3, s+ 1 < ¢ < oo for N = 2. By the
Sobolev embedding theorem, there exists a4 depending only on N and ¢ such that

||u||Le < aq]|u]|. Hence

el < S llul® + asag ™ ful Q)

N =

It follows that

lul|*™" > (2a3a3™) 0

2
lul|? > as|Q|~7° with a5 = (2a3ai+1) = gy = (1 _
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In view of (3.1), we obtain

1 1
B(u) > bl ™7, by = (5 — ;)as-

Therefore

Aem(p) = bolM(p,e )| 77, Ae,.p(p, o) = bo|D(p, )|~ .

To prove the last two inequalities in (iii), we let © denote either D(p,o) or
M (p, e ') and suppose u = u(r) = u(|z|) is a function in Nq. Since

d
d—(TN71u2) = 2uu,rN T (N — 1)V —2
r

and u(p) = 0, we have, for r > p > dy,
TNl (r) = 2/ uuys™ "lds + (N — 1)/ u?sN2ds
p p

< 2/Qu|Vu|dx+ (N — 1)p_1/ﬂu2dac
< 2ffull 2|Vl g2 + (N — )65 ul|2.
It follows that
u(r) < rON2 Qa2 | Va2 + (N = 18 ul22) ' < apM2ull.  (3.2)

Hence

1
Julf < Gaolulls + s | Juptido

1 _ s—1
<l +as [ (a2 l) e

1 1 1=N (s _
:§||UI|2+asaZ el 117 (171

T (s—1)

1
Sl + aul*1p "

IN

We thus deduce
lul]*=" > (2a7) 7177 7Y,

and
1 1 1 1
P(u) = (5 - ;)HUH2 > (5 - ;)(2%)%0]\,71-
The last two inequalities in (iii) hence follows. O

LEMMA 3.2. Suppose that 0 < p <o < 661. Then there exists Cy > 0 depending
on D(p,0) but independent of € € (0, €], and co > 0 independent of p, o, € such that

co < Ae,p(p,0) < Co, Aenm(p) < Co.
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Proof. As before, by (F2), (F3) and (F5) there exists az > 0 independent of e
such that

Ge(r,u) > aglul* for u € R, € > 0.

Therefore, if we fix a continuous function ug € E \ {0}, then
t2
o(tue) = 5wl = [ Gullal tuo)do
D(p,o)

t2
< —||u0H2 — agt“/ |ug|*dx
D(p,0)

<0

for ¢ satisfying

/(n=2)
t >ty = ”22E // |“d:c .
(p,o)

By Lemma 2.3 and the definition of d, we obtain

Ae,p(p,0) < max ¢(tuo)
te0,to]

2

v 2
e 5 [[woll

IN

Co = tg”u &
0= o lluoll”
By Lemma 3.1,

)\e,M(p) < )\e,D(pa 6_1) < )\e,D(pa 0) < CO'

On the other hand, by (F1), (F4) and the Sobolev embedding theorem, there
exists 19 > 0 independent of D(p, o) and e such that

1
P(u) = §||U||2 if u € E satisfies |lul| < no.

It then follows from the mountain pass characterization of ¢ = c¢p(, ) that
)\E,D(p7 0) > Co ‘= 773/3

LEMMA 3.3. If p, — p € (0,67 !) and 0,, — 0 € (p,e™ 1) as n — oo, then

Ae,D(Ouo-) S l_m )‘E,D(O70’ﬂ)7
/\e,D(p; ) < 1_111 /\e,D(pna O'n)v
)\E,M(p) S l_mn—m)o)\e,M(pn)

Proof. This follows from a simple modification of the proof of Proposition 4.1
part d) in [BW]. We omit the details. O
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4. Existence and asymptotic profile. Set

+  for j even,
s; =
! —  for j odd,

and define, similar to [BW],

k—1
A(prs- oK) =Y A0 (05 pisn) + A (o),

=
for 0 = po < p1 < ... < prp < € 1. For fixed ¢ > 0, it follows from Lemmas 3.1
and 3.3 that A} attains its minimum at some point (p5, ..., p§,), and corresponding to
each )\i D (p?, 05 4+1) with j even, by our results in section 2, there is a positive radial
solution u:j of (2.4) with D = D(p5, p511), and corresponding to each A, (p5, p511)
with j odd, there is a negative radial solution u_; of (2.4) with D = D(pf§, p5 ).
Moreover, we have

uj?] = ND(p?,p§+1)7 ¢;(p§,p;+l)(uzg) = )\:jD(pgu P;+1)- (41)

Similarly, A%, (p;) corresponds to a radial solution u% of (2.2), whose sign is the
same as Sk, and

uikk € NM(PE&”)? gb?\;(pz,e’l)(u:ek}) = /\i,}CM(PZ)- (4.2)

We now define u € H*(B,) by

uf (2) = ul(x) if p§ <la| < p§irs J= 0,00k, p5 =0, phyq =€ L.

By exactly the same argument used in the proof of Lemma 5.1 in [BW], we conclude
that ul is a solution of (2.1).

If we define
—  for j even,
S5 =

+  for j odd,

then the above analysis gives rise to a radial solution u_ (|z]) of (2.1) which satisfies
u_ (0) < 0 with exactly k zeros in (0,e™1).

We next study the asymptotic profile of u7 as ¢ — 0; the analysis for u_ is similar.
To simplify notations, we write u. instead of u_.

LEMMA 4.1. Fiz eg > 0 small, let € € (0, e0] and u. be the radial solution of (2.2)
described above, and 0 < p§ < ... < p§ < e ! the zeros of uc(r). Then there exists
0 > 0 independent of € such that

Pir1— P52 0, pp < 6 foree (0,€0), 5=0,....,k,py =0, pfy =€ . (4.3)
Proof. Fix 0 < p] < ... < pf < 60_1. By Lemma 3.2, we obtain
Ac(pis s pk) < AP oo p1)
k—1
=D A0 P541) + A (oR) (4.4)
j=0

< (k+1)Co
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for all € € (0, €], where Cy depends on (pji, ..., p}) but is independent of e. In view of
Lemma 3.1, we necessarily have

P — P =6, pi <6t

for some 0 > 0 independent of €. O

THEOREM 4.2. For any positive sequence €, — 0, there exists a subsequence {ey, }
such that along this subsequence ue — U in CL (RYN), where U = U(r) is a radial

solution of (1.4) satisfying U(0) > 0, with exactly k zeros: 0 < p1 < ... < pi < 00.
Moreover, p; — p; along €, for j =1,...k.

Proof. To simplify notations we will write u,, = uc,. Using (4.1), (4.2), (4.4) and
(3.1), we find that {|lucl|g1(p,) : 0 < € < €} is bounded. Since by (4.3) we have
p§ > 8, we may now apply (3.2) to conclude that

ue(r) < Cr=M72 for all r > p§ and some C > 0 independent of e. (4.5)

Using the boundedness of {|un|/z1(5,, )}, (F1) and a standard bootstrapping argu-
ment, we find that

Up(r) < Cfor 0 <r <pi", n>1
Therefore {||un||z~(s.,)} is bounded, and hence

|f5n(|‘r|7un)| S C

for some C' > 0 and all » > 1 and © € B.,. We may now apply standard elliptic
regularity theory (see [GT]) to the equation satisfied by w,, and a diagonal process to
extract a subsequence {un, } of {u,} such that u,, — U in C} _(RY). It is easily seen
that U solves the differential equation in (1.4) in the weak sense. Since each u,, is
radial, so is U. Since {|un||z1(s,, )} is bounded, say [[un||g1(5,,) < C, we deduce that
Ul 5.y < C for each € > 0. It follows that U € H'(RY), and by bootstrapping
it is a classical solution of (1.4). We may assume that pi"* — p; € [§,6']. Then by
Lemma 3.2 we deduce that

¢0,D(O,p1)(U) = Zliglo d)enwpini (unl) >co > 0.
This implies that U # 0. Since f is locally Lipschitz in u, by the uniqueness of the
initial value problem for ODEs (we remark that this is not affected by the singularity of
the ODE for U(r) at r = 0), necessarily U(0) > 0 and U has exactly k nondegenerate
zeros 0 < py < ... < pr, < 671, for otherwise, for large i, u,, would not have exactly
k zeros with none of which lying outside (0,57 !]. Tt then follows that p;"i — pj as
i — oo, for every j=1,....k. 0O

It is easily seen that Theorem 1.1 follows from (4.3), (4.5) and Theorem 4.2.

REMARK 4.3. If we replace the Neumann boundary condition in (1.3) by the
homogeneous Dirichlet boundary condition, then our analysis carries over with no
extra difficulties. Hence the conclusions in Theorem 1.1 remain valid for this case.
Our arguments can also be easily modified to treat the case where we replace B by
RN and require u € H'(R") in (1.3). Therefore the conclusions of Theorem 1.1 hold
for this case as well. Moreover, Remark 1.2 also applies to these cases.
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