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2D DENSITY-DEPENDENT LERAY PROBLEM WITH A
DISCONTINUOUS DENSITY∗

AMMAR KHODJA, FARID† AND MARCELO M. SANTOS‡

Abstract. We consider the existence of a solution for the stationary Navier-Stokes equations
describing an inhomogeneous incompressible fluid in a two dimensional unbounded Y-shaped domain.
We show the existence of a weak solution such that the density and velocity of the fluid tend
to densities and parallel flows, respectively, prescribed at some ‘ends’ of the domain. We allow
prescribed densities at different ends to have distinct values. In fact, we obtain the density in the
L∞-space.
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1. Introduction. Inhomogeneous fluids, i.e. fluids with a variable density, are
important to be investigated in both physical and mathematical aspects. They can
model, for instance, stratified fluids (see e.g. [9]) and the meeting of fluids coming
from different regions with distinct densities, e.g. sewerage, water-works, the junction
of two or more rivers, and junctions of channels as, for instance, occurs in devices
called MEMS (Micro-Electro-Mechanical Systems). In the meeting of fluids with
distinct densities, we must study a fluid with a discontinuous density. The classical
mathematical model is the system of Navier-Stokes equations. Many challenging
open questions are related to domains with unbounded channels even for the case of
constant density, as for instance, the so-called Leray problem. This problem consists
of finding a solution for the incompressible stationary Navier-Stokes equations with
constant density, in a domain with unbounded straight channels, such that the velocity
of the fluid in each channel tends to a given Poiseuille flow (a parallel velocity field
in the straight channel vanishing at the boundary of the channel; see (4) below) in
the end of the channel. This problem seems to have been proposed, in the 1950s,
by Jean Leray to Olga A. Ladyzhenskaya, cf. [1, p. 476]. Despite the effort of
brilliant mathematicians, see e.g. [6], up to now its solution is known only in the case
of Poiseuille flows with small fluxes, a result due to Charles J. Amick [1, Theorem
3.8]. Not surprisingly, the main difficulty in solving the problem is to deal with the
nonlinear term in the Navier-Stokes equations. In the case of a domain with straight
channels and constant density, this difficulty is overcome in [1] by seeking a solution
with the velocity field v of the form v = u + a, for a new unknown u, where a is
a suitable extension of the given Poiseuille flows (see Section 2). It turns out that
the nonlinear term can be estimated by the fluxes of the Poiseuille flows. Thus the
result comes about the restriction that these fluxes are small, in comparison with the
viscosity of the fluid.

We extend Amick’s theorem [1, Theorem 3.8], in the two dimensional case, to
inhomogeneous fluids with the density in L∞; see Theorem 1 below. The result for
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smooth-density solutions was obtained in [5]. It is based on the streamline formula-
tion, an approach strictly limited to the two dimensional case. Indeed, the smooth
density ρ, which we obtained in [5], is of the form ρ = ω(ψ) where ψ is the streamline
function, i.e. ∇⊥ψ = v (∇⊥ψ := (−∂2ψ, ∂1ψ)), and ω is some scalar function con-
nected to the given values at some ends of the channels. This approach was first used
by N.N. Frolov [2] to solve a boundary value problem in a bounded domain for the
stationary inhomogeneous Navier-Stokes equations. Frolov’s solution does not cover
the case of a discontinuous density. In fact in [2] the solution is in the class of Hölder
continuous functions and the part of the boundary of the domain in which the fluid
is incoming is a connected set. In [10] Frolov’s result was extended to L∞-density
solutions and the part of the boundary of the domain in which the fluid is incoming is
allowed to be a disconnected set. The difficulty in dealing with L∞-density solutions
is that the composition ω(ψ) is for our purposes meaningless, since for a discontinuous
ω it may not yield a measurable function.

We give a new approximating scheme which permits to pass from smooth-density
solutions to L∞-density solutions. We regularize the data and take appropriate as-
sociated scalar functions ωǫ, ǫ > 0. Then we introduce approximating solutions
ρǫ = ωǫ(ψǫ), vǫ = ∇⊥ψǫ, and we are able to pass to the limit as ǫ tends to zero
due to careful (with respect to ǫ) uniform estimates derived for the smooth case. An
important step in the arguments is to attain the given densities at some ends of the
channels, say |x| tending to infinity. Here we have a special difficulty, essentially be-
cause the density is only in L∞ and we have to deal with the double limit of taking
ǫ tending to zero and |x| tending to infinity. To overcome this difficulty we use the
weak formulation of the ‘transport equation’ ∇ · (ρv) = 0 (the stationary equation
of conservation of mass), in which the given density at infinity is taken into account,
and choose special test functions. In fact, we do not get exactly the desired weak
formulation. Instead, we get an approximated one–see (21) in Section 3, but with an
error term that decays exponentially at infinity. This is due to the exponential decay
of the approximated velocity vǫ to the Poiseuille flow, uniformly with respect to ǫ;
see Lemma 2 in Section 3.

Now, we describe our problem more precisely, state our main result–Theorem 1
below, and give more details of the ideas introduced above.

The fluid fills an open set Ω ⊂ R
2 that is simply-connected, it has a smooth

boundary Γ and it is the union of four disjoint sets, Ω = ∪3
i=0Ωi, such that Ω0 is

bounded and, in possibly different coordinate systems, Ω1 = {(x, y) ∈ R
2 : x < 0, y ∈

Σ1}, Ω2 = {(x, y) ∈ R
2 : x < 0, y ∈ Σ2} and Ω3 = {(x, y) ∈ R

2 : x > 0, y ∈ Σ3},
with Σi = (−di, di) for arbitrarily given constants di > 0, i = 1, 2, 3. (This kind
of domain was introduced by Amick, but with two ends Ωi only (i 6= 0), which he
called an admissible domain [1, Definition 1.1].) See Figures 1 and 2 below. The
Navier-Stokes equations describing a stationary inhomogeneous incompressible fluids
in Ω are the following:

{

ν∆v = ρ(v · ∇)v + ∇p
∇ · v = 0, ∇ · (ρv) = 0 .

(1)

Here, ρ, v = (v1, v2), p, and ν are, respectively, the mass density, the velocity, the
pressure and the given constant viscosity of the fluid. The first equation represents
the conservation of momentum and the second and third equations represent the in-
compressibility of the fluid and the conservation of mass, respectively. The prototype
of problem we have in mind is the junction of two rivers with different densities in a
stationary regime.
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Fig. 1. Domain Ω; Y-shaped domain.

In this problem we have two (unbounded) channels where the fluid is incoming (Ω1

and Ω2 in Figure 1) and one channel where the fluid is outgoing (Ω3 in Figure 1).
See also Figure 2. Since the conservation of mass equation is a transport equation for
smooth solutions, with transport vector given by v, it is natural to give the density
only at the ends of the channels where the fluid is incoming. The velocity field v is
known to be parallel at far distances in each straight channel. Besides, we assume that
the fluid does not slip on the boundary Γ of Ω, so the vector field v in each channel
Ωi, i = 1, 2, 3, is of Poiseuille type. Thus, coupled with the systems of equation (1),
we have the following boundary conditions:

v = 0 on Γ (2)

(nonslip boundary condition) and






lim
|x|→∞

i v = vi, i = 1, 2, 3

lim
x→−∞

i ρ = ρi, i = 1, 2
(3)

where limi
|x|→∞ stands for lim|x|→∞ with (x, y) ∈ Ωi (similarly, limi

x→−∞ stands
for limx→−∞ with (x, y) ∈ Ωi, i = 1, 2), vi is a given Poiseuille flow in Ωi, i = 1, 2, 3
(see (4) below) and ρi is a given nonnegative function in Cb(Σi), i = 1, 2. Here and
throughout, if X is a topological space, Cb(X) will denote the space of bounded and
continuous functions defined on X , endowed with the supremum norm ||f ||Cb(X) :=
supx∈X |f(x)|. Notice that in the second equation in (3) i varies from 1 to 2 only, i.e.
we do not give ρ at the end of the outgoing channel Ω3. We call the problem (1)-(3)
density-dependent Leray problem.

Before stating our main result, Theorem 1 below, we need some more notations.
First, let

αi =

∫

Σi

vi · ni, i = 1, 2, 3

(the flux of the Poiseuille flow vi in Ωi) where ni is the unit normal to Σi (the cross
section of Ωi) pointing toward |x| = ∞, i.e. pointing to the exterior of Ω0. In the
coordinates systems of Ωi, we have ni = (±1, 0) and

vi(y) = (θi(y), 0) for θi(y) = ± 3

4d3
i

αi(d
2
i − y2), y ∈ Σi = (−di, di) (4)
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(cf. [1, p.485]) where the sign ± is − if i = 1, 2 and + if i = 3. Because the incom-
pressibility equation ∇·v = 0 and Divergence Theorem, we assume the compatibility
condition α1 + α2 + α3 = 0, i.e. α3 = −α1 − α2. We assume also that α1 and α2 are
negative real numbers (and so α3 > 0) which is in accordance with the directions of ni

and vi, i.e. the incoming given velocity vi in Ωi, i = 1, 2, is pointing to the opposite
direction of ni and v3 in Ω3 is pointing to the same direction of n3. See Figure 2.

Let Hk,loc(Ω) be the space of vector fields v in Ω such that v belongs to the
Sobolev space W k,2(Ω′), for any open bounded subset Ω′ of Ω, v is divergence free,
i.e. ∇ · v = 0, and whose derivatives up to order k − 1 have zero trace on Γ. Let
also V be the space of the vector fields Φ in C∞

0 (Ω) (the underscript ‘0’ stands for
compact support, i.e. the support set of Φ is a compact set contained in Ω) and Φ is
divergence free.

Our main result is the following theorem.

Theorem 1. Let l := maxi=1,2 ||ρi||Cb(Σi) and α := maxi=1,2,3 |αi|. There is
a constant c = c(Ω) > 0 such that if clα < ν, then the problem (1)-(3) has a weak
solution (ρ,v) ∈ L∞(Ω) × H1,loc(Ω), in the following sense:

i.

ν

∫

Ω

∇v · ∇Φdx =

∫

Ω

ρ(v · ∇Φ) · vdx, (5)

for all Φ = (Φ1,Φ2) in V, where ∇v · ∇Φ := ∇v1 · ∇Φ1 + ∇v2 · ∇Φ2 and
v · ∇Φ := (v · ∇Φ1,v · ∇Φ2),

ii.
∫

Ω

ρv · ∇ϕdx = 0 for all ϕ in C∞
0 (Ω), (6)

iii.

v − vi ∈W 2,2(Ωc
t), i = 1, 2, 3, for some t > 0, (7)

where Ωc
t := ∪3

i=1Ω
c
i,t, Ωc

i,t := {(x, y) ∈ Ωi ; |x| > t}; and
iv.

∗ − lim
x→−∞,a.e.

i ρ(x, ·) = ρi, i = 1, 2 (8)

where ∗ − lim
x→−∞,a.e.

i denotes the limit in the weak-∗ topology of L∞(Σi), with x

tending to −∞ except for a set of zero Lebesgue measure.
In addition, 0 ≤ ρ(x, t) ≤ l for almost every (x, y) ∈ Ω.

Equations (5) and (6) are just the weak formulations (in the sense of distributions)
of the conservation of momentum and mass equations, respectively, i.e. multiply these
equations by the test functions indicated in (5) and (6) and formally integrate by
parts. Cf. [1, Def. 3.1]. In equation (5) the pressure p is canceled out because
the (vector valued) test functions Φ are divergence free. It is classical that we can
recover the pressure from (5); see e.g. [11, Propositions I.1.1 and I.1.2, p. 14]. The
incompressibility equation is inserted in the space H1,loc(Ω). Condition (7) implies
that v ∈ Cb(Ω

c
t) and

lim
|x|→∞

||v(x, ·) − vi||Cb(Σi) = 0, i = 1, 2, 3. (9)
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Indeed, since Ωc
i,t is bounded in one direction, from the Sobolev Imbedding Theorem,

we have v− vi ∈ Cb(Ω
c
i,t) and there is a constant k, independent of |x| > t+ 1, such

that

||v(x, ·) − vi||Cb(Σi) ≤ ||v − vi||Cb(Ωc
i,|x|−1

) ≤ k||v − vi||W 2,2(Ωc
i,|x|−1

);

thus lim|x|→∞ ||v(x, ·) − vi||Cb(Σi) ≤ k lim|x|→∞ ||v − vi||W 2,2(Ωc
i,|x|−1

) = 0.

Equation (8) says that the given density values ρi at the end of the incoming channels
Ωi (i = 1, 2) are attained ‘in average’ almost everywhere, i.e. there is a Lebesgue
measurable set Ei ⊂ (−∞, 0) with zero Lebesgue measure such that

lim(
x → −∞

x ∈ (−∞, 0)/Ei

∫

Σi

ρ(x, y)ξ(y) dy =

∫

Σi

ρi(y)ξ(y) dy, i = 1, 2

for any ξ ∈ L1(Σi).

Remark 1. (on uniqueness). The uniqueness of solution in Theorem 1 is
not clear for us, since following the usual procedure of taking the differences v =
v1 − v2, ρ = ρ1 − ρ2 of two solutions (ρi,vi), i = 1, 2, we get stuck with the term
∫

Ω ρ(vi · ∇v) ·vi. We conjecture that uniqueness of the velocity field is true under an
assumption of smallness on the density, i.e. if we assume that ||ρ||L∞(Ω) is sufficiently
small, but some new ingredient is necessary to improve the usual proof (or to find a
new one). Regarding the uniqueness of the density, it is necessary to find new criteria
to select the physically relevant solution (cf. [8, p.34]).

Our approximating scheme to achieve Theorem 1 relies on an appropriate molli-
fication of the data ρi,vi and, at the approximated level, on the streamline function
formulation. Let us give an outline of this scheme. We start by introducing the
functions ψi : Σi → R, i = 1, 2, defined by

ψ1(y) := −
∫ y

−d1

θ1(τ) dτ, y ∈ Σ1, and ψ2(y) := −α2 −
∫ y

−d2

θ2(τ) dτ, y ∈ Σ2 ;

(ψi is a streamline function associated with the Poiseuille flow vi, i.e. ∇⊥ψi = vi).
See Figure 2. Notice that because v = 0 on Γ (condition (2)) and we shall obtain
v of the form v = ∇⊥ψ (so ψ is constant on each connected component of Γ), we
have defined ψ1 and ψ2 satisfying ψ1(−d1) = ψ2(d2). Indeed, thanks to this condition
we can apply Poincare’s inequality on ψǫ − ψi (ψǫ is defined below) to obtain that
ψǫ(−s, ·) converges uniformly to ψi when s tends to infinity; see Section 3.

Let ǫ > 0 be arbitrary but sufficiently small. Extend ρi to (−∞,∞) by zero
outside Σi and let ρǫ

i = ρi∗mǫ be a standard mollification of this extended function, i.e.
∗ stands for convolution of functions on the real line andmǫ(y) = ǫ−1m(y/ǫ), wherem
is a positive smooth function with support in (−1, 1) and such that

∫ ∞

−∞
m(y)dy = 1.

Next, let ωǫ be a smooth function from R to R such that

0 ≤ ωǫ(s) ≤ l for all s ∈ R (10)

and

ωǫ(ψi(y)) = ρǫ
i(y) for y ∈ Σǫ

i , where Σǫ
i := (−di + ǫ , di − ǫ), i = 1, 2 . (11)
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Fig. 2. Poiseuille flows, cross sections and streamline functions of the incoming Poiseuille

flows; (α1, 0) and (0,−α2) stand for the intervals that are the images of Σ1 and Σ2 under the

streamline functions ψ1 and ψ2, respectively.

Notice that condition (11) on ωǫ is reasonably imposed, since ψǫ
i is an injective func-

tion. In fact, ψi is a decreasing function since θi (i = 1, 2) is a positive function on
Σi. Thus we can write

ωǫ(s) = ρǫ
i((ψi)

−1(s)), for s ∈ (ψi(di − ǫ), ψi(−di + ǫ)) i = 1, 2.

Outside the set (ψ1(d1−ǫ), ψ1(−d1+ǫ))∪(ψ2(d2−ǫ), ψ2(−d2+ǫ)) we take ωǫ arbitrary
but smooth (say, C∞) and satisfying (10) for all sufficiently small ǫ > 0. See Figure 3.

Fig. 3. The function ωǫ

Let a ∈ H1,loc(Ω) be a suitable smooth vector field (see Section 2) such that a
coincides with the Poiseuille flow vi in Ωi at large distances. Let also V be the closure
of the space V endowed with the Dirichlet norm ||u|| = (

∫

Ω
|∇u|2)1/2.

Then our approximate solution (ρǫ,vǫ) is defined as

ρǫ = ωǫ(ψǫ), vǫ = ∇⊥ψǫ = uǫ + a
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where uǫ ∈ V is a solution of the variational problem

ν

∫

Ω

∇(uǫ + a) · ∇Φ =

∫

Ω

ωǫ(ψǫ)((uǫ + a) · ∇Φ) · vǫ dx , ∀ Φ ∈ V . (12)

With the aforementioned construction of ωǫ and the suitable extension a of the
Poiseuille flows, we can show that the sequence (ρǫ,vǫ) possesses some subsequence
that converges to a pair (ρ,v), in the sense explained below, satisfying all the state-
ments in Theorem 1. This is the matter of the rest of this paper.

This paper is organized as follows. In Section 2 we solve (12) and obtain the a
priori estimates we need in Section 3. In Section 3 we prove that there exists a pair
(ρ,u) in L∞(Ω) × V such that, up to some subsequence of ǫ → 0, (uǫ) converges to
u in the weak topology of V and ρǫ converges to ρ in the weak-∗ topology of L∞(Ω)
as ǫ→ 0. Then we show that the pair (ρ,v), v = u + a, satisfies all the claims stated
in Theorem 1.

2. Approximating solution. In this Section we solve the variational problem
(12) and obtain the uniform estimates with respect to ǫ we need in Section 3 to pass
to the limit as ǫ tends to zero.

We begin by describing the vector field a that extends the Poiseuille flows vi, i =
1, 2, 3. Given t > 0, let a be a smooth vector field that coincides with the Poiseuille
flow vi in Ωc

i,t, i = 1, 2, 3, and satisfies the estimate

||∇a||L2(Ωt) ≤ cα (13)

for some positive constant c depending only on t and Ω, where α and Ωc
i,t are defined

in Theorem 1, and

Ωt := ∪3
i=1Ωi,t ∪ Ω0, Ωi,t := {x ∈ Ωi ; |x| < t}.

For a construction of a we refer the reader to [4, Lemma XI.3.1] or [1, §3.1]. In the
latter, a construction of a is carried out in the case of a domain with two channels
that is called an admissible domain [1, Def. 3.1], but the same construction works for
an ‘admissible domain’ with any finite number of straight channels.

Next we state the following lemma which will be used also in Section 3.

Lemma 1. For any ρ ∈ L∞(Ω) and u ∈ V (the closure of V in the norm
||∇u||L2(Ω)) we have the following estimates:

|(ρu · ∇a, u)| ≤ cα||ρ||L∞(Ω)||∇u||2L2(Ω),

|(ρa · ∇a, u)| ≤ cα2||ρ||L∞(Ω)||∇u||L2(Ω),

where c depends only on Ω and ( , ) stands for the inner product in L2(Ω), i.e. if
f ,g ∈ L2(Ω) then (f ,g) :=

∫

Ω
f · g.

Proof. These estimates, except for the term ρ, are found in [4, Lemma XI.2.2].
The extra term ρ here can be majored by ||ρ||L∞(Ω). We remark that there is no
integration by parts to obtain these estimates, so no term containing ∇ρ comes up.
Essentially, ∇a is estimated by (13) and u by ∇u via Poincare’s inequality.



328 A. K., FARID AND M. M. SANTOS

For a fixed ǫ > 0, we solve the variational problem (12) using Galerkin method:
Given {Φk} ⊂ V an orthonormal basis of V (with respect to the inner product
(∇f ,∇g)), consider the approximate problem















um =
∑m

k=1 ξkmΦk, um + a = ∇⊥ψm

ν

∫

Ω

∇(um + a) · ∇Φk =

∫

Ω

ωǫ(ψm)((um + a) · ∇Φk) · (um + a),

k = 1, 2, · · · ,m.
(14)

For each m ∈ N, (14) is a system of nonlinear algebraic equations for the unknown ξ =
(ξ1m, · · · , ξ1m) ∈ R

m. Its solution is guaranteed by Brouwer’s Fixed Point Theorem.
Indeed, if we set

Fk(ξ) = ν(∇(um + a),∇Φk) −
∫

Ω

ωǫ(ψm)((um + a) · ∇Φk) · (um + a),

for k = 1, · · · ,m, and F = (F1, · · · , Fm), then (14) becomes the equation F(ξ) = 0.
Besides, for lǫ := ||ωǫ||L∞(R) and using Lemma 1 together with Hölder inequalities,
the estimate (13), the identity

∫

Ω

ωǫ(ψm) ((um + a) · ∇um) · um =

∫

Ω

ωǫ(ψm)(um + a) · ∇1
2 |um|2

= −
∫

Ω

∇ · (ωǫ(ψm)(um + a)) 1
2 |um|2 = 0 ,

and
∫

Ω

∇a · ∇um = −
∫

Ω

∆a · um = −
∫

Ωt

∆a · um

(since
∫

Ωc
i,t

∆a · um =
∫

Ωc
i,t

∆vi · um = −
∫ ±∞

±t

∫ di

−di

3αi

2d3
i

um · ni dydx

= 3αi

2d3
i

∫ ±∞

±t

(

∫

Ωc
i,y

∇ · um

)

dx = 0) we obtain

F(ξ) · ξ = ν

∫

Ω

∇um · ∇um + ν

∫

Ω

∇a · ∇um

−
∫

Ω

ωǫ(ψm)((um + a) · ∇um) · a

= ν||∇um||2L2(Ω) − ν

∫

Ωt

∆a · um

+

∫

Ω

ωǫ(ψm)((um + a) · ∇a) · um

(notice that div (ωǫ(ψm)(um + a)) = 0)

= ν||∇um||2L2(Ω) +

∫

Ω

ωǫ(ψm)(um · ∇a) · um

−ν
∫

Ωt

∆a · um +

∫

Ω

ωǫ(ψm)(a · ∇a) · um

≥ ν||∇um||2L2(Ω) − cαlǫ||∇um||2L2(Ω)

−νc||∇um||L2(Ω) − cα2lǫ||∇um||L2(Ω)

= (ν − cαlǫ)|ξ|2Rm − c(ν + α2lǫ)|ξ|Rm

i.e.

F(ξ) · ξ ≥ (ν − cαlǫ)|ξ|2Rm − c(ν + α2lǫ)|ξ|Rm . (15)
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Here, and from now on, c denotes some constant not depending on m ∈ N and
ǫ > 0.

From (15) we infer that if cαlǫ < ν then the vector field F satisfies F(ξ) · ξ > 0
for all sufficiently large ξ. Therefore, it has a singular point, i.e. F (ξ) = 0 for some
ξ, inside any sufficiently large ball in R

m. It is easy to obtain a proof of this fact by
contradiction using the Brouwer Fixed Point Theorem; see the proofs of [11, Lemma
II.1.4] or [4, Lemma VIII.3.1].

From now on we assume the condition cαl < ν. Then from (10) we have also
cαlǫ < ν for all ǫ > 0.

Since |ξ|Rm = ||∇um||L2(Ω) and F (ξ) = 0, from (15) we get

||∇um||L2(Ω) ≤
c(ν + α2lǫ)

ν − cαlǫ
, (16)

for all m ∈ N and ǫ > 0. Then there is a subsequence (um′) that converges weakly in
V and strongly in L2(Ω) to some function uǫ ∈ V. As a consequence, (ψm′) converges
weakly to some function ψǫ in W 2,2

loc (Ω), such that ∇⊥ψǫ = uǫ +a. Using the Sobolev
Imbedding Theorem, we deduce that ωǫ(ψm′) converges to ωǫ(ψ) in C(Ω) and then,
by a routine argument, that uǫ = ∇⊥ψǫ − a verifies (12). Moreover, from (16) and
lǫ ≤ l, we have

||∇uǫ||L2(Ω) ≤
c(ν + α2lǫ)

ν − cαlǫ
≤ c(ν + α2l)

ν − cαl
, (17)

for all ǫ > 0. Next, we remark that our solution uǫ is regular. In fact, for more general
purposes in Section 3, let us point out the following result: Suppose that some u ∈ V
along with some pressure function τ ∈ L2

loc(Ω), is a solution of the Stokes equation

ν∆u = ∇τ + f ,

in the weak sense in the domain Ωc
t for some t > 0, where

u = v − vi in Ωc
i,t and f := ρ(v · ∇)v = ρ(u · ∇)u + ρ(a · ∇)u + ρ(u · ∇)a ,

with ρ ∈ L∞(Ω). Then u ∈W 2,2(Ωc
t+1) and we have the estimate

||u||W 2,2(Ωc
t+1

) ≤ c ||∇u||L2(Ωc
t ). (18)

where c = c(d, α, ||ρ||L∞(Ω), ||∇u||L2(Ω)) is increasing in each of its arguments. This
can be obtained by a usual boot strap argument in the regularity theory for the Stokes’
equations. For the details we refer the reader to [5].

3. Proof of Theorem 1. From (10) and (17) we have that ρǫ = ωǫ(ψǫ) is a
bounded sequence in L∞(Ω) and (uǫ)ǫ>0 is a bounded sequence in V. Then there
exists some pair (ρ,u) in L∞(Ω)×V such that, up to some subsequence of ǫ→ 0, (uǫ)
converges to u in the weak topology of V and ρǫ converges to ρ in the weak-∗ topology
of L∞(Ω) as ǫ → 0. Next, we show that the pair (ρ,v), v = u + a, satisfies all the
claims stated in Theorem 1. Let vǫ = ∇⊥ψǫ = uǫ +a. We note that (vǫ) converges to
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v in the weak topology of W 1,2(Ω′) for any bounded domain Ω′ ⊂ Ω, and so, strongly
in Lp(Ω′) for any p ∈ [1,∞). Multiplying the equation ∇ · (ρǫvǫ) = 0 (recall that
ρǫ = ωǫ(ψǫ)) by ϕ ∈ C∞

0 (Ω) and integrating by parts, we obtain
∫

Ω
ρǫvǫ · ∇ϕdx = 0.

Then taking Ω′ ⊂ Ω such that sptϕ ⊂ Ω′ and using that (vǫ) converges to v strongly
in L2(Ω′) and (ρǫ) converges to ρ in the weak-∗ topology of L∞(Ω′), we can easily see
that

∫

Ω
ρǫvǫ · ∇ϕdx converges to

∫

Ω
ρv · ∇φdx, then we have (6) satisfied. A similar

argument shows (5) by using that (vǫ) converges strongly to v in L4, locally. That
is, taking Ω′ ⊂ Ω such that sptΦ ⊂ Ω′, we can pass to the limit as ǫ→ 0 in (12) and
obtain (5). The difficult part would be to pass to the limit in the right hand side of
(12), which is a nonlinear term, but then we can use the strong convergence of (vǫ) to
v in L4(Ω′), combined with the weak-∗ convergence of ρǫ to ρ in L∞(Ω′), and obtain
the correct term in the limit. Claim (7) was shown in (18). It remains to show claim
(8).

To show (8) we start by multiplying the equation ∇ · (ρǫvǫ) = 0 by ϕ ∈ C1(Ω)
such that sptϕ ⊂ Ωc

i,t, i = 1, 2, where i ∈ {1, 2} is fixed. Integrating by parts in
{(x, y) ∈ Ωi ; −s < x < −t}, s > t, and writing vǫ = (vǫ

1, v
ǫ
2), we get

∫ −t

−s

∫

Σi

ρǫvǫ · ∇ϕdydx = −
∫

Σi

(ρǫvǫ
1ϕ)(−s, y) dy.

Since vǫ = uǫ + a, uǫ = (uǫ
1, u

ǫ
2), a = vi = (θi(y), 0) in Ωc

i,t, it follows that

∫ −t

−s

∫

Σi

ρǫuǫ
1ϕx dydx+

∫ −t

−s

∫

Σi

ρǫuǫ
2ϕy dydx+

∫ −t

−s

∫

Σi

ρǫθi(y)ϕx dydx

= −
∫

Σi

(ρǫuǫ
1ϕ)(−s, y) dy −

∫

Σi

ρǫ(−s, y)θi(y)ϕ(−s, y) dy,
(19)

then taking the limit when s → ∞ and assuming that ϕx has compact support (i.e.
ϕ is constant with respect to x for large |x|) we obtain

∫ −t

−∞

∫

Σi

ρǫuǫ
1ϕx dydx+

∫ −t

−∞

∫

Σi

ρǫθi(y)ϕx dydx

= −
∫

Σi

ωǫ(ψi(y))θi(y)ϕ(−∞, y)dy + R(ǫ),
(20)

where ϕ(−∞, y) := lims→∞ ϕ(−s, y) and

R(ǫ) := − lim
s→∞

∫ −t

−s

∫

Σi

ρǫuǫ
2ϕy dydx.

We note that this limit exists due to equation (19), since all the other terms in (19)
have a limit when s→ ∞. Besides, to arrive at (20) we used that lims→∞ uǫ

1(−s, y) =
0 uniformly with respect to y; see (9) and (18). We have used also that ρǫ ∈ L∞(Ω)
and lims→−∞ ρǫ(−s, y) = ωǫ(ψi(y)) uniformly with respect to y. To prove this last
assertion we note that, since uǫ = vǫ − vi ∈ W 1,2(Ωi), from Poincaré inequality we
have that ψǫ−ψi ∈W 2,2(Ωi), thus, reasoning as in (9) we obtain lims→∞ ||ψǫ(−s, ·)−
ψi||Cb(Σi) = 0. Then, ψǫ is bounded in Ωi and given an arbitrary ǫ > 0 there exists a
s0 > 0 such that s ≥ s0 implies

|ωǫ(ψǫ(−s, y)) − ωǫ(ψi(y))| < ǫ,

for all y ∈ (−di, di), since ωǫ is locally uniformly continuous.
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Next, taking the limit as ǫ→ 0 in (20) we infer that there exists the limit of R(ǫ)
when ǫ→ 0 and

∫ −t

−∞

∫

Σi

ρu1ϕx dydx+

∫ −t

−∞

∫

Σi

ρθi(y)ϕx dydx

= −
∫

Σi

ρi(y)θi(y)ϕ(−∞, y)dy + limǫ→0 R(ǫ).
(21)

Now we choose ϕ = ζτ (x)ξ(y) where ξ ∈ C1(Σi) and ζτ , τ > 0, is a smooth function
tending to the characteristic function χ(−∞,x0), x0 < −t, as τ → 0 (ζτ (x) is equal to
one if x ≤ x0 and zero if x ≥ x0 + τ). Then letting τ → 0, from (21) we obtain

−
∫

Σi

(ρu1)(x0, y)ξ(y) dy −
∫

Σi

ρ(x0, y)θ(y)ξ(y) dy

= −
∫

Σi

ρi(y)θ(y)ξ(y) dy + limτ→0 limǫ→0 R(ǫ),
(22)

for almost every x0 < −t. With the above ϕ’s and −s < x0 + τ < −t, the following
estimate is true.

lim
τ→0

lim
ǫ→0

|R(ǫ)| ≤ l ||ξ′||L∞(Σi) c (2di/σ)eσx0 (23)

where c and σ are some positive constants. To prove (23), first we estimate
∣

∣

∣

∣

∫ −t

−s

∫

Σi

ρǫuǫ
2ϕy dydx

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ x0+τ

−s

∫

Σi

ρǫuǫ
2ζτ (x)ξ′(y) dydx

∣

∣

∣

∣

≤ l ||ξ′||L∞(Σi)

∫ x0+τ

−s

∫

Σi

|uǫ
2| dydx

and then we use Lemma 2 below to obtain

∣

∣

∣

∣

∫ −t

−s

∫

Σi

ρǫuǫ
2ϕy dydx

∣

∣

∣

∣

≤ l ||ξ′||L∞(Σi) c

∫ x0+τ

−s

∫

Σi

eσx dydx

= l ||ξ′||L∞(Σi) c (2di/σ)(eσ(x0+τ) − e−σs);

thus

|R(ǫ)| ≤ l ||ξ′||L∞(Σi) c (2di/σ)eσ(x0+τ),

so it follows (23).

Lemma 2. There are constants a, c, σ > 0 independents of ǫ, such that

|uǫ(x, y)| ≤ ceσx

for all (x, y) ∈ (−∞,−a) × Σi, i = 1, 2.

Proof. From Sobolev Imbedding Theorem, we have

|uǫ(x, y)| ≤ c||uǫ||W 2,2(Ωc
i,−x−1

) (i = 1, 2),

where c is a constant independent of ǫ, x and y. On the other hand, from
(18) we have ||uǫ||W 2,2(Ωc

i,−x−1
) ≤ c||∇uǫ||L2(Ωc

i,−x−2
) for some positive con-

stant c, thus it is enough to prove that ||∇uǫ||L2(Ωc
i,−x

) ≤ ceσx for all

x << −1, with c and σ independent of ǫ.
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Let

T (x) := {(x, y) ∈ Ωi ; y ∈ Σi} .

Multiplying the equation

ν∆uǫ = ρǫvǫ · ∇vǫ + ∇pǫ

by uǫ and integrating by parts in (−s, x) × Σi, −s < x << −1, we find

ν

∫ x

−s

∫

Σi

|∇uǫ|2 dydx′ =

∫

T (x)

(−pǫuǫ
1 +

ν

2

∂|uǫ|2
∂x

− 1

2
ρǫvǫ

1|uǫ|2) dy

−
∫

T (−s)

(−pǫuǫ
1 +

ν

2

∂|uǫ|2
∂x

− 1

2
ρǫvǫ

1|uǫ|2) dy

−
∫ x

−s

∫

Σi

ρǫuǫ
1u

ǫ
2θ

′
i(y) dydx

′,

(24)

we used that vǫ = uǫ + vi = (uǫ
1 + θi(y), u

ǫ
2) in Ωi for |x| large, so (vǫ · ∇vǫ) · uǫ =

1
2v

ǫ · ∇(|uǫ|2) + uǫ
1u

ǫ
2θ

′
i(y). Next we show that

lim
n→∞

∫

T (−sn)

(−pǫuǫ
1 +

ν

2

∂|uǫ|2
∂x

− 1

2
ρǫvǫ

1|uǫ|2) dy = 0 (25)

where (sn) is a sequence tending to −∞ such that

lim
n→∞

∫

T (−sn)

(|∇pǫ|2 + |∇uǫ|2) dy = 0;

such a sequence exists because ∇pǫ and ∇uǫ are in L2(Ωt
c). (Use (17), (18) and

∇pǫ = ν∆uǫ − ρǫvǫ · ∇vǫ to see that ∇uǫ are in L2(Ωt
c).) Now, notice that the flux

∫

T (x)
u1 dy is zero for any u ∈ V. Indeed, first, it is clear that it is constant with

respect to x because divu = 0 and u|Γ = 0; then it is zero because it is zero for any
u ∈ V (in this case, to see that, take |x| sufficiently large such that T (x) does not

intercept sptu) and because V is dense in V. Therefore, setting pǫ
n = 1

di

∫

T (−sn)

pǫ dy,

we have

|
∫

T (−sn)

pǫuǫ
1 dy| = |

∫

T (−sn)

(pǫ − pǫ
n)uǫ

1 dy| ≤ c||∇pǫ||L2(T (−sn)) ||uǫ
1||Cb(Ωc

t ),

so

lim
n→∞

∫

T (−sn)

pǫuǫ
1 dy = 0. (26)

From |
∫

T (−sn)

∂|uǫ|2

∂x dy| = |2
∫

T (−sn)

uǫ · ∂u
ǫ

∂x dy| ≤ c||uǫ||Cb(Ωc
t)
||∇uǫ||L2(T (−sn)), we

also have

lim
n→∞

∫

T (−sn)

∂|uǫ|2
∂x

dy = 0. (27)

Analogously,

lim
n→∞

∫

T (−sn)

ρǫvǫ
1|uǫ|2 dy = 0. (28)
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From (26) to (28), we have (25). Then, taking s = sn and letting n→ ∞ in (24), we
obtain

νHǫ(x) =

∫

T (x)

(−pǫuǫ
1 +

ν

2

∂|uǫ|2
∂x

− 1

2
ρǫvǫ

1|uǫ|2) dy

−
∫ x

−∞

∫

Σi

ρǫuǫ
1u

ǫ
2θ

′
i(y) dydx

′,
(29)

where

Hǫ(x) :=

∫ x

−∞

∫

Σi

|∇uǫ|2. (30)

Next, we shall show that

a

∫ x

−∞

Hǫ(x
′) dx′ ≤ Hǫ

′(x) + bHǫ(x), (31)

for all x << −1 with constants a, b > 0. Then, by [3, Lemma VI.2.2], we will have
Hǫ(x) ≤ kHǫ(0)eσx where σ = (

√
b2 + 4a − b)/2 and k =

√
b2 + 4a/σ. We will find

below such a and b independent of ǫ. Notice also that from (17) we have that Hǫ(0)
is bounded from above by a constant independent of ǫ. It is easy to see that

|
∫ x

−∞

∫

Σi

ρǫuǫ
1u

ǫ
2θ

′
i(y) dydx

′| ≤ 3α

2d2
i

l

∫ x

−∞

∫

Σi

|uǫ|2 ≤ 3αlHǫ(x),

then from (29) we have

(ν − 3αl)Hǫ(x) ≤
∫

T (x)

(−pǫuǫ
1 +

ν

2

∂|uǫ|2
∂x

− 1

2
ρǫvǫ

1|uǫ|2) . (32)

From (32) and using that limx′→∞

∫

T (x′)

|uǫ|2 = 0, we get the estimate

(ν−3αl)

∫ x

−∞

Hǫ(x
′) dx′ ≤ ν

2

∫

T (x)

|uǫ|2dy−
∫ x

−∞

∫

Σi

(pǫuǫ
1+

1

2
ρǫvǫ

1|uǫ|2) dydx′ . (33)

From Poincaré inequality and (30) we have

ν

2

∫

T (x)

|uǫ|2dy ≤ νd2
i

∫

T (x)

|∇uǫ|2dy = νd2
iH′

ǫ(x) . (34)

It is not difficult to see that we have the estimate

|
∫ x

−∞

∫

Σi

1
2ρ

ǫvǫ
1|uǫ|2 ≤ 1

2 l(

∫ x

−∞

∫

Σi

|uǫ|4 +

∫ x

−∞

∫

Σi

|θi(y)||uǫ|2)
≤ 1

2 lc(||∇uǫ||L2(Ω) + ||θi||Cb(Σi))Hǫ(x)
≤ b1Hǫ(x)

(35)

for some constant b1 independent of ǫ. Now, for estimating the term
∫ x

−∞

∫

Σi
pǫuǫ

1

occurring in (33), we first write uǫ
1 = ∇·w for some w in Ωk := (x−k−1, x−k)×Σi,

k ∈ {0, 1, 2, · · · }, such that w ∈ W 1,2
0 (Ωk) and

||∇w||L2(Ωk) ≤ c||uǫ
1||L2(Ωk) (36)
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for some constant c independent of ǫ and k; see [7, (2.7)] or [3, Lemma III.3.1].
Then, writing

∫ x

−∞

∫

Σi
=

∑∞
k=0

∫

Ωk , integrating by parts and using the equation

ν∆vǫ = ρǫ(vǫ · ∇)vǫ + ∇pǫ, we obtain

∫ x

−∞

∫

Σi

pǫuǫ
1 =

∑∞
k=0

∫

Ωk

pǫ∇ · w =
∑∞

k=0

∫

Ωk

∇pǫ ·w

=
∑∞

k=0

∫

Ωk

(ν∆uǫ − ρǫvǫ · ∇vǫ) ·w

=
∑∞

k=0

∫

Ωk

(−ν∇uǫ · ∇w − ρǫ(vǫ · ∇vǫ) ·w) ;

next, by (36) and Hölder and Poincaré’s inequalities, we have

|
∫

Ωk

∇uǫ · ∇w| ≤ |∇uǫ|L2(Ωk)|∇w|L2(Ωk)

≤ c|∇uǫ|L2(Ωk)|uǫ
1|L2(Ωk)

≤ c2|∇uǫ|2L2(Ωk);

similarly,

|
∫

Ωk

ρǫ(vǫ · ∇vǫ) · w| = |
∫

Ωk

ρǫ(uǫ · ∇a) ·w

+

∫

Ωk

ρǫ(a · ∇uǫ) · w +

∫

Ωk

ρǫ(uǫ · ∇uǫ ·w)|
≤ lc(|∇uǫ|2L2(Ωk) + |∇uǫ|L2(Ωk)|uǫ|L4(Ωk)|w|L4(Ωk))

≤ lc(1 + |∇uǫ|L2(Ω))|∇uǫ|2L2(Ωk).

Then, using (17) to bound |∇uǫ|L2(Ω), we have

|
∫ x

−∞

∫

Σi

pǫuǫ
1| ≤ b2Hǫ(x) (37)

for some constant b2 independent of ǫ. Therefore, from (33) to (37), we conclude (31)
with a = (ν − 3αl)/(νd2

i ) and b = (b1 + b2)/(νd
2
i ).

Then, from (22) and (23) it follows that

lim
x0 → −∞

(x0 < 0 a.e.)

∫

Σi

ρ(x0, y)θi(y)ξ(y) dy =

∫

Σi

ρi(y)θi(y)ξ(y) dy, (38)

where we used also that limx0→−∞ u1(x0, y) = 0 uniformly with respect to y; see (7)
and (9). Since θi > 0, from (38) we have (8). Indeed, to show (8) it is enough to show
that

∫

Σi
ρ(x0, y)ξ(y) dy tends to

∫

Σi
ρi(y)ξ(y) dy as x0 → −∞ for any characteristic

function ξ of some interval contained in Σi.
Finally, ρ satisfies 0 ≤ ρ ≤ l a.e. because ρǫ = ωǫ(ψǫ) satisfies 0 ≤ ρǫ(x, y) ≤ l

for every (x, y) ∈ Ω, due to the construction of ωǫ (see (10)) and the fact that weak-∗
limits preserve these inequalities.

We have shown the existence of a solution for the systems of equations (1), coupled
with the boundary conditions (2) and (3), in the domain Ω. Since we allow distinct
densities ρ1 and ρ2 in the incoming channels Ω1 and Ω2, a very interesting question we
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leave it open is the study of the transition set inside the fluid where the fluid density
ρ change its values from ρ1 to ρ2.
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