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SEMICLASSICAL FORMS OF CLASS s = 2:
THE SYMMETRIC CASE, WHEN &(0) = 0*

M. SGHAIERT AND J. ALAYA?

Abstract. A regular linear form u is said to be semiclassical, if there exist two polynomials
® monic and ¥, deg(¥) > 1 such that (Pu)’ + Yu = 0. Recently, all the symmetric semiclassical
linear forms of class s < 1 are determined. In this paper, by considering the inverse problem of
the product of a form by a polynomial in the square case, we carry out the complete description
of the symmetric semiclassical linear forms of class s = 2, when ®(0) = 0 which generalize those
of class s = 1. Essentially, three canonical cases appear. Some particular cases refer to well-known
orthogonal sequences. Representations of these linear forms are given.
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Introduction. Semiclassical orthogonal polynomials were introduced in [23].
They are natural generalization of the classical polynomials. Maroni [19,21] has
worked on the linear form of moments and has given a unified theory of this kind
of polynomials. A semiclassical linear form wu satisfies the distributional equation
(Pu)’ + u = 0 where ®(z) is a monic polynomial and ¥(x) is a polynomial with
deg(¥) > 1. In [2], the authors determine all the symmetric semiclassical linear forms
of class s = 1. See also [3,4] for some special cases. It is natural to consider the
problem of determining all the symmetric semiclassical linear forms of class s = 2.
In this paper, we are interested in the case when ®(0) = 0. For this, we consider
the inverse problem of the product of a linear form by a polynomial by studying the
following problem: given a symmetric semiclassical linear form v, find the symmetric
linear form u defined by z?u = —\v < u = —Az"2v + dy, A € C* in a different way
than [17,1]. This kind of problem is an interesting process to construct certain families
of semiclassical polynomials as treated in many recent works ([1], [5], [16], [17], [22]).
The first section is devoted to the preliminary results and notations used in the sequel.
In the second section, We found a relation between the symmetric semiclassical linear
forms of class s = 2 and those of class s < 1 (Theorem 2.3.). Using this relation, we
give, in Section 2, all the linear forms which we look for. Three canonical cases for the
polynomial ® arise: ®(z) = 22 , ®(z) = z* and ®(z) = 2%(2® — 1). Representations
of the new linear forms are obtained. As it turned out, we obtained explicitly three
nonsymmetric semiclassical linear forms of class s = 1.

1. Notations and preliminary results. Let P be the vector space of polyno-
mials with coefficients in C and let P’ be its topological dual. We denote by (u, f)
the action of w € P’ on f € P. In particular, we denote by (u), := (u,z™),n > 0,
the moments of u. For any linear form u and any polynomial h let Du = u’, hu,

8o, and x~1u be the linear forms defined by: (u', f) := — (u, f'), (hu, f) := (u, hf),
(0c, ) := f(c), and <(:17 — c)’lu,f> := (u, 0.f) where (Hcf) (x) = W, ceC,
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re '?ilen, it is straightforward to prove that for f € P and for u € P’, we have
(™ ) =u, (1.1)
N au) = u — (u)odo , (1.2)
2 (2%u) = u — (u)odo + (u)10} , (1.3)
(fu) = flu+ fu'. (1.4)

Let us define the operator o : P — P by (o f)(x) := f(x?). Then, we define the
even part ou of u by (ou, f) := (u,o f).
Therefore, we have [20]

f@)(ou) = o(f(2*)u) , (1.5)

ou' = 2(a(zu))" . (1.6)

The linear form v will be called regular if we can associate with it a sequence
{Sn}nz0 (deg(Sn) < n ) such that

(v,8,5m) =Tn0nm, n,m>0, 1, #0, n>0.

Then deg(S,) =n, n >0, and we can always suppose each S,, monic (i.e. S,(z) =

™ 4 --+). The sequence {S,}n>0 is said to be orthogonal with respect to v.
n

A form v is regular if and only if A, =: det((v)iﬂ) #0, n>0 (Hankel
4,j=0
determinants) [8].
It is a very well known fact that the sequence {S,}n>0 satisfies the recurrence
relation (see, for instance, the monograph by Chihara [8])

Sni2(x) = (v — &up1)Sni1(x) — ppy1Su(z), n >0,

Si(z) =z -, So(z) =1, (1.7

with (&, pn41) € CxC*, n >0, by convention we set pg = (v)o = 1.

In this case, let {5’7(11) }n>0 be the associated sequence of first kind for the sequence
{Sn}n>0 satisfying the three-term recurrence relation

SN, (@) = (& — &us2)SY (2) = prsaSH (@), >0,

S (@) =z ¢, So”l<x> =1, (W@ =0), 49

and {Sn(., 1) }n>0 the co-recursive polynomials for the sequence {Sy}n>0 satisfying

[9]

Sni1 (@, 1) = Sppa(x) —pSH (@), n>0. (1.9)
A linear form v is called symmetric if (v)ap,+1 = 0,n > 0 . The conditions

(v)an+1 = 0,m > 0 are equivalent to the fact that the corresponding sequence of
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orthogonal polynomials (OPS) {Sn}n>0 satisfies the recurrence relation (1.7) with
&, =0,n >0 [8]. The linear form x?v is also symmetric.

In all this paper, except opposite mention, the linear form v will be supposed
normalized, (i.e: (v)o = 1), symmetric, and regular.

Let us consider the quadratic decomposition of {S,}n>0 and {Sfll)}nzo (see [8],
[20])

Son() = Po(2?),  Soni1(z) = 2R, (2?) (1.10)

SS)(@) = Ry (2, —p1) . S4)y (@) = 2PV (a?) . (1.11)

The sequences {Pn}nzo and {Rn}nZO are respectively orthogonal with respect to ov
and zov. We have for instance:

Prya(z) = (x - 571;1) Pn+l($) - prran(x) ;, n=0,

~ _ o] (1.12)

Pi(z)=z-¢&, Px)=1,

with
& =p1, &1 =pmi2tponss, Phi1 = pontipmiz, n=0. (1.13)
PROPOSITION 1.1. [17] We have
Son1(0) =0,  Sony2(0) = (=1)"" ] p2vsr, n>0, (1.14)
v=0
S5 (0) =0, 83,0 = (1" [] pow, nz0. (1.15)
v=0

PROPOSITION 1.2.[8, 21] v is regular if and only if ov and xov are regular.

The study of the linear form v = -z~ 2v 4y, A € C*. For a A € C*, we
can define a new linear form u as following:

u=—Ax"?v+dp . (1.16)
From (1.16), and (1.1), we have
wiu=—Mv. (1.17)

Remark. The above problem was treated by the second author and Maroni in [1,
17] and we are going to handle it differently using the quadratic decomposition to
have new applications.

PROPOSITION 1.3. The functional u is regular if and only if P,(0,0)#0, n>0,
where P, is defined by (1.10).

Proof. Applying the operator o for (1.17), and using (1.5), we obtain

xou = —Aov . (1.18)



390 M. SGHAIER AND J. ALAYA

From (1.18), and (1.2), we get

u=—Ax"lov+d. (1.19)
From (1.16), we deduce that u is symmetric linear form. Then, according to Proposi-
tion 1.2. w is regular if and only if zou and ou are regular. But xou = —Aowv is regular
because A # 0 and ov is regular. So u is regular if and only if cu = —Az"tov + §g is
regular.

Or, {Pn}nZO is the corresponding orthogonal sequence to ov, and it was shown in
[17] that ou = —A\x~low + &g is regular if and only if A # 0, and P,(0,\) #0,n>0.
Then we deduce the desired result. O

Remark. In fact, using the well known identity (see [8], page 86)

Poi1 (0) B, (0) = Poy2(0) BV (0) Hpm, n>0. (1.20)

Dividing the above equation by P,42(0)P,11(0), and using (1.10), (1.13), (1.14), we
get

1 ~ n+1
PO PPO) T e,
Poi2(0)  Puy1(0) oo P2o+1 ’ N

This leads to

P (0) ZH Pro " n>o0. (1.21)

—00—0 P2u+1

Using (1.9), and (1.21) we can easily find the result given in [17] according to Propo-
sition 1.3.. When the linear form v is symmetric, then u is regular if and only if

-1

<ZH P2v )
k=0 =0 P2vt1

When u is regular let {Z,},>0 be its corresponding sequence of polynomials

satisfying the recurrence relation

Zny2(x) = 2Zn11(%) = Ynt1Zn(x) , n >0,

Zix) =z, Zo(z)=1. (1.22)
Since {Z, }n>0 is symmetric, let us consider its quadratic decomposition:
Zon(z) = Po(2?),  Zopi1(z) = 2R, (2?) . (1.23)
From (1.18), we have
Ru(z)=P,(z), n>0. (1.24)

Remark. From (1.13), and (1.22), the sequence {P,},>0 satisfies the recurrence
relation (1.12) with

B =, BLii="ont2+Y2n43 s Yhit = Yont172n42 - (1.25)
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From (1.19), we can deduce the following result

PROPOSITION 1.4.[22] The sequence of polynomials { Py, }n>0 satisfy the relation

Poi1(z) = Pogp1(x) + anPp(z), n>0 (1.26)
where
b,
&HZ—M, n>0. (1.27)
P,(0,))

LEMMA 1.5. We have
Znta(x) = Spyo(x) + anSn(z), n>0 with
(op = Qn , Q2pt1 = P2nt2, N >0, (1.28)

Proof. According to formula (1.16) of [1, p.14], we have
a2n41 = p2nt2, n =0, and

Zont2(x) = Sony2(z) + aznSon(z) , n>0.
In (1.26) replace x by 22 and compare the obtained equation by the above one, we

obtain ag, =a,, n >0, according to (1.23). 0

PRrRoOPOSITION 1.6. We may write

_ P2n+1P2n+42

1==A, Yent2 =0n, Y2nt+3 = F , n=0. (1.29)

DEFINITION 1.7. (see [19],[21]) A linear form v is called semiclassical when it is
regular and there exist two polynomials ® and ¥ such that:

N - - -
((I)’U) + Vv =0, deg(¥)>1, & monic. (1.30)

PROPOSITION 1.8. [19] The semiclassical linear form v verifying equation (1.30)
is of class § = max(deg U —1,deg® — 2) if and only if

[T (19'(c) + B(e)| + ‘<u,90\if+9§<i>>’) >0, (1.31)

where ¢ goes over the roots set of ®.

The semiclassical character is kept by shifting. Indeed, the shifted linear form
0= (hg-107—p)v, a € C*, be C satisfies

(cio)/ YO =0 (1.32)

with

B(a) = a'Blax +b), V(x)=a " T(ax+b), t=deg(d). (1.33)

Where the linear forms 7_jv ( translation of v ) and h,v ( dilatation of u ) are defined
by

<TbU7 f> = <U77——bf> = <U7 f(l‘ + b)> ’ <ha’U, f> = <U7 haf> = <U7 f(a:zc)) ) f eEP.



392 M. SGHAIER AND J. ALAYA

The sequence {5, (z) = ™S, (az +b)},>0 is orthogonal with respect to ¢ and fulfills
(1.7) with

~ n_b R n
L AR (1.34)
a a

In the sequel, the linear form v will be supposed symmetric semiclassical of class
§ and satisfying (1.30).

From (1.17), and (1.30), it is clear that when the linear form w is regular it is also
semiclassical and satisfies

(Pu) + Vu =0 (1.35)
with
d(z) = 2°®(x), V(z)=2>T(z). (1.36)
The class s of u is at most 5 4 2.
PROPOSITION 1.9. The class of u depends only on the zero x = 0 of ®.
Proof. Let ¢ be a root of ® such that ¢ # 0, then ®(c) = 0.
If ®'(c) + ¥(c) # 0, using (1.36) we have ®'(c) + ¥(c) = ¢2 (‘i)’(c) + \il(c)) # 0.
If ®'(c) + ¥(c) = 0, we have c¢2(®'(c) + ¥(c)) = 22(®'(c) + ¥(c)) = 0, which leads

to 02® + 0.¥ = 22 (93@ + Hc\if). Then, using (1.17) and the above result, we get
(u, 020 + 6,W) = —\ <v, 023 + 9C\ix> £ 0, according to (1.31). O

ProrosITION 1.10. We have
1) I ®(0) = A (v, 00% + 638 ) # 0 then s =5+ 2

2) If $(0) = <v, Ol + 9g<i>> = 0 and 28'(0) + ¥(0) — A <v, 020 + 293<i>> £0  then
s=5+1.

Proof. For 1) see formula (2.3) of [1, p.14] .
According to Proposition 1.9., the class of v depends only on the zero x = 0 of ®. If
(0) = <’U, 0o + 9§<i>> = 0, then it is possible to simplify by z (1.35)-(1.36), and u
fulfils (1.35) with

(z) = 2®(x), V(x)=d(z)+2P(z). (1.37)
Here, we have
O'(0) + U(0) = 2(0) =0, and (u, 0¥ + 20) = <u b+ 290<i>>.
From (1.17), we get
(u,00% + 02®) = 28'(0) + U(0) — A <’U, 020 + 298<i>>. Hence 2) follows. O

A differential recurrence relation. Note that the OPS relatively to a semi-
classical linear form has a differential recurrence relation [21]. Then, if we consider
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that the linear form v is semiclassical, its OPS {Sy, } >0 fulfills the following differen-
tial recurrence relation

Cry1(z) — Cola)

fi)(x) (@) = Sny1(w) — pn+1Dn+l(I)Sn($) ;20 (1.38)

2
where
Colr) = ~¥/(a) — W(a) , Dolw) = — (v60) () — (v6®) (x) , D_s(a) =0,
Crir(z) = =Cp(x) + 22Dy (z), n>0, (1.39)
pu+1Dng1 () = =8(@) + pn D1 (2) — 2Cp(x) +2°Da(z) , n 20,
. ~ U(x)— W
with (090\11) (x) = <v, (x)fc(o

According to (1.16), and (1.35)-(1.36), the linear form w is also symmetric and
semiclassical and its OPS {Z,,},,>0 satisfied a differential recurrence relation.

We have the following result (see [1] , [5]):

PROPOSITION 1.11. The sequence {Zy,}n>0 fulfills

(2) 241 (2) = C"“(x); Colz) Zn+1(%) = Yn+1Dng1(2) Zn(z) , >0 (1.40)

with

Cpia(z) = I20n+1( ) +2(an Pn+1) ( ) = 2(an+1 — put2)T Dn+1(517)a n >0,

Cl (JJ) = $2éo( ) — 2)\$D0( ) s ) —2%‘1)( ) + $2CO(£L') s
Dyi2(x) = 22 Dpi1 () + (an — prt) ( an+1Dn+2( )) ;, n=>0,
Di(z) = 2*Do(x) . D ( ) )+ ) ADo(a)

COROLLARY 1.12. Fach polynomial of {Z,,}n>0 satisfies a second order differen-
tial equation of Laguerre-type, (or holonomic second order differential equation)

(@) 2y (0) + K (2,7) Zpy (0) + L(@0) Zuga(2) =0, 020,  (L41)
with

J(z, n) z*®(z) (2 2Dn( ) + vn(2)),

K(:c n) x2(~ ( ' (z ))(:czpn + vn(z)) — 22P( )(Qxﬁ +x2D§L( )+ (),
= %(C’ (z) o(2)) (z* D} () + 2° vn(:c) 2200 (2)) + (Onun(z )—9n+1un+1(1’))><
%(QmDn( )+ac2D' () +von(z z)) — (22 Dn(z) + vn(z) ){%( Cr(x) = Co(z)+

+0nup, (x) = Onyr1uny1(z)) —:c\I/ (x) — ADo(z )—|—12V +Va },
and

n(2) = (an-1 = po)aDa1(2), va(®) = (an-1 = pn) (Du-1(2) = 72 Duta (@),

O, =1— (-1, 6, = (1) -1, Vv, 72Dk, n= Y vag(z), Y =0, a1=1
k=0
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Proof. 1t is well known that a semiclassical OPS fulfils a second order differential
equation [21]. For the sequence {Z,},>0, we have

D12 +{CoDn1 — W(P, Dpy1)} 2] 4+
Cpi1 — C, -
+ {W (#717%1) —Dny1 ZDk} Znt1=0, n>0,
k=0

where W(f,g9) = f¢' — f'g . Then, substituting for C,, and D,, , n > 0, from the
previous proposition into the above equation and taking into account (1.28), (1.36),
and (1.39) we get the desired result. O

ProprosITION 1.13. We have
1
2552(1’(95) 1/z+1($2) = (§$(C2n+2($) - Co(iﬂ)) - 72n+2D2n+2(96)) Pn+1($€2)—

Y1 Donso(@)Po(a?),  n>0. (1.42)

Proof. In the relation (1.40), replace n by 2n + 1 and then multiply it by x, so

Copaa(x) — Co(x
that 2®(x) Z3,, () = 2 +2( )2 o )Zzn+2(17) —Yont+28Dant2(7) Zont1(z), but

2 Zon+1(x) = Zony2(x) + Yant1Zan(z) according to (1.22), then
Conta(z) — Co(x
$®(I)Z§n+2($) = <$ 22 )2 o(@) —’72n+2D2n+2(17)> Zanya2(T)
—Yon+2Y2n+1D2n+2(x) Zop ().
Finally, from (1.23), and (1.25) we get (1.42). O

Remark. The relation (1.42) enables us to obtain the differential recurrence rela-
tion satisfied by the sequence { P, }n>0 ( see the second section ) .

Finally, if we suppose that the form v has the following integral representation:
+oo —+oo

(v, f) = / V(z)f(x)dz, feP, with (v)o :/ V(z)dx =1

— oo — 00
where V is a locally integrable function with rapid decay, then the form w is repre-
sented by [1]

(u, ) = £(0) {1 FAPS /j Vx(j’) dx} _APf /j Vx(j’)f(x)dx o (143)
where
Py [TV s =
i { [ e + / too 22 pwas - 2vioso)}

2. Symmetric semiclassical forms of class s = 2 : Case ®(0) = 0. Let us
recall that a regular linear form w is called a Laguerre-Hahn form of class s ( see [2]),
if it satisfies the function equation

(®u) + Yu+ Bz~ u?) =0, (2.1)
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where ®, ¥, and B are polynomials, (® monic) and s = max(p—1,d—2) , t = deg(®),
p = deg(¥), r = deg(B), d = max(t,r).

When B = 0, we meet the semiclassical linear forms.

PROPOSITION 2.1. (see [2]) Let u be a symmetric Laguerre-Hahn form of class
s, satisfying (2.1), then if s is even, ® and B are even and VU is odd ; if s is odd, ®
and B are odd and U is even.

In the semiclassical case (B = 0), we obtain

COROLLARY 2.2. Let u be a symmetric semiclassical form of class s, satisfying
(1.35). If s is even then ® is even and ¥ is odd. If s is odd then ® is odd and U is
even.

In the sequel, we suppose s = 2, u symmetric, and ®(0) = 0. Then, according to
the above corollary u satisfies (1.35) with

O(z) = ezt + ez, V(x) = aza® + a1z, |ea| +|as| #0. (2.2)
In this particular case, it is possible to characterize the involved semiclassical
forms of class s = 2 as following:
THEOREM 2.3. The following statements are equivalent

(a) w is a symmetric semiclassical form of class s = 2 satisfying (1.35) with
®(0) =0 ( i.e. with (2.2) ).

(b) There exist a symmetric semiclassical normalized linear form v of class §<1,
and (ZLO, asz, C1, 53) € C* such that :

u=-Xx2v+d, A=—(u)s, (2.3)
(G323 + &1x)v) + (G202 + Go)v =0, (2.4)
|E3|+|61|5£07 d2#07 a/07é07
— (283 + ag) A + (21 + o) #0. (2.5)
For the proof, we need the following lemma
LEMMA 2.4.  When u is a symmetric semiclassical linear form of class s = 2

satisfying (1.35) with ®(0) = 0 , then wou and x?cu are regular.

Proof. Since u is a regular and symmetric linear form , then zou is regular
according to Proposition 1.2.
From (1.35) and (2.2), we have

((caz® + 02x2)u)l + (az2® + a12)u = 0.
Multiplication by x gives

((caz® + 02x3)u)/ + ((a3 — ca)z* + (a1 — e2)2*)u=0. (2.6)
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Applying the operator o for the previous equation and using (1.5)-(1.6), we obtain
(% (z)(zow)) + Ui () (zou) = 0

1
where ®%(z) = cq2? +cor, and U (2) = 5(((13 —cy)z+ar —c) .

Assume ag — ¢4 = 0. Then, from (2.6),we obtain
<((C4:C5 + 02x3)u)/ + (al — cz):qu , x2"> =0, n>0, (2.7)

By (2.7) with n = 0, it is easy to see that a; — c2 = 0 since (u)2 = 71 # 0 and then,
(2.7) becomes

ca(t)anga + c2(U)2ni2 =0, n>1. 2.7y

If ¢4 = 0 then (w)2p42 = 0, n > 1 (since ® is monic) and if ¢4 # 0 then
co

()2n+4 = k(u)g, m >1 where k = ——=. Therefore, we can deduce that the Hankel
Cq
5
determinant A =: det((u)iﬂ-) = 0 which is contradictory with the regularity
4,j=0
of u. Hence
az — C4 75 0. (28)

Thus, deg(¥#) = 1 and deg(®¥) < 2. Then, zou is a classical form. So, there exist
parameters A\,+1 € C*, n > 0 such that its corresponding OPS {R,, },>¢ satisfies the
following differential equation

@R(x)RZH(x) - ‘I’R(w)R;zH(iU) = Mt1Rnp1(z), n>0,

since, the classical orthogonal polynomials are solutions of a second order differential
equation of hypergeometric type according to [7].
Substituting x by 0 in the above equation, we obtain

UH(0) R} 41(0) = A1 Ruy1(0), n>0. (2.9)

We have necessarily
20R(0) =a; —ca #0. (2.10)
In fact, if :LI/R(O) = 0, then R,41(0) = 0, n > 0. Taking into account (1.24), (1.20)

becomes H pf +1 =0, n >0, which is contradictory with the regularity of zou .
v=0

Now, assume that there exists ng > 1 such that R,,(0) = 0. Then, according to

(2.9)-(2.10), we get R;, (0) = 0 which is a contradiction because it is well known (see

[7],[22]) that the zeros of the classical OPS are simple. Hence R,(0) 20 n > 0. So,

by [8], the linear form z%ou = z(zou) is regular. O

Now, we are able to give the proof of Theorem 2.3.

1
Proof. (a)= (b). Let v = —X:v2u which is equivalent to (2.3). Since v is sym-

2

metric, ov = —5Tou and zov = —3z U, then v is regular according to Proposition
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1.2. and Lemma 2.4. .
From (1.17), (2.2), (2.6), (2.8), and (2.10), we obtain (2.4) where
53264, 51202, d2=a3—04 ,anddoza1—02 .

From (2.4), it is clear that the linear form v is semiclassical of class § <1 .
Finally, we have ®'(0) + ¥(0) = 0 and (u, gV + 63®) = —\(cs + a3) + (c2 + a1).
Then, using Proposition 1.8., and the above results, we deduce (2.5).
(b)= (a). From (2.4), v satisfies (1.30) with ®(z) = é&a® + &1z, V(x) = aga® +do -
Here, we have <v, 0o + 9(2)<i>> =0and @ (0) + ¥(0) = ag + ¢ .
Then, using the standard criterion of simplification (1.31), we obtain the two different
cases :
i) ap + ¢ # 0, then v is of class § = 1.
In this case, we have  ®(0) = <U,6‘0\i! +98<i>> = 0, and from (2.5), we obtain

28/(0) + B (0) — A (v, 03 + 2638 ) = — (28 + G2)A + (261 + 1) £ 0.
Then, the class of u is s = 2 according to Proposition 1.10., 2).
ii) ap + ¢1 = 0, then it is possible to simplify (2.4) by z. Thus, v satisfies (1.30) with

‘I)(I) = 63172 —|— &1, \IJ(I) = (ZLQ —|— 53)17
It is clear that the linear form v is of class § = 0. In this case, we have

$(0) — A <v, 000 + 9g<i>> = (285 + Gx)\ + &1 £ 0.

Then, the class of u is s = 2 according to Proposition 1.10., 1). O

From (1.32), Corollary 2.2 and Theorem 2.3. , we distinguish three canonical cases
for ®:

d(z) =22, @)=z, o) =2**-1)

which correspond respectively to the three canonical cases for P:

d(z)=z, O(x)=2>, O@)=z@>-1).

The last one was mentioned in [2], the authors gave all the symmetric semiclassical
linear forms v of class s = 1. They are obtained as particular cases of symmetric
Laguerre-Hahn forms of class s = 1, when B = 0.

2.1. ®(z) = 2%. Inthis case, v is the symmetric semiclassical form with é(m) =
x. Indeed, v = H(2a + 1) : the generalized Hermite form (see [2,8]).

We have [2]

ponii=n+a+1, pyio=n+1, (2.11)

U(r) =222 - 2(a+1), (2.12)
' .

W(r) = =222 + (=1)"(2a + 1), Dp(z)= -2z, n>0.

In addition, {Sy,}n>0 verifies (1.10) with

P.(z) = L%(x), Ru(x)=L"Yz), n>0, (2.13)

n
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where L& (x) denotes the classical Laguerre polynomials which are orthogonal with
respect to ov = L(«).
Using (1.10), (1.11), (2.11), and Proposition 1.1., we get successively

Fn+a+1)

PA(0) = (1) Fr gy

n>0, (2.14)
S5)12(0) = Ros1 (0,—p1) = (=)™ T(n+2), n>0. (2.15)
From (2.15) and (1.9), we obtain
(a+1)RIP0) = (=1)""'T(n+2) — R 1(0), n>0.

Then, by replacing @ + 1 by « in the above equation and using (2.13)-(2.14), we get
ifaa£0

~SN®—£:%ﬁi(H”+”‘E¥%;%%Q>’ n>0. (2.16)

And if @ =0, from (1.21) and (2.11), we obtain
N "1
M) = (—1)" - >
PM(0) (1)nn+mZ;k+1, n>0. (2.17)
So, from (1.9), (2.14), (2.16), and (2.17) we deduce

~ (-=D)"T(n+a+1)dan

P,(0,A) = , >0, 2.18
(0,) (@ + 0a0)T(a+1) " (2.18)
where
M+ 1)I'(n+1)
— >
(a+A) Tmtatl) a#0, n>0,
don = n=l oy -1 (2.19)
1+ —_— =0 >0. =0

The regularity conditions are «a# —(n+1), don#0, n>0.
(1.27) and (2.18)-(2.19) give
(n+ a4+ 1)dont1

in = 7. . n>0. (2.20)

Using (2.11), (2.20), and Proposition 1.6., we get

(n+1)dan

. n>0. 2.21
da,n+1 ( )

Y1 ==X, Vee42=0n, Yonts =
From (1.37), we have W(z) = 223 — (2a + 1)x.

Using Proposition 1.11., (1.28), (2.12), (2.19), and (2.20), we obtain after division by
xz, forn >0
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Co(z) =203+ (2a—1)x, C1(z) = —22° + 2a+ 4\ + 1)z,

02n+2 (I) = —2:173 — Xn y C'2n+3(x) = —2{E3 + XnJrl )

Do(z) =—-222+2(a+2)), Dapyi(x)=—222, (2.22)
2 (a® + 8o.0) (@ + MAL(e + 1) (n + 1)

D2n+2($) = —2$2 —

3

I'(n+ a+ 2)dondant1

AN (@ + 60.0) T(a+ )T (n + 1)
Fn+a+1)don *

where X,, = (Qa +1+

Next, the focus will be put on cu: the even part of u .

The linear form u verifies the functional equation

(:CQu)/ + (22° — 2o+ 1)z)u=0.
Multiplication by x gives

(xgu)/ + (22" = 2(a+ 1)z*)u=0.
Applying the operator o for the above equation and using (1.5)-(1.6), we obtain

2(w2ou)/ +2(2* = (a+ 1z)ou=0.
Then owu is semiclassical form and satisfies the functional equation
(®F (x)ou) + P (z)ou = 0 (2.23)

where P (z) =22, UP(2)=22—(a+1)z.

We have ¥ (0) + (®7)'(0) = 0 and (ou, o ¥F + 0307) = —(A + a) .
Then, using Proposition 1.8., we obtain the two different cases:

i) A # —a , the class of ou is equal to 1.

ii) A = —a , ou is a Laguerre form with parameter value of o — 1 .

From (1.25) and (2.22), the coefficients {37, 7 ; } of {P,}n>0 are given by

n>0

P P P
Bo =7, 5n+1 =Yon+2 T V2043 5 Tn41 = V2n+172n+2

where 7, ,n > 1 are given by (2.21).

According to Proposition 1.13. and (2.22) where 22 — z , the sequence { P, }n>0
satisfies the following differential recurrence relation (for n > 0)

Cia(z) — CF ()

®F (2) P, 1y () = = Pri1(2) = v 1 Dy (@) Pa(2) (2.24)

2
with
CF(x) - Cf (x) o AMa+da)T(a+1)T(n+1)  (n+a+1)dant1 .
2 o F(TL + o+ 1)do¢,n da,n
(@ +60,0) (@ + A)AL(a + 1)I(n + 1)
I'(n+ o+ 1)(don)? ’
a2+ 60a) (a+MN\(a+1D(n+1
PP 0y — g (E2 ) (0 V£ Dl + 1)

I'(n+ o+ 2)dandanti
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Cl(z)=-2>+(a—1)z, DEP(x)=-z+A+a .

Finally, we give the integral representations of v and ou.

The linear form v = H (2« + 1) has the following integral representation [ 8, p. 157]

(v, f) = _ /+°° |x|2a+167m2f(:1:)d:17 Rla)>-1, feP. (2.25)
’ Mla+1) J o ’ ’

Therefore, (1.43) becomes (see also [15] )

JFOO 2
(u, f) = (1+ 2) £(0) = F(#/ w221~ f(2)de , R(a) > 0. (2.26)

a+1)/
From (2.26)), we get
(ou, f(z)) = (u, f(2?))
A 2A e 2a—1 -2 £/ .2
Then, we obtain after a change of variables

—+o0

(ou, f) = <1 + 2) f(0) — ﬁ/@ 22t f(z)dx ,R(a) > 0. (2.27)

Remarks. 1. From (2.26)-(2.27), we deduce that the linear form u is the sym-
metrized of a Laguerre-type linear form (see [3,11,12,13,14]).
2. A remarkable particular case is A = —q«/, the linear form w is the generalized
Hermite form corresponding to the parameter value 2a — 1.

In the two other cases, we are going to proceed with the same stages and tech-
niques.

2.2. ®(z) = z* . Let us keep the same notations of [2] where it was shown that
the symmetric semiclassical 9 of class s = 1 with ®(z) = z® satisfies

(z%0)" + <—2(u +1)a? — %) 0=0.

Putting v = 2o — 1 and using (1.33)-(1.34), then the regular linear form
v = hy ;50 satisfies

(z%v) — 4(az® +1)v =0 (2.28)
and
1 - n+1
pP1 = v p2"+2_(n+a)(2n+2a+1)’
_ n+ 2« n>0
Pant3 = m+a+1)2n+2a+1)"’ -

The regularity condition is o # —g , n >0, and we have
U(z) = —4(ax? +1),
Cn(z) = (2n +4a —3)2® +4(-1)", n>0,
Dy(z)=2(n+2a—-1z, n>0.
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Applying the operator o for (2.28) and using (1.5)-(1.6), we obtain
(:102011)/ - 2(a:10 + 1)01} =0.
Multiplication by x gives
(172(1:01)))/ -2 ((oz + %) x + 1) (xov) =0.
From (2.29)-(2.30), we deduce that {S),},>0 satisfies (1.10) with

Bo(z) = Bo(x), Ru(x)=BST2(@x), n>0,

401

(2.29)

(2.30)

(2.31)

where B2(z) denotes the classical Bessel polynomials which are orthogonal with

respect to ov = B(«a) (see [21] ).

Remark.[3] From (2.31), v is the symmetrized linear form associated with the
linear form B(a) (i.e. v is symmetric and ov = B(a) ), with the notation v =

w(B()).

By applying the same process as we did to obtain (2.18)-(2.19) and using the above

results, we get

2'T(n+20 = 1) (1= 20426, 3 ) dan

P,(0,A) = ) >0,
(0.4) 2T (2n + 20 — 1) "
where
2 1" —
B _( )AL (2« 1)I‘(n+1), n>0. o 17
4 2a0—1 F'n+2a-1) 2
a,n — 1
1+(—1)”%)\, n>0,o¢:§.
The regularity conditions are  don #0, a # —g , n>0.
From (1.27) and (2.32)-(2.33), we get
200 — 1)dy .,
G, = — (n + 20 = 1)danin Cn>0.
(n + a) (2n + 20 — l)dayn
So, from Proposition 1.6 we get
M1 ==A, Y42 =an, n2>0,
(n+1)dan
i3 = : , n>0.
Tants (2n+2a+1)(n + a)dant1

From (1.28), (1.37), (2.34), and Proposition 1.11., we obtain for n > 0

(2.32)

(2.33)

(2.34)

(2.35)



402 M. SGHAIER AND J. ALAYA

U(z) =(1-4a)z® -4z,
Co(z) = (4a—>5)a®+4x, Ci(x) = (4a—3)23+4(1 - A2a—1))x,
Conio(z) = (4n +4a —1)2® - Y, ,
Conys(z) = (4n +4a+ 1)a® + Yoi1
Do(z) =4(a—1)z2+4-2)2a—-1), (2.36)
D2n+1($) = 2(2TL + 2a — 1)1‘2 s
Do oon(z) = d(n +a) | 22 — 2(—=1)"A(A2cx —21) —2)T(2)(n + 1) 7
(1 2 25%@) T(n + 20)da.nda it

_1\n+l
where Y,, = | 4 + ( 1) 8)\F(2Q)F(n + 1) .
(1 — 20 — 26%@) D(n+2a—1)dan

ou is a semiclassical linear form and satisfies (2.23) with
O (z) =23, VP(2) = —202% - 22.
For the class of ou, we distinguish the two following cases:
i) 2071 #£ 2a — 1, the class of ou is equal to 1.

1
ii) 227! = 2a — 1, ou is a Bessel form with parameter value of a — 3

From (1.25) and (2.35) the coefficients {85 ,~v2,,} of {P,}n>0 are given by

n>0
553 =7, 55“ = Y2n+2 + Y2n+3 %1;1 = Y2n+172n+2 ,
where v, ,n > 1 are given by (2.35).

From Proposition 1.13. and (2.36), the sequence { P, },>0 satisfies (2.24) with

CrI:Jrl(‘T) - Cép(x)
2

=(n+1)2% -

(n+2a — 1)do nt1 (=)™ AT (n + 1)T'(2a)
—211- ’ + T
@n+ 20— 1)da.n (1 — 2+ 25%) T(n+ 20 — 1)da.n
(=1)"A(M2a —1) = 2)T2a)T(n + 1)
2
(1 2 - 25%%) T(n+ 20 — 1)(da.n)?
—1)"A(M20 — 1) — 2 I'(20)T(n + 1
D5+1(x):2(n+a):v—4( ) ((a ) 2)(n+a) (20)T(n + ), n>0,
(1 ~%2a— 25%) T(n + 20)dandanit

Cl(z)=2a-3)22+2x, DI (z)=2(a—-1z+(1-2a)A+2.

—4 , n>0,

Integral representations. First, let us recall some results which are useful to
obtain the integral representations of v, u and ou.

A solution of (1.30) has the integral representation

+oo
(v, f) = / Uw)f(e)de, feP.

— 00
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where we suppose that the function U is absolutely continuous on R and its derivative
U’, if the following conditions hold [18]

(®(2)U(x)) + U(z)U(x) =ng, (2.37)

O (z)U(x)f(x)T2 =0, fep, (2.38)
+oo

/ U(z)dx #0, (2.39)

where 1) # 0 is arbitrary ; g is locally integrable function with rapid decay representing
—+oo

the null form: / 2"g(x)=0, n>0.

The fundamental example representing the null linear form is given by the Stieltjes
function [21]

() 0, <0,
= 1
S e *Tgingt, >0
¢ 2
PROPOSITION 2.4. [18] Let ho(t) = / r?%e” = dx; we have the following expres-
0
sion
+o0 5
J(a) ::4/ 378 T e sin(t) ho 1 (t*)dt (2.40)
0
1 2m—+1 +00 ,
= Jom H (20 + u)/o 37 8% e sin(t) harm (tH)dt, m >0, a€C.
pn=0

COROLLARY 2.5. [18] We have J((—%)) =0,n > 0.

This result is consistent with the fact that the Bessel form is not regular for these
values of a.

n

CONJECTURE 2.6. [18] The unique zeros of J(a) are o, = — n > 0.

)

o]

PROPOSITION 2.7. [18] For a > 1, we have J(a) > 0.

PROPOSITION 2.8.
*) For a such that J(a) #0

—+oo

2 oo 2
|z|*3e™ 27 (/ §2aess(§)d§> f(x)dz . (2.41)

1 1
x ) For « suchthatJ(a—§)7éOanda7é§

_ 2a-1 e da—3,—% e —20+1 % >
W h) =gy [ttt ® ([ emetaae) s a2
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Proof. From (2.37) a solution of (2.28) has the integral representation

+o0
(v, f) = / V(z)f(x)dz , feP if (:E3V(:C))/ — 4(az? + 1)V (z) = ng().

— 00

With the choice of g(z) = sgn(z)s(z?) , we obtain the following solution:

0, =0,
— “+o0
V)= paptase % / £2%eEs(€), T #0. (243)

2
It is evident when |z| — +o00 [18]

+oo 1 1
|V (z)| < |n||x|49%(a)73/ 5—29%(04)6754(15 — ofe lz| 2 ).

x2

So, the condition (2.38) is fulfilled. It remains just to prove (2.39). From (2.43), using
(2.40), we get

+oo +oo +oo
/ V(z)dx 217/ gle—3e= iz (/ §2ae§s(§)d§> dx
— 00 0 2

0 " pa2e ( / - 5—2ae%s(§)ds> dy

nJ(a) .

Hence (2.41).
Using the same process described above with g(x) = a?|:17|s(:c2) instead of
g(z) = sgn(z)s(a?) , we get (2.42). O

Remark. If we start from (2.42) and apply the same process as we did for (2.26), we
obtain the following new integral representation of B(«) for a such that J (a — %) #0
and o # %

(B(a), f) = —%/ﬁo o222 (/:OO g*za“e%s(g)dg) fa)de . (2.44)

From (1.43) and (2.42), we obtain
(2a — 1A

oo 2 Foo 2
1) = gy [t ([ emnctatee) s
B) —o0 z

2a—DA [T s -3 T s 2
+<1_m/_w aftete </ e s(é)d§>d:r>f(0),

1
but according to (2.41), where « — o — 5 e have

20—1 [T ola a2 ([T i 2 1 20— 1
— a—3e7 32 “2atloEs(€)de | —dz = — :
2J(Oé_%)/oo aftese ([ erentetagae ) e = -2

1
Therefore, for o such that J(a — 1) # 0 and o # 3

)= (1= 22522 roy
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20— )X [T oo
+M/ |z[teBe 3z (/ 5—2a+1e%s(§)d§> fx)dz . (2.45)
2J (CY - 5) — 00 z2
If we start from (2.45) and apply the same process as we did for (2.26), we obtain for
1
a such that J(a—%) #Oanda;éi

(ou, f) = (1 - @) £(0) +
+% /OJFOO g0, 2 (/:0" €2a+1e§3(§)d§) f(2)dz . (2.46)

Remarks. 1. From (2.45)-(2.46), we deduce that the linear form u is the sym-
metrized of a Bessel-type linear form (see [3]).
2. A remarkable particular case is 2A~! = 2a — 1, the form u = w (B (a — %))

2.3. ®(z) = 2*(z* — 1). It was shown in [2] that the symmetric semiclassical v
of class s = 1 with ®(z) = x(2? — 1) satisfies

(z(2? = 1)) + (=2(a+ S +2)2® +2(6+1))v=0.

Indeed, v = GG(a, B) , the generalized Gegenbauer (see [6]).

Again in [2 , 8] , we have

n+8+1)(n+a+p8+1) "> 0

2n+a+B+1)2n+a+4+2)7
i a(nfl)(g(ﬁafl)ﬂ ) n>0 (247)

n+a+p+2)2n+a+p+3)°

P2n+1 = (

P2on+2 = (

The regularity conditions are «a# -n,8# —-n,a+8#—-(n+1),n> 1

And we have

Colz) = (2n +2a+ 28+ 1)z? + (-1)"t1 (28 +1), n>0, (2.48)
Dy(z)=2n+a+p+1)z, n>0. .
In addition, {Sy,}n>0 verifies (1.10) with
- 1 - 1
P(z) = Q—nPgﬁ@x —1), Ru(z)= Q—nPgﬁ“@x ~1), n>0, (2.49)

where P2P(z) denotes the classical Jacobi’s polynomials which are orthogonal with
respect to J(c, 8). This last linear form satisfies ((z* — 1)J(a,ﬁ))/ + (~(a+8+
2)z —a+3)T (o, ) =0 (seel6, 8]).

Then, ov = (h%m'l)j(a,ﬁ) .

By applying the same process as we did to obtain (2.18)-(2.19) and using the above
results, we can get for n > 0

(-1)"(a4+B+1)I(n+ B+ DI (n+a+p+1) »
(B+0500(B+1)T2n+a+6+1) n

Pn(0,)) = (2.50)

with
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_)\I‘(ﬁ + 1) (a+B8+1)I(n+ 1) (n+a+1)
FNa+1DI'(n+ 8+ 1)I(n+a+p+1)

n—1

—1
1 2k +a+2
— 4+ . B=0,n>0, =0 .
a+1 kzzo(k+1)(k+a+1) p " (zO: )

The regularity condition is d? #0, n>0.
Again from (1.27) and (2.50)-(2.51), we get

A m+B+1D)(n+a+8+1)dsgn+

Y @nta+B+1)2n+a+B+2)dn ] (2.52)

We deduce according to Proposition 1.6., (2.47), and (2.52)

Y1 ==X, Yont2=0an, n=>0,
m+D(n+a+1)dsy,
m+a++2)2n+a+ B+ 3)ds nt1

(2.53)

, n>0.

Yon43 = (

From (1.28), (1.37), (2.52), and Proposition 1.11., we get for n > 0
() = (—2a— 28— 3)a® + (28 + 1)z,
Co(r) = 2a+28—1)2® — (28— 1)z,
z)=(2a+28+1)2° — 28+ 1+4\a+8+1))z,
Conta(z) = (4n + 20+ 28 + 3)2® + Z,, ,
Conts(z) = (dn+2a+28+5)2® — Zyp1
Do(z) =2(a+ B)z* = 2(B+ Aa+ B+1)) ,
Dopi1 =220+ a+ B+ 2)2?
Dopyo =202n+a+ [+ 2)x
, (B +00p) A (%ﬁm + A) LB+ (a+B+1)(n+a+1)(n+1)
(w * T(at DL+ B+ 2T+ ot B+ 2)dpndamss ) ’

S

(2.54)

with Z, = (25 L B+ 80p) B+ V(0 + 4+ DT+ (0 + o+ 1)) )

FNa+1DI'(n+ B+ DI'n+a+ B+ 1)dsn
ou is a semiclassical linear form and satisfies (2.23) with
PP (x)=a?(x—1), ¥P(@@)=—(a+pB+2)2+ (B+1)x.

Concerning the class of ou, we have the two different cases:

i) A # _#;—I—l , the class of ou is equal to 1.
i) A= _%ﬁ—kl , (hgmg%) ou=J (a,5—1).

From (1.25) and (2.53) the coefficients {385 ,~v2,,} of {P,}n>0 are given by

n>0

P P P
Bo =715 Bpg1 = V2n+2 + 72043 5 Vnt1 = V2n+172n+2

where 7, ,n > 1 are given by (2.53).
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The sequence { P, },>0 satisfies (2.24) with (for n > 0)
(03;1( )= C5'(@) = (n+1)a° + Apz + T

Dl (@)= (2n+a++2)(z+E,) ,
Ci(x)=(a+pB-1)2* = (B-Dz, Df(x)=(a+pz—Na+p+1)+4),

where

— B+ (B+00p) LB+ D (a+ B+ DI (n+ DI'(n+a+1)

T(a+ D)T(n+ B+ D)I(n+a+ B+ 1)d]
(n+B+)n+a+ B+ 1)dgns
Cn+a+ 08+ 1)dsn,
(8 +60,5) A (A 2227 ) T+ DT (@ + B+ DT (n+ D0 (n +a+ 1)
2n+a+ B8+ (a+1)I(n+F+ 1T (n+a+ G+ 1)(dsn)?
(P +00p) A (A 54 ) DB+ DM@+ 5+ D00+ 1T (0 +a +1)
B T(a+ DI(n+B+2)T(n+a+ B+ 2)dsnadsnit '

3

n = —

)

[
3

The form v has the following integral representation [8, p. 156], for R(a) > —1,
RPB)>-1,feP

a4+ 6+2)

<U’f>zr(a+1) T(3+1

)/ |29 (1 — 22)* f(z)da . (2.55)

Therefore, for £(a) > -1, R(3) > 0, we obtain by (1.43)

) = A i [ e e
+(1+39ﬁ%359)ﬂm. (2.56)

Applying (hgm'_ ) for (1.19), we get in this case

1
2

—1

cu=0_1—-2\z+1) J(,p) (2.57)

where ou = (h/QOT_%) (O"LL).

Remark. If {Pn}nZO is the corresponding orthogonal sequence to cu, then ac-
cording to (1.34), we have Y =288 -1, P =4yF,, n>0.
We have for R(a) > -1, R(8 > —1[21]

P(a+ 8 +2)

<j(04, 5)7 f> = 2a+ﬁ+1I‘(o¢ + 1)F(6 +1

1 —2)*(1 +2)° f(x)da . .
)/71(1 ) (1 ) f(z) (2.58)
Then, from (2.57)-(2.58), we obtain

— L(a+5+2) ' g @)~ f(=1)
(ou, f) = f(-1) — 2>\2a+5+1F(a+1)I‘(ﬁ+1) Ll(l—x) (1—1-36)5de
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But, when R(5) > 0 we have

D(a+3+2) ! N s a+p+1
20 AT (o + )I(B + 1) /,1(1_“7) At gqde=—

Therefore, for ®(a) > -1 , R(B) > 0, we obtain

. T(a+3+2 ! N B
(du, fy = — 2a+ﬁI‘((og n 1)F(5)+ 0 /_1(1 —2)*(1 + )P f(2)da+
+ (1 + %) F=1). (2.59)

REMARKS. I. From (2.56) and (2.59), we deduce that the linear form w is the
symmetrized of a Jacobi-type linear form (see [3, 11, 12, 13, 14]).

1 - 1
2. Zon(x) = 2—71P,,(29c2 —1), Zopt1(x) = 2—n:vP,(LO"B)(2:E2 -1), n>0.

Particular cases:

p
1A= i grl u=GG(a,p —1) (see [5]).
1Y(1-2?%

1 1
2)0{—5,6——57 U—éo—)\Pf—

T x2y/1 — 22

Y N =

where Y is the characteristic function of R*.

1 1 1
a=0= 3 A= g Y= 550 + 2U where U is a Tchebychev form of second

kind. In this case, the sequence {Z, },>¢ satisfies (1.22) with

(see [1]), with the definition

n+1 n+3 >0
n = n = < 7’L_ .
Y2n+1 4(n +2) Y2n+2 A(n+2)

In a very interesting work [10], J. Charris, G. Salas and V. Silva studied this
sequence of orthogonal polynomials.

Remark. Theorem 2.3. is the main result of our paper. From it, we carry out the
complete description of the symmetric semiclassical linear forms of class s = 2, when
®(0) = 0. Unfortunately, the case when ®(0) # 0 is not covered by this theorem and
the description of these linear forms remains open.
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